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Three-dimensional dislocations in a uniform linear array’s
isotropic sensors—Direction finding’s hybrid
Cram�er-Rao bound

Zakayo Ndiku Morris,1,a) Kainam Thomas Wong,2,b) and Yue Ivan Wu3,c)

1Department of Electronic and Information Engineering, Hong Kong Polytechnic University, Hong Kong, China
2School of General Engineering, Beihang University, Beijing, China
3College of Computer Science, Sichuan University, Chengdu, China

ABSTRACT:
The linear array’s one-dimensional spatial geometry is simple but suffices for univariate direction finding, i.e., is

adequate for the estimation of an incident source’s direction-of-arrival relative to the linear array axis. However, this

nominal one-dimensional ideality could be often physically compromised in the real world, as the constituent

sensors may dislocate three-dimensionally from their nominal positions. For example, a towed array is subject to

ocean-surface waves and to oceanic currents [Tichavsky and Wong (2004). IEEE Trans. Sign. Process. 52(1),

36–47]. This paper analyzes how a nominally linear array’s one-dimensional direction-finding accuracy would be

degraded by the three-dimensional random dislocation of the constituent sensors. This analysis derives the hybrid

Cram�er-Rao bound (HCRB) of the arrival-angle estimate in a closed form expressed in terms of the sensors’ disloca-

tion statistics. Surprisingly, the sensors’ dislocation could improve and not necessarily degrade the HCRB, depend-

ing on the dislocation variances but also on the incident source’s arrival angle and the signal-to-noise power ratio.
VC 2020 Acoustical Society of America. https://doi.org/10.1121/10.0001138
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I. INTRODUCTION

For sensor-array direction finding, the uniform linear

array (ULA) geometry [please see Fig. 1(a)] is one of the com-

monest spatial geometries. Table I samples practical imple-

mentations of the uniform linear array, including two

commercially available products (XMOS, 2018; Barbagelata

et al., 2008).

The open literature offers many investigations on the

direction-finding performance of a linear array of uniformly

spaced identical isotropic sensors (like hydrophones or

microphones). Specifically, the corresponding Cram�er-Rao

bound (CRB) may be found in the following papers for a

perfectly linear array.

(1) Derived in a closed form in Demissie and Willett

(2008), Fittipaldi and Luise (2008), Leshem and der

Veen (1999), Li and Compton (1991), Stoica and

Nehorai (1989), Tuncer and Friedlander (2009) [Eq.

(1.148), p. 43], and Bellili et al. (2010).

(2) Derived in an open form in Abdellatif et al. (2000),

Agrawal and Prasad (2000), Gershman and Bohme

(1997), Gershman et al. (2001), Xia et al. (2007), Ye

and DeGroat (1993, 1995), Zatman (1998), and

Zhenghui and Gunawan (2000).

(3) Plotted graphically (but without showing the corre-

sponding mathematical expressions for the Cram�er-Rao

bound) in Choi (2002), Fayad et al. (2014), Kaneko and

Sano (2008), Kautz and Zoltowski (1996), Li and Lu

(2007), Li et al. (2013), and Ottersten et al. (1991).

The array’s nominally linear geometry and nominally uni-

form inter-sensor spacing, however, may be violated in field

deployment, with the constituent sensors randomly dislocated

from their nominal positions. For example, a towed array is sub-

ject to ocean-surface waves and to oceanic currents [Tichavsky

and Wong (2004)]. Please see Fig. 1(b), which shows three-

dimensional dislocation of one particular sensor. The three

dimensions here refer to the two dimensions perpendicular to

the array axis and the one dimension along the array axis.

Though any sensor could dislocate three-dimensionally, this

fully three-dimensional case has never had its Cram�er-Rao bound

derived, plotted, or analyzed in the open literature. Instead:

(A) Dislocation one-dimensionally only along the array axis

is mentioned in passing in VanTrees and Bell (2007) (p.

32) as a possible sensor-dislocation model, but has not

been investigated in any way therein. In thus modeling

the dislocation as only along the array axis, the array’s

linear geometry is maintained, though the inter-sensor

spacings’ uniformity is allowed violation.

(B) Dislocation only perpendicularly to the array axis

(Hinich, 1977; Schultheiss and Ianniello, 1980; Wong

et al., 1988).

a)ORCID: 0000-0001-5143-2485.
b)ORCID: 0000-0002-1583-6682.
c)Electronic mail: y.i.wu@ieee.org, ORCID: 0000-0001-5480-1741.
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(B-1) This perpendicular dislocation is limited to one
dimension in Schultheiss and Ianniello (1980)

and Wong et al. (1988) (despite the two dimen-

sions of the plane perpendicular to the array

axis) in the closed-form Cram�er-Rao bounds

derived therein.

(B-2) This perpendicular dislocation is described in

Hinich (1977) as two-dimensional, but no corre-

sponding Cram�er-Rao bound is derived nor

plotted therein.

(C) Dislocation one-dimensionally along the array axis plus

one additional dimension perpendicular to the array

axis (Schultheiss and Ianniello, 1980; VanTrees, 2002;

Wan et al., 2014; Wong et al., 1988).

(C-1) Such dislocation is mentioned in passing in

Wong et al. (1988), but no Cram�er-Rao bound

is derived therein.

(C-2) For such dislocation, the Cram�er-Rao bound is

plotted in VanTrees (2002) (p. 1097), but no

derivation is presented therein.

(C-3) For such dislocation, the Cram�er-Rao bound is

derived in open form in Wan et al. (2014) with-

out giving much derivation.

In summary, the abovementioned literature on a uni-

form linear array’s direction-finding performance offers no
Cram�er-Rao bound for three-dimensional sensor disloca-

tions. This present work is first in the open literature to ana-

lyze this three-dimensional dislocation’s effects on the

uniform linear array direction-finding Cram�er-Rao bound.

The rest of this paper is organized as follows: Section II

presents the measurement’s statistical model. Section III

presents the hybrid Cram�er-Rao bound (which is rigorously

derived in the Appendix) and delineates its qualitative attrib-

utes. Section IV compares the special sub-cases of sensor

dislocations (1) only along the array’s nominal axis, (2) only

perpendicular to the array’s nominal axis, and (3) over all

three spatial dimensions. Section V verifies the derived

hybrid Cram�er-Rao bound with Monte Carlo simulations of

the corresponding maximum a posteriori estimation (MAP),

which is well known to asymptotically approach the hybrid

Cram�er-Rao bound. Section VI concludes the entire

investigation.

II. MEASUREMENT STATISTICAL MODEL

A. For a perfectly uniform linear array

Consider a linear array of L identical isotropic sensors,

positioned on the positive z-axis with a prior known uniform

inter-sensor spacing of D 2 ð0; k=2�. Please see Fig. 1(a).

The resulting L� 1 array manifold ðaÞ would have an ‘
th entry of ½a�‘ ¼ ejc‘ , where

c‘ ¼ ð‘� 1Þ2p
D

k
cos ðhÞ; (1)

where k refers to the prior known wavelength of the incident

signal.

B. For a nominally uniform linear array whose
sensors may dislocate only along the array axis

A sensor may deviate from its nominal position in the

real world.

FIG. 1. (Color online) A nominally uniform linear array of L sensors, each represented by a solid blue dot. (a) All sensors lie precisely at their nominal posi-

tions. (b) Sensor #‘ suffers three-dimensional mislocation.

TABLE I. Practical/commercial implementations of a uniform linear array

of isotropic sensors.

Number of sensors Inter-sensor spacing Reference

4 16 cm (Tayem et al., 2014)

4a 3.333 cm (XMOS, 2018)

7 5 cm (Aalborg University, 2018)

8 25 cm (Jing et al., 2018)

10 4 cm (Hu et al., 2016)

128b 49 cm (Barbagelata et al., 2008)

not stated not stated (University of Pretoria, 2018)

not stated not stated (JSK Naval Support, 2018)

aThis is a commercial product, “xCORE VocalFusionTM Speaker Part Number

XK-VF3100-L33,” manufactured by XMOS (Bristol, United Kingdom).
bThis is a commercial product, “Prakla 128,” manufactured by Prakla-

Seismos (Hanover, Germany).
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If the ‘ th sensor’s dislocation is limited to merely along

the array axis, Eq. (1) would become (VanTrees and Bell,

2007, p. 32)

c‘ ¼ 2p ‘� 1ð ÞD
k
þ

Dk;‘
k

� �
cos ðhÞ: (2)

This paper’s subsequent analysis will model Dk;‘ as sto-

chastic, Gaussian, zero-mean, having a variance of r2
Dk

, with

all entries in Dk;1;Dk;2;…;Dk;L
� �

statistically independent

of each other and with all other data-model entities.

C. For a nominally uniform linear array whose
sensors may dislocate only perpendicularly
to the array axis

If the ‘ th sensor’s dislocation is limited to only perpendic-

ular to the array axis, then Dk;‘ ¼ 0 and Eq. (1) would become

c‘ ¼
2p
k

Dx;‘ sin ðhÞ cos ð/Þ þ Dy;‘ sin ðhÞ sin ð/Þ
�

þ ‘� 1ð ÞD cos ðhÞg: (3)

In the above, Dx;‘ represents the ‘ th sensor’s dislocation

along the x axis. This paper’s subsequent analysis will

model these dislocation parameters as stochastic, Gaussian,

zero-mean, with a variance of r2
D?

. Similar descriptions hold

for Dy;‘. Lastly, Dx;1;…;Dx;L;Dy;1;…;Dy;L

� �
forms a statis-

tically independent set.1

If, furthermore, Dy;‘ ¼ 0, then2

c‘ ¼
2p
k

Dx;‘ sin ðhÞ cos ð/Þ þ ‘� 1ð ÞD cos ðhÞ
� �

: (4)

The one-dimensional perpendicular dislocation of Schultheiss

and Ianniello (1980) and Wong et al. (1988) is thereby

obtained.

D. For a nominally uniform linear array whose sensors
may dislocate in three-dimensional space

Each sensor’s dislocation could in general be three-

dimensional in practice, not necessarily only along the array

axis nor only perpendicular of the array axis.

This three-dimensional dislocation has been neglected

in the open literature, but can be modeled as follows:

c‘ ¼
2p
k

Dx;‘ sin ðhÞ cos ð/Þ þ Dy;‘ sin ðhÞ sin ð/Þ
�

þ ‘� 1ð ÞDþ Dk;‘
h i

cos ðhÞ
o
: (5)

Here, Dx;1;…;Dx;L;Dy;1;…;Dy;L;Dk;1;…;Dk;L
� �

forms a

statistically independent set.

To ease subsequent derivation, define the 3L� 1 vector,

D :¼ Dx;1;…;Dx;L;Dy;1;…;Dy;L;Dk;1;…;Dk;L
� �T

;

where the superscript T symbolizes transposition.

This paper’s subsequent analysis will model all entries

in Dx;‘;Dy;‘;Dk;‘; 8‘
� �

as stochastic, Gaussian, zero-mean,

and statistically independent of each other. Moreover, Dx;‘

and Dy;‘ have a same variance of r2
D?

for all ‘, whereas Dk;‘
has a common variance of r2

Dk
for all ‘.

III. THE DERIVED HYBRID CRAM�ER-RAO BOUND
FOR A NOMINALLY UNIFORM LINEAR ARRAY
WHOSE SENSORS MAY DISLOCATE
IN THREE-DIMENSIONAL SPACE

For direction finding using a nominally linear array of

uniformly spaced identical isotropic sensors which nonethe-

less may stochastically dislocate from their nominal posi-

tions, the Appendix has analytically derived the hybrid

Cram�er-Rao bound under three-dimensional dislocation (for

the first time in the open literature):

HCRBk;?ðhÞ

¼ 1

LM 2p
rs

rn

� �2

8>>>><
>>>>:

2
rD?

k
cosðhÞ

� �2

þ2
rDk

k
sinðhÞ

� �2

þ

1

3

D

k
sinðhÞ

� �2

L�1ð Þ 2L�1ð Þ

M 2p
rs

rn

	 
2

2
rD?

k
sinðhÞ

	 
2

þ
rDk

k
cosðhÞ

	 
2
" #

þ1

9>>>>=
>>>>;

�1

¼

8>>><
>>>:SNReffL 2aext

rDk

k
;
rD?

k
;h

	 
2
4

þ

D

k
sinðhÞ

� �2

L�1ð Þ 2L�1ð Þ

3 2SNReffanui

rDk

k
;
rD?

k
;h

	 

þ1

	 

3
7775
9>>>=
>>>;

�1

;

(6)

where

SNReff :¼ M 2p
rs

rn

	 
2

represents the effective signal-to-noise power ratio, and

aext

rDk

k
;
rD?

k
;h

	 

:¼ rD?

k
cos ðhÞ

	 
2

þ
rDk

k
sin ðhÞ

	 
2

� 0;

anui

rDk

k
;
rD?

k
;h

	 

:¼ rD?

k
sin ðhÞ

	 
2

þ
rDk

k
cos ðhÞ

	 
2

¼ aext

rDk

k
;
rD?

k
;h6

p
2

	 

� 0:

The above HCRBk;?ðhÞ in Eq. (6) contains six degrees

of freedom: L, SNReff, D=k, rDk=k, rD?=k, and h.
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The following qualitative trends may be observed of the

HCRBk;?ðhÞ of Eq. (6).

(i) HCRBk;?ðhÞ is independent of /, despite that the

Fisher information matrix’s every entry [except the

(1, 1)th entry] depends on /. This functional indepen-

dence of Eq. (6) from / is intuitively reasonable,

because the sensors’ dislocation statistics is rotation-

ally symmetric with respect to the z-axis.

(ii) HCRBk;?ðhÞ decreases (i.e., improves) monotoni-

cally with an increasing SNReff, with all else kept

constant. This trend would become obvious by re-

expressing Eq. (6) as

HCRBk;?ðhÞ ¼ c1SNReff c2 þ
c3

c4SNReff þ 1

� �� ��1

¼ c1SNReff c2c4SNReff þ c2 þ c3½ �
� ��1

þ c4 c1 c2c4SNReff þ c2 þ c3½ �
� ��1

;

where c1, c2, c3, c4 are all independent of SNReff.

(iii) HCRBk;?ðhÞ decreases (i.e., improves) monotoni-

cally with an increasing L, as all else remain the

same. This trend would become obvious by examin-

ing Eq. (6), which may be expressed as

HCRBk;?ðhÞ ¼ Lb1 b2 þ b3ðL� 1Þ ð2L� 1Þ½ �
� ��1

;

(7)

where b1, b2, b3 are all independent of L. This trend

is also intuitively expected, because a larger aperture

can resolve the direction-of-arrival more finely.

Indeed, as L!1; HCRBk;?ðhÞ approaches zero.3

(iv) HCRBk;?ðhÞ decreases (i.e., improves) as the non-

negative ðD=kÞsin ðhÞ increases. The latter is directly

proportional to the nominally linear array’s spatial

aperture size projected onto the incident wavefront.

This direct relationship between HCRBk;?ðhÞ and

ðD=kÞsin ðhÞ is thus unsurprising. As ðD=kÞsin ðhÞ
! 0, HCRBk;?ðhÞ ! 2aextððrDk=kÞ; ðrD?=kÞ; hÞ

�
LSNReffg�1

.4

(v) HCRBk;?ðhÞ decreases (i.e., improves) with a larger

aextðrDk=k; rD?=k; hÞ. This latter expression corre-

sponds to the sensors’ dislocation along the wave-

front (as opposed to perpendicular to the wavefront).

This dislocation along the wavefront would enlarge

(over the sensor dislocation’s “probability space” as

a whole) the array’s effective aperture along the

wavefront. This explains why HCRBk;?ðhÞ decreases

as the aforementioned expression increases.

(vi) HCRBk;?ðhÞ decreases (i.e., improves) with a smaller
anuiðrDk=k; rD?=k; hÞ. This latter expression corre-

sponds to the sensors’ dislocation perpendicular to

the wavefront, hence no effect on the array’s effec-

tive aperture along the wavefront. Nonetheless, the

sensors’ dislocations are nuisance parameters that

degrade the hybrid Fisher information matrix; this

expression could be construed to embody these nui-

sance parameters’ statistical degradation of the Fisher

information. This explains why HCRBk;?ðhÞ decreases

as the aforementioned expression decreases.

(vii) SNReff amplified the positive effects of the sensors’

dislocation identified above in (v), and reduces the

negative effects identified in (vi).

(viii) The contrary effects in (v) and (vi) have magnitudes

dependent also on the incident source’s arrival angle.

IV. SPECIAL CASE: DISLOCATION STOCHASTICS
IS ISOTROPIC

Suppose that the sensor dislocation variance is same

along all Cartesian directions (i.e., same whether parallel or

perpendicular to the linear array axis). That is, r2
D?
¼ r2

Dk
¼ r2

D. Then, Eq. (6) simplifies to

HCRBk;? hð Þ

¼ 1

LSNReff

� 2
rD

k

	 
2

þ

1

3

D

k

	 
2

sin2ðhÞ L� 1ð Þ 2L� 1ð Þ

2
rD

k

	 
2

SNReff þ 1

2
66664

3
77775
�1

:

(8)

This simplified expression has only four degrees-of-free-

dom: SNReff , L, ðD=kÞsin ðhÞ, rD=k—versus the six earlier

in the most general case of Eq. (6).

Figure 2 gives a typical plot of Eq. (8), i.e., the figure

would remain roughly the same for other values of L and

SNReff . Please see also Fig. 3(a).

How HCRBk;?ðhÞ varies with SNReff and with L—which

was described, respectively, in points (ii)–(iii) of Sec. III.

As to how HCRBk;?ðhÞ varies with ðD=kÞsin ðhÞ and

with rD=k—please refer to Fig. 2. There, the following may

be observed:

FIG. 2. (Color online) HCRBk;?ðhÞ of Eq. (7) plotted versus rD=k and ver-

sus ðD=kÞsin ðhÞ, at L¼ 10 and SNReffMðrs=rnÞ2 ¼ 10.
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(ix) As rD=k!1, HCRBk;?ðhÞ ! 0, implying possibly

no estimation error for an unbiased estimator. This

result might be surprising, but is explainable on

account of the infinitely large aperture consequential

of rD=k!1.

(x) The hybrid Cram�er-Rao bound increases (i.e., wor-

sens) with an increasing rD=k up to a local maximum

but decreases thereafter.5 This is due to the contrary

effects from aextðrDk=k; rD?=k; hÞ versus from anui

ðrDk=k; rD?=k; hÞ, as already explained under points

(v)–(vii) in Sec. III. Both of these factors vary with h;

hence, the peak’s coordinates of ðrDk=k; rD?=kÞ vary

with h.

(xi) HCRBk;?ðhÞ decreases as the direction-of-arrival h
increases from 0 toward p=2, i.e., as the signal’s inci-

dent direction becomes more perpendicular to the lin-

ear array axis. Intuitively, this is because as h! p=2,

the impinging wavefront would be received by an

effective aperture that has widened. Mathematically

in Eq. (6), the denominator is dominated by sin ðhÞ
which increases as h! p=2, thereby decreasing

HCRBk;?ðhÞ. Indeed, the HCRB(h) in Fig. 2

decreases at a faster rate, as h approaches 0, as sin

ðhÞ drops more quickly toward zero as h! 0.

A. Special case: For a nominally uniform linear array
whose sensors may dislocate only along the array
axis

With rD? ¼ 0; Eq. (6) simplifies to

HCRBk hð Þ ¼ csc2ðhÞ
LSNReff

2
rDk

k

	 
2

2
6664

þ

1

3

D

k

	 
2

L� 1ð Þ 2L� 1ð Þ

2SNReff

rDk

k

	 
2

cos2ðhÞ þ 1

3
7775
�1

: (9)

This expression has not appeared in any earlier reference,

though VanTrees and Bell (2007) (p. 32) mentioned this

FIG. 3. (Color online) Here, L¼ 10, SNReff¼ 100, and D/k¼ 1
2
. (a) HCRB[dbar],?(h) of Eq. (8). This case has rtot

2 distributed isotropically in three-

dimensional Cartesian space, hence rD=k ¼ 1=
ffiffiffi
3
p
 �
ðrtot=kÞ. (b) HCRB[dbar](h) of Eq. (9). This case has rtot

2 distributed only along the array axis, hence

rD=k ¼ rtot=k. (c) HCRB?ðhÞ of Eq. (10). This case has r2
tot distributed omnidirectionally on a two-dimensional Cartesian plane that is normal to the array

axis, hence rD=k ¼ 1=
ffiffiffi
2
p
 �
ðrtot=kÞ. (d) CRBnominal(h) of Eq. (11).
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dislocation model in passing. This expression is plotted in Fig.

3(b). The cliffs (at h ¼ 0; 180�) arise due to the csc2ðhÞ multi-

plicative factor in Eq. (9). A trough appears for small rDk=k at

h ¼ 90� due to the ðrDk=kÞ
2

cos2ðhÞ factor in Eq. (9).

B. Special case: The derived hybrid Cram�er-Rao
bound if rDk50

If r2
Dk
¼ 0, Eq. (6) simplifies to

HCRB? hð Þ ¼ 1

LSNReff

2
66642

rD?

k

	 
2

cos2ðhÞ

þ

1

3

D

k
sin ðhÞ

	 
2

L� 1ð Þ 2L� 1ð Þ

2SNReff

rD?

k

	 
2

sin2ðhÞ þ 1

3
7775
�1

:

(10)

This expression has not appeared in any earlier reference,

although this dislocation model was mentioned in Hinich

(1977) and a one-dimensional perpendicular dislocation

model was mentioned in Schultheiss and Ianniello (1980)

and Wong et al. (1988). This expression is plotted in Fig.

3(c). The ridge for very large rDk=k at h ¼ 90� reflects the

cos2ðhÞ in the denominator’s first term inside the square

brackets in Eq. (10).

C. Special case: For a perfectly uniform linear array

If all sensors are located exactly at their nominal posi-

tions, it would hold that r2
D?
¼ r2

Dk
¼ r2

D ¼ 0. Then, Eq. (6)

degenerates to

CRBnominalðhÞ ¼
3csc2ðhÞ

SNReffL L� 1ð Þ 2L� 1ð Þ
D

k

	 
�2

:

(11)

This expression equals the Cram�er-Rao bound [Li and

Compton (1991), Eq. (21); Bellili et al., 2010, Eq. (24);

Tuncer and Friedlander (2009), Eq. 1.148, p. 43].

D. Special case: Comparing the various special cases

Compare the along-axis dislocation versus the perpen-

dicular dislocation; which is more damaging? To answer this

question, set rDk ¼ rD? ¼ rD. Then, rewrite Eqs. (8)–(10),

respectively, as

HCRBk;? hð Þ ¼ L�1 ~rD þ
~D

1þ ~rD

( )�1

; (12)

HCRBk hð Þ ¼ L�1 ~rD sin2ðhÞ þ
~D

1þ ~rD cos2ðhÞ

( )�1

;

(13)

HCRB? hð Þ ¼ L�1 ~rD cos2ðhÞ þ
~D

1þ ~rD sin2ðhÞ

( )�1

¼ HCRBk h6
p
2

	 

; (14)

where

~rD :¼ 2SNReff

rD

k

	 
2

� 0;

~D :¼ 1

3
SNReffðL� 1Þð2L� 1Þ D

k
sin ðhÞ

	 
2

� 0:

This ðL� 1Þð2L� 1ÞððD=kÞsin ðhÞÞ2 is related positively to

the projection of the array aperture onto the incident wave-

front. This ~D could be construed to correspond to the inci-

dent signal’s power flux through the array aperture.

Comparing the sensors’ two configurations of dislocation,

HCRB? hð Þ � HCRBk hð Þ

¼ 1

L
sin2ðhÞ � cos2ðhÞ
� �
� 1

4
~r3

D sin2ð2hÞ þ ð1þ ~DÞ~rD þ ~r2
D

	 


� 1

4
~r2

D sin2ð2hÞ þ ~rD cos2ðhÞ þ ~D

� ��1

� 1

4
~r2

D sin2ð2hÞ þ ~rD sin2ðhÞ þ ~D

	 
�1

: (15)

Hence, HCRB?ðhÞ > HCRBkðhÞ, iff sin2ðhÞ > cos2ðhÞ,
which in turn is equivalent to the incident polar angle

p=4 < h < 3p=4. Similarly, HCRB?ðhÞ < HCRBkðhÞ, iff

sin2ðhÞ < cos2ðhÞ, which in turn is equivalent to the incident

polar angle 0 � h < p=4f g [ 3p=4 < h � pf g. This may be

understood intuitively as follows: As the incident signal’s

arrival direction is more aligned with the horizontal plane (i.e.,

as h! p=2), a sensor dislocated more perpendicularly to the

vertical array axis would more disrupt the array’s nominally

linear geometry, thereby compromising the estimate to a larger

extent, hence the inequalities above.

As rtot=k increases and as h! p=2, each sensor’s hori-

zontal displacement overshadows the nominal vertical inter-

sensor spacing. The inter-sensor phase differences become

so dominated by the phase difference due to the horizontal

displacements and is so “randomized,” to give little useful

information on the direction-of-arrival.

At small rtot=k� 1, HCRBk;?ðhÞ, HCRBkðhÞ, and

HCRB?ðhÞ all resemble CRBnominalðhÞ.

V. MAXIMUM A POSTERIORI ESTIMATION TO VERIFY
THE DERIVED HYBRID CRAM�ER-RAO BOUND

The maximum a posteriori (MAP) estimation maxi-

mizes the posterior probability density function of ½h;D�
given the observation ~z. MAP estimation asymptotically

approaches the hybrid Cram�er-Rao bound [see Sec. IV on p.

2079 of Noam and Messer (2009)].
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Consider the posterior probability density function of

ðh;DÞ given the observation ~z,

p h;Dj~zð Þ / p ~z; h;Dð Þ
¼ p ~zjh;Dð Þp Dð Þ;

where

p ~zjh;Dð Þ ¼ 1

jpCj exp � ~z�s	 a½ �HC�1 ~z�s	 a½ �
n o

denotes the conditional probability density of ~z conditioned

on ðh;DÞ, and

p Dð Þ ¼
YL

‘¼1

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
2pr2

D?

q e
�D2

x;‘=2r2
D?

0
@

1
A

�
YL

‘¼1

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
2pr2

D?

q e
�D2

y;‘=2r2
D?

0
@

1
A

�
YL

‘¼1

1ffiffiffiffiffiffiffiffiffiffiffiffi
2pr2

Dk

q e
�D2

k;‘=2r2
Dk

0
@

1
A

¼ 1

2pr2
D?

 !L
1

2pr2
Dk

 !L=2

� exp � 1

2

XL

‘¼1

1

r2
D?

D2
x;‘ þ D2

y;‘

� �
þ

D2
k;‘

r2
Dk

2
4

3
5

8<
:

9=
;

refers to the prior probability density function of D.

Hence,

p h;Dj~zð Þ ¼ p ~zjh;Dð Þp Dð Þ

¼ 1

jpCj
1

2pr2
D?

 !L
1

2pr2
Dk

 !L=2

� exp

8<
:� 1

r2
n

~z � s	 a½ �H ~z � s	 a½ �
"

þ 1

2

XL

‘¼1

1

r2
D?

D2
x;‘ þ D2

y;‘

� �
þ

D2
k;‘

r2
Dk

0
@

1
A
3
5
9=
;:

The MAP estimate of ðh;DÞ equals

ĥ; D̂

 �

¼ arg max
h;Df g

p h;Dj~zð Þ

¼ arg max
h;Df g

p ~zjh;Dð Þp Dð Þ

¼ arg min
h;Df g

1

r2
n

~z � s	 a½ �H ~z � s	 a½ �
8<
:

þ 1

2

XL

‘¼1

1

r2
D?

D2
x;‘ þ D2

y;‘

� �
þ

D2
k;‘

r2
Dk

0
@

1
A
9=
;: (16)

Figure 4 presents Monte Carlo simulations of Eq. (16),

showing the MAP estimator to approach the hybrid Cram�er-

Rao bound for asymptotically small values of rDk=k and

rD?=k, thereby verifying the hybrid Cram�er-Rao bound

derived in Eq. (6). The root mean square error (RMSE) is

defined as RMSE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1=NÞRN

n¼1ðĥn � hÞ2
q

, where ĥn repre-

sents the nth Monte Carlo trial’s MAP polar-angle estimate.

VI. CONCLUSION

The linear array’s formal one-dimensional ideality

could be breached in implementation, with the constituent

sensors dislocating three-dimensionally from their nominal

positions. This paper has analytically derived the corre-

sponding hybrid Cram�er-Rao bound of the arrival-angle esti-

mate in a closed form, expressed in terms of the sensors’

dislocation statistics. Astonishingly to some readers perhaps,

the sensors’ stochastic dislocation could enhance the sensing

system’s direction-finding hybrid Cram�er-Rao bound, due to

aperture enlargement. This effect, however, is opposed by

the dislocation-parameters’ nuisance effects on the hybrid

Fisher information matrix. These contrary influences have

been theoretically analyzed, mathematically quantified, and

intuitively explained in this work.

APPENDIX: DERIVATION OF THE HYBRID
CRAM�ER-RAO BOUND

1. To define the data’s statistical model

To focus on the sensors’ dislocation, a simple statistical

model is used here for the incident signal and the corrupting

noise.

The incident signal is complex-valued, sinusoid, and

defined as

sðmÞ :¼ rs exp ðjð2pfmþ uÞÞ (A1)

at the mth time sample. Here, the amplitude rs, the digital

frequency (also known as normalized frequency) f, and the

initial phase u are all previously known.

FIG. 4. (Color online) Monte Carlo simulations of the MAP estimation in

Eq. (16). Each icon here is based on N ¼ 3000 independent Monte Carlo

trials, at the settings of L¼ 30, M¼ 100, rs=rn ¼ 10, D=k ¼ 1=2,

h ¼ 25�; / ¼ 43�; w ¼ 0:23p, and f¼ 0.25.
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The additive noise is modeled as complex-valued,

Gaussian, zero-mean, with a prior known variance of r2
n,

and spatio-temporally white.

Then, at the mth time sample, the data equals

zðmÞ :¼ asðmÞ þ nðmÞ;
8m ¼ 1; 2;…;M: (A2)

For all M time samples altogether, they may be repre-

sented in a matrix form as

~z :¼ s	 aþ ~n; (A3)

where 	 symbolizes the Kronecker product, and

~z ¼ z 1ð Þ;…; z Mð Þ
� �T

;

s :¼ s 1ð Þ;…; s Mð Þ
� �T

;

~n :¼ n 1ð Þ;…; n Mð Þ
� �T

: (A4)

Collect all unknown parameters into a ð1þ 3LÞ � 1

vector, n :¼ ½h; D�T .

The conditional probability density of ~z, conditioned on

D is given by

p ~zjDð Þ ¼ 1

jpCj exp � ~z � l½ �HC�1 ~z � l½ �
n o

; (A5)

where the superscript H symbolizes the Hermitian operator,

and

l :¼ E ~zjD½ �
¼ s	 aþ E ~n½ �
¼ s	 a

and

C :¼ cov ~zjDð Þ

¼ E~zjD ~z � lð Þ ~z � l½ �H
n o

¼ E ~n~nH½ �

¼ r2
nILM�LM;

where I denotes an identity matrix of a size indicated in its

subscript.

2. To derive the hybrid Fisher information matrix

The ð3Lþ 1Þ � ð3Lþ 1Þ hybrid Fisher information

matrix is given by [see Eqs. (8.49)–(8.57) in VanTrees (2002)]

J ¼ JD þ JP; (A6)

where JP represents the prior information matrix (based on

prior knowledge on the dislocation variables) and JD sym-

bolizes the information matrix due to the measured data.

The ðni; njÞ th entries of JD and JP equal

JD½ �ni;nj
¼ �E ~z;D

@2 ln p ~zjDð Þ
@ni@nj

" #
; (A7)

JP½ �ni;nj
¼ �ED

@2 ln pD Dð Þ
@ni@nj

" #
; (A8)

where ni denotes the ith entry of the vector parameter n, and

pDðDÞ is the prior probability density function of D.

3. To derive JP

As D is zero-mean Gaussian distributed,

JP ¼

0:7½ �0 01�2L 01�L

02L�1

1

r2
D?

I2L�2L 02L�L

0L�1 0L�2L
1

r2
Dk

IL�L

2
666664

3
777775: (A9)

If r2
D?
¼ r2

Dk
¼ r2

D, Eq. (A9) becomes

JP ¼
0:4½ �0 01�3L

03L�1

1

r2
D

I3L�3L

2
664

3
775: (A10)

4. To derive JD

From Eq. (A7) [see Eqs. (8.23)–(8.34) in VanTrees

(2002)],

JD½ �ni;nj
¼ ED 2Re

@l

@ni

	 
H

C�1 @l

@nj

 !( )"

þTr C�1 @C
@ni

	 

C�1 @C

@nj

 !( )#
;

where ni denotes the ith entry of the vector n, but C is inde-

pendent of n; thus

JD½ �ni;nj
¼ ED 2Re

@l

@ni

	 
H

C�1 @l

@nj

 !( )" #

¼ 2

r2
n

ED Re
@l

@ni

	 
H @l

@nj

 !( )" #
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

hi;j :¼

; (A11)

a. Preliminaries toward deriving JD

The partial derivatives in Eq. (A11) are given below,

@c‘
@h
¼ 2p

k

h
cos ðhÞcos ð/ÞDx;‘ þ cos ðhÞsin ð/ÞDy;‘

�sin ðhÞ ‘� 1ð ÞDþ Dk;‘
� �i

;

@c‘
@Dx;‘

¼ 2p
k

sin ðhÞcos ð/Þ;
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@c‘
@Dy;‘

¼ 2p
k

sin ðhÞsin ð/Þ;

@c‘
@Dk;‘

¼ 2p
k

cos ðhÞ;

@c‘
@Dx;m

¼ @c‘
@Dy;m

¼ @c‘
@Dk;m

¼ 0; 8m 6¼ ‘;

@ a½ �‘
@h
¼ j

@c‘
@h

ejc‘

¼ j
2p
k

cos ðhÞcos ð/ÞDx;‘ þ cos ðhÞsin ð/ÞDy;‘

�
� sin ðhÞð ‘� 1ð ÞDþ Dk;‘Þ�ejc‘ ;

@ a½ �‘
@Dx;‘

¼ j
@c‘
@Dx;‘

ejc‘ ¼ j
2p
k

sin ðhÞcos ð/Þejc‘ ;

@ a½ �‘
@Dy;‘

¼ j
@c‘
@Dy;‘

ejc‘

¼ j
2p
k

sin ðhÞsin ð/Þejc‘ ;

@ a½ �‘
@Dk;‘

¼ j
@c‘
@Dk;‘

ejc‘

¼ j
2p
k

cos ðhÞejc‘ ;

@ a½ �‘
@Dx;m

¼ @ a½ �‘
@Dy;m

¼ @ a½ �‘
@Dk;m

¼ 0; 8m 6¼ ‘:

Thus,

@l

@D
¼ s	 @a

@D
¼ j

2p
k

s	 sin ðhÞ cos ð/Þ; sin ðhÞ sin ð/Þ; cos ðhÞ½ � 	 diag ejc1 ; ejc2 ;…; ejcL

� �
:

@l

@h
¼ s	 @a

@h
¼ j

2p
k

s	

cos ðhÞ cos ð/ÞDx;1 þ cos ðhÞ sin ð/ÞDy;1 � sin ðhÞDk;1

 �

ejc1

cos ðhÞ cos ð/ÞDx;2 þ cos ðhÞ sin ð/ÞDy;2


 �
� sin ðhÞ Dþ Dk;2


 �
ejc2

..

.

Dx;L cos ðhÞ cos ð/Þ þ Dy;L cos ðhÞ sin ð/Þ � D L� 1ð Þ þ Dk;L

 �

sin ðhÞ

 �

ejcL

2
66666664

3
77777775
:

Using Eq. (A11),

hh;h ¼
4Mr2

s p
2

k2

XL

‘¼1

cos ðhÞcos ð/ÞDx;‘ þ cos ðhÞsin ð/ÞDy;‘ � sin ðhÞ D ‘� 1ð Þ þ Dk;‘
� �h i2

;

hh;D ¼
4Mr2

s p
2

k2
sin ðhÞcos ð/Þ; sin ðhÞsin ð/Þ; cos ðhÞ½ �

	

cos ðhÞcos ð/ÞDx;1 þ cos ðhÞsin ð/ÞDy;1 � sin ðhÞDk;1

 �

cos ðhÞcos ð/ÞDx;2 þ cos ðhÞsin ð/ÞDy;2 � sin ðhÞ Dþ Dk;2

 �
 �

..

.

cos ðhÞcos ð/ÞDx;L þ cos ðhÞsin ð/ÞDy;L � sin ðhÞ D L� 1ð Þ þ Dk;L

 �
 �

2
66666664

3
77777775

T

¼ hT
D;h;

h/;D ¼
4Mr2

s p
2

k2
sin ðhÞcos ð/Þ; sin ðhÞsin ð/Þ; cos ðhÞ½ � 	

cos ð/ÞDy;1 � sin ð/ÞDx;1


 �
ejc1

cos ð/ÞDy;2 � sin ð/ÞDx;2


 �
ejc2

..

.

cos ð/ÞDy;L � sin ð/ÞDx;L


 �
ejcL

2
66666664

3
77777775

T

¼ hT
D;/;

hD;D ¼ M 2p
rs

k

	 
2

sin 2ðhÞcos 2ð/Þ 1

2
sin 2ðhÞsin ð2/Þ 1

2
cos ð/Þsin ð2hÞ

1

2
sin 2ðhÞsin ð2/Þ sin 2ðhÞsin 2ð/Þ 1

2
sin ð/Þsin ð2hÞ

1

2
cos ð/Þsin ð2hÞ 1

2
sin ð/Þsin ð2hÞ cos 2ðhÞ

2
66666664

3
77777775
	 IL�L:
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b. Deriving the entries in the ð3L11Þ3ð3L11Þmatrix of JD

Using Eq. (A11),

JD½ �h;h ¼ 8M
rsp
krn

	 
2XL

‘¼1

ED cos ðhÞðcos ð/ÞDx;‘ þ sin ð/ÞDy;‘Þ � sin ðhÞ D ‘� 1ð Þ þ Dk;‘
� �h i2

¼ 8M
rsp
krn

	 
2XL

‘¼1

r2
D?

cos 2ðhÞ þ sin 2ðhÞ r2
Dk
þ D2 ‘� 1ð Þ2

� �h i

¼ 8M
rsp
krn

	 
2

r2
D?

Lcos 2ðhÞ þ sin 2ðhÞ Lr2
Dk
þ D2

XL

‘¼1

‘� 1ð Þ2
 !" #

¼ 8M
rsp
krn

	 
2

r2
D?

Lcos 2ðhÞ þ sin 2ðhÞ Lr2
Dk
þ D2L L� 1ð Þ 2L� 1ð Þ

6

	 
� �

¼ 4ML

3

rsp
krn

	 
2

6r2
D?

cos 2ðhÞ þ sin 2ðhÞ 6r2
Dk
þ D2 L� 1ð Þ 2L� 1ð Þ

� �h i
;

JD½ �h;D ¼ 8M
rsp
krn

	 
2

sin ðhÞcos ð/Þ; sin ðhÞsin ð/Þ; cos ðhÞ½ �

	 ED

cos ðhÞcos ð/ÞDx;1 þ cos ðhÞsin ð/ÞDy;1 � sin ðhÞDk;1

cos ðhÞcos ð/ÞDx;2 þ cos ðhÞsin ð/ÞDy;2 � sin ðhÞ Dþ Dk;2

 �

..

.

cos ðhÞcos ð/ÞDx;L þ cos ðhÞsin ð/ÞDy;L � sin ðhÞ D L� 1ð Þ þ Dk;L

 �

2
6666666664

3
7777777775

T

¼ sin ðhÞcos ð/Þ; sin ðhÞsin ð/Þ; cos ðhÞ½ � 	 ð�8MDÞsin ðhÞ rsp
krn

	 
2

0; 1;…; L� 1½ �

¼ JD½ �TD;h;

JD½ �D;D ¼ 2M
2p
k

rs

rn

	 
2

sin 2ðhÞcos 2ð/Þ 1

2
sin 2ðhÞsin ð2/Þ 1

2
cos ð/Þsin ð2hÞ

1

2
sin 2ðhÞsin ð2/Þ sin 2ðhÞsin 2ð/Þ 1

2
sin ð/Þsin 2ðhÞ

1

2
cos ð/Þsin ð2hÞ 1

2
sin ð/Þsin ð2hÞ cos 2ðhÞ

2
6666666664

3
7777777775
	 IL�L:

c. The entries of the ð3L11Þ3ð3L11Þ hybrid Fisher information matrix J

Using Eq. (A6), the hybrid Fisher information matrix is

J ¼
Jh;h Jh;D

JD;h JD;D

" #
;

where

Jh;h ¼
4ML

3

rsp
krn

	 
2

6r2
D? cos2ðhÞ þ sin2ðhÞð6r2

Dk
þ D2 L� 1ð Þ 2L� 1ð ÞÞ

h i
;

Jh;D ¼ �8MD sin h
rsp
krn

	 
2

sin ðhÞ cos ð/Þ; sin ðhÞ sin ð/Þ; cos ðhÞ½ � 	 0; 1;…; L� 1½ � ¼ JT
D;h;
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5. The expression of the hybrid Cram�er-Rao bound

The hybrid Cram�er-Rao bound of the polar angle h would be given by the first diagonal element of the inverse of J.

The first diagonal entry of J�1 equals [Lu and Shiou, 2002, Eq. (2.3), p. 120]

J�1½ �1;1 ¼ Jh;h � Jh;DJ�1
D;DJD;h

� ��1

;

Jh;DJ�1
D;DJD;h ¼ �8MDsin ðhÞ rsp

krn

	 
2

sin ðhÞcos ð/Þ; sin ðhÞsin ð/Þ; cos ðhÞ
� �

	 0; 1;…;L� 1
� � 1

8M

krn

rsp

	 
2

sin 2ðhÞcos 2ð/Þ þ 1

8M

krn

rsprD?

	 
2 1

2
sin 2ðhÞsin ð2/Þ 1

2
cos ð/Þsin ð2hÞ

1

2
sin 2ðhÞsin ð2/Þ sin2ðhÞ sin 2ð/Þ þ 1

8M

krn

rsprD?

	 
2 1

2
sin ð/Þsin ð2hÞ

1

2
cos ð/Þsin ð2hÞ 1

2
sin ð/Þsin ð2hÞ cos 2ðhÞ þ 1

8M

krn

rsprDk

 !2

2
6666666664

3
7777777775

�1

	 IL�L

ð�8MDÞsin ðhÞ rsp
krn

	 
2

sin ðhÞcos ð/Þ; sin ðhÞsin ð/Þ; cos ðhÞ
� �T 	 0; 1;…;L� 1

� �T
¼ 8M

rsp
krn

Dsin ðhÞ
	 
2

sin ðhÞcos ð/Þsin ðhÞsin ð/Þcos ðhÞ
� �

sin 2ðhÞcos 2ð/Þ þ 1

8M

krn

rsprD?

	 
2 1

2
sin 2ðhÞsin ð2/Þ 1

2
cos ð/Þsin ð2hÞ

1

2
sin 2ðhÞsin ð2/Þ sin 2ðhÞsin 2ð/Þ þ 1

8M

krn

rsprD?

	 
2 1

2
sin ð/Þsin ð2hÞ

1

2
cos ð/Þsin ð2hÞ 1

2
sin ð/Þsin ð2hÞ cos 2 hð Þ þ 1

8M

krn

rsprDk

 !2

2
6666666664

3
7777777775

�1

sin ðhÞcos ð/Þ sin ðhÞsin ð/Þcos ðhÞ
� �T

0; 1;…;L� 1
� �

0; 1;…;L� 1
� �T

¼ 8M
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which gives Eq. (6).
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1This dislocation model is same as that in Hinich (1977), except that the

linear array there is oriented along the x axis, whereas this paper’s array is

oriented along the z-axis.
2The dislocation model in Eq. (3) is same as that in Schultheiss and

Ianniello (1980) and Wong et al. (1988), except that these references ori-

ent their linear array along the x axis, but this paper’s array is oriented

along the z-axis.
3With the fewest possible sensors in the array (i.e., with L¼ 2),

HCRBk;?ðhÞ¼ 2SNReff 2aextþ
ðDk sinðhÞÞ2

2SNReffanuiþ1

" #( )�1

:

4At the largest possible value for ðD=kÞsin ðhÞ under half-wavelength spac-

ing [i.e., at ðD=kÞsin ðhÞ ¼ 1
2
],

HCRBk;?ðhÞ

¼ LSNReff 2aext þ
1

12
ðL� 1Þð2L� 1Þ

2SNReffanui þ 1

" #( )�1

:

5No prior reference [except Wan et al. (2014)] has recognized this non-

monotonic trend with respect to rDk or rD? , because the dislocations have

always been kept very small in these references. Even Wan et al. (2014)

offer little explanation.
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