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Zak phases of chiral photonic crystals designed via transformation optics
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We study a class of inhomogeneous chiral photonic crystals with topologically nontrivial bands and edge
modes using the approach of non-coordinate transformation optics. By transforming the chiral photonic crystals
into achiral binary photonic crystals, the closed-form solutions to the photonic bands of the chiral photonic
crystals are obtained. We show that the topological edge modes of these chiral photonic crystals can be accurately
predicted by the Zak phases developed from the topological band theory for achiral binary photonic crystals.
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I. INTRODUCTION

Transformation optics and several theoretical extensions
have attracted intensive research interest since the pioneering
works of Pendry et al. [1] and Leonhardt [2] in 2006. On the
basis of the form invariance of Maxwell’s equations under
coordinate transformation, the light beam in the transformed
space will still follow the original trajectory corresponding to
its original coordinates. In order words, the trajectory of light
in the transformed space can be controlled by adjusting the
Jacobian matrix, so that the difficulties in the designs of those
materials can be easily overcome [3]. Notable applications
include the designs of invisible cloaks [2-4], polarization
splitter [5], and extreme plasmonics [6].

Chiral media have rarely been studied using transformation
optics [7]. In bianisotropic (chiral) media, D and B fields are
linked to both E and H fields through complex constitutive
relations with cross couplings between electric and magnetic
fields. In order to transform chiral into simple media, standard
coordinate transformation optics can no longer be used
because of the complicated constitutive relations and a
non-coordinate transformation method must be considered
[7]. Instead of the trajectory of light, optical activities
attributed to chirality can be controlled by the flexibility of
the transformation matrix. The coupling of the fields in the
constitutive relations can provide a wider parameter space
for realizing different topological phases [8]. To the best of
our knowledge, transformation optics has not been applied to
topological photonics.

In this paper, we consider topological phases of chiral
photonic crystals associated with Zak phases, where the con-
cept of “photon spin” [9,10] is not required. As one of the
topological invariants in topological photonics, Zak phases
of one-dimensional (1D) isotropic layered photonic crystals
with inversion symmetries has been widely discussed in recent
years [11,12]. So far, the theories of Zak phases have not
been applied to one-dimensional (1D) bianisotropoic chiral

“khfung @polyu.edu.hk

2469-9950/2021/104(6)/064312(9)

064312-1

photonic crystals. Here the technique of transformation op-
tics is employed to design 1D topological photonic crystals
with nonzero optical activity. By choosing suitable param-
eters, topological edge states of a system composed of the
designed chiral photonic crystal and a simple isotropic binary
photonic crystal can be predicted via the topological theories
of isotropic layered photonic crystals.

This paper is organized as follows. In Sec. IT A, we demon-
strate how to transform a chiral medium with nonzero chirality
parameter to a simple medium with zero chirality using a
4 x 4 transformation matrix. In Sec. II B, we construct a chiral
photonic crystal with the transformed chiral material as its unit
cell. In Secs. II C and I D, the Zak phases and the topological
edge states of the chiral photonic crystal are examined.

II. RESULTS

A. Eliminating chirality via transformation optics

To ensure the chirality parameter can be eliminated dur-
ing the transformation, we consider the transformation from
a bianisotropic medium with isotropic chirality to a sim-
ple anisotropic medium. In such transformation, the chiral
medium is considered as the “physical space” (x,y, z), and
the simple anisotropic medium is considered as the ‘“vir-
tual space” (x',y’, 7). We start with considering continuous
waves of angular frequency w propagating along the z axis.
The transverse components of the electromagnetic (EM)
fields in the frequency domain can be expressed as F =
(Ey, Ey, ZyH,, ZyH,)", where Z; is impedance in a vacuum.
Maxwell’s equations in the frequency domain can be written
in a differential matrix form [13]:

d iw .
—F(2) = —[M(z) + iK(z) + L(2)]F(2), (D
dz c

where c is the speed of light in vacuum, and the 4 x 4 matrices
M and K are given by

0 0 a1 M2
| 0 0 —[1 —H12
M= —&1  —E&x 0 0 )
€11 €12 0 0
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In the above equations, chirality parameter «(w, z), relative
dielectric permittivity tensor &;;(w, z), and relative magnetic
permeability tensors w;;(w,z) (with i, j =1,2,3) are al-
lowed to be dependent on the frequency w and position z. The
details of the matrix L are shown in Appendix A for clarity.

