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An acoustic vector-sensor (also called a “vector hydrophone”) consists of three uni-axial velocity-
sensors (which are oriented perpendicularly with respect to each other) and one pressure-sensor. Song 
and Wong (Journal of the Acoustical Society of America, vol. 133, no. 4, pp. 1987-1995, April 2013) 
has advanced direction-finding formulas that allow these four component-sensors to be spaced 
apart in three-dimensional space, in order to extend the overall spatial aperture spanned by them, 
while improving the accuracy in the azimuth-elevation angle-of-arrival estimation of an acoustic 
emitter impinging from the far field.  Whereas Song and Wong advances estimation formulas for any 
general arbitrary placement of the four component-sensors, this paper will focus on a special 
spatial geometry -- where the four component-sensors occupy the four corners of a parallelogram 
in three-dimensional space – thereby simplifying the earlier formulas in Song and Wong. 
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1 Introduction

There exists a sizeable literature on the use of the four-component acoustic vector sensor (a.k.a.

a vector hydrophone in underwater applications) to estimate the azimuth-elevation directions-of-
arrival of incident sources. Of this literature, surveys are available in [4, 6, 7].

A four-component acoustic vector sensor consists of a pressure sensor along with three iden-

tical but perpendicular uni-axial velocity sensors, which are often idealized as collocated. While
the pressure-sensor samples the acoustic wavefield of pressure, the three uni-axial velocity-sensors

corporately sample the acoustic wavefield of the particle velocity vector, which corresponds to
the gradient vector of the pressure field. This gradient vector equals the negative of the inci-

dent wavefield’s propagation direction, hence very useful for the estimation of an acoustic source’s
azimuth-elevation direction-of-arrival. More precisely, a four-component acoustic vector-sensor (lo-

cated at the origin of the three-dimensional Cartesian coordinates) has this 4 × 1 array manifold
[1,3,5], as response to a unit-power wavefield that impinges from the far field and that has traveled

through an homogeneous isotropic medium,

a(θ, φ) :=







u(θ, φ)
v(θ, φ)

w(θ)
1







:=







sin(θ) cos(φ)
sin(θ) sin(φ)

cos(θ)
1






, (1)

where θ ∈ [0, π] symbolizes the elevation-angle measured from the positive z-axis, φ ∈ [0, 2π) de-
notes the azimuth-angle measured from the positive x-axis, u(θ, φ) denotes the Cartesian direction-

cosine along the x-axis, v(θ, φ) represents the Cartesian direction-cosine along the y-axis, and
w(θ) refers to the Cartesian direction-cosine along the z-axis. The first, second, and third com-

ponents in a(θ, φ) correspond to the uni-axial velocity-sensors aligned along the x-axis, the y-
axis, and the z-axis, respectively. These components together always produce a Frobenius norm,
√

[u(ψ, φ)]2 + [v(ψ, φ)]2 + [w(ψ)]2 = 1 = [a(θ, φ)]4, ∀θ, φ, with [·]` symbolizing the `th element of
the vector inside the square brackets.

One flaw of this acoustic vector-sensor is the zero size of its array aperture, because of the
spatial collocation of all its component-sensors. This small aperture limits the obtainable accu-

racy for direction finding. This spatial aperture could be readily enlarged, by locating the four
component-sensors at different locations. However, that would lead to spatial phase factors among
these component-sensors’ data, invalidating the array-manifold of (1) and invalidating the straight-

forward direction finding mentioned above.
This trade-off is partly resolved in [8], which shows how these four component-sensors may be

spread arbitrarily over the three-dimensional space (in order to sample the impinging wavefield at
diverse locations), while not just achieving direction finding, but to do so with increased accuracy.1

This paper will focus on one specific array grid for the spreading out of these four component-sensors
– the four corners of a parallelogram, while allowing the four component-sensors to be placed one

at each corner in any permutation.2

1If the pressure-sensor is absent, such that the acoustic vector-sensor degenerates to a tri-axial velocity-sensor,
please see [11]. If the spatially spread configuration uses only a bi-axial velocity-sensor, please see [10]. If the spatially
spread configuration uses a uni-axial velocity-sensor and a pressure-sensor, please see [11].

