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Abstract: This paper presents a theoretical study of a duct loaded with
identical side-branch resonators. The Bloch wave theory and the
transfer matrix method are used to investigate wave propagation in the
duct. It is found that this duct-resonator system has a unique attenua-
tion characteristic brought about by structural periodicity. Three types
of stop-bands are discussed and their bandwidths are predicted. All of
the results predicted by the theory fit well with a computer simulation
using a three-dimensional finite element method. Compared to a single
resonator, this structure may have a potential application in broadband
noise control.
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1. Introduction

Helmholtz resonators (hereafter resonators) are devices with a resonance peak designed
to control noise in a narrow frequency range. Traditionally, resonators were regarded
as lumped-parameter systems1,2 in which the air in the neck acts as mass and the air
inside its cavity acts as a spring. By considering the wave propagation inside, resona-
tors can also be treated as distributed-parameter systems.3,4 This model fits the experi-
mental results better than the lumped-parameter model.

Given that a single resonator has a narrow resonance peak, combining several
resonators is one possible way of obtaining a broader noise attenuation band. Some
researchers have used differently tuned resonators to decrease broadband noise.5,6 A
duct loaded with identical resonators investigated by Sugimoto and Horioka7 is found
to be a new class of ultrasonic metamaterial.8 Unlike previous theoretical discussions
on the infinite periodic duct-resonator,7,8 the present study considers a duct with a
finite number of identical resonators. A modified bandwidth approximation is then
proposed. A duct loaded with identical resonators exhibits an unique attenuation char-
acteristic, which has a potential application in broadband noise control.

2. Theoretical analysis

2.1 Single resonator

As shown in Fig. 1, resonators, with neck cross sectional area Sn, neck length ln, and
cavity volume Vc, are mounted on a duct with cross sectional area Sd . Although the
distributed-parameter model provides a more accurate prediction for the resonant fre-
quency, only the lumped-parameter model is used here to give readers a clear and
direct impression of the tendency of bandwidth to vary with the geometries of the reso-
nators. Only the lossless case is considered. According to Ingard,2 the acoustic imped-
ance of the resonator Zr is given as

Zr ¼ j
q0l0n
Snx
ðx2 � x2

0Þ; (1)

a)Author to whom correspondence should be addressed.
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where q0 is the air density, l0n is the effective length of the neck, and x0 is the resonant

circular frequency (i.e., x0 ¼ c0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sn
�

l0nVc

q
, c0 is the speed of sound in the air).

2.2 A duct with resonators

As shown in Fig. 1, a typical periodic cell comprises a duct segment with a resonator
attached to its left side. The diameter of the resonator neck is assumed to be negligible
compared to the length of duct segment between two resonators, D. In other words, D
can also be regarded as the periodic distance. The frequency range considered is well
below the cut-on frequency of the duct. In the duct segment of the nth cell for
ðn� 1ÞD � x � nD, the sound traveling in positive- and negative-x directions can be
described with sound pressure Pþn ðxÞ ¼ Cþn e�jk½x�ðn�1ÞD� and P�n ðxÞ ¼ C�n ejk½x�ðn�1ÞD�,
where Cþn and C�n are complex constants and k is the wave number. Similarly, the
sound pressure in the duct segment of the next cell can be expressed as
Pþnþ1ðxÞ ¼ Cþnþ1e�jkðx�nDÞ and P�nþ1ðxÞ ¼ C�nþ1ejkðx�nDÞ. Combining the continuity of
sound pressure and volume velocity at the point x ¼ nD yields

Cþnþ1
C�nþ1

� �
¼ ð1� nÞe�jkD �nejkD

ne�jkD ð1þ nÞejkD

� �
Cþn
C�n

� �
¼ T

Cþn
C�n

� �
; (2)

where the 2� 2-dimensional matrix T is the periodic transfer matrix.9 In Eq. (2),
n ¼ Zd=2Zr, where Zd=Zr is the acoustic impedance of the duct/resonator, respectively,
in which Zd ¼ q0c0=Sd . According to the Bloch wave theory,10 Eq. (2) can also be
expressed as

