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The acoustic vector-sensor (a.k.a. the vector hydrophone) is a practical and versatile sound-
measurement device, with applications in-room, open-air, or underwater. It consists of three identical
uni-axial velocity-sensors in orthogonal orientations, plus a pressure-sensor—all in spatial collocation.
Its far-field array manifold [Nehorai and Paldi (1994). IEEE Trans. Signal Process. 42, 2481-2491;
Hawkes and Nehorai (2000). IEEE Trans. Signal Process. 48, 2981-2993] has been introduced into the
technical field of signal processing about 2 decades ago, and many direction-finding algorithms have
since been developed for this acoustic vector-sensor. The above array manifold is subsequently gener-
alized for outside the far field in Wu, Wong, and Lau [(2010). IEEE Trans. Signal Process. 58,
3946-3951], but only if no reflection-boundary is to lie near the acoustic vector-sensor. As for the
near-boundary array manifold for the general case of an emitter in the geometric near field, the far
field, or anywhere in between—this paper derives and presents that array manifold in terms of
signal-processing mathematics. Also derived here is the corresponding Cramér-Rao bound for
azimuth-elevation-distance localization of an incident emitter, with the reflected wave shown to play
a critical role on account of its constructive or destructive summation with the line-of-sight wave.
The implications on source localization are explored, especially with respect to measurement model
mismatch in maximum-likelihood direction finding and with regard to the spatial resolution between

coexisting emitters. © 2016 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4954253]

[ZHM]

I. INTRODUCTION

Most acoustic sensors measure only the pressure of the
acoustic wavefield, while over-looking the wavefield’s
underlying particle velocity vector, which represents a spa-
tial gradient of the pressure field. This spatial gradient’s
three Cartesian components may be measured, each by a
uni-axial velocity-sensor aligned along the corresponding
Cartesian coordinate.' Hence, all three components of
the particle velocity vector may be measured, at any spatial
location, via three uni-axial velocity-sensors, placed in collo-
cation but orthogonal orientations. Such a tri-axial velocity-
sensor plus an isotropic pressure-sensor, together, is labeled
an ‘“‘acoustic vector sensor” (AVS) or a “vector hydro-
phone.”* For comprehensive literature surveys on the AVS’s
hardware implementations or sea/air trials, please consult
Tam and Wong (2009) and Wu and Wong (2012).

For an acoustic vector-sensor lying in an emitter’s far
field and away from any reflecting boundary (e.g., in deep
sea scenarios), the measurement model has been developed
in terms of signal processing mathematics by Nehorai and
Paldi (1994). The corresponding signal processing mathemat-
ics for the not-necessarily-far-field (but still no-boundary)
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case has been advanced by Wu et al. (2010), showing a
frequency-dependent gain and a frequency-dependent com-
plex-phase, between the velocity-sensor triad on one hand
and the pressure-sensor on the other hand.

In contrast to the above no-boundary models in Nehorai
and Paldi (1994) and in Wu et al. (2010), boundaries are of-
ten present in acoustic propagation, e.g., underwater bounda-
ries include the sea bottom, the sea surface, and ship hulls
(Nagananda and Anand, 2010; Felisberto et al., 2012),
whereas air acoustic boundaries include walls and the ground
(Levin et al., 2010). For the far-field near-boundary case, the
concerned measurement model has been advanced in Hawkes
and Nehorai (2000), in terms of signal processing mathemat-
ics. Nonetheless, the not-necessarily-far-field® near-boundary
measurement model is yet unavailable in a mathematical
form easily comprehensible to signal-processing researchers
unfamiliar with acoustical physics. For such a not-necessar-
ily-far-field near-boundary case, this present paper will take
Hawkes and Nehorai (2000) and Wu ez al. (2010) one step
further, to present its corresponding array manifold in terms
of signal processing mathematics. This not-necessarily-far-
field near-boundary array manifold depends on the reflection
boundary’s intrinsic physical properties. The special cases of
a perfect-reflection boundary and a pressure-release reflection
will receive special attention later in this paper.

0001-4966/2016/139(6)/3159/18/$30.00 © 2016 Acoustical Society of America 3159
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Il. TO DERIVE THE NEAR-BOUNDARY
ARRAY-MANIFOLD—FOR THE NEAR FIELD,
FAR FIELD, OR ANYWHERE IN BETWEEN

Consider the spatial geometry depicted in Fig. 1, which
relates a point-size emitter, an acoustic vector-sensor, and a
planar reflecting boundary. The acoustic vector-sensor is
placed at the origin ro = [0,0,0]" of the Cartesian coordi-
nates without any loss of generality, where the superscript ©
denotes transposition. The point-size source emits isotropi-
cally from rgc = [Xsc, Vsres zm]T. The infinitely large reflect-
ing plane lies at z = —D.* These result in an image source at
Fiir = [Xsre, Vsres —Zsre — ZD]T. This spatial geometry has four
independent parameters: D, Y/, R; os, and A. Note that R, and
/' depend functionally on the four preceding parameters.

Suppose the point-size source emits a monochromatic
signal, at an angular frequency of o and amplitude of A, iso-
tropically into a quiescent, isotropic, homogeneous fluid.
The resulting wavefield may be represented as

pin(r,1) = Leﬂwhk?ﬂ(rwmﬂ? 0
||l' - rsrc||2

at any time ¢ and at any location r = [x,y,z]". Here, the
wave-number vector

2T r — Fge
" el .
has a Frobenius norm of ||k, ||, = k = 2n/2 and points along
the wave’s propagation direction.

Suppose this wave impinges upon a reflection boundary,
at an incident angle y/'. Then, kj, in Eq. (2) would be the
incident wave-number vector, hence its subscript “in.” The
corresponding reflected wave would also be monochromatic
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FIG. 1. (Color online) The spatial geometry among a point-size emitter, an
acoustic vector-sensor, a planar reflecting boundary, and the image-source.
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at the same angular frequency, but with a changed amplitude
and a changed phase, such that the reflected wave may be
represented as

ej[(0t7k£<r7rmir)] (3)

)

[(r,m)A
pre(rat) = Hr o ||2

wherein I'(r, ) symbolizes the “complex reflection coef-
ficient,” Ky = (21/2)(r — /||t — rm||,) denotes the
“reflected wave-number vector” at r, with |Kel, =k
= (2n/2)and r — iy = [¥ — Xgre, Y — Ysres Z + Zsre + ZD]T.

The superposition of the incident wave and the reflected
wave gives

pin(r; t) = pin(ra t) +pre(ra t)
_ [ejknrm I, w)ejkrrmirnz] o

[ — Tl I — Fmie[]
def
= ap(r)
4)
Atr = ry (where the acoustic vector-sensor is located)
e —JkRLos F(ro’ a))e_ijre )
p(ro, 1) = + Ae (5)
(ro. 1) [ Rios Re ’
dgf ap(ro)
with
RLOS = ||l’0 - rsrc”z = \ xgrc +y§rc + Zgrc’ (6)
R = ||l'() - rmir”z - \/RI%OS +4Dzg. + 4D2, 7

respectively denoting the direct line-of-sight (LOS) distance
from the emitter to the acoustic vector-sensor, and the dis-
tance between the image source and the acoustic vector-
Sensor.

The above acoustic pressure field p(r, ) is related to its
underlying particle-velocity field v(r, t) via Euler’s equation,
which is well known in fluid dynamics. That is,

ov(r,1)
Po—5;

= —Vp(r,1)

= _v[pin(r7t) +pre(r7t)]7 (8)

where V represents the gradient operator [0/0x,d/0y,
o/ GZ]T in the Cartesian coordinates. [Please see Eq. (6.2.7)
on p. 243 in Morse and Ingard (1968), or Eq. (1.10) on p. 20
in Bies and Hansen (2009).] As the wave is sinusoidal

ov(r,ry  O(|v(r,n)lel")
Po ot = Po ot
= pojwv(r,1). )

From Egs. (4) to (9), the total acoustic particle-velocity field
at ro equals

Wu et al.