2For another special case where the four component-sensors lie on a straight line in any permutation, please refer
to [12].
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2 Closed-Form Estimation Formulas for the Arrival Angles : Two

parallel lines

Here, both lines must be parallel to one of the three Cartesian axis, but could be unequal in length,
with arbitrary terminal points. For example, Figure 1 places Sx and Sy on a line parallel to z-axis,

and places Sp and Sz on another line also parallel to z-axis. The coordinates of Sx and Sp are,
respectively, (xx, yx, zx) and (xp, yp, zp). Other spatial permutations of the four components could

also do. However, the rest of this paper will focus on the particular configuration of 1, as an
illustrative example. Other configurations may be analyzed analogously.

Figure 1: One configuration of an acoustic vector-sensor with its four components spatially dis-
tributed at the four corners of a parallelogram.

Using subspace-based algorithms for parameter estimation, the data-correlation matrix is eigen-

decomposed to estimate each impinging source’s steering vector â ≈ ca, to within an unknown
complex number c. The approximation would be equality if there were no noise or if there were an

infinite number of time-samples. That is, a subspace-based algorithm would give







px

py

pz

pp







≈ c ·








u ej
2π
λ

(xxu+yxv+zxw)

v ej
2π
λ

[xxu+yxv+(zx+∆xy )w]

w ej
2π
λ

[xpu+ypv+(zp+∆pz )w]

ej
2π
λ

(xpu+ypv+zpw)







, (2)

which leads to

py

px

≈ tan(φ)ej
2π
λ

∆xyw (3)

pz

pp

≈ cos(θ)ej
2π
λ

∆pzw. (4)

From (4), two complementary estimators of w may be devised:

{i} Note that a one-to-many relationship exists between ej2π
∆pz

λ
w and u ∈ [−1, 1], despite any
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extended aperture with
∆pz

λ > 1
2 . Therefore,

ŵphs =
1

2π

λ

∆pz

∠
pz

pp

= m
λ

∆pz

+w (5)

allows the estimation of w, but ambiguously so, to within an unknown integer multiple (m×)
of the frequency-dependent term of ± λ

∆pz
, where m is an integer to be determined.

{ii} The frequency-independent

ŵmag =

∣
∣
∣
∣

pz

pp

∣
∣
∣
∣

= ±w (6)

allows the estimation of w, but also only ambiguously, now to within a ± sign.

These two estimates, ŵphs and ŵmag, are ambiguous in different ways, but can disambiguate

each other, as follows:

{a} If ŵmag = w, the cyclic ambiguity may be resolved by

m̂+
w := argmin

m

∣
∣
∣
∣
∣
∣
∣
∣
∣













m

λ

∆pz

+

=ŵphs
︷ ︸︸ ︷

1

2π

λ

∆pz

∠
pz

pp








−

=ŵmag
︷︸︸︷∣
∣
∣
∣

pz

pp

∣
∣
∣
∣







∣
∣
∣
∣
∣
∣
∣
∣
∣

︸ ︷︷ ︸

def
= ε+w(m)

.

{b} If ŵmag = −w, the cyclic ambiguity may then be resolved by

m̂−

w := arg min
m

∣
∣
∣
∣
∣
∣
∣
∣
∣













m

λ

∆pz

+

=ŵphs
︷ ︸︸ ︷

1

2π

λ

∆pz

∠
−pz

pp








−

=ŵmag
︷ ︸︸ ︷

−

∣
∣
∣
∣

pz

pp

∣
∣
∣
∣







∣
∣
∣
∣
∣
∣
∣
∣
∣

︸ ︷︷ ︸

def
= ε−w(m)

.

{c} To choose between ŵmag = u versus ŵmag = −w: Pick ŵmag = w, if ε+w(m̂+
w) < ε−w(m̂−

w). Pick
ŵmag = −w, if ε+w(m̂+

w) ≥ ε−w(m̂−

w).

{d} Therefore, w is now unambiguously estimated as

ŵ =







(

m̂+
w + 1

2π∠
pz

pp

)
λ

∆pz
, if ε+w(m̂+

w) < ε−w(m̂−

w).
(

m̂−

w − 1
2π

∠
pz

pp

)
λ

∆pz
, if ε+w(m̂+

w) ≥ ε−w(m̂−

w).

Lastly, substitute ŵ into (3)-(4), the angle-of-arrival estimates are obtained as

θ̂ = arccos ŵ, (7)

φ̂ = arctan

(
py

px

e−j 2π
λ

∆pzw

)

. (8)
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These arrival-angle estimates enjoy a support-region spanning over the hemispherical space of
θ ∈ [0, π) and φ ∈ (0, π] (or φ ∈ (−π, 0]).

The above has shown how to achieve direction finding unambiguously, despite the four component-
sensors’ non-collocation and despite their sparse spacings.

3 Cramér-Rao Bound For Direction-Finding Using the Proposed

Spatially Extended Acoustic Vector-Sensor

By spatially spreading the four components of the vector sensor into a parallelogram, the spa-

tial aperture is extended from the collocated case’s point-like geometry. This extended aperture
costs no additional component-sensors but can improve direction finding accuracy. This possible

improvement is shown through the Cramér-Rao lower bound, which floors the estimation error
variance obtainable for any unbiased estimator.

Express the collected data as

z =
[
z̃(Ts)

T , · · · , z̃(MTs)
T
]T

= s ⊗ a
︸ ︷︷ ︸

def
= µ

+
[
ñ(Ts)

T , · · · , ñ(MTs)
T
]T

︸ ︷︷ ︸

def
= n

, (9)

with

z̃(mTs) = as(mTs) + ñ(mTs), (10)

and

s
def
= [s(Ts), · · · , s(MTs)]

T

z ∼ N (µ,Γ), (11)

where s(mTs)
def
= e(jmTs+ε) symbolizes the received signal at the time instant of mTs, ñ(mTs)

denotes the 4 × 1 zero-mean additive white noise vector at the time of mTs, and Γ represents
the covariance of additive noise, i.e. Γ = E [nn

H ], where H denotes the Hermitian transposition.
For simplicity, further assume that the source’s frequency ω and initial phase ε are prior known

constants.
Group the to-be-estimated parameters in the measurement model into a vector,

ψ =
[
θ, φ, σ2

]T
(12)

where σ2 denotes the noise power.
If z is Gaussian, the 2×2 Fisher Information Matrix (FIM) J would have its (i, j)th entry equal

to (equation (8.34) in [2])

Ji,j = 2<

[(
∂µ

∂[ψ]i

)
H

Γ
−1

(
∂µ

∂[ψ]j

)]

+ Tr

[

Γ
−1 ∂Γ

∂[ψ]i
Γ
−1 ∂Γ

∂[ψ]j

]

. (13)

Consider the specific configuration in Figure 2 to spatially distribute the acoustic vector-sensor,
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which is a special case of the more general configuration in Figure 1. Here in Figure 2, the four

Figure 2: A special case of 1, used in the Cramér-Rao bound graphs in Figure 3.

components lies on the x-z Cartesian plane, with the pressure-sensor at origin, at identical inter-
component spacings of ∆.

For this special array grid, straight-forward manipulations of the earlier stated equations would
give the four scalars,

J1,1 =
2M

σ2

{(

π
∆

λ

)2 [

2 cos4(φ) sin2(θ) cos2(θ) −
1

4
(−2 sin(2φ) + sin(4φ) + 2 cos(2φ)− 6) sin2(2θ)

]

+ 1

}

J2,2 =
2M

σ2
sin2(θ)

{

2

(

π
∆

λ

)2

(−2 sin(2φ) + cos(2φ) + 3) sin2(θ) sin2(φ) + 1

}

J1,2 = J2,1 = −
2M

σ2

(

π
∆

λ

)2

sin(φ) sin3(θ) cos(θ) [2 sin(φ) − 2 sin(3φ) + 3 cos(φ) + cos(3φ)] ,

explicitly in terms of the model parameters.

Then, the Cramér-Rao bounds may be obtained:

CRB(θ)

=
[
J
−1

]

(1,1)

=
σ2

2M

1 + 2
(
π∆

λ

)2
(3 + cos(2φ)− 2 sin(2φ)) sin2(θ) sin2(φ)

−
(

∆
λ

)4
π4 cos2(θ) sin2(φ) (3 cos(φ) + cos(3φ) + 2 sin(φ) − 2 sin(3φ))2 sin4(θ)

+1
4

(

cos2(φ) + sin2(φ)
(

1 + 2
(

∆
λ

)2
π2(3 + cos(2φ)− 2 sin(2φ)) sin2(θ)

))

(

4 + 16
(

∆
λ

)2
π2 cos(φ)4 sin2(θ) cos2(θ) −

(
∆
λ

)2
π2(−6 + 2 cos(2φ) − 2 sin(2φ) + sin(4φ)) sin2(2θ)

)

,

(14)
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CRB(φ)

=
[
J
−1

]

(2,2)

=
σ2

2M

csc2(θ)
(

1 + 4
(
π∆

λ

)2
cos(φ)4 sin2(θ) cos2(θ) − 1

4

(
∆
λ

)2
π2(−6 + 2 cos(2φ) − 2 sin(2φ) + sin(4φ)) sin2(2θ)

)

−
(

∆
λ

)4
π4 cos2(θ) sin2(φ) (3 cos(φ) + cos(3φ) + 2 sin(φ)− 2 sin(3φ))2 sin4(θ)

+1
4

(

1 + 2
(

∆
λ

)2
π2(3 + cos(2φ)− 2 sin(2φ)) sin2(θ) sin2(φ)

)

(

4 + 16
(

∆
λ

)2
π2 cos(φ)4 sin2(θ) cos2(θ) −

(
∆
λ

)2
π2(−6 + 2 cos(2φ)− 2 sin(2φ) + sin(4φ)) sin2(2θ)

)

.

(15)

These Cramér-Rao bounds are plotted in Figure 3 versus the inter-component spacing
(

∆
λ

)
, at a

signal-to-noise ratio (SNR) of 0dB, and an incident signal’s frequency of 500Hz. These figures show
that the Cramér-Rao bounds decrease by orders of magnitude, as the inter-component spacing

(
∆
λ

)

increases.

∆

λ

10
-4

10
-2

10
0

10
2

C
R
B
(θ
)
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-8
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10
-6
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-5
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-4
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-3

10
-2

Collocated AVS

Non-collocated AVS

(a) CRB(θ)

∆

λ

10
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-2

10
0

10
2

C
R
B
(φ
)

10
-6

10
-5

10
-4

10
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-2

10
-1

Collocated AVS

Non-collocated AVS

(b) CRB(φ)

Figure 3: The Cramér-Rao bounds derived in (14)-(15), plotted against the inter-component spacing
∆
λ
, at SNR = 0dB, M = 80, θ = π

6 , and φ = π
4 .

4 Conclusion

The vector-sensor consists of four component-sensors, which are “traditionally” collocated in a
point-like geometry. By spreading these four component-sensors to the four corner of a paral-

lelogram, an extended aperture is realized, thereby improving direction-finding accuracy, without
increasing the number of component-sensors. This parallelogram array grid is a special case of the

more general grid in [8], which requires slightly more complicated direction-finding formulas than
those in this paper. To spread the four component-sensors along a straight line of any orientation

in three-dimensional space, please see [12] for closed-form formulas for direction finding.
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