Cþnþ1 C�nþ1

� �T¼ e�jqD Cþn C�n
� �T

; (3)

where the superscript T is the transposition and q is the Bloch wave number.10 Com-
bining Eqs. (2) and (3), the analysis of a periodic duct-resonator system boils down to
an eigenvalue problem that involves finding the eigenvalue k ¼ e�jqD and the corre-
sponding eigenvector v ¼ vþ v�½ �T for the transfer matrix T. Combining Eqs. (2) and
(3) gives11

cosðqDÞ ¼ cosðkDÞ þ jn sinðkDÞ: (4)

Generally, the eigenvalue k ¼ e�jqD describes the propagation property of a characteris-
tic wave type, and that wave type, known as the Bloch wave,10 is defined by its corre-
sponding eigenvalue vþ v�½ �T , which represents the specific linear combination of
positive- and negative-going planar waves. The Bloch wave number q is a complex
value. In principle, there are ranges of frequencies in which q contains both a real part
and an imaginary part, as q ¼ qr � jqi. This result indicates that the energy is attenu-
ated when waves travel through each periodic cell, and the frequency ranges are called
stop-bands. In other frequency ranges, the solution only contains the real part, q ¼ qr,
which indicates that there is only a phase delay when waves travel through each cell.
These frequency ranges are called pass-bands.

FIG. 1. A duct loaded periodically with N identical resonators.
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There are two solutions of q in Eq. (4) that occur in opposite pairs:
q ¼ 6ðqr � jqiÞ. Assuming that qr > 0 and qi � 0, then q ¼ qr � jqi describes the prop-
agation property of the “positive-going” Bloch wave, defined by the corresponding
eigenvector v1 ¼ vþ1 v�1

� �T
. Similarly, q ¼ �ðqr � jqiÞ describes the propagation prop-

erty of the “negative-going” Bloch wave, defined by the corresponding eigenvector
v2 ¼ vþ2 v�2

� �T
. It can be imagined that these two Bloch waves are of the same char-

acteristic wave type but traveling in opposite directions.
Although Eq. (4) describes the frequency characteristics of the Bloch waves, it

does not give an explicit expression about the position of the stop-bands, as well as
their bandwidth. The theoretical prediction of the bandwidth has been proposed by
Sugimoto and Horioka7 for small resonators (compared to geometries of the duct),
and this paper will expand their work to a wider applicable range by adding some
modification. In general, three types of stop-bands result from either the resonance of
the resonators or the Bragg reflection, or from both.7 Using the definitions of Zr and
Zd , Eq. (4) can be rewritten as

cosðqDÞ ¼ cosðkDÞ þ Vck

2Sd ðx=x0Þ2 � 1
h i sinðkDÞ: (5)

The first kind of stop-band (referred to as stop-band I) results from the resonance of the reso-
nators. The stop-band is near x0, as x=x0 ¼ 1þ D, where Dj j < 1 is assumed. To differenti-
ate it from the other two types of stop-bands, k0D 6¼ mp here. When the modulus of Eq. (5)
is equal to unity, the approximated stop-band boundary D1;2 can be obtained as

D1 ¼
Vck0

4Sd
cot

k0D
2
ð1þ D1Þ

� �
¼ jk0D

4
cot

k0D
2

� 	
� 1

sin2ðk0D=2Þ
k0D

2
D1 þ � � �

" #
; (6)

D2 ¼ �
Vck0

4Sd
tan

k0D
2
ð1þ D1Þ

� �
¼ �jk0D

4
tan

k0D
2

� 	
þ 1

cos2ðk0D=2Þ
k0D

2
D2 þ � � �

� �
;

(7)

where j is the ratio of the cavity’s volume to the duct’s volume in a periodic cell
(j ¼ Vc=SdD), which is generally assumed to be smaller than unity (j < 1). The terms
contained in the square brackets of Eqs. (6) and (7) are the series expansion of the
cotangent and tangent terms, respectively. The zero order corrections (the first terms in
the square brackets) of Eqs. (6) and (7) give D1 ¼ jk0D=4 � cotðk0D=2Þ and
D2 ¼ �jk0D=4 � tanðk0D=2Þ, with a relative bandwidth DBW ¼ jk0D=2 � tanðk0D=2Þj
þ cotðk0D=2Þj. These are obtained from Sugimoto and Horioka’s examination of the
issue,7 and the bandwidth DBW is of the order j. However, this approximation has a
significant deviation when jDj > 0:1. A more accurate result can be obtained by consid-
ering the first order corrections (the second terms in the square brackets) of Eqs. (6)
and (7), or even the higher order corrections.