Although Eq. (1) can be solved numerically, we seek ana-
lytical solutions through transformation. For demonstration,
we set g3 =623 =631 =& =0 and @13 = (o3 = U3 =
w132 = 0 in both the physical spaces so that L(w, z) = 0 and
E, = H, = 0. In the virtual space, we further choose the per-
mittivity and permeability tensors to be homogeneous and
nondispersive so that the EM waves in the virtual space are
just plane waves. The transformation from the physical space
to the virtual space is expected to eliminate the chirality pa-
rameter (i.e., x = 0 in the virtual space).

By adding prime (') to associated symbols in Eq. (1),
Maxwell’s equations in the virtual space can be written as

d iw
d—Z/F'(w, )= s M (w,7) + L' (0,2 )F(0,2), 4

where L'(w,z’) =0 in this situation. The mapping be-
tween the fields in the physical and virtual spaces is given
by F(w,7)=R(w,z)F(w,z), where R(w,z) is a non-
coordinate transformation matrix. The transformation we
obtained is the Oseen transformation [14]:

cos 0 sin 6 0 0
—sinf® cos O 0 0
R(w.z2) = 0 0 cos 6 sinf |’ ©)
0 0 —sin @ cos 6
where
w z
O(w,z) = — / K (w, u) du, (6)
c 20

where zg is the initial point of the system and z = 7’ is chosen
due to its arbitrariness (see Appendix B). The transformation
is a rotation of the x-y planes about the z axis, and the an-
gle of rotation 6(w, z) is dependent on frequency in general.
Optical rotation contributed by chirality can be completely
eliminated through the transformation. In other words, the
angle of rotation in the physical space can be controlled by
the transformation matrix.

It should be noted that the transformation matrix is allowed
to be dependent on frequency to account for frequency-
dependent optical activities [15]. We should also emphasize
that Oseen transformation is not the only transformation. If
L # 0, Oseen transformation is not enough to eliminate the
chirality parameter. Since constant electromagnetic parame-
ters in the virtual space (achiral medium) are considered, the
wave solution in the physical space (isotropic chiral medium)

can be expressed as

F(w,2) =R (0, 2) F(®,2)

iw

Az
- M}F(w,zo), N

= R’l(a), Z) exp[

with Az =z —z9 and R™!(w, z) becomes a 4 x 4 identity
matrix at z = 9. For convenience, the permittivity and perme-
ability tensors in the virtual space are further supposed to be
diag(e], ,.8/2'2,. &%) and (liiag(pL/1 ” u.’zz, 153), respectively. Thus,
the permittivity tensor in the physical space is

1
& = —— Ae()AT

" detA
Ci 4+ Cy cos 260 C, sin 260 0
= e(z) = C, sin 260 Ci,—Cycos20 0], (8
0 0 €3
where
=t o fh—em
2 ’ 2 '

A is the transformation matrix in the three-dimensional space,
for example, E' = [AT]7'E. The relation of R and A can be
written as R(w, z) = Ixo ® [[(AT)™'145], where a, b =1, 2.
More details about the transformation can be found in Ap-
pendix B. Also, the permeability tensor can be found by
simply replacing &;; with u;;.

It can be argued that the permittivity and permeability ten-
sors including cos 26 (w, z) and sin 26 (w, z) may be difficult
to realize in materials. This can be resolved by two methods.
First, we can regard the frequency of the incident light as fixed
during the transformation (say w;) so that the transformation
matrix R only depends on z. As a result, there is an analytical
wave solution to the designed chiral material only when the
frequency of the incident light equals w;. Second, we can
choose the chirality parameter as «(w, 7) — ko(z)/w so that
0 is independent of w, and the analytical solution is valid for
a wider frequency range. The second method is taken into
consideration in the following.

B. Solutions to chiral photonic crystals

The technique of transformation optics has been used
to design an inhomogeneous chiral material. Instead of the
trajectory, the angle of rotation can be controlled by the trans-
formation matrix, whereas there exists functions which are
difficult to realize in the electromagnetic parameters. In order
that the result can be appropriate for a wider frequency range,
an adjustment to the chirality parameter is considered so that
0(w, z) — 6(z). Chiral photonic crystals can be formed by
repeating the designed chiral material. Hence, 6(z) will not
necessarily be a continuous function through whole space.

The wave solution of the chiral photonic crystal can be
found by transfer-matrix method. By Bloch’s theorem, the
dispersion relation is

-1 <ia)a /) ik.a
R™ ' (a) exp| —M' |F(w, 0) = ¢"“F(w, 0), 9)
c
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FIG. 1. The band structures of the chiral photonics crystals. 6(a)
is supposed to be lim,_, ,+ 6(z). The parameters in the virtual space
are given by e}, =4 and &}, = u}; = uh, =1, where &}, can be
arbitrary due to L’ = 0. Panels (a)—(f) are the band structures of 6 (a)
equal to 0, 0.257, 0.5, 0.757, 7, and 1.257 respectively. Panel
(a) can overlap with panel (e), and panel (b) can overlap with panel
(d) if either one of them is shifted left or right by 1.

where a is the length of a unit cell and k; is the Bloch wave
vector. The starting point of the system zj is assumed to be 0.
According to Eq. (5), the dispersion relation only depends on
the angle 6(a) (mod 2) if the permittivity and permeability
tensors in the virtual space (&’ and p') are unchanged. In other
words, no matter what the functions 6(z) are, the band struc-
tures will still be the same if 6(a) (mod 27 ) are the same. For
this reason, we can simplify our consideration by choosing
k(z) as a constant so that 6(z) becomes a linear function in a
unit cell. The structural “twisted” angle of the designed chiral
photonic crystal becomes

0(z) = emax(g - ED (10)

where 6.x = lim,_, .+ 6(z). Floor function is included be-
cause 6 will be reset to initial value after a unit cell. i.e.,
0(z + a) = 6(z). Although the property of floor function re-
sults in 6 equals 0 at z = a, 6 (a) will still be used to emphasize
the structural angle of a unit cell for convenience and consis-
tency; hence, 6(a) is supposed to be lim,_, ,+ 6(z) = Omax.
The band structures of 6(a) = 0, 0.257, 0.5, 0.757, =,
and 1.25m are shown in Fig. 1. The permittivity and perme-
ability tensors in the virtual space are given by diag(4, 1, &53)
and identity respectively, where €}, can be arbitrary because
of L' =0 in this situation. When 6(a) = 0, the system is
a simple anisotropic and homogeneous material; thus, the

band structure in the physical space is no difference from the
structure in the virtual space. When 6 (a) increases, the bands
split and photonic band gaps appear. The band splitting can
be attributed to the existence of chirality [13,16], while the
appearance of band gaps is due to the discontinuity of the
permittivity tensors. At the lowest frequency, &, is not equal to
0, which may be due to the validity of our chosen chiral model
at low frequencies. According to the one-resonance Condon
model, the chirality parameter with single resonant frequency
should be expressed as [17]

€@.2) = == Ko(2), (1)

0
where wy is the resonant frequency of chirality. In our chiral
model, we suppose w >3>> w so that « & 1/w. When 8(a) in-
creases to 0.5, there appears the largest number of complete
photonic band gaps. When 6 (a) further increases, the gaps are
closing and the bands further split. When 6(a) = 7, the pho-
tonic band gaps are completely closed and the band structure
is shifted to left (or right) by 1 compared to Fig. 1(a). When
0 (a) further increases, the band structure starts returning back
to the band structure of (a) = 0.

