PHYSICAL REVIEW B 104, 155421 (2021)
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Topology-driven nonlinear light-matter effects open up new paradigms for both topological photonics and
nonlinear optics. Here, we propose to achieve high-efficiency second harmonic generation in a second-order
photonic topological insulator. Such a system hosts highly localized topological corner states with large quality
factors for both fundamental and second harmonic waves, which could be matched perfectly in frequency by
simply tuning the structural parameters. Through the nonlinear interaction of the doubly resonant topological
corner states, unprecedented frequency conversion efficiency is predicted. In addition, the robustness of the
nonlinear process against defects is also demonstrated. Our work opens up avenues toward topologically
protected nonlinear frequency conversion using high-order photonic topological modes.
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I. INTRODUCTION

Photonic topological insulators (PTIs) featured with gap-
less topological edge states that are resilient to impurities
provide promising opportunities for the advanced manipula-
tion of light [1-11]. Recently, the high-order PTI has been
theoretically predicted and experimentally realized [12-20].
In two-dimensional (2D) systems, the second-order PTI
(SPTI) hosts gapped edge states and gapless corner states,
which goes beyond the traditional bulk-edge correspondence.
Based on tightly localized corner states, high quality (Q) fac-
tor topological nanocavities [21] and topological nanolasers
[22,23] have been experimentally realized.

On the other hand, ongoing efforts have been directed to-
ward connecting topological modes and nonlinear light-matter
effects as their interactions could lead to new physics not
possible for linear photonic topological systems [24-30], in-
cluding nonlinear control [25] and imaging [26] of photonic
topological edge states, the formation of topological solitons
[27], nonlinearly induced topological transitions [28], non-
linear tuning of non-Hermitian topological states [29], and
nonlinear Thouless pumping [30]. Nonlinear frequency con-
version is one of the fundamental nonlinear optical processes
[31]. It has been demonstrated that the presence of topological
edge states could enhance the harmonic generation based on
robustness of the local field enhancement [32-37]. One of
the main limiting factors for high conversion efficiencies is
the Q factor of the resonant modes of the devices [38—42].
Essentially, SPTIs with tightly localized corner states could be
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deemed as topology-protected resonant cavities with high Q
factors [21], thus providing a promising platform for improv-
ing the harmonic generation efficiency. Recently, enhanced
third harmonic generation from topological corner states has
been demonstrated [43]. However, the system only supports
one corner state for the fundamental wave (FW), thus lacking
the nonlinear optical interaction between topological corner
states and limiting the conversion efficiency. For the giant
enhancement of light-matter interaction, it is highly desirable
to engineer two topological corner states for both the FW and
the second harmonic (SH), which is extremely challenging
and has not been yet realized.

Here, we demonstrate topologically protected high-
efficiency second harmonic generation (SHG) in an all-
dielectric SPTI. The key of our work lies in the design of a
SPTI hosting topological corner states within two band gaps,
which could be matched perfectly in frequency. We show that
the nonlinear interaction of the doubly resonant topological
corner states produces order-of-magnitude enhancement of
the SHG efficiency. Moreover, since the corner states are
topologically protected, the SHG is robust against defects,
a functionality that nontopological nonlinear optical devices
cannot offer.

II. DESIGN OF THE SYSTEM

We consider a 2D square photonic crystal (PC) with Cy,
point-group symmetry [see Fig. 1(a)]. The PC is made of
dielectric cylinders with dielectric constant of € = 12.25 and
second-order nonlinear susceptibility of x® = 1072! CV~2,
We focus on the transverse magnetic (TM) modes of the PC
herein and, for simplicity, the frequency f is normalized with
respect to a/A. Previous studies of SPTIs based on the 2D
Su-Schrieffer-Heeger model suggest that choosing the unit
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FIG. 1. Existence of two topological band gaps in a 2D dielectric
PC for SHG. (a) Schematic of the PC and two different choices of
the unit cell, denoted as UC1 and UC2. (b) UC1 and (c) UC2 contain
two different kinds of cylinders with radius of r; and r,, where [
is the distance of the r; cylinder with respect to the center of UC1
(or corner of UC2) and « is the lattice constant. (d) The TM band
diagram of the PC at r; = 0.13a, r, = 0.1284, and / = 0.29a, which
hosts two topological band gaps. The inset shows the first Brillouin
zone of the PC with the high-symmetry points marked by I'", X, and
M. (e, f) Parities of the 15 energy bands below the second band gap
at the high-symmetry points I" and X for UCI and UC2, respectively.

cell (UC) in different ways can lead to distinct topological
behaviors of the system [12—15,21,44-46]. To create topolog-
ical band gaps, we select two different UCs (UC1 and UC2)
from the PC [Fig. 1(a)], whose configurations are given in
Figs. 1(b) and 1(c), respectively. Note that the PC contains two
different kinds of cylinders with radius r; and r, and UC2 is
a translation of UC1 by (a/2, a/2) with a the lattice constant.
A typical band diagram of the PC at r; = 0.13a, r, = 0.128a,
and [ = 0.29a is presented in Fig. 1(d), which hosts two band
gaps. While the first band gap is located between bands 5 and
6 and spans a frequency window from 0.523a/A to 0.705a/A,
the second band gap is located between bands 15 and 16 and
spans from 0.940a/X to 1.138a/X. Note that while the band
diagram in Fig. 1(d) is the same for both UC1 and UC2 as they
encode the same PC, the symmetry properties of the bands,
especially at the high-symmetry points in the first Brillouin
zone [see the inset of Fig. 1(d)], e.g., I" and X, can be different
for UCI and UC2, which will result in distinct topological
behaviors for UC1 and UC2.

III. TOPOLOGICAL PROPERTIES OF
THE TWO BAND GAPS

The topological properties of the two band gaps for UC1
and UC2 can be analyzed through the 2D polarization P =
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FIG. 2. Eigenmodes at high-symmetry point of I" for UC1. Top:
Bands 1-8 (from right to left). Bottom: Bands 9-15 (from left to
right).

(Px, P;) defined by [47-49]

1 n n nn(X;)
= §<;qimod 2), (=D = oD’ (1

where i = x, y represents the direction, 7, is the parity of the
nth band at the high-symmetry point of the first Brillouin
zone [see the inset of Fig. 1(d)] and the summation over n
is for all the bands below the band gap (first or second).
Note that due to the Cy, point-group symmetry of our PC
structure, P, = P, and, moreover, the parities of the nth band
at the high-symmetry points of I" and X can be identified by
the behavior of the corresponding eigenmode profile under
the inversion operation with respect to the center of the unit
cell. The corresponding eigenmode profiles used for identi-
fying the parities are given in Figs. 2-5, where the p modes
have an odd parity (—), whereas the s and d modes have
an even parity (4). The results of the parity distribution at
the high-symmetry points of I' and X for UC1 and UC2 are
given in Figs. 1(e) and 1(f), respectively. Taking the results
of Figs. 1(e) and 1(f) into Eq. (1), the 2D polarization can
be determined to be P = (1/2, 1/2) for both the first and the
second band gap of UCI, and P = (0, 0) for those of UC2,
meaning that the two band gaps in UC1 are both topologically
nontrivial while they are both trivial in UC2. Equation (1) also
implies a simple rule to identify the topological property of the
band gap through the number of pairs of parity with opposite
signs at I" and X for the same band; i.e., while an odd number
of pairs indicates nontrivial topology, an even number implies
a trivial gap. For example, for UC1, there are three pairs below
the first band gap (with 5 bands) and seven pairs below the
second band gap (with 15 bands); thus the two band gaps are
both topologically nontrivial for UC1.

According to the bulk-edge correspondence principle, a PC
with nonzero (P, P,) will lead to the presence of topologi-
cal edge states at its interface with another PC having zero
(Py, P,) (see the Supplemental Material [50]). Meanwhile, the
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FIG. 3. Eigenmodes at high-symmetry point of X for UC1. Top:
Bands 1-8 (from right to left). Bottom: Bands 9-15 (from left to
right).
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FIG. 4. Eigenmodes at high-symmetry point of I" for UC2. Top:
Bands 1-8 (from right to left). Bottom: Bands 9-15 (from left to
right).

coexistence of nonzero P, and P, could induce a topological
corner charge [47],

0 = 4P.P,. @

As such, the corner charges of the two band gaps are both 1 for
UCI1 and zero for UC2, ensuring the existence of topological
corner states within both band gaps at a 90° corner between
trivial and nontrivial regions.

IV. EMERGENCE OF DOUBLY RESONANT
TOPOLOGICAL CORNER STATES FOR SHG

To demonstrate that corner states could be induced at a cor-
ner between UC1s and UC2s due to the existence of nontrivial
topological corner charge, we build a metastructure consisting
of 4 x 4 UC2s surrounded by three layers of UCls at the left
and bottom sides, as sketched in Fig. 6(a). The yellow ball
marks the location of the corner, where nontrivial corner states
are expected to emerge. We find that there are two corner
states emerging within each band gap [see, e.g., Fig. 6(c)]. To
demonstrate that the frequencies of these corner states could
be matched to realize efficient SHG, we show in Fig. 6(b) the
evolution of the frequencies of the four corner states within
the second band gap as a function of r, by doubling the
frequencies of the two corner states C; and C, within the first
band gap and presenting them in the second band gap together
with C; and Cy4. One can see that the frequencies of the corner
states of 2C; and C4 can be matched at r, = 0.128a. Note
here that, as the corner states are localized, i.e., their momenta
are zero, both the conditions of momentum and frequency
matching could be simply realized at 7, = 0.128a. The calcu-
lated eigenfrequencies of the metastructure near the two band
gaps at rp, = 0.128a are shown in Fig. 6(c), from which one
can see the emergence of two corner states within both band
gaps (labeled as C;, C;, Cs, and Cy) apart from the edge and
bulk states. The normalized frequencies of these corner states
are 0.5596, 0.5862, 1.0942, and 1.1192, respectively, and one
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FIG. 5. Eigenmodes at high-symmetry point of X for UC2. Top:
Bands 1-8 (from right to left). Bottom: Bands 9-15 (from left to
right).
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FIG. 6. Emergence of two corner states in both band gaps for
SHG. (a) Schematic of a metastructure supporting corner states,
which consists of 4 x 4 UC2s surrounded by three-layer UCls at
the left and bottom sides. The yellow ball indicates the location of
the corner states. (b) The frequencies of the corner states within the
second band gap as a function of r, with r; = 0.13a and / = 0.29a.
Here C, and C, (C; and C4) are the two corner states emerging
within the first (second) band gap and the frequencies of C; and
C4 can be matched at r, = 0.128 for efficient SHG. (c¢) Calculated
eigenfrequencies of the metastructure near the two band gaps at
r, = 0.128, from which one can see the emergence of two corner
states in both band gaps. (d) Eigenmode profiles of the four corner
states C;, C,, C3, and Cy in ().

can see 2C; = Cy as expected. Figure 6(d) further shows the
eigenmode profiles of the four corner states in Fig. 6(c), from
which we can see that the corner states are tightly localized
around the corner with different eigenmode profiles. The Q
factors of C; and C, are 3.9 x 10* and 5.8 x 103, respectively.
One important figure of merit that affects the SHG efficiency
is the nonlinear overlap factor between the two interacting
modes for FW and SH, which can be defined by [51]

_ SETEFT(ES)av|
JIEFFEFF Pav [ 1 |EsH Pav

where EFF and E* represent the electric fields of the funda-
mental wave mode and the second harmonic mode, i.e., corner
states C1 and C4, respectively, Accordingly, we find that the
normalized nonlinear overlap factor between C1 and C4 is
0.123, which is larger than those in Refs. [41,42]. We will
show next that the nonlinear interaction of these two corner
states with extrahigh Q factors for both FW and SH and large
spatial overlap factor between them will induce significant
enhancement of the SHG efficiency.

3

V. SHG VIA DOUBLY RESONANT CORNER STATES

To study the SHG due to the nonlinear coupling of the
corner states, we launch the FW, i.e., corner state Cj, by a
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FIG. 7. SHG via doubly resonant corner states. (a) Schematic of
the system for SHG, where the source for excitation of the FW is
denoted as the black star. (b, ¢) The electric fields of FW and SH
at Apw = 1550 nm, corresponding to the corner states of C, and Cy
in Fig. 2. (d) The SHG efficiency as a function of the excitation
wavelength in the undepleted regime, where the contributions of the
four corner states to the enhancement of the efficiency (i.e., peaks)
are marked by the arrows and the contributing corner states. (¢) The
SHG efficiency as a function of pump strength of an out-of-plane line
current pump source at Apw = 1550 nm for the coupling of C; and
C, corner states in the undepleted and depleted regimes.

source around the corner, as sketched in Fig. 7(a). Here, for
demonstration purposes, the lattice constant is set to a = 867
nm, at which the wavelength of the corner state C; for FW
is Apw = 1550 nm. Figures 7(b) and 7(c) show the electric
field distributions of the FW and SH with an excitation source
of Apw = 1550 nm, respectively, both of which are highly
localized around the corner. The fact that both corner states for
FW and SH are simultaneously excited can be confirmed by
their exited field distributions compared with the eigenmode
profiles in Fig. 6(d). Importantly, while the FW is excited by
the source, note that there is no source for the SH and the
excitation of the SH is purely due to the nonlinear coupling
between the two corner states of C; and Cj.

To demonstrate that the SHG efficiency could be enhanced
significantly due to the coupling of the two corner states, we
use the intrinsic efficiency of the SHG by [38]

osu = Psu /Phy )

where Ppy and Psy are the power of the fundamental wave
and harmonic wave, respectively. The conversion efficiency
as a function of the excitation wavelength in the undepleted
regime is shown in Fig. 7(d), from which we can see that
several peaks emerge. First, the contributions of the four cor-
ner states to the enchantment of the SHG efficiency could
be clearly identified, which are marked by the arrows and
contributing corner states in Fig. 7(d). For example, C, has
a wavelength of A = 1480 nm and C; has a wavelength of

A =793 nm (i.e., corresponding to a FW of A = 1586 nm).
Most importantly, the peak at A = 1550 nm corresponds to
the coupling of C; and Cy4, which have wavelengths of 1550
and 775 nm, respectively. The efficiency due to the coupling
of C; and C, has a value of 5.4 x 1073W !, which is several
orders of magnitude larger than that due to a single bound
state in the continuum (BIC) resonance [39]. The conversion
efficiencies at A = 1480 nm due to C; and A = 1585 nm
due to C3 are much weaker because only one corner state is
involved in the nonlinear process, which is also the recipe
that current topological nonlinear optics uses [43]. Thus this
order-of-magnitude enhancement due to coupling between
two corner states illustrates the great prospect of our system to
harness high-performance SHG for various applications. It is
also worthwhile to discuss the seemingly larger enhancement
due to C; than that due to C, though in both cases only one
corner state is involved in the nonlinear process. For the peak
at 1480 nm due to C,, from Figs. 6(b) and 6(c), one can
see that the SH frequency at this case is located within the
bulk states; thus the SHG is low due to the corner and bulk
state coupling in this case. However, for the peak at 1586 nm,
the nonlinear overlap factor for nonlocalized SH is calculated
to be 2.13 x 10~* [50], which is three orders of magnitude
smaller than that at A = 1550 nm. Nonetheless, due to the
finite width of the resonance at Cy, the C; corner state still
has a small overlap with the tail of the C; resonance, thus
the larger enhancement of SHG efficiency compared to the
C, peak.

Finally, we show the SHG efficiency for the coupling of C;
and C;4 corner states at an excitation wavelength of 1550 nm in
Fig. 7(e) when increasing the pump strength of the source. At
low pump strength, one can see the perfect linear scaling be-
tween Py and Py, demonstrating the undepleted behaviors.
However, at high pump strength, the SHG efficiency begins to
decrease due to the saturation effect, which also agrees with
recent experimental observations [39].

VI. ROBUSTNESS OF THE SHG MEDIATED BY DOUBLY
RESONANT CORNER STATES

One of the advantages of topologically protected nonlinear
frequency conversion is the robustness of the process against
defects. To demonstrate this, we study the SHG of our system
after some defects are introduced as shown in Fig. 8(a), where
the dielectric materials within the red dashed box are removed.
The SHG efficiency as a function of excitation wavelength is
presented in Fig. 8(b), from which one can see that the peak
at 1550 nm due to the coupling of corner states C; and Cy4 is
not changed, whereas other parts of the curve are increased
or decreased due to randomness of the defects introduced.
We further show in Figs. 8(c) and 8(d) the electric field dis-
tributions of the FW and SH at an excitation wavelength of
1550 nm, corresponding to the coupling of the two corner
states C; and C4. Compared with the electric field distributions
in Figs. 7(b) and 7(c) of the unperturbed system or the eigen-
mode profiles in Fig. 6(d), one can see that the coupling of the
two corner states is not destroyed due to the introduction of
defects, thus demonstrating that our system on SHG mediated
by doubly resonant corner states is indeed robust against de-
fects and this justifies the topologically protected nature of this
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FIG. 8. Robustness of the SHG mediated by doubly resonant cor-
ner states. (a) Schematic of the system with introduction of defects,
where the dielectric materials within the dashed box are removed.
(b) The SHG efficiency as a function of the excitation wavelength
for this disordered system. (c, d) The electric field distributions of
the FW and SH at excitation wavelength of 1550 nm, respectively,
corresponding to the corner states of C; and C;.

kind of nonlinear process. In the Supplemental Material [50],
we further demonstrate that the system is robust against differ-
ent defects. For experimental implementations, the setup we
proposed could be fabricated following recent experimental
works [26,43], where the fundamental corner mode could be
excited by a tunable continuous-wave laser source, collimated,

and focused on the corner by a microscope objective. The
SHG signal could be collected through the same objective,
redirected by a dichroic mirror to separate the pump beam
from the harmonic signal. Furthermore, the electric fields at
both fundamental and harmonic frequencies could be greatly
enhanced due to the field confinement effects, which could in
turn reduce the power needed for the experimental observa-
tions.

VII. CONCLUSION AND OUTLOOK

In conclusion, we have demonstrated giant enhancement
of SHG efficiency using doubly resonant photonic topological
corner modes, which bridges nonlinear topological photonics
with high-order topological photonics and is expected to gen-
erate broad impact in both areas. The concept presented here
could also be extended to other nonlinear optical processes,
such as third harmonic generation or four-wave mixing; e.g.,
it would be interesting to see whether one could match the
frequencies of the four corner states in the two band gaps
for enhancement of four-wave-mixing-related applications.
Moreover, it is certainly interesting to see whether nonlinear
frequency conversion could be achieved via nonlinear inter-
action of other high-order photonic topological modes, such
as third-order corner states or high-order hinge states in three
dimensions [17] or even higher-order topological corner states
in the continuum [52].
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