The second kind of stop-band (referred to as stop-band II) is the result of the
Bragg reflection, which occurs when the periodic distance becomes a multiple of a
half-wavelength of sound waves (kD ¼ mp, m ¼ 1; 2; :::).7 The stop-band is near
xm ¼ mpc0=D, as x=xm ¼ 1þ D. To differentiate it from the third case, xm 6¼ x0
here. In the frequency range of stop-band II, Eq. (5) can be approximated as

cosðqDÞ¼ cos½mpð1þDÞ�þ jmpð1þDÞ=2�
xmð1þDÞ=x0

�2�1
sin½mpð1þDÞ�¼ ð�1Þm 1þðmpÞ2

2
E

" #
;

(8)
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E ¼ jð1þ DÞ
½ð1þ DÞxm=x0�2 � 1

D� D2; (9)

E can be approximated as GD� D2, where G ¼ j=½ðxm=x0Þ2 � 1�, which gives D1 ¼ 0
and D2 ¼ j=½ðxm=x0Þ2 � 1� with the relative bandwidth DBW ¼ j=jðxm=x0Þ2 � 1j. This
is derived by Sugimoto and Horioka,7 and the bandwidth DBW is of the order j. Simi-
larly, the approximation made above has a significant deviation when jDj > 0:1. A
modified approximation can be obtained by rewriting Eq. (9) as

E ¼ jð1þ DÞD
2c2Dþ c2 � 1

� D2; (10)

where c ¼ xm=x0. In addition to D1 ¼ 0, there are two other roots as

D2;3 ¼
jþ 1� c26

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðc2 � 1� jÞ2 þ 8jc2

q
4c2 : (11)

For the stop-bands II of c < 1, D2 is in the range of (�1,�0), which is the physically
reasonable root. For the stop-bands II of c > 1, the D3 in the range of (0,�1) should
be selected.

The third case (referred to as stop-band III) results from both the resonance of
the resonator and the Bragg reflection (i.e., xm ¼ x0). In the frequency range of stop-
band III, Eq. (9) can be approximated as E ¼ j=2� D2, with D1;2 ¼ 6

ffiffiffiffiffiffiffiffi
j=2

p
and

DBW ¼
ffiffiffiffiffiffi
2j
p

. This is obtained from Sugimoto and Horioka,7 and the stop-band III
is widened to be of the order

ffiffiffi
j
p

. As D is in this case limited to mp=k0, the relative
bandwidth DBW is at its maximum value when m ¼ 1. Similarly, the approximation
has a significant deviation when jDj > 0:1. Substituting xm=x0 ¼ 1 into Eq. (9)
gives

D3 þ 2D2 � jD� j ¼ 0: (12)

The equation above has three roots12 as

D1 ¼ �
2
3
� 2

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 3j
p

cos
h
3

� 	
; (13)

D2;3 ¼ �
2
3
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 3j
p

3
cos

h
3

� 	
6

ffiffiffi
3
p

sin
h
3

� 	� �
; (14)

where h ¼ arccosðKÞ, K ¼ ð16� 9jÞ=½2ð4þ 3jÞ1:5�. As D1 < �1 is physically impossi-
ble, the other two roots D2;3 are chosen. Compared to the results obtained by Sugimoto
and Horioka,7 Eq. (14) indicates that f0 is not exactly in the middle of the stop-band.