The band structures of 6(a) and 7 + 6(a) can be over-
lapped by shifting either one to the left (or right) by 1, and the
eigenvectors also follow the shifting, for example, Figs. 1(b)
and 1(f). Similar results can be obtained in the regions 6(a) €
(0.57, 7] and [0, 0.57); for example, Figs. 1(b) and 1(d).
Nevertheless, although the band structures found in 6(a) €
(0.57, ] can overlap with the band structure of 7 — 6(a) by
shifting either one to the left (or right) by 1, the eigenvectors
are not following the shifting. Consequently, it is adequate that
only 6(a) € [0, ] is considered. The mathematical details are
shown in Appendix C. The case of (a) = 7 /2 is focused be-
cause there appears the largest number of complete photonic
band gaps.

C. Zak phases

Zak phase is one of the important topological invariants
in 1D photonic systems. If a phenomenon can be linked up
with topological invariants, it is possible to claim that the phe-
nomenon is topologically protected (without breaking certain
symmetries). The Zak phase of the nth isolated band can be
numerically calculated by [11,12]

cbfak = iZln(‘I’ml\I’mH) +i 1n<qlf|\pl)’ (12)

where |W,,) is the normalized eigenstate at the mth Bloch
wave vector, k.a/m = —1 +mAk.a/m. |¥;) and | W) are the
initial and final eigenstates of the nth isolated band such that
the path in momentum space is a closed loop. |¥) should
directly make use of the eigenvectors obtained in Eq. (9) in
principle. However, this is not the case in chiral photonic crys-
tals. In simple isotropic layered photonic crystals, (E,, H,)
and (Ey, H,) modes are equivalent, so only either one of the
modes needs considering. In contrast, two modes are differ-
ent and even coupled in bianisotropic medium. Furthermore,
the Zak phases calculated by these coupled modes have not
been widely discussed. By choosing diagonal permittivity and
permeability tensors in the virtual space and 6y,,x = 7 /2, two
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TABLE I. Notation of tensors in the virtual space, physical, and
transformed structures.

Tensors Virtual Physical Transformed structure
Dielectric &) e(2) &' (2)
Magnetic w(@) n(z) 1)

Chiral 0 k(2)I/w 0

independent modes can be fortunately decoupled after a con-
tinuous transformation. The transformation matrix is the same
as Eq. (5) but the discontinuous function 6(z) is replaced by
a continuous function ¢(z). On the basis of the Eq. (10), the
continuous function can be expressed as

$@) = O~ = .
a 2a

In order to distinguish the parameters in the physical space
and the new transformed structure, the symbols with double
prime (") are used to represent the parameters in the new
transformed structure. The notation of the tensors in different
spaces are shown in Table I. The permittivity tensor in the
transformed structure is

13)

1
e'(z) = ——Ae(x)A”
@ = eate@
— d?ag(s/“,séz,e%),
diag(e),, €15, €33,

Again, the permeability tensor in the transformed structure
can be found by simply replacing &;; with ;. The chiral-
ity parameter in transformed structure «” returns to 0. The
transformed structure is a simple anisotropic binary photonic
crystal shown in Fig. 2(a), where the permittivity and perme-
ability tensors of white and black slabs are given by Eq. (14)
when |z/a] is odd and even respectively. Compared with the
original chiral structure, the width of a unit cell (A) is double

if |z/a) is odd

if |z/a] is even’ (14)

(a) (b)
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FIG. 2. (a) Schematic of the transformed structure when 6(a) =
0.57 is chosen. The permittivity (and permeability) parameters of
white and black slabs are given by Eq. (14) when [z/a] is odd and
even respectively. A center of a white slab is chosen as an origin of
the system and the width of a unit cell A equals 2a. (b) The band
structure of the transformed anisotropic binary photonic crystal. The
parameters in the virtual space are given by €|, = 4 and &}, = u}, =
w5, = 1. The Zak phases calculated by |y/,~) (|1/,~)) are labeled near
the corresponding isolated band.

1 6(a) = 0.5
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FIG. 3. (a) The structure of the chiral photonic crystal by choos-
ing 0(a) = 0.57, where 0(a) = lim,_ .+ 6(z). Two unit cells are
regarded as a period and the center of a unit cell is chosen as an origin
for fear of losing the generality. Color gradient is used to represent
the parameters are gradually changing along the z direction. (b) The
band structure of the chiral photonic crystal by considering two unit
cells as a period. The parameters in the virtual space are given by
gy =4and ey = pyy = py = 1.

to be 2a and z-inversion symmetry exists, where the inversion
centers are at the center in each slab.

To ensure that the Zak phases can be quantized as usual, a
center of a white slab is chosen as an origin of the system. The
dispersion relation of the transformed structure can be found
by transfer-matrix method:

e"k!AF” ((,(), 0)

= (%MZ)exp(%ME,’)exp(%M;’))F”(w, 0),
(15)

where M7 and M are the constant matrices following
Eq. (2). The subscripts w and b represent white and black
slabs respectively. k. is the Bloch wave vector of the trans-
formed structure. The corresponding band structure is shown
in Fig. 2(b), where the parameters in the virtual space are
given by ¢}, =4 and &), = u}; = uh, = 1. The band struc-
ture shows two independent eigenmodes are degenerated.

To have a valid comparison between the original and trans-
formed structures, two unit cells of the chiral photonic crystal
are considered as a period (A = 2a) and a center of a unit cell
is chosen as an origin of the system. Schematic of the chiral
photonic crystal and the band structure are shown in Fig. 3.
The band structure calculated by using a single unit cell as a
period is already shown in Fig. 1(c). By comparing Figs. 2(b)
and 3(b), the band structures can be overlapped via shifting
either one to the left (or right) by 1, i.e.,

kA KA
=—+2s-1), (16)
M4

T

where s is an integer for controlling the wave vector within
the range of [—1, 1]. Since the eigenstates at k,A/m (in
the original structure) are the same as at k] A/m + (25 —
1) (in the transformed structure), the Zak phases of the
corresponding bands in the two-band structures are the
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same. If we rearrange the eigenvectors in the from F’ =
(EL, ZOH)/,Z, Ey/.f,, —ZOH)Z/)T, the operator in Eq. (15) be-
comes a block-diagonal matrix composed of two 2 x 2 matri-
ces. Consequently, the eigenstates in the transformed structure
are decoupled to (E!), ZoHy/,’,)T and (EJ, —ZyH!,)", which
will be denoted as |/,+) and |,~) modes respectively for clear
presentation. Similarly, [v,) and |v,) will be used to represent
the same modes in the physical space.

In simple isotropic layered photonic crystals, only either
of the modes needs considering because of |{,) equivalent
to |yy); however, both of the modes have to be considered
in anisotropic binary photonic crystals since [y,) and [vy)
are not necessarily equivalent. When |v,) (or [,~)) mode is
considered, the transformed structure can be further regarded
as an isotropic AB (or BA) layered photonic crystal with
the parameters g4 = €}, &g = &)y, Ua = Uy, and up = uf;.
Thus, the topological theories of 1D binary photonic crystals
can be totally applied. Simple isotropic AB layered photonic
crystals always have two different inversion centers, centers
of slabs A and B. If the Zak phase of an isolated band is 0(r7)
by choosing one of the inversion centers as an origin, the Zak
phase of the same band must be 7 (0) when another inversion
center is chosen [11]. As a result, in our transformed photonic
crystal, if the Zak phase calculated by |,») mode is 0(:r), the
Zak phase of the same band calculated by |v/,/) mode will
be (0). In other words, one isolated band has two different
Zak phases. The results are also shown in Fig. 2(b). There is
a remark that the Zak phase at the Oth band is determined by
the following equation due to the degenerated point existed at
the w =0 [11]:

exp(cbozak) = sgn|:1 — an

D. Existence of interface states

The designed chiral photonic crystal can be transformed to
a simple anisotropic binary photonic crystal. If either |,) or
[/,») mode is considered, it can further be regarded as a sim-
ple isotropic AB or BA layered photonic crystal respectively.
Hence, the theories developed from isotropic binary photonic
crystals can be applied. For clarity, we respectively name
the simple anisotropic and isotropic binary photonic crystals
to be type I and type II achiral photonic crystals (shown in
Table II). Interface states of a system composed of our de-
signed chiral photonic crystal and a type II achiral photonic
crystal are examined. In order to guarantee midgap positions
of the photonic crystals are the same, the optical path lengths
should be equivalent [11,12], i.e.,

(\/E +\/€5)a = nads + npdp, (18)

TABLE II. Types of the achiral binary photonic crystals used in
this paper.

Constituent Type

Anisotropic
Isotropic

Type I achiral photonic crystal
Type II achiral photonic crystal

(a)

a A
) or [wy) 'l T
" _.- ______

20 unit cells 10 unit cells

(c)

Frequency (wa/c)

107 10° 0001  0.100 107 105 0001 0400
Transmittance Transmittance

FIG. 4. Calculation of transmittance through the tested finite
system. The system is composed of 20 unit cells of the designed
chiral photonic crystal on the left and 10 unit cells of a type II
achiral photonic crystal on the right. The parameters of the chiral
photonic crystal in the virtual space are given by &}, = 3.23 and
&5, = [t} = W5, = 1. In the type II achiral photonic crystal, green
and blue slabs are slabs A and B respectively. The parameters of
the slabs are given by g4 =4.2, e = us = ug =1, dy = 0.76a,
and dp = 1.24a. [(b), (c)] The transmission spectra of the system
calculated by |,) and |v/,) modes respectively. The spectra are the
same.

where ny and np are the refractive indices of slabs A and B of a
type II achiral photonic crystal; also, d4 and dp are the widths
of slabs A and B respectively. Without loss of generality,
the method of choosing a unit cell is the same as Figs. 2(a)
and 3(a). The tested system is composed of 20 unit cells of
our chiral photonic crystal on the left and 10 unit cells of a
type II achiral photonic crystal on the right, where the widths
of a unit cells of our chiral photonic crystal and the type II
achiral photonic crystal are a and 2a respectively. The system
is shown in Fig. 4(a). The transmission spectra of the system
calculated by |/,) and |v,) modes are shown in Figs. 4(b) and
4(c). The parameters of the chiral photonic crystal in the vir-
tual space are given by ¢}, =3.23 and &}, = ), = ), =1,
and the parameters of the type II achiral photonic crystal are
given by ¢4 = 4.2 and ¢ = us = up = 1. The transmission
spectra are the same and interface states exist in the 1st, 3rd,
5th, 7th, 8th, 10th, 11th, and 12th gaps. Owing to a conformal
mapping from the designed chiral photonic crystal to a type
I achiral photonic crystal, the system can be considered as a
composition of 10 unit cells of the transformed type I achiral
photonic crystal on the left and 10 unit cells of the type II
achiral photonic crystal on the right. Since a center of a unit
cell is chosen as an origin, the incident fields (|vx) or |vy))
are rotated by 45° when the transformed system is consid-
ered. Furthermore, |¥,) (or |1,)) can always be decomposed
into a linear combination of |y,) and [|,). Consequently,
the transmission spectrum of [/,) or |vy) is the sum of the
transmission spectra of |+) and [,~), which is the reason
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FIG. 5. [(a), (d)] The transmission spectra calculated by |¥,)
and [y,) modes respectively. The system is composed of 10 unit
cells of a transformed type I achiral photonic crystal on the left
and 10 unit cells of a type II achiral photonic crystal on the right.
The parameters of the transformed type I achiral photonic crystal in
the virtual space are given by ¢}, = 3.23 and &}, = u}; = uh, =1,
and the parameters of the type II achiral photonic crystal are given
by ex = 4.2, 65 = up = up = 1, dy = 0.76a, and dp = 1.24a. [(b),
(e)] The band structures of the transformed type I achiral photonic
crystal. [(c), ()] The band structure of the type II achiral photonic
crystal. The band structures calculated by [v) and |v/,) modes are
the same. The magenta and cyan strips represent the gaps with ¢ > 0
and ¢ < O respectively. The Zak phase of each band are denoted near
the band and the number in the brackets are the sum of the Zak phases
below the gaps.

why the transmission spectra, Figs. 4(b) and 4(c), are the
same.

The positions of interface states can also be predicted. As
the transformed type I achiral photonic crystal can be regarded
as a type II achiral photonic crystal when either [/») or [yy)
mode is considered, the system can also be regarded as a
composition of 10 unit cells of a type II achiral photonic
crystal on the left and 10 unit cells of a type II achiral photonic
crystal on the right. The existence of interface states of a
system composed of two type II achiral photonic crystals can
be predicted by the signs of the surface impedance:

n—1
sgn¢ ™ = (=1 exp (z’ > @5“), (19)

p=0

where the integer / is the number of degenerated points below
the nth band gap. Interface states appear if sgn[¢™] of two
connected type II achiral photonic crystals are opposite in

common gaps. The transmission spectra of [v,») and [/,~)
modes are shown in Figs. 5(a) and 5(d). The band structures of
our transformed type I achiral and the type II achiral photonic
crystals are shown in Figs. 5(b) and 5(c) [also in Figs. 5(e) and
5(f)] respectively. The parameters of the type I and the type II
achiral photonic crystals are the same as the parameters used
in Fig. 4. The band structures shown in Figs. 5(b) and 5(e)
are the same but the Zak phases are different by 7. Magenta
strip represents sgn[¢™] > 0; otherwise, the strip is cyan.
The interface state exists if sgn[¢™] at the common gaps
are opposite. In the transmission spectrum of |y,~) mode, the
interface states exist in the 5th, 7th, 8th, 10th, 11th, and 12th
gaps; in the transmission spectrum of |v,~) mode, the interface
states exist in 1st, 3rd, 8th, 10th, and 12th gaps. Therefore,
in the transmission spectrum of |y/,) or |,) mode, interface
states of a system composed of our chiral photonic crystal
and the type II achiral photonic crystal will exist in the 1st,
3rd, 5th, 7th, 8th, 10th, 11th, and 12th gaps. The prediction is
consistent with the transmission spectra shown in Figs. 4(b)
and 4(c).

III. CONCLUSIONS

A class of inhomogeneous chiral photonic crystals with
topologically nontrivial bands and edge modes are studied
by using the technique of transformation optics. Due to the
complicated constitutive relations of chiral media, a non-
coordinate transformation optics is developed so that the
chirality parameter can be eliminated during transformation.
Instead of paths of light, the optical activities attributed to
chirality are controlled by the transformation matrix. In this
paper, 1D systems and simple electromagnetic tensors are
considered such that we can easily obtain the transformation
matrix. According to Ref. [7], the technique of transforma-
tion optics is also available for more general cases, including
3D systems; however, the calculation for finding the trans-
formation matrix will become extremely complicated. If the
permittivity and permeability tensors in the virtual space
are diagonal, the designed chiral photonic crystal can be
transformed to an anisotropic binary photonic crystal and
corresponding Zak phases can be obtained. The predictions
of topological edge modes by the Zak phases are verified
by transmittance calculations. Finally, our results of the Zak
phases not only are of fundamental interests in the analysis of
topological bands and the interface states but also can be used
to analyze a variety of novel phenomena in photonic crystals.
For instance, our calculation is useful for the design of the
interface states in different kinds of finite chiral photonic
crystals as in achiral distributed Bragg reflectors [18] or even
topologically nontrivial chiral Fabry-Perot resonator. More-
over, the non-coordinate transformation method used here can
be extended to deal with optical switching [19], nonlinear
topological modes [20], and gap solitons [21] in nonlinear
chiral photonic crystals.
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APPENDIX A: DIFFERENTIAL EQUATIONS FOR 1D
ISOTROPIC CHIRAL MEDIUM

We consider a stack of anisotropic layers that are homo-
geneous in x and y directions, and suppose the incident light
propagates along the z direction. We also suppose the macro-
scopic electric and magnetic fields are time harmonic; hence,
the constitutive relations are

D(z2) = g08(2)E(z) — iy/1ogo k (2)H(z), (Ala)
B(2) = nom()H(2) + i/iogo k ()E(),  (Alb)

where it is understood that all variables are also dependent on
frequency w. After applying Faraday’s and Ampere’s laws, we
get

diz SV (E _ i W1 Hy + wapH, + puosH,
- diz Ey = lomo —pHy — /uleHy — uizH, )’

& %\ (H — iweo —&21Ex — enky — ek,
— diz Hy SllEx+812Ey+813Ez ’

iK &0

H,+ — —E7 = ——[M31H + u32Hy],
Mn33 33
£o 833 &0
H «‘ = __[83]Ex + 832Ey]-
Mo ik

By expressing E, and H, in terms of x and y components,
Eq. (1) can be formed. The 4 x 4 matrix L can be separated
into L + iL,. L; and L, are antiblock diagonal and block
diagonal matrices:

1 0 P
L1:—2< 32 0 > (A2)
E33433 — K 2x2
where
P = exs —M23M31  — 2332
M13 31 M13M432
_ £23€31 £23€32
Q= na <—813831 —813832>’
and
K VYV 00
Ly=—"—"-—— , A3
2 £33/433 — k2 <02X2 w A9
where
_ —E31M23  —E32U23
£311413 epu1z )’
£
W = 23431 23432 )
—E13MU31 —E13432

L/, the corresponding matrix in the virtual space, can be easily
found by substituting « = 0. It is clear that L is an antiblock
diagonal matrix.

APPENDIX B: TRANSFORMATION FROM ISOTROPIC
CHIRAL MEDIUM TO SIMPLE MEDIUM

Transformation between isotropic chiral medium and sim-
ple medium is expected; the relation of wave solutions
between the virtual and physical spaces shouldbe F = RF +

G (E,, E,, ZyH,, Z()HZ)T in general, where the transforma-
tion matrices R(w, z) and G(w, z) are related to transverse and
longitudinal components respectively. In a specific expres-
sion, R(w, z) = Lo @ [[(AT)"!1,], wherea, b= 1,2 and A
is the transformation matrix in three-dimensional space. Since
the propagation direction of EM waves is parallel to the z
axis and the medium is homogeneous in x and y directions,
it is not necessary to take a different transformation direction
from the propagation direction. As a result, we can suppose
A13 = A23 = A31 = A32 = 0, which induces G = 0. By sub-
stituting the relation of solutions into Eq. (1), we get

P .
—F = [ER(M +Ly)R™!
dz c

w _ d_ _
— <—R(K-|—L2)R '+ R—R 1)]F (B1)
c dz

If L is included, the transformation will become extremely
complicated. For the sake of simplicity, we assume the per-
mittivity and permeability in the virtual space are diagonal,
homogeneous, and nondispersive so that L = 0 and the wave
solution in the virtual space is simply a plane wave. The
operator in Eq. (4) is an antiblock diagonal matrix. Therefore,
it is reasonable to say the block diagonal matrices in Eq. (B1)
are contributed by the chirality, and it should be eliminated
during the transformation, i.e.,

G R

—KR™ + —R7 =0. (B2)
c dz

After solving the above differential matrix equation, we can

get Eq. (5). By applying d/dz = As3d/d7/, the differential

matrix becomes

d 1
—F =—| —RMR™ |F. B3
dz Az [ } B9
By comparing the elements of
§(2) = Ty AsA”,
w (@)= —Au(z)AT (B4)

and the elements of the operator in Eq. (B3) one by one, it is
not difficult to notice that they match and A33 can be arbitrary.

APPENDIX C: PROPERTIES OF THE DISPERSION
RELATIONS OF THE DESIGNED CHIRAL
PHOTONIC CRYSTALS

The dispersion relation of the original chiral photonic crys-
tal can be found by Eq. (9). By supposing a(a) = 6(a) — «,
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where 0(a) € (m, 2m), the dispersion relation is

v -1 (ia)a />
¢ F(w,0) = R~ (6(a)) exp| —M’ |F(w, 0)
(&

—R! (oz(a))exp(inaM’)F(a), 0)

— ei(u:l:l)JTF(a)’ 0)’

where v and u are the normalized Bloch’s vