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This paper discovers rules-of-thumb on how the estimation precision for an incident source’s

azimuth-polar direction-of-arrival (/,h) depends on the number (L) of identical isotropic sensors

spaced uniformly on an open sphere of radius R. This estimation’s corresponding Cram�er–Rao

bounds (CRB) are found to follow these elegantly simple approximations, useful for array

design: (i) For the azimuth arrival angle: 2pðR=kÞðrs=rnÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2LMCRBð/Þ

p
sinðhÞ � ðLe1=14Þ�1

þ
ffiffiffi
3
p
�!

L!1

ffiffiffi
3
p

; 8ð/; hÞ; and (ii) for the polar arrival angle: 2pðR=kÞðrs=rnÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2LMCRBðhÞ

p
�

ffiffiffi
3
p
� ðLe6=7Þ�1�!

L!1

ffiffiffi
3
p

; 8ð/; hÞ. Here, M denotes the number of snapshots, k refers to the inci-

dent signal’s wavelength, and ðrs=rnÞ2 symbolizes the signal-to-noise power ratio.
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I. INTRODUCTION

A spherical (surface/shell) array of uniformly1 spaced iso-

tropic2 sensors offers a directionality that remains invariant

over any polar/azimuthal rotation about the spherical origin.

Physical implementations of a uniform spherical array of iden-

tical isotropic microphones/hydrophones are reported in Refs.

3–19 of which Refs. 5, 7, and 12–19 are commercial products.

These hardware implementations are summarized in Table I.

Spherical arrays are often used for direction finding, for

example, see Refs. 8, 10–13, and 20–58. The corresponding

Cram�er–Rao bound (CRB)59 has been

(i) plotted in Refs. 32, 37, 39, 45, 48, 50, 53, 54, and 56 but

without stating any mathematical derivation/expression

for either the Fisher information matrix (FIM) or the

Cram�er–Rao bound.

(ii) expressed in only open forms in Refs. 12, 21, 35, 36, 41,

and 51. The phrase “open form” here refers to mathe-

matical expressions in terms of unsolved derivatives

and/or integrals and/or infinite sums. That is, these refer-

ences presented foundational mathematical expressions/

formulas useful toward deriving the Fisher information

matrix, which nonetheless remains not stated explicitly

in terms of the data model’s parameters.

Nevertheless, no closed-form expression is yet available

in the open literature for any direction-finding Cram�er–Rao

bounds using a uniform spherical array of identical isotropic

sensors. This paper is the first.

More importantly, this paper is the first in the open liter-

ature to propose the following rules-of-thumb for the design

of an open sphere array:

(a) The polar arrival angle’s CRB(h) is approximately

related to the system-design parameters via

2p
R

k
rs

rn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2LMCRB hð Þ

p
�

ffiffiffi
3
p
� Le6=7ð Þ�1

(1)

!
L!1

ffiffiffi
3
p

; 8ðh;/Þ: (2)

This approximation and this convergence hold, rather

remarkably, for all possible directions-of-arrival.

(b) The azimuth arrival angle’s CRB(/) is approximately

related to the system-design parameters via

2p
R

k
rs

rn
sin hð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2LMCRB /ð Þ

p
�

ffiffiffi
3
p
þ Le1=14ð Þ�1

(3)

!
L!1

ffiffiffi
3
p

; 8ðh;/Þ: (4)

This approximation and this convergence hold for all

potential angles-of-arrival. Here, M stands for the number of

snapshots, R indicates the spherical radius, k represents the

incident signal’s wavelength, and ðrs=rnÞ2 expresses the sig-

nal-to-noise power ratio. The rules-of-thumb in Eqs. (1)–(3)

indicate to the system engineer how large a sphere (i.e.,

R=k), how many sensors (L) and how many snapshots (M)

would be required to satisfy a preset threshold of direction-

finding precision (i.e., the CRB) under any signal-to-noise

power ratio ðrs=rnÞ2. These closed-form formulas are

obtained here based on statistical observations on the numer-

ical behaviors of the derived Cram�er–Rao bounds over all

directions-of-arrival.

The rest of this paper is organized as follows: Sec. II

defines the statistical data model. Section III derives thea)Electronic mail: ktwong@ieee.org
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Cram�er–Rao bounds. Section IV analyzes the statistical

behaviors of the polar-angle CRB(h) for small L and as

L!1. Section V does the same for the azimuth-angle

CRB(/). Section VI verifies the earlier derived Cram�er–Rao

bounds via Monte Carlo simulations of the maximum-likelihood

estimator. Section VII concludes the entire investigation.

II. THE MEASUREMENT DATA MODEL

Consider L identical isotropic sensors, uniformly60 placed

on the surface of a sphere of radius R. Upon this spherical shell

array, there impinges a signal fsðmÞ; 8mg of wavelength k,

from the far field, at an incident polar angle of h 2 [0, p] and

an azimuth angle of / 2 [0, 2p). Suppose the ‘th sensor posi-

tioned at the Cartesian coordinates of ½x‘; y‘; z‘�
¼ ½R sin ðh‘Þ cos ð/‘Þ; R sin ðh‘Þ sin ð/‘Þ; R cos ðh‘Þ�, where

(h‘, /‘) represents the ‘th sensor’s location in the polar-

azimuthal coordinates. See Fig. 1. The spherical array would

thus have an L� 1 array manifold a(h, /), whose ‘th entry

equals ½aðh;/Þ�‘ ¼ ejj‘ , where

j‘ ¼ 2p
R

k
sin hð Þsin h‘ð Þcos /� /‘ð Þ þ cos hð Þcos h‘ð Þ
� �

represents the ‘th sensor’s spatial phase factor.

At the mth time instant, the entire spherical array col-

lects an L� 1 vector of data:

zðmÞ ¼ aðh;/ÞsðmÞ þ nðmÞ; for m ¼ 1; 2; :::;M; (5)

where n(m) represents an L� 1 vector of additive noise.

Here, the impinging signal is a complex-valued sinusoid

of sðmÞ ¼ rse
jð2pfmþwÞ; m ¼ 1; 2;…;M, whose amplitude rs,

frequency f 2 (0, 1), and initial phase w 2 (�p, p] are all prior

known. The additive noise fnðmÞ; 8mg is complex-valued cir-

cularly symmetric Gaussian, with a prior known mean of zero,

a prior known variance of r2
n, and a prior known spatio-

temporal statistical independence. Furthermore, the signal and

the noise are statistically not cross-correlated.

To concentrate on how the number (L) of identical iso-

tropic sensors would affect the spherical array’s direction-

finding Cram�er–Rao bounds, this paper will use an admit-

tedly simple statistical model of the incident signal and the

corrupting noise. More complicated signal-and-noise scenar-

ios could be handled handily, using the analytical approach

in this paper, but would then bring distracting considerations

that obscure the present focus on the number (L) of sensors

in the spherical array.

With a total of M number of time samples, the entire

dataset may be expressed as an ML� 1 vector:

zð1Þ
..
.

zðMÞ

2
64

3
75

zfflfflfflfflffl}|fflfflfflfflffl{~z :¼

¼
sð1Þ

..

.

sðMÞ

2
64

3
75

zfflfflfflfflffl}|fflfflfflfflffl{s :¼

� aðh;/Þ þ
nð1Þ

..

.

nðMÞ

2
64

3
75

zfflfflfflfflffl}|fflfflfflfflffl{~n :¼

; (6)

where � symbolizes the Kronecker product.
FIG. 1. (Color online) A uniform spherical array (USA) of isotropic sensors,

with each sensor represented by a solid dot.

TABLE I. Practical implementations of a uniform spherical array of isotropic sensors.

Name Open sphere? Commercial manufacturer

Number of microphones/

hydrophones Radius References

n.a. Open n.a. 8 13.9 cm 8

n.a. Rigid n.a. 16 2.5 cm 6

Eigen Mike Rigid mh acoustics LLC (New Jersey, USA) 32 4.2 cm 5, 12, 13

Eigen Mike Rigid n.a. 32 5 cm 11

Type 8606 spherical beamforming system Rigid Br€uel & Kjær (Nærum, Denmark) 36 9.75 cm 14, 15

Type 8606 spherical beamforming system Rigid Br€uel & Kjær (Nærum, Denmark) 36 or 50 9.75 cm 19

Generation I spherical array (NRL/NASA) Rigid n.a. 50 20 cm 4

Generation II (Boeing) array Open n.a. 50 20 cm 4

Type 8606 spherical beamforming system Rigid Br€uel & Kjær (Nærum, Denmark) 50 9.75 cm 7

n.a. Rigid n.a. 64 9.75 cm 10

VisiSonics 5/64 audio visual camera Rigid VisiSonics (Maryland, USA) 64 10 cm 16

Sphere48-35 AC Pro Open Acoustic Camera (Berlin, Germany) 64 17.5 cm 17

Sphere120-60 AC Pro Open Acoustic Camera (Berlin, Germany) 120 30 cm 18

n.a. Rigid n.a. 252 8.5 cm 9

U.S. patent number 4203162 Rigid n.a. Hundreds to thousands one to several yards 3
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III. CRAM�ER–RAO BOUND DERIVATION

The above signal-and-noise data model implies that the

dataset ~z has a probability density that is complex-valued

circularly symmetric Gaussian:

p ~z; h;/ð Þ ¼ 1

jpCj exp � ~z � l½ �HC�1 ~z � l½ �
n o

; (7)

where

l : ¼ E ~z½ �
¼ s� aðh;/Þ þ E ~n½ �
¼ s� aðh;/Þ

denotes the statistical mean, and

C :¼ covð~zÞ (8)

¼ E~zfð~z � lÞ ~z � l½ �Hg
¼ E ~n~nH½ �

¼ r2
nILM (9)

represents the data’s covariance matrix. In the above, ILM

symbolizes an LM�LM identity matrix, and the superscript
H signifies the Hermitian operator.

The only parameters to be estimated are h and /, which

will be collected into a 2� 1 vector of n ¼ ½h; /�T .

The (i, j)th element of the Fisher information matrix

FðnÞ is given by [see (3.8) on p. 72 of Ref. 61]

F nð Þ½ �i;j ¼ 2Re
@l

@ni

� �H

C�1 @l

@nj

 !" #

þ Tr C�1 @C
@ni

� �
C�1 @C

@nj

 !( )
; (10)

where ni denotes the ith entry of the 2� 1 vector n. As C is

functionally independent of n,

F nð Þ½ �i;j ¼ 2Re
@l

@ni

� �H

C�1 @l

@nj

 !" #
:

From Eq. (9),

F nð Þ½ �i;j ¼
1

r2
n

2Re
@l

@ni

� �H @l

@nj

 !" #
: (11)

To express Eq. (11) explicitly in terms of the data

model parameters, the following partial derivatives will be

useful:

@l

@h
¼ s� @a h;/ð Þ

@h
¼ s� j2pR

k

cos hð Þsin h1ð Þcos /� /1ð Þ � cos h1ð Þsin hð Þ
� 	

ejj1

cos hð Þsin h2ð Þcos /� /2ð Þ � cos h2ð Þsin hð Þ
� 	

ejj2

..

.

cos hð Þsin hLð Þcos /� /Lð Þ � cos hLð Þsin hð Þ
� 	

ejjL

2
66666664

3
77777775
;

@l

@/
¼ s� @a h;/ð Þ

@/
¼ �s� j

2pR

k
sin hð Þ

sin h1ð Þsin /� /1ð Þejj1

sin h2ð Þsin /� /2ð Þejj2

..

.

sin hLð Þsin /� /Lð ÞejjL

2
66666664

3
77777775
;

@ a h;/ð Þ½ �‘
@h

¼ @j‘
@h

ejj‘ ;

@ a h;/ð Þ½ �‘
@/

¼ @j‘
@/

ejj‘ ;

@j‘
@h
¼ 2p

R

k
cos hð Þsin h‘ð Þcos /� /‘ð Þ � cos h‘ð Þsin hð Þ
� �

;

@j‘
@/
¼ �2p

R

k
sin hð Þsin h‘ð Þsin /� /‘ð Þ:

Denote the entries of FðnÞ as

FðnÞ ¼ Fh;h Fh;/

F/;h F/;/


 �
:

Substitute the above partial derivatives into Eq. (11):
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Fh;h ¼ 2M 2p
R

k
rs

rn

� �2XL

‘¼1

cos hð Þsin h‘ð Þcos /�/‘ð Þ
�

�cos h‘ð Þsin hð Þ
�2
;

Fh;/ ¼�2M 2p
R

k
rs

rn

� �2

sin hð Þ
XL

‘¼1

sin h‘ð Þsin /�/‘ð Þ
�

cos hð Þsin h‘ð Þcos /�/‘ð Þ� cos h‘ð Þsin hð Þ
� 	�
¼ F/;h;

F/;/ ¼ 2M 2p
R

k
rs

rn
sin hð Þ

� �2XL

‘¼1

sin2 h‘ð Þ sin2 /�/‘ð Þ
� �

:

The deterministic Cram�er–Rao bounds (also known as

the conditional Cram�er–Rao bounds) of h and / equal the

diagonal entries in

CRB hð Þ �
� CRB /ð Þ

" #
: ¼ F�1 nð Þ ¼ 1

Fh;hF/;/ � F2
h;/

F/;/ �Fh;/

�F/;h Fh;h

" #
:

(12)

That is,

CRB hð Þ ¼ F/;/

Fh;hF/;/ � F2
h;/

¼ 1

2M
2p

R

k
rs

rn

� ��2 XL

‘¼1

cos hð Þsin h‘ð Þcos /� /‘ð Þ � cos h‘ð Þsin hð Þ
� �2

8>>><
>>>:

�

XL

‘¼1

cos hð Þ sin2 h‘ð Þsin 2 /� /‘ð Þð Þ � sin hð Þsin 2h‘ð Þsin /� /‘ð Þ
� �( )2

4
XL

‘¼1

sin2 h‘ð Þ sin2 /� /‘ð Þ
� �

9>>>>>=
>>>>>;

�1

(13)

and

CRB /ð Þ ¼ Fh;h

Fh;hF/;/ � F2
h;/

¼ 1

2M
2p

R

k
rs

rn

� ��2

sin�2 hð Þ
XL

‘¼1

sin2 h‘ð Þ sin2 /� /‘ð Þ
" #8>>><

>>>:

�

XL

‘¼1

cos hð Þ sin2 h‘ð Þsin 2 /� /‘ð Þð Þ � sin hð Þsin 2h‘ð Þsin /� /‘ð Þ
� �( )2

4
XL

‘¼1

cos hð Þsin h‘ð Þcos /� /‘ð Þ � cos h‘ð Þsin hð Þ
� �2

9>>>>>=
>>>>>;

�1

: (14)

The above equations have expressed the azimuth-

polar bivariate direction-of-arrival Cram�er–Rao bounds in

closed forms, explicitly in terms of the data-model

parameters.

IV. RULE-OF-THUMB ARRAY-DESIGN FORMULA
RELATING CRB(h) TO L

Referring to the right side of Eq. (13), the expressionffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2LMCRBðhÞ

p
ð2pðR=kÞðrs=rnÞÞ has only three degrees-

of-freedom (namely, h, /, L) apart from the sensors’

locations.

A. How CRB(h) varies with h and with /

This expression of
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2LMCRBðhÞ

p
ð2pðR=kÞðrs=rnÞÞ is

plotted in Fig. 2 versus h and /, at various values of L. Some

qualitative observations:

(a) The expression varies little with the azimuth angle /,

for a sufficiently large L. This is because as L
increases, the sensors become more evenly distributed

with respect to /.

(b) The expression decreases (i.e., improves) as h increases

(i.e., as the incident source becomes more horizontal).

Nonetheless, whatever variation here becomes effectively

negligible as L increases. This leads to Sec. IV B below.

J. Acoust. Soc. Am. 145 (2), February 2019 Wong et al. 717

 25 February 2025 06:12:05



B. How LCRB(h) varies with L

The population CðLÞh :¼ f
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2LMCRBðhÞ

p
ð2pðR=kÞðrs=

rnÞÞ; 8ðh;/Þg takes on numerical values that lie entirely

within a dynamic range that shrinks progressively as L
increases. To facilitate the subsequent discussions: denote as

lðLÞh the algebraic average of the population CðLÞh at L; signify

as rðLÞh the standard deviation of CðLÞh at L. At L¼ 600: the

dynamic range tightens to [1.729, 1.734] with a thin width of

only 0.005 and a miniscure rð600Þ
h � 1:53� 10�3; that is,

the entire population Cð600Þ
h (defined over all (h, /)) has

effectively converged to a scalar constant of lð600Þ
h ¼ 1:731

�
ffiffiffi
3
p

, where the approximation is to within three significant

figures.

FIG. 2. (Color online)
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2LMCRBðhÞ

p
½2pðR=kÞðrs=rnÞ� of Eq. (13) plotted versus (h, /), at various L. Note how the vertical range shrinks, as L increases

across the subfigures.
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A natural question: At other values of L, could the entire

CðLÞh be represented as the single scalar of lðLÞh ? Figure 3

addresses this issue by plotting the dynamic range of CðLÞh ,

the scalar lðLÞh , and the scalars lðLÞh 6rðLÞh , each versus L. There,

CðLÞh does appear to converge to lðLÞh for a sufficiently large L.

An immediate follow-up question: How then does lðLÞh

vary with L? To answer this question, Fig. 4 plots
ffiffiffi
3
p
� lðLÞh

versus L, as a two-dimensional graph in loge–loge scale; the

relationship appears graphically linear-like. A least-squares

fit of logeð
ffiffiffi
3
p
� lðLÞh Þ versus loge(L) leads to

logeð
ffiffiffi
3
p
� lðLÞh Þ � �0:8517� 0:9940 logeðLÞ

) lðLÞh �
ffiffiffi
3
p
� L�0:9940e�0:8517; (15)

with a root-mean-square error of only 0.00923 in the loge–loge

scale. The 0.8517 in Eq. (15) is approximately 6=7 (precise to

within two significant figures); similarly, 0.9940 � 1 (precise to

within two significant figures). Hence, the linear relationship in

Eq. (15) may be further approximated into an elegant form of

loge

ffiffiffi
3
p
� l Lð Þ

h

� 

� � 6

7
� loge Lð Þ; (16)

which incurs a root-mean-square fitting error of 0.04612 (in

the loge–loge scale). This Eq. (16) may be re-expressed as

l Lð Þ
h �

ffiffiffi
3
p
� 1

L
e� 6=7ð Þ: (17)

Yet another question: If the entire set CðLÞh roughly

converges to the scalar lðLÞh of Eq. (17), what is the root-

mean-square error thus incurred at each L? This is answered

quantitatively in Fig. 5.

V. RULE-OF-THUMB ARRAY-DESIGN FORMULA
RELATING CRB(/) TO L

The right side of Eq. (14) indicates thatffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2LMCRBð/Þ

p
ð2pðR=kÞðrs=rnÞ sinðhÞÞ has only three

degrees-of-freedom (namely, h, /, L) apart from the sensors’

locations.

A. How CRBð/Þ sinðhÞ varies with h and with /

The expression
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2LMCRBð/Þ

p
ð2pðR=kÞðrs=rnÞ sinðhÞÞ

is plotted in Fig. 6 versus (h, /) at various L. Some qualita-

tive observations thereof:

(a) This expression varies little with the polar angle h, espe-

cially for a sufficiently large L. In other words, CRB(/)

[without multiplication by sin2ðhÞ] would approach infin-

ity as h ! 0, p. This observation has earlier been made

in Refs. 21 (pp. 17–18), 56 (p. 186), and 58 (p. 82).

(b) This expression varies sinusoidally with /, with a

period of 180�. This sinusoidal variation is on account

of the terms sinð2ð/� /‘ÞÞ; sinð/� /‘Þ, and

cosð/� /‘Þ in Eq. (14).

B. How CRB ð/Þ sinðhÞ varies with L

The population CðLÞ/ :¼ f
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2LMCRBð/Þ

p
ð2pðR=kÞðrs=

rnÞ sinðhÞÞ; 8ðh;/Þg takes on numerical values that lie

entirely within a dynamic range which shrinks progressively

as L increases. As before, denote as lðLÞ/ the algebraic aver-

age of the population CðLÞ/ at L; use rðLÞ/ to symbolize the

FIG. 3. (Color online) The shrinking dynamic range of CðLÞh as L increases.

FIG. 4. (Color online) ð
ffiffiffi
3
p
� lðLÞh Þ—its actual value, and its approximations

in Eqs. (15) and (16).

FIG. 5. (Color online) The RMSE of CðLÞh with respect to Eq. (17).
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standard deviation of CðLÞ/ at L. At L¼ 600: the dynamic

range narrows to [1.733 494, 1.733 503] with a slim width of

only 9.31� 10–6 and a negligible rð600Þ
/ � 3:29� 10�6; that

is, the entire set Cð600Þ
/ has effectively converged to a single

constant scalar of lð600Þ
/ ¼ 1:733 498 which approximates toffiffiffi

3
p

within three significant figures.

To investigate whether the entire population CðLÞ/ (at

what L) effectively converges to the one scalar of lðLÞ/ , Fig. 7

plots the dynamic range of CðLÞ/ , the scalar of lðLÞ/ , and

the scalars of lðLÞ/ 6rðLÞ/ , each versus L. There, the

population CðLÞ/ seems to converge to lðLÞ/ for a suffi-

ciently large L.

Next question: How does lðLÞ/ vary with L? To address

this question, Fig. 8 plots lðLÞ/ �
ffiffiffi
3
p

versus L, in the loge–loge

scale. A least-squares fit of loge(l
ðLÞ
/ �

ffiffiffi
3
p

) versus loge(L)

leads to a straight line:

FIG. 6. (Color online)
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2LMCRBð/Þ

p
ð2pðR=kÞðrs=rnÞ sinðhÞÞ of Eq. (14) plotted versus h and versus /, at various values of L.
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logeðl
ðLÞ
/ �

ffiffiffi
3
p
Þ � �0:0722� 1:009 logeðLÞ

) lðLÞ/ �
ffiffiffi
3
p
þ L1:0090e�0:0722; (18)

with a root-mean-square error of only 0.0129 (in loge–loge

scale).

The linear relationship in Eq. (18) above may be

approximated further into an elegant form of

loge l Lð Þ
/ �

ffiffiffi
3
p� 


� � 1

14
� loge Lð Þ; (19)

with a root-mean-square error (over the six above-specified

values of L) of 0.0618 (in loge–loge scale). This Eq. (19)

may be re-written as

l Lð Þ
/ �

ffiffiffi
3
p
� 1

L
e� 1=14ð Þ: (20)

Representing the entire population CðLÞ/ only via the sca-

lar lðLÞ/ of Eq. (20), the root-mean-square error incurred at

each L is plotted in Fig. 9.

VI. VERIFICATION OF THE DERIVED CRBs VIA
MAXIMUM LIKELIHOOD ESTIMATION

The Cram�er–Rao bound is well known to be reached by

the maximum-likelihood estimator (MLE). Hence, the for-

mer’s correctness could be verified by the latter, as will be

achieved in this section.

From ~z 	 CNLMðl;CÞ, the corresponding likelihood

function equals

L h;/j~z1;…;~znð Þ¼
YM
m¼1

1

jpCjexp � ~zm�l½ �TC�1 ~zm�l½ �
n o

¼jpCj�n
exp �

XM

k¼1

~zm�l½ �TC�1 ~zm�l½ �
( )

:

(21)

The maximum-likelihood estimators are (by definition)

ðĥMLE; /̂MLEÞ : ¼ arg max
ðh;/Þ

Lðh;/j~z1;…; ~znÞ

¼ arg min
ðh;/Þ

Xn

k¼1

~zk � l½ �TC�1 ~zk � l½ �
( )

:

(22)

FIG. 7. (Color online) The shrinking dynamic range of CðLÞ/ as L increases.

FIG. 8. (Color online) ðlðLÞ/ �
ffiffiffi
3
p
Þ—its actual values and its approximations

in Eqs. (18) and (19).

FIG. 9. (Color online) RMSE of CðLÞ/ with respect to Eq. (20).

FIG. 10. (Color online) The maximum-likelihood estimates attain the

derived Cram�er–Rao bounds. Here, L¼ 10, R¼ 1, k¼ 0.0344, f¼ 0.25,

w¼ 0.23p, h¼ 23�, and /¼ 73�.

J. Acoust. Soc. Am. 145 (2), February 2019 Wong et al. 721

 25 February 2025 06:12:05



The above estimators are Monte Carlo simulated; their

root-mean-square errors (RMSE)62 are presented in Figs. 10

and 11. Each icon thereon consists of 4000 independent

Monte Carlo experiments, each involves M¼ 100,

snapshots.

Figures 10 and 11 do demonstrate excellent agreement

of the maximum-likelihood estimation error with the

Cram�er–Rao bounds. These maximum-likelihood estimates

of the polar and azimuth angles attain the Cram�er–Rao

bounds derived in Eqs. (13) and (14).

VII. CONCLUSIONS

This paper has advanced two elegantly simple rules-of-

thumb in Eqs. (17) and (20), to aid the system development

of an open spherical array for source localization, by inter-

relating how many isotropic sensors are to be placed uni-

formly on a sphere of what preset radius ðR=kÞ for an accept-

able threshold of direction-finding precision (CRB(h),

CRB(/)), under any particular signal-to-noise power ratio

ðrs=rnÞ2 and with any preset number of snapshots M. The

above rules-of-thumb are discovered from a new statistical

analysis of the direction-finding Cram�er–Rao bounds derived

here.
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