The preceding equations describe the infinite duct-resonator structure. In a
practical situation, such as a duct with N identical resonators, the influence of the be-
ginning and end boundaries should be considered. As described above, the sound pres-
sure in the duct segment of the nth cell can also be expressed as the combination of
positive- and negative-going Bloch waves, such that

Cþn C�n
� �T¼ anv1 þ bnv2 ¼ an vþ1 v�1

� �Tþbn vþ2 v�2
� �T

; (15)

where an and bn are complex constants. By introducing Eq. (2), Eq. (15) can be
expressed as
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Cþn C�n
� �T ¼ T Cþn�1 C�n�1

� �T¼ T2 Cþn�2 C�n�2

� �T¼ � � � ¼ Tn�1 Cþ1 C�1
� �T

¼ a1Tn�1v1 þ b1Tn�1v2 ¼ a1k
n�1
1 v1 þ b1k

n�1
2 v2: (16)

Combining Eqs. (15) and (16) gives an ¼ a1k
n�1
1 and bn ¼ b1k

n�1
2 . The complex con-

stants a1 and b1 can be derived by considering the beginning and end boundary condi-
tions (assumed to be anechoic, i.e., reflection coefficient @ ¼ 0), which give

ða1k
�1
1 vþ1 þ b1k

�1
2 vþ2 Þe�jkðD�LbeginÞ þ ða1k

�1
1 v�1 þ b1k

�1
2 v�2 ÞejkðD�LbeginÞ ¼ P0; (17)

a1k
N�1
1 v�1 ejkLend þ b1k

N�1
2 v�2 ejkLend ¼ aNv�1 ejkLend þ bNv�2 ejkLend ¼ 0: (18)

The averaged transmission loss of a duct with N resonators can be expressed as

TL ¼ 20
N

log10
Cþ0
CþN










 ¼ 20

N
log10 Xj j; (19)

X ¼ a1k
�1
1 vþ1 þ b1k

�1
2 vþ2

a1k
N�1
1 vþ1 þ b1k

N�1
2 vþ2

: (20)

It is interesting that although the three types of stop-bands only describe the propagation
characteristic of the Bloch waves, the averaged transmission loss has a similar frequency
pattern when the number of resonators is large enough (i.e., lim

N!1
TL ¼ �20 log10 jk1j).

Within the frequency range of stop-bands, there are k1;2 ¼ e�jðqr�jqiÞD. As k1j j < 1, when
N !1 the first term in Eq. (18) approaches zero, so b1 ¼ 0. Therefore, Eq. (19) can be

rewritten as TL ¼ 20
N log10

a1k
�1
1 vþ1

a1k
N�1
1 vþ1










 ¼ �20 log10 jk1j. Within the frequency range of pass

bands, there is k1;2 ¼ e�jqrD. It can be imagined that TL fluctuates over the pass-band
and the fluctuation decreases at the rate of 1/N (i.e., approaching �20 log10 jk1j).

3. Results and discussion

Figures 2 and 3 show the averaged transmission loss, TL, of ducts with different num-
bers of resonators (N¼1,2,5, 1); the geometries are listed in the figure captions. The
theoretical predictions (dotted line) in cases (N¼1,2,5) are compared with the numeri-
cal simulation using the three-dimensional finite element method (solid line). The case
N¼1 is the common condition of a duct with a single side-branch resonator. It has
been verified that in the case of N¼1, lim

N!1
TL ¼ �20 log10 jk1j.

The three-dimensional finite element method (called simply FEM hereafter)
governed by Helmholtz equation was used. The beginning boundary was an oscillating
sound pressure at magnitude of P0 ¼ 1. The end termination was set to be anechoic,
with other boundaries set to be rigid. A fine mesh divided the model into more than
8000 triangular elements, with the minimum/maximum one of side-length 1.7 mm/4.8
cm observed in the duct-neck interface/duct, respectively.

Compared to geometries of the duct, the resonators used in Figs. 2 and 3 are
large. To ensure the validity of the lumped model,2 the interested frequency range is
kept well below the cut-on frequency of the duct and neck. The deviation between the
theoretical prediction and the FEM simulation can be observed in Figs. 2(a) and 3(a).
Moreover, the theoretical predictions in Figs. 2 and 3(a) diverge at the resonance fre-
quency in this lossless case, and there is a truncation on the peak in these figures (dot-
ted lines). Due to the calculation error in the FEM simulation, sound pressure in the
downstream duct cannot be accurately equal to zero at the resonance frequency, the
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resonance peak of solid lines will not diverge. In Figs. 3(b)–3(d), the peaks of both dot-
ted and solid lines are suppressed due to structural periodicity in the case xm ¼ x0.

Stop-bands I and II are shown in Fig. 2(d). The Sugimoto and Horioka’s
approximation7 gives stop-band I at around 280–1280 Hz (D1 ¼ �0:43 and D2 ¼ 1:55),
and the first stop-band II at around �344–382 Hz. The modified approximation using
Eqs. (6) and (7) gives stop-band I at around 430–590 Hz (D1 ¼ �0:14 and D2 ¼ 0:18,
the consideration is up to the first order corrections) and the first stop-band II using
Eq. (11) at around 210–382 Hz. Comparing the predicted stop-band I at 425–680 Hz
with the first stop-band II (kD ¼ p) at 210–380 Hz using Eq. (19) [shown in Fig. 2(d)],
it is clear that the modified approximation derived from Eqs. (6), (7), and (11) shows
better agreement with the theoretical prediction than that of Sugimoto and Horioka.
Stop-band III is shown in Fig. 3(d). Sugimoto and Horioka’s approximation gives
stop-band III at 185–815 Hz, while the modified approximation derived from Eq. (14)
gives stop-band III at around 240–850 Hz. Comparing the predicted stop-band III at

FIG. 2. The averaged transmission loss TL of the duct with N resonators (the solid lines represent the FEM
simulation and the dotted lines represent the theoretical prediction). Sn ¼ 4p cm2, ln ¼ 2:1 cm,
Vc ¼ 136:75p cm3, Sd ¼ 12 cm2, Lbegin ¼ 30 cm, Lend ¼ 30 cm, P0 ¼ 1 Pa, @ ¼ 0, and D ¼ 45 cm.

FIG. 3. The averaged transmission loss TL of the duct with N resonators (the solid lines represent the FEM
simulation and the dotted lines represent the theoretical prediction). Sn ¼ 4p cm2, ln ¼ 2:1 cm,
Vc ¼ 136:75p cm3, Sd ¼ 12 cm2, Lbegin ¼ 30 cm, Lend ¼ 30 cm, P0 ¼ 1 Pa, @ ¼ 0, and D ¼ 34:4 cm.
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240–820 Hz using Eq. (19), the modified approximation has a relative error of 17%,
which is less than the 24% relative error in Sugimoto and Horioka’s approximation.
The modified approximation makes only a slight improvement on the prediction
because the modified approximation on the cosine and sine terms of Eq. (8) has a rela-
tively low accuracy as jDj > 0:5.

In Figs. 2 and 3, when the cases N¼ 1 are compared to other cases, there is a
clear impression of the difference caused by structural periodicity. The cases N¼ 2,
shown in both Figs. 2(b) and 3(b), illustrate the rudiments of the frequency attenuation
caused by structural periodicity; the original pattern of frequency attenuation begins to
break down under the influence of the emerging structural periodicity. In the cases
N¼ 5, shown in Figs. 2(c) and 3(c), the width of the stop-bands decreases and a ripple
pattern is observed beside them. That pattern disappears when N¼1, as can be seen
in both Figs. 2(d) and 3(d).

4. Conclusion

This paper has presented a theoretical study of a duct with identical resonators. Three
types of stop-bands have been discussed, and their bandwidths have been predicted
theoretically. The influence of the number of resonators has also been investigated. All
of the results predicted by the theory fit well with the FEM simulation. As the case
shown in Fig. 3(c), apart from the peak resulted from the resonance of a single resona-
tor, the duct with five identical resonators provides an averaged transmission loss with
a broadband around 240–820 Hz at the level of around 3–15 dB; the overall transmis-
sion loss of this system is quintupling, providing around 15–75 dB in this wide fre-
quency range. However, to obtain such a broad stop-band, j (usually close to 1) will
be too large for those predictions derived for j	 1 by Sugimoto and Horioka. It is
seen that the modified approximation generally gives better prediction on the band-
width in the cases of large j, which helps in the duct-resonator design. In general,
compared to a single resonator, a duct with several identical resonators exhibits a
unique attenuation characteristic caused by structural periodicity, and may, if carefully
designed, provide a much broader noise attenuation bands.
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