81:05:90 G20z Auenigad Gz



Jay(r) Jay(r)
l':ro7 ay r=ro ’ BZ

Ael [ da,(r)

T
8)6 r=ry :| ' (10)

1
fy = —— =
V(r07 ) Ja)po [VP(r7t)Hr:rg —jkpoc

Substituting a,(r) defined in Eq. (4) into Eq. (10), one obtains

def Oaty (1)
T =
au( O) 8x r=ro
o d||r —r, e Ollr —r
B —jkeHKlr=ruell, M Ir—rell, —e Jklr=rell, %
2
r —racll3 r=r
(o) dieent, DI = T die e O = T
A ) ekl vy S ep oy Rl milly T Tl Yy e . a)e KTl mir[[2
‘ ( Ox JKL(r, @) Ox [ mir |2 (r,m)e ax
‘ 2
I — el r—r
ke itRios e p g ikRios _Hure <8F (NO) | itk AT (1o, @) ek _xm) Ree — T (1, ) e #Re 255
_ Rios Rios n Ox  lr=ro e re
Rios Ry
jkRyos +1 _. e IR | kR 1 al'(r, w
:J L(3)S ei'lkRLOstrc ! r62+ xsrcr(r07 CU) + ( ’ ) 5
RLOS Rre Rre Ox r=rg
def Oa, (1)
(Tro) =
a‘( 0) 8y r=ry
— Olr — roc|| ' |lr — ryc||
—Jk|[r—rge - 2 —jkllr—rgc s 2
B —jke lIr—roell, 5 sre r = Fell, —e7? [ ay‘”
2
[Ir = roell> r=r
orro) R ety A = e
? e_]kllr_rmier _ kr r.w _JkHr_rmir”z mir |12 r—r.. _ F r 7]/(“[‘7]‘",1;“2 mirfi2
L< ay J ( ’ )e ay || m1r||2 ( ,w)e (9_)7
2
[[r = i[5 -
) — . — al'(r,w . S I
_jke—.lkRLos ﬁRLOS _ e—JkRLos Ysre ( ( ) e IR _ jkr(l‘o, w) e IR )’src) Re.-T (l’, CO) o IR Ysre
Rios Rios 9y lr=r re re
REOS R%e
JkRLos + 1 yigios e e | jkRe + 1 or(r, w)
IS, y — Vgl (rg, ®) + ——= ,
Rios Ysre + Rre R%e Ysre ( 0 )+ ay _—
def 8a1z(r)
ay(rog) = ———
w( 0) 82 r=ro
_jke—ijr—rm“2 a”r - rsrc”z Hr _ rsrc”z _ efjchrfrs,CH2 a”r - l'src||2
_ 0z
2
[Ir = roelly -
(D) e ruls ikt ONF = T iklr—rall, Ol — Fomic |
I (aze Jellr =il —Jkr(r,(U)e JK[|r =Tl azmlr ||r — rmir”z _ r‘(r’w)e ke =i, azmlr 2
T
2
[[r — Fmiel|3 -
L —Zsre —ikRios Zsrc
—jke jkRLoS Rios — e JkRuos
_ Rios Rios
RI%OS
or'(r,w ) ) ) , 2D . 2D
( (87 V| e KT (rg, ) e R e )Rre — I (r, w)e *ke Zare + 20
+ Z r=ro re Rre
R2
e
jkRros + 1 —ikRuos e IKRse JkRe + 1 8F(l’, w)
=2 Zsre + — +2D)I'(rg, @) + ——= ,
R]3“OS N Rre nge (ZSTC ) ( 0 )+ oz r=roy
where

J. Acoust. Soc. Am. 139 (6), June 2016 Wuetal. 3161
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7”1' ri]‘CHZ a \/ xsrc ysrc) (Z*Zsrc) -

0 0
— ||r — e, = a \/(x — xsrc)z + (- ysrc)2 + (z + zge + 2D)2 =

S 1T — Fare xsrc src
ol = renlly = 5 ) (7 =) +

(Z - Zsrc)2 = H

8 0
. ||I‘ - l“mir”z = (X _xsrc)2 + (¥ — Ysre 2 + (Z + Zge + 2D)2 =
dy

71‘ Fgre src src
I = ruelly = o~ )+ (0 e

(Z - Zsrc)2 = ||

(9 0
Oz [r = rmiell, = Oz \/(x - xsrc)z + (- )’src)2 + (2 + zgre + ZD)

Lastly, factor out the common factor A exp(jot), in
p(ro,t) of Eq. (5) and in v(rg,7) of Eq. (10), in order to
obtain the acoustic vector-sensor’s not-necessarily-far-field
near-boundary array manifold

a,(ro

(
a(b) _ ay (rO
ay, (I‘O

(

)
; ; 1D
)

—jkpoc ap(ro

in the Cartesian coordinates. The superscript’s acronym “b”
signifies that the acoustic vector-sensor lies near a reflecting

X — Xge
r —rocll, 7
X — Xgrc
[I* — T[],
Y — Ysre
r—rgcll 7
Y = Ysrc
[I* = T[],
Z— Zge
r— Tyl 7
Z+ Zge + 2D
Ir — Fmicll, .

boundary, but anywhere in the far field, the near field, or in
between.

To better reveal this array manifold’s dependence on the
emitter’s azimuth-elevation angle-of-arrival (¢,y) and de-
pendence on the separation R os between the emitter and the
acoustic vector-sensor:

@) Write  xge =Rpos COSP COSY, Yge =Rpossing cosy,
and zgc=Riossiny, where ¢e(—mn,n] and Y€
[0,7/2], as shown in Fig. 1.

(i)  Then multiply Eq. (11) by R2 Sej’“?LOS /jkR1os + 1.

These steps express Eq. (11) as Eq. (12), where RLOS
=Ri0s/% D =D/}, and Rie = R/ /.

[y 0T r, o
?_g% . + [1 + 2T (ro, w)]cos(p)cos()
ay Ol (r, w .
]Z (8 ) + [1 + afT (ro, co)]sm(qb)cos(zp)
a(b) —_|1J 'y r=rg , (12)
oay Ol (r, w . D
—VQ + [1 — afiT’ (ro, w)]sm(lp) — —— afl’(ro, )
]k 82 r=ro RLOS
—po¢ 71 +aT(ro, w)]
R (5 5 _ 2 o 2
_ Ruos -i(h-os) (13) Rie = kRye = \/ Ry s + 4RLosDsin(y) + 4D . (18)
Rre
2 -
R jRee + 1
B= %?{”7, (14)  A. Special case: The acoustic vector-sensor lying
R, JRios + 1 in the emitter’s near field and near a perfect-reflection
boundary
__JRios “Perfect reflection” occurs when an incident wave hits
)= 15) ) R .
iRios + 1 upon an ideal “rigid” boundary (a.k.a. an acoustically hard
surface), whose reflection coefficient I'(r,w) = 1, Vr, Vo.
D= kD (16) A perfect-reflection boundary would neither absorb nor
S transmit any energy of any incident wavefield. In air acous-
_ tics, rigid boundaries are approximately realized in the sea
Rios = kRios; (17 surface’s air-water plane interface when incident from above

3162  J. Acoust. Soc. Am. 139 (6), June 2016
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(Leighton, 2012), and in-room acoustics at sufficiently low
frequencies (Gumerov and Duraiswami, 2001; Remillieux,
2012). In underwater acoustics, rigid boundaries are approxi-
mately realized in the seabed (Buckingham and Tolstoy,
1990; Luo et al., 2012), and in a vessel’s hull at sufficiently
high frequencies (Hawkes and Nehorai, 2000).

The asymptotic condition of I'(r, w) = 1, Vr, Vo implies
the following: 8F(r,a))/8x\r:r0 =0, Il(r,w)/0yl._, =0,
OI'(r,w)/0z|,_, =0, and I'(ro,w) = 1. Consequently, Eq.
(12) becomes’

[ cos(¢)cos()[1 + af]
sin(¢)cos(Y)[1 + af]

(rigid) _ ~
! sin(y) [1 — o] — 222 | (1

Rios

| —poc p(1 +a)

where «, f3, 7, D and RLOS have been defined earlier in Eqs.
(13)—(17). The above superscript, rigid, refers to the acoustic
vector-sensor lying close to a “rigid boundary” and lying in
the emitter’s not-necessarily-far field.

B. Special case: The acoustic vector-sensor lying
in the emitter’s not-necessarily-far field and near
a pressure-release boundary

On a “pressure-release” boundary, py(rp,t) = 0, which
implies that the boundary’s “normal specific impedance”
Zin(Y,») equals zero. Thus, the reflection coefficient
I'(r,w) = —1, Vr, Vo. The pressure-release boundary can
approximate a vessel’s hull at low frequencies (<1 kHz)
(Ko, 1996; Hawkes and Nehorai, 2000). The pressure-
release boundary also approximates the sea surface’s air-
water when incident from below (Buckingham and Tolstoy,
1990; Luo et al., 2012; Leighton, 2012), hence relevant to a
floating array or a towed array (Hawkes and Nehorai, 2000;
p- 135 of Pierce, 1989).

The condition of I'(r,w) = —1, Vr, Vo implies the

= 0, 8F(r )/0y|

following:  OI'(r, w)/0x|._,, rmry =
ol (r,w)/0z|,_,, =0, T'(ro,w) = —1. Therefore, Eq. (12)
becomes

cos()cos(y)[1 — zf]

(release) __
a | sin(y) [1+ af] + 208 UD ’ (20)

Rios

—poc (1 —a)

where «, f3, 7, 5, and RLos have been defined earlier in Eqs.
(13)—(17). The above superscript, “release,” refers to the
acoustic vector-sensor lying near a pressure-release bound-
ary and anywhere in the emitter’s near or far field.

C. Special case: The acoustic vector-sensor

lying in the emitter’s far-field and near a boundary
Consider the asymptotically far-field case of Rpos

— o0. The not-necessarily-far-field acoustic vector-sensor

J. Acoust. Soc. Am. 139 (6), June 2016

now “degenerates” to a far-field acoustic vector-sensor, and
the emitted spherical wavefront becomes planar at reception.
Therefore,

@ Il (r,w)
T or le=ry
ol'(r,w)
oy le=ry
al'(r,w)
0 le=ry

— 0,

— 0,
— 0.

(i)  Rios /Rre — 1 and D/RLOS — 0, which in turn imply
R — Rios — 2D sin . These lead to o — e 122inV
p—1,and y — 1.

(i) T(r,o)—T,(},w)=sin Y, —Z./Zin(y,»)/siny,,
+Z./Zin(Y,®), where I',(,®) denotes the boun-
dary’s plane-wave reflection coefficient and Z. = pyc
refers to the medium’s characteristic impedance.
Please see Eq. (2) in Embleton et al. (1976), Eq. (2)
in Stinson (1995), or Eq. (5) in Li and Lu (2004). The
above I',({, w) is independent of r.

The above degenerates the earlier not-necessarily-
far-field near-boundary array manifold Eq. (12) to a far-field
near-boundary array manifold

cos(¢) cos(¥) | v, o eszﬁgim/,]
farpy | Sin(¢) cos(Y) [ v, o e—jzﬁsmw]
sin(y) [1 — T (¢, w)e™

—pPoC [1 +T (lﬂ, ) eijDsim//]

14+ T,(
14+ T,(

2n

The above superscript “far, b” signifies that the acoustic
vector-sensor lies in the emitter’s “far field” and lies near a
reflecting “boundary.” Equation (21) concurs with Eq. (8) in
Hawkes and Nehorai (2000), which has “normalized away”
—p0c from the last element.

D. Special case: The acoustic vector-sensor lying in
the emitter’s “not-necessarily-far field” and not near
any boundary

In the absence of any reflection boundary, there would
be no reflected wavefield to add to the direct LOS wavefield
as in Eq. (4). Therefore, I'(rg,w) = 0 in Egs. (5) and (12),
and Eq. (12) would then degenerate to Eq. (16) of Wu et al.
(2010), namely®

[ cos(¢p)cos()
sin(¢)cos(y))
sin(y)

—Po¢

1
T—————; ©XP J arctan —
( 1 ) Rios
I+ —

Rios

(no—b) _

(22)

Wuetal. 3163
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The above superscript “no-b” signifies that the acoustic
vector-sensor may lie in the emitter’s “not-necessarily-far
field,” and is not near any reflecting boundary.

Note that a9 in Eq. (19), a*®¢) in Eq. (20), and
a(™-% in Eq. (22) together may be represented in a general
form as

cos(¢p)cos() [1 + kaff]
sin(¢)cos(y) [1 + xoff]

sin(y) [1 — xaf] — 2roff— ’

Ri0s

a = (23)

—poc 7[1 + ]

where x € {1, —1,0} serves as an indicator, with ¥ = 1 for a
perfect-reflection boundary, with x = —1 for a pressure-
release boundary, and with k¥ = 0 for no boundary. That is

aigd)  for x=1,
a, = ¢ alelease). for o= _1, (24)
a™®  for x=0.

E. Special case: The acoustic vector-sensor lying
in the emitter’s far-field and not near any boundary

As Ry os — oo in Eq. (22), the not-necessarily-far-field
near-boundary array manifold of Eq. (22) would further
degenerate to a far-field no-boundary array manifold
(Nehorai and Paldi, 1994) of

cos(¢) cos(i)

The above superscript “far, no-b” signifies that the source is
in the far field and is not near any reflecting boundary. The
fourth element in the above array-manifold (corresponding
to the pressure amplitude) is sometimes normalized to unity,
as in Eq. (2.5) of Nehorai and Paldi (1994).

lll. VERIFICATION OF THE NEWLY DERIVED
NEAR-BOUNDARY NEAR-FIELD ARRAY MANIFOLD,
VIA FINITE ELEMENT METHOD (FEM)

For the perfect reflection boundary array manifold
derived in Eq. (19) of Sec. II A, the array manifold is vali-
dated here by FEM using the “COMSOL Multiphysics—
Acoustic Module” software. Here, the pressure field and
particle-velocity field are calculated for a pure-tone signal at
signal-frequencies in 50 to 100 Hz, under air acoustical con-
ditions. The FEM simulation results are shown in Figs. 2 and
3, both demonstrating the closeness of the FEM simulation
to the derived Eq. (19), thereby verifying the derivation in
Sec. ITA.

Figure 2’s scenario is as follows: Rpps = 3.46m,
D =346m,  =30°, ¢ =—42°, and p, = 1.18kg/m>,
¢ =2346m/s in 25 °C air. This is not grazing incidence,
which has been defined as Ry os cos y > 2D + Ry ps sin
[or equivalently sin(n/4 — ) > v2D/Rios] below Eq.
(19) of Attenborough (2002).

Figure 3 tries out a different scenario: R ps = 1.73 m,
D =3.46m, y = 45°, ¢ = 23°, with p, = 1.18kg/m? and
¢ =346m/sin 25 °C air.

Figures 2 and 3 each plots the derived Eq. (19), which is
a complex-valued vector function of frequency, as three

g(far,no—b) _ sin(¢) cos(y) (25)  curves. The solid curve plots the real-value part of
sin() [alrieid)] /[a(eid)], versus its imaginary-value part, at various
—PoC frequencies. Here, [-]; denotes the jth entry of the vector
-3
1
2 x10 T T T T T T
- 100Hz [a(rig V], /[a#V],: Derived
e N 0 [al0), /], FEM
7 N N [t D], /[a( D], Derived
15F / NI v [t /fat ], FEM |
// \ — — — [a"EY]; /[a"ED],: Derived
, \ A [a®E),/[a"90],; FEM
/ 50Hz
1 5 |
2]
9 / \
© / 100Hz \
o / |
£ | 50Hz . .
5 o5k | | | FIG. 2. (Color online) The ratio
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inside the square brackets. The dotted curve does the same
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gle icons, and the up-pointing triangle icons, respectively,
indicate the values calculated from FEM. The frequency
value is indicated next to each icon. As this frequency varies

o

0.5
%1078

uncorrelated Gaussian noise, each component of which has
an unknown deterministic variance of 2.

With M number of time-samples, the collected data-set
equals

z=[&(T,))", ..., @MT,)""
., (a(MT)", @7

from 50 to 100 Hz, Ry os and D would correspondingly vary =s®a,+ [(ﬁ(TY))

from 0.5 / to A. In both figures, the derived measurement H:;_’ ~

model in Eq. (19) gives values very close to those calculated

from FEM. where s = ei‘[el?, el e’ @ symbolizes the

IV. CRAMER-RAO BOUND FOR 3D SOURCE
LOCALIZATION USING AN ACOUSTIC
VECTOR-SENSOR NEAR A PERFECT-REFLECTION/
PRESSURE-RELEASE BOUNDARY, OR NO
BOUNDARY

To further characterize the newly obtained array mani-
folds, this section will derive their Cramér-Rao bounds
(CRB) for the localization of a source in three-dimensional
(3D) space (i.e., azimuth/elevation/distance).7

To avoid distraction from the above objective, a very
simple statistical model will be used below for the signal/
noise statistics: The emitted signal s(¢) = @9 is a pure
tone, at an angular frequency of w, with an initial phase of ¢,
where both o and ¢ are deterministic constants that are prior
known to the estimator. At the mth time-instant at t = mT,, a
4 x 1 data-vector

Z(mT;) = as(mTy) + a(mTy), (26)
is collected by the four-component acoustic vector-sensor,
where T refers to the time-sampling period, and n(#) denotes

a 4x1 vector of additive zero-mean spatio-temporally

J. Acoust. Soc. Am. 139 (6), June 2016

Kronecker product, n represents a 4M X 1 noise vector with
a spatio-temporal covariance matrix of C = %I, and Ly
denotes a 4M x 4M  identity matrix. Therefore,
z~ N(u,C).

Collecting the four unknown but deterministic parame-

ters into a 4 x 1 vector 0 = [¢, ¥, RLos, 02|, the resulting
4 x 4 Fisher Information Matrix (FIM) J(0) has an (i,j) th
entry (Van-Trees, 2002) of

Jij 2Re{ (a?g]) Cl<%>}

oC aC
cl—c! , 28
{ o], aw]j} e

where Re { - } signifies the real-value part of the entity inside
the curly brackets, Tr{ -} denotes the trace operation, and
[-]; symbolizes the ith element of the vector inside the
square brackets.

Straight-forward manipulation of Eq. (28) gives J,
=Jiz=hia=h=ha=J1=la=J11 =J1p=J153=0,
thereby leading to the simplification
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Ji1 0 0 0

10 Jap oz O
10) = 0 Jip Jzz O (29)

0 0 0 Ju

The above implies that ¢, {1, R os}, and ¢ are decoupled
as three subgroups, and that the Cramér-Rao bounds of ¢, i,
Ry 0s, respectively, equal

1
CRB, = [171(0), = -

2 _6
o (1 +RLOS>Rre [ 250 _6
W cosry U Fos e

2 20 4 4
+ Ry osRe (K Ry os + Rre)
3 3/ ~
+2:R osR (RLOSRre + 1) cos (RLOS - Rre)

_ _\.3 .3 _ N\t
+2, (RLOS - Rre>RLoere sin (RLOS - Rre)} ,

(30)
CRBy = [J 7/ (0) ],y = % G1)
= aptiz—Ja3)30
CRB. = [J'(0)];5 = S S (32)
Ros 7 a3z —J23032

These three expressions would remain the same whether o>
is prior known or unknown. For the detailed expressions of
J1.1,J22, 023, J3 2, and J3 3, please refer to the Appendix.

To convert CRB_  of Eq. (32) to CRBg,,,, form ¢’
= [¢,¥,Rios, 0% to Ié?\s’e

Jii 0 0 0
0 oo ks O

J9) = , 33
@) 0 kJsp KJ3z 0 59
0 0 0 Jaa
leading to
CRBR = LJ_I(QI)J?,:; = J2’2
Hos R SV TV ER Ry <V ORY £PY
R (s v os, 2 e )
=k “CRB_ R D —].
k—=C Ros K, lpa LOS; &, PoC, M
(34

The above Cramér-Rao bounds in Egs. (30), (31), and
(34) apply to any planar boundary. Section IV A-IV C will
examine more closely the important special cases of a
perfect-reflection boundary, a pressure-release boundary,
and no boundary.

A. Special case #1 (k=*1, R gos—): CRB for a far-
field source incident upon an AVS located near a
perfect-reflection boundary or near a pressure-release
boundary

As Rros — oo, it follows that Rios /Rre — 1 and
0 = Rios — Re — —2D sin 1.® Consequently

3166  J. Acoust. Soc. Am. 139 (6), June 2016

Jig — 40—[‘24 [1 + K cos(ZDsin lﬂ)} cos> 1, (35)

Jrn — 40# [1 — K cos(2y)cos (ZD sin ;D)

+2kD cos()sin(2y)sin (25 sin lﬁ)

12D (14 (poc)?) coszl//] , (36)
Jo3 =0, (37
J33 — 0. (38)

The inverses of Egs. (35) and (36) give the following CRB
expressions for the far-field case with a perfect-reflection
boundary or a pressure-release boundary:

2

CRB, = 40_M{ [1 + KCOS(ZDSiIl l//)} cos%ﬁ}il , (39

2

CRBy = :—M {1 — Kk cos(2y)cos (ZD sin w>

42D cos()sin(2y)sin (25 sin lp)

~1
2D (14 (poc)?) COSzlﬁ} . (40)

The above Eqs. (39) and (40) are consistent with the
results in Ahmadi-Shokouh and Keshavarz (2007), by invert-
ing the (2,2)th and (1,1)th entry of the J"? %) matrix in
Appendix I-D there, by setting R = 1, and by normalizing
PoC to unity.

B. Special case #2 (k=0, R_os—=): CRB for a far-field
source incident upon an AVS located near no
boundary

Setting Ry os — oo in Egs. (43), (44), and (45), the far-
field no-boundary case has the following closed-form CRB
expressions:

02

CRBy = ————
¢~ 2Mcosty’

(41)

o2
CRB, = —. 42
VoM “42)
There is no CRBg,, for this degenerate case, because
Rios — oo.
The above Egs. (41) and (42) are compatible with Eq.
(4.4) of Nehorai and Paldi (1994).

C. Special case #3 (k=0): CRB for a not-necessarily-
far-field source incident upon an AVS located near no
boundary

The absence of any boundary means x = 0 in Egs. (30),
(31), and (34). Then, together with Egs. (Al), (A2), (A3),
and (A4), the not-necessarily-far-field no-boundary case has
the following closed-form CRB expressions:
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FIG. 4. (Color online) 2M /5* CRBy, versus Rios/A and ¥, at D/2 = 1.

CRB, —— % (43)
¢ 7 2M cos2y’
O.2
o® (14 Kk°R}
CRBg,, = ——LOS (45)

M

kpoc

The above three expressions are compatible, respectively,
to Egs. (31), (32), and inverse of Eq. (23) of Wu et al. (2010),
though a different data model was used in Wu et al. (2010).

V. QUALITATIVE OBSERVATIONS ON THE CRAMER-
RAO BOUND FOR AN ACOUSTIC VECTOR-SENSOR
NEAR A PERFECT-REFLECTION BOUNDARY

For a perfect-reflection boundary (i.e., k¥ = 1), Figs.
4-12 plot CRBy, CRBy,, or CRBg, ,c—vVersus the parameters
of ¥, Rios, or D, with p,c normalized to unity for the
pressure-sensor, as in Nehorai and Paldi (1994), Hawkes and
Nehorai (2000), Ahmadi-Shokouh and Keshavarz (2007), Li
etal. (2011), and Yuan (2012).

>-CRBo

2M

>

it
”IIIII,I”’/IIII/ IIII
Gl I” ”
Wt i Ul
:55555;’1%'//13"”’4"51’{{’0%%%”””/// ////III
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S
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2
S

10" 0 ¢, in degrees

FIG. 5. (Color online) 2M /¢* CRBy versus iy and D/, at Rios /7. = 1.
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FIG. 6. (Color online) 2M /5> CRBy versus Rios/4 and D/ 2, at fy =45°.

This paper’s lack of space precludes the inclusion of fig-
ures for the pressure-release boundary case, which exhibits
trends similar to those described/explained below for the
perfect-reflection boundary case. This similarity is reasona-
ble, as these two cases differ only in the sign (k) of the
reflected wave’s phase, which does not fundamentally alter
the qualitative trends that will be described/explained below.

A. Observations on CRB,

Figures 4-6 plot 2M/ GZCRBd, versus ¥, R os//, and
D/J. The following qualitative observations are made
thereof:

@) CRB,, is independent of ¢, as indicated in Eq. (30).
This independence is expected, because (2) relies only
on the projection of the incident wave (whether
directly from the emitter or indirectly via the image
source) onto the x — y plane, and this projected wave
power is independent of ¢.

(ii))  InFig. 4 where R os/4 < 1 (i.e., outside the far field)
and in Fig. 5, CRBy, increases as y increases, due to
the cos™2(y) factor in Eq. (30). This is intuitively
reasonable: As the emitter’s direction-of-arrival

¥, in degrees
FIG. 7. (Color online) 2M /¢* CRBy, versus Rios/A and Y, at D/ = 1.
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8. (Color online) 2M /a> CRBy, versus iy and D/ 2, at Rios /7. = 1.

becomes more aligned with the vertical z axis (i.e., as
W — 7/2), less of the incident energy will project
onto the horizontal x — y plane for the estimation of
¢, hence a larger CRB.

In Fig. 4 where R ps/A > 1 (ie., outside the near
field), CRB generally increases as i increases, but
not monotonically. “Ripples” arise, on account of
cos(0) and sin(0), which become more influential in
Eq. (30) at larger values of Rios/A. Indeed, as
R1os — o0, Eq. (30) approaches Eq. (39), in which
cos(ZD sin /) may be expressed (via the Fourier se-
ries) as

cos(2Dsin) = By(2D) + 2 f B, (2D) cos(2ny)),
n=1

(iv)

with B; denoting the ith-order Bessel function of the
first kind. That is, Eq. (30) implicitly involves a
weighted sum of the monochromatic components
cos(2ny), thereby explaining the ripples in Fig. 4.

Further consider the ripples in Figs. 4-6. Those rip-
ples become lower but more frequent, as D/
increases. This is intuitively reasonable: A larger D

i
i ‘551\\
N

Ruos
A

~o
=)
=)

FIG. 9. (Color online) 2M /> CRB,, versus Rios// and D//, at iy =45°.
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FIG. 10. (Color online) 2M /¢* CRBg, , versus Rios/A and i, at D/J = 1.

)

implies a weaker reflected wave, but affords more
values of i at which the reflected wave and the LOS
wave are in-phase (i.e., a ripple’s crest) or anti-phase
(i.e., aripple’s trough).

Figure 6 is largely flat over D, at Rios/4 <1 (i.e.,
outside the far field), where a short LOS propagation-
path (therefore a strong LOS wave) dominates a
reflected propagation-path that is proportionately
much longer (thus a much weaker reflected wave). In
contrast, at R os/4 > 1 (i.e., in the far field), CRBy is
critically influenced by D; this is expected because a
less dominant LOS wave is more vulnerable to con-
structive/destructive superposition with a reflected
wave of more comparable power (because of a length
ratio closer to 1).

B. Observations on CRB,,

Figures 7-9 plot 2M/ O'ZCRB‘/,, versus Y, Ry os/A, and
D/J. From these figures, the following qualitative observa-
tions may be made:

(vi)

(vii)

(viii)

CRBy, is independent of ¢, as indeed required by Eq.
@3D).

CRBy, depends on , unlike the far-field no-boundary
case in Eq. (42) and unlike the not-necessarily-
far-field no-boundary case in Eq. (44). This present
dependency may be intuitively understood as follows:
y affects the relative phases between the LOS wave
and the reflected wave. As D/A increases and as
Rios// decreases, the reflected wave’s propagation
distance (in terms of the LOS wave’s propagation
distance) lengthens; therefore, the reflected wave
weakens (relative to the LOS wave) and becomes
dominated by the LOS wave, thereby diminishing the
effects of iy on CRBy,. This phenomenon also explains
the flatness in Figs. 7 and 9, where Ry og// is small
and D/ is large. (Asymptotically as D/1 — oo, the
no-boundary case is obtained.)

Complementary to observation (vii) above: If the
reflected wave is not negligible, CRBy varies
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FIG. 11. (Color online) 2M /¢* CRBg, , versus { and D/4, at Ry os /4 = 1.

significantly with . Figure 7 shows that as Ry os/A
increases, CRBy, would oscillate with . Intuitively
speaking: recall that the reflected wave here sums
constructively/destructively with the LOS wave, to
give the overall signal at the receiver; this construc-
tive/destructive summation depends on the relative
phase between the LOS wave and the reflected wave;
and this relative phase varies with Ry s/ 4.

(ix) In Fig. 8, CRBy oscillates with D/, which deter-
mines the extent of constructive-versus-destructive
summation between the LOS wave and the reflected
wave. The above-mentioned oscillation generally
increases in amplitude, as Ry os// increases, because
a larger Rios/A would cause the reflected wave’s
power to approximate the LOS wave’s power, thereby
magnifying the constructive/destructive summation
effects.

(x) In Fig. 9 at a fixed D/A, CRBy, generally decreases
with an increasing Ry os// , though not monotonically
so. This is intuitively reasonable: A larger Ryos/A
would imply greater proximity to unity for the ratio
between the LOS distance versus the reflected wave’s
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FIG. 12. (Color online) 2M /> CRBg,, versus Rios/Z and D/i, at
W =45°.
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propagation distance. This means more comparable
levels in power between the two waves at the acoustic
vector-sensor, resulting in more pronounced effects
from constructive/destructive summation.

C. Observations on CRBg,

Figures 1012 plot 2M /g* CRBg,, versus the parame-
ters of i, RLos/A and D /2. The following qualitative obser-
vations may be made:

(xi) CRBg,, is independent of ¢, as stipulated in Eq.
(34).

(xii) From Figs. 10 and 12: CRBg, ., generally increases
with R os/A. This trend is similar to the not-neces-
sarily-far-field no-boundary case. This is intuitively
reasonable, because as Rpos/A increases, the esti-
mate’s resolution in Ryos// would decrease, result-
ing in a larger CRBg, .

(xiii) Figures 10-12 together show that CRBg, ., generally
depends much more on Ry os/4, than on D /4 or .

(xiv) Despite the previous observation in (xiii), CRBg,
does depend on D/2 and /, which affect the relative
phase between the LOS wave and the reflected wave,
hence their constructive/destructive summation. This
effect shows up as the ripples in the figures.

VI. MAXIMUM-LIKELIHOOD DIRECTION FINDING
OF A NEAR-FIELD EMITTER LYING NEAR A RIGID
BOUNDARY

To demonstrate the significance of the array manifold
presented in Sec. II, this section will investigate this array
manifold’s role in the maximum likelihood estimation
(MLE) of a not-necessarily-far-field near-boundary emitter’s
azimuth-elevation arrival angle. This section will also show
what could happen if this not-necessarily-far-field near-
boundary array manifold were unavailable to the signal-
processing algorithm-development engineer.’

Consider the scenario in Fig. 1, which relates a point-
size emitter, an acoustic vector-sensor, and a rigid planar
boundary. Suppose the signal-and-noise scenario is as
described in Sec. IV, specifically in Eq. (27). Assuming that
the signal-processing algorithm-development engineer
knows of Eq. (19) after reading this paper, the maximum-
likelihood estimate of (¢, y/) would be constructed as

(¢,) = arg max L, (46)
(p.0)

where £ denotes the log-likelihood function

L= "Inf(@(m)|p, ), (47)

m=1

with M referring to the total number of snapshots observed,
and
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FIG. 13. (Color online) MLE Oflz versus CRBy;, at (¢, ¥, RLos/A) = (131°,
76°, 5), signal-to-noise ratio (SNR)=20dB, M =500 time samples. There
exist 5000 independent Monte Carlo experiments for each icon.

Inf (z(m)|$, ) = — % [41n(27) + 41n(e?)]

1
= 5 (m) = 1 (30m) — 1)

= a8 g(mTy).

Figures 13-16, by their “0” icons, indicate the maximum
likelihood estimates obtained by presuming this availability
of the not-necessarily-far-field near-rigid-boundary array
manifold of Eq. (19). These estimates are very close to (visu-
ally coincide with) the Cramér-Rao bounds derived in Sec.
1V, as would be expected.

In contrast, what if the signal-processing algorithm-de-
velopment engineer has no knowledge of the not-necessar-
ily-far-field near-rigid-boundary array manifold of Eq. (19)
presented in this paper?

(A) Suppose he/she then mistakenly uses the far-field near-
rigid-boundary array manifold of Eq. (21) in which
I',(Y, w) = 1, thereby mistaking u as

108 T

* * % x

% * % * ¥

102 CRB,

O  MLE using correct a”

%  MLE using mismatched a

X MLE using mismatched a
X

no-b X

far,b

RMSE of ¢, in degrees
a_‘
*

o
=]
T
o

1071
107" 10° 10'
D, in A

FIG. 14. (Color online) MLE of{b versus CRBy, at (¢, ¥, RLos/A) = (131°,

76°,5), SNR =20dB, M =500 time samples. There exist 5000 independent
Monte Carlo experiments for each icon.
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FIG. 15. (Color online) MLE of l]/ versus CRBy, at (¢, ,D/1) =(58°, 25°,
0.5), SNR=20dB, M =500 time samples. There exist 5000 independent
Monte Carlo experiments for each icon.

plfa) — g(fard) (g (48)

(B) Or, suppose he/she mistakenly uses the no-boundary
array manifold of Eq. (22), thereby mistaking u as

pmo7®) = a0 (). (49)

Figures 13-16 use the “x” icons to indicate the estimates
based on the mismatched case of (A), whereas the “*” icons
indicate the estimates of the mismatched case of (B). These
figures show that the model-mismatched cases can increase
the estimation error, sometimes by many multiples or even
by orders-of-magnitude. Hence, the algorithm should always
use the array manifold derived in Sec. II, which is applicable
to the general scenario whether far-field or near-field,
whether near a boundary or not near any boundary (i.e., for
D/\ — o).

108 T
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FIG. 16. (Color online) MLE of(:b versus CRBy, at (¢, ,D/1) =(58°, 25°,

0.5), SNR=20dB, M =500 time samples. There exist 5000 independent
Monte Carlo experiments for each icon.
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The following qualitative observations may be made in
Figs. 13-16:

(xv) The “far, b’ model mismatch would lessen, if either
(xv-1) D/ 2 decreases beyond D/A < 1 (at the constant
Rios// =75 in Figs. 13 and 14), or
(xv-2) Ry os// increases (at the constant D/A = 1/2 in
Figs. 15 and 16).
(xvi) The no-b model mismatch would lessen, if either
(xvi-1) D/2 increases toward 10 (at the constant
Rios// =235 in Figs. 13 and 14), or
(xvi-2) Ry os// decreases beyond Ry os/A < 1 (at the
constant D/A = 1/2 in Figs. 15 and 16).

The above graphical trends result from the superposition
between the two waves—the direct LOS wave and the
reflected wave. Specifically, these two waves’ constructive-
versus-destructive summation is determined by their relative
complex-phase and relative magnitude:

(a) The two waves’ complex phases would approximate
each other, if D/ < 1. Moreover, these two complex
phases would more closely approach each other, as
D/ decreases further toward zero.

(b) Recall that the array manifold presented in Sec. II
accounts for propagation path loss. Hence, if the two
waves’ propagation distances approximate each other
(e.g., if RLos/A > D/2), the two waves’ magnitudes
would approximate each other, thereby facilitating a
possibly severe destructive summation.

How may points (a) and (b) explain the graphical trends
of (xv) and (xvi)?

Trend (xv-1) may be explained by (a): Constructive
summation dominates at D// < 1, thereby tending to
“merge” the two waves into one, whether the emitter lies in
the far field or not. This “merging” approaches perfect con-
structive summation as D/4 — 0.

Trend (xv-2) may be explained as follows: The no-b
model represents simply a degeneration of the b model as
D/ — .

Trend (xvi-1) may be explained by (a), because the
reflected wave becomes very weak, hence increasingly
negligible.

Trend (xvi-2) may be explained by (b): As Rios/4,
already below 2(D/1), keeps getting shorter: the direct LOS
wave has a propagation path progressively shorter than the
reflected wave’s, thus an increasingly dominant magnitude.
This renders the reflected wave increasingly negligible in
any constructive/destructive summation with the direct LOS
wave.

VIl. IMPLICATIONS ON THE SPATIAL RESOLUTION
BETWEEN TWO CLOSELY SPACED EMITTERS

The analysis in the preceding Secs. IV-VI has dealt
with a single incident emitter. If there exist two emitters,
how spatially nearby may they be to each other but still
remain resolvable, according to the array manifold in Eq.
(19) for a rigid planar boundary?

J. Acoust. Soc. Am. 139 (6), June 2016

More mathematically, consider a two-source scenario
where the data equals

z=51@a,(¢;,¥1,R1L0s) +52 @a,(Py, 5, Ra10s) +0.

=H

(50)

The above expression follows the notational style in Eq.
(27), with the subscripts of | and , indexing the incident
sources, e.g., s =el“[ell@ o2l oMLl and g,
— ejez [eijw’ ejZTS(u’ - ejMwa]T.

Now, the unknown entities are 7 in number: ¢, ¥/,
Rl,LOS: ¢2, lﬂz, R2,LOS7 02; and the FIM of Eq. (29) becomes
7 x 7 in size.

Measure the direction-finding error for the ith source via
the scalar metric of

>

cos(¢;) cos(y;)] | cos(¢;) cos(i;)
sin(¢;) cos(;) | - sin(¢;) cos(y;) )
sin(y;) sin();)
(51)

9, =cos ™!

where - refers to the inner product between two vectors. The
corresponding mean-square angular error (MSAE), E{9?}, is
lower bounded by Nehorai and Hawkes (2000) as

MSAE™® = cos?(1);) CRB,, + CRBy, . (52)

A. Scenario #1

Two incident sources have ¢, = 15°, ¢, =71°, Y| =,
=43°, w = 21kHz, ¢; =0, and €; = 0.177.'° Hence, these
two sources would differ spatially only in their incident azi-
muth angles.

Figure 17 plots MSAE(IL + MSAE(ZLB) versus D// and
versus Ry 10s = Ry 10s- As Ri1os = Ry 0s decreases, the two
sources traverse from the far field into the near field, thus their

Cartesian separation shrinks, yet MSAE(]LB) + MSAE(ZLB) does

B)

)7 in degrees’
[

(LB
2
[

MSAE"? + MSAE!
>

&
¥

°. 9

10

D,in A 107" 1o Risos, in A

FIG. 17. (Color online) MSAE\"® + MSAE("®) against R, 0s = Raro0s
and D, at (¢, ¢y, 1, ¥,) = (15°, 71°, 43°, 43°) and SNR =20 dB.
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FIG. 18. (Color online) MSAEﬁLB) + MSAEg‘B), against A¢ and D, at
(1,2, Y1, ¥, RiLos, Rios) = (74°, 74° + A, 43°, 43°, 12,14) and
SNR =20dB.

not increase significantly. This counter-intuitive phenomenon
could be explained by the stronger received signal level, due
to less attenuation of the LOS wave. On the other hand, at
large R 10s = Rz L0s, fluctuation arises over A/, due to ech-
oes off the reflection boundary. Indeed, Fig. 17 shows many
trends previously discussed in Figs. 6 and 9. This is expected,
because the MSAE equals a weighted sum of CRB, and
CRBy,.

B. Scenario #2

Now, the two incident sources have ¢, =74°, ¢, = ¢,
—|—A([S, lpl = lﬁ2 = 43O,R1,Los = Rz"]_‘os = /1, w, w =21 kHz,
€, =0, and ¢ = 0.137." Hence, these two sources would
also differ spatially only in their incident azimuth angles.

Figure 18 plots MSAE(ILB) + MSAE%LB) versus D//. and
versus A¢. There, MSAE(ILB) + MSAE&LB) is symmetric
with respect to A¢ = 0°. This symmetry is expected from
Eq. (52) along with the earlier stated observations (i) and
(vi), which together imply that MSAE!"®) 1+ MSAE(™® is in-
dependent of ¢. Moreover, at a constant D/, the graph gen-

erally becomes unimodal with respect to A¢, i.e., MSAE&LB)
+MSAE§LB) increases as A — 0°.

This unimodality holds except for a small range of
D/ € [0.16,0.56], on account of the reflected waves. At
larger values of D// above unity, the effects of the reflected
waves would lessen and unimodality would always hold.
Furthermore, the graph fluctuates with D/ 4, as observed sim-
ilarly of MSAEILB) or MSAEQ‘B), individually, in Secs.
VII A. The reason is the same: due to echoes off the reflec-
tion boundary, as already discussed in an earlier section.

VIil. CONCLUSION

A measurement model is presented here for an acoustic
vector-sensor located near a reflecting boundary, with the
emitter lying in the near field, the far field, or anywhere in
between. This measurement model is presented as a 4 x 1
array manifold vector that depends on the incident signal’s

3172  J. Acoust. Soc. Am. 139 (6), June 2016

frequency, on the boundary’s reflection coefficient, as well as
on the spatial geometry relating the acoustic vector-sensor,
the emitter, and the boundary. The corresponding source-
localization Cramér-Rao bounds are analytically derived.
These Cramér-Rao bounds show the critical effects of the
constructive/destruction summation between the LOS wave
and the reflected wave. The algorithmic significance of this
new array manifold is shown through a model-mismatched
study wherein this new array manifold is unavailable. The
spatial resolution in relation to two coexisting emitters is also
investigated under this measurement model.
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APPENDIX: CLOSED-FORM EXPRESSION FOR J,-,I-
2M cos?y [ 58 =6
J1~,1 = B 6 K RLOS + Rre
- — By
(1 + RLOS)Rre
2 2 ( - 4 )
+ RiosRe \K°R o5 + R,

3 3/
+ 2K R osR, (RLOSRre + 1)cos(5)

3 .3
+ 20 R R, sin(4)], (A1)
Ja=l3=J1a=J21=0,

2M 1
Jop=

o2 2\ 10 [C(zfz) +Ccos(8) +CY)sin(6)
(1 +RLOS>Rre
- (2C§% cos(d) + 2C§7,§ sin(d) + Cz?%) cos(2y)

+2 (ZC% cos(8) +2C8) sin(5) + CB) cos(y)
X cos(t//)sin(le)} ) (A2)
Jr3=J32
_2M k- Rios cosy
g2 2 \2_10
(1 +RLOS> Rre

+ (2C§23> cos(d)+ ZCQ sin(d) + Cg) cos(2y)

{ng +Ccos(8) +C5)sin(0)

+2 (2C§6§cos(5) +2C)sin(5) +C(2‘j’§) sin(i)], (A3)

Jra=J31=0,
2M 1 .
T3z =" {Cglg +c§?§ sin(6)

2( 2 >2v10
I1+Ros) R

+Cg?3> cos(8) + (=2 sin(5) — 2Cg?3> cos() —&—CQ)

X sin(lﬁ)Cgég cos(2y) +Cg€’3) sin(3y)], (A4)
J3a=Ja1 =Jsp=J43=0, (AS)
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4M
Ja4

= (A6)

with 6 = RLOS — Rre-

Furthermore,
W 10 210 6 4 6 6 8 >
Gy, =R, + RiosRee + K (R osR, +RLOSRre + 18RLOSD - 12RLOSR D + 6RLOSR D

6 4 _ g 6 6.2 6
_SRLOSR D +2(,006')2RL05R D +2RLOSR eD +2(POC')2RLoereD +72RLosD
2
LR o RD + 8R. o5l + 8RS psRD ),
o 2
G, = RLOSR (3 + 3R osR,. — R)D,
) 4 5 _ T I
Cz,z = _KRLoere(_?’RLOS + 3R + RLOSRre)Da

2

) 3 5 — _ 2
C2.2 = 4'KRLOSRre(:J} + 3RLosRre — Rre)D ’

(s) 23 .5 2 — _3 _2 _ 2.2 2.2
C2 2= _KRLOSRre (Rre + RLOSRre —6D — 6RLOSRreD + 2RreD )7

(6) .3 5 _ _ _ 2 2
CY) = —4KR osR..(—3RLos + 3Ree + RLosR,)D

) .3 5 3 - _2 o 2 _ 2.2
CY) = —k R osR., (RuosRe. — R — 6RuosD + 6ReD + 2RiosR.D ),

®) 7 _ 4 3
C272 = 4KR 55(9 + 3R + R )D ,
6 2 2 _4 2 _4 2 4 2= 6
2KRLOSI) (9RLOS 6R + 3RLOSRre 4Rre + (pOC) Rre + RLOSRre + (p(]c) Rre
_2 2.2 4 2
+36D +12R.D +4R.D )

9
Cs)

’

_3 _ _4 _6 2 2 2 2
3 = 2KRy 0sD(9R o5 + 9RLOS — 12R, osR., 6RLOSR + 3RLOSR + 2R — TR, osR.,

,2 - N 6 5.6
+(po¢) R osRee SRLOSRre + (Po¢) ReosRee + RLOSRre - RLOSRre +2R, — 2(POC )R

e

2 6 4 3
+RLOSRre + (Poc )ZRLOSRre - (POC )ZRLosR + 72RLosD + 72RLOSD - 24R D
2 3 P
L10R, ogRD 4+ 24R ogRD — 16R.D +8R, osR.D — 4R, osR.D ),

o 2 2 5 D S
Cy3 = —Rios(1 + Ry gg)R, (3 + 3RLosRee — R,.)D,

2 5
C§33) =Ry os(1 + RLOS) (= 3RLos + 3R + RLOSRre)D

@ 52 4 3 5 2 2 2 ,2 2
Co53 = 2R (6R; o5 + O6R; o5 + OR; ogRee + OR; ogRee — 2R, — 3R osR,. — (poC) Ry osRye

7 4 2 — 3 5 3 3 _
_3RLOSRre - 2RLOSRre + (p()C) RLOSRre) D,
) 5 _3 _5 3 2

Cgs,s —2R,(—6R o5 — 6R o5 + 6RLoere + 6RLOSR re + ZRLOSR + R osR,

,3 2 3 5 2 2 .3 ,2 3 43
—(po¢) R osRie — 2R,e + 2R ogR,. — Ry osRye — (PoC) "Ry osRe — Ry osRie) D,

© . 52 4 3 5 2 2 2 4 2
C53 = Ry osR (3R o5 + 3R o5 + 3R osRre + 3RLoere — 3R, — 3RLOSR - 2RLOSR
3 3 3 2 2 2 )

—3R osR = RiosRee + 6D + 6R| oD + 6R osR..D + 6RLOSR D 2R D—2R, osR..D ),

@ 3 s o 4 ~ 2 2 3
Cy3 = RLOSR (—3Rios —3Rios + 3RLoere + 3RLoere + 3RLOSR + 2RLOSRre + RLOSRre — 3R,

2.3 4 3 2 _3 _2
— 2R, osR.. — R osR,e — 6RLOSD —6RLOSD +6R, D +6RLOSR D +2RLOSR D +2RLOSR D),
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) 2 4 2 2 _4 2 2 2 42 _4 2 _4
C33 = —2K°R oD (45RLOS + 45RLOS —30R,. — 3R osR,. + 15R osR,. — 20R,, + (poc) R,
2 4 3 5 2v6 2v2 _6
_7RLOSRre + (p()c) RLOSR + 5RLOSRre 4RLOSRre + (p()c) Rre + (p()c) RLOSRre
_2 22 2.2 2 2.2 4 2 2 42
+36D +36R oD + 12R D + 12R ogR.D +4R,D + 4R sR. D).
'Uni-axial velocity-sensors have been implemented in hardware for many velocity-sensors are commercially available as the “Uniaxial P-U Probe”
decades, for both the underwater acoustic medium and for the air acoustic for underwater/sea-surface applications from Acoustech Corporation
medium (LeBlanc, 1978; Berliner and Lindberg, 1996). Uni-axial (US.A)).
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® 5 2 2 4 3
Cs3 = =8k R os(1 + R os) (9 + 3R, +R,)D

4 4
9 - 2=
ng = 4K RLOSD (27RLOS + 27RLOS - 18R - 3RLOSR + 9RLOSRre 12R . + (poc) R,

3 5 N 2 6
_SRLOSRre + (Poc) RLOSR + 3RLoere 2R, o5 + (POC)2Rre + (po€)’RLosRee
2 2 2 22 2 2.2 4.2 2 4.2
136D 4 36R, 0D + 128D + 12R ogRD +4R.D +4R osRoD ),

. ,-10 8 10 6 2 10 4
ng (poc)’ R + 1 (9R o5 + IR o5 — 18R osR,. 9RLOSR + 3RLOSR + 9RLOS
6 4 2u6 u4 8 4 L8 4 10 4 9 5
_9RLOSRre + (po¢) R ogR,e — 6RLOSRre + (Po€) R osRie + RiosRie — 2Ry o5 Ry

6 6 6 8 6 8 6
258 58 2 5 A
+9RLOSR - 4(900) RLOSR + 3RLosR (POC) RLOSRre + RLOS + (POC> RLOSRre

_2(906) RLOSR + 4(POC) RLOSRre + (POC) RLOSR + 126RLOS + 126RLOSD

4 4 4 2
—108RLOSR D - ISRLOSR D +42RLOSR D+ 16RLOS 72RLOSR D

+2(poc) RLOSR D 227%0573 D +2(poc)? RLOSR D + 14RLOSR D
- _2
—16RLOSR D+ 16RLOSR D +2(pcc)2RLOSR D +4RLOSR D +2(poc) RLOSR D

4 _4 _6 _4 4 2 4 _6 _6 4 _4
+72R oD +T2R oD + 24R osR..D +24RLOSR D +8RLOSR b+ 8R, osRD ),

2 7 _
2 2n D D \DP (D D
Cg3> = 2K<pOC) RLOS (RLOS - Rre)Rre (RLOS + 2Rre>7

) be o1 2 3 2 2 2
C35 = 2K (poc) Ry osRee (—Ryos + Ry osRe + 2R — RiosRe.),

@ ,2 T o
C35 = =2k (poc) Ry osRee (Rros + Ree) D,

6) 2V2 _7 _ _
C3,3 = -2k (p0C> RLOSRre(_1 +RLOSRre)D7

(6) 2v5 2 2 4 3
C3,3 = —4x RLOS(I +RLOS) (9 + 3Rre +Rre)D )

3 _ _4 _6 2 2 4 2
C\) = 4R, osD(18R, s + 18R, os — 24R, R, 9RLOSR + 6RLOSR + 6R

7 2 4 ,2 4 4 4 5 s
—15R; osR,. + (POC) RLOSRre — TR osR + (poc )? RLOSR + 2RLOSRre 3Ry osR;e

2 6 4 37
g g N ;3
+6R. — 2(poc )? R + RLOSRre + RLOSRre (Poc) RLOSRre = (PoC) R osRee
2 2 4 2 2 22 4 2.2 42
163R, oD+ 63R, oD — 24R.D +9RLOSRreD +21R gsR D — 16RD

2 4.2 4 4.2 3 2
—R; osR, D + TR R, D —4RLOSR D)
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This acoustic vector-sensor concept is practical. It has undergone dozens
of underwater/ocean-surface sea trials and many in-room/outdoor air trials.
It is commercially available as the “Microflown” for in-room or outdoor
air acoustic applications from Microflown Co. (The Netherlands).

*The “near field” here may be understood as the spatial region around the
emitter, where the wavefield has a significant fraction of its total energy
stored in the propagation-medium, i.e., where the wavefield is reactive
(like the capacitance or inductance in an electrical system) rather than
resistive. More precisely, the near field may be defined as “the emitter-
centered spatial region wherein the emitted signal strength decreases
monotonically at the rate of 6dB for each doubling of the distance from
the emitter” (p. 264 of Bies and Hansen, 2009). This near field region is
spherical, with a radius related to the propagation medium’s acoustic char-
acteristic impedance and related to the emitter’s spatial size, but unrelated
to the sensor’s spatial extent. For a point-size emitter, the geometric near
field is generally considered as where R os < /4 (Morse and Ingard,
1968) or Rios < 4/2n (Hansen, 2005; Bies and Hansen, 2009; Kim,
2010). In contrast, the far field is where the emitted spherical wavefront’s
specific acoustic impedance approaches the fluid medium’s “characteristic
acoustic impedance” p,c (as for a planar wavefront), with no significant
imaginary-value part, where p, denotes the ambient fluid density and ¢
represents the propagation speed. There is an alternative but complemen-
tary concept of near field versus far field, defined with respect to the
sensor-array’s spatial aperture size: When an array of sensors lies suffi-
ciently far from the emitter, the incident wavefront would appear effec-
tively planar across the array’s geometric aperture. However, in this
present investigation, the sensors’ spatial aperture is not at issue, as the
acoustic vector-sensor’s component-sensors are collocated. Hence, this
other concept of near field is irrelevant here.

“This paper assumes the reflecting plane to coincide with a Cartesian plane
(namely, a plane parallel to the x-y plane in Fig. 1), for mathematical sim-
plicity. If not parallel, simply define a new set of Cartesian coordinates
(«',y',2")), which may be rotated back to the present (x,y,z) coordinates
via an appropriate set of Euler angles, such that the reflecting boundary
will be parallel to the X' — ' plane.

SThis Eq. (19) represents a special case of the subsequent Eq. (23).

SHowever, the definition of Y in Wu ef al. (2010) differs from the present
paper’s.

Of the far-field no-boundary measurement model of Nehorai and Paldi
(1994), its corresponding Cramér-Rao lower bound for direction finding
has been derived analytically in Nehorai and Paldi (1994), Hawkes and
Nehorai (1999), Tichavsky et al. (2001), Tam and Wong (2009), Li et al.
(2011), Zhong et al. (2012), Song and Wong (2012), and Tam et al.
(2014). For the not-necessarily-far-field no-boundary measurement model
of Wu et al. (2010), its corresponding Cramér-Rao lower bound for azi-
muth/elevation/distance 3D source localization is derived analytically in
Wu et al. (2010) and Yuan (2012). For the far-field near-boundary mea-
surement model of Hawkes and Nehorai (2000), the corresponding
Cramér-Rao lower bound for direction finding has been derived analyti-
cally in Hawkes and Nehorai (2000, 2003) and Ahmadi-Shokouh and
Keshavarz (2007).

8These following results could also be obtained directly by setting
0 = [¢,y, %", for substitution into Eq. (28).

Besides the maximum likelihood approach, many other signal-processing
algorithms have been developed for the acoustic vector-sensor for adaptive
beamforming, source localization, direction finding, and tracking. Please
refer to the surveys in Tam and Wong (2009), Wu and Wong (2012), Wu
et al. (2012), and Awad and Wong (2012).

1050 long as €; — €, is unequal to any integer multiple of 7 (thereby avoid-
ing perfect in-phase or anti-phase summation of the two waves), the
graph would look essentially similar to Fig. 17.

"1So long as €; — ¢, is unequal to any integer multiple of 7 (thereby avoid-
ing perfect in-phase or anti-phase summation of the two waves), the
graph would look essentially similar to Fig. 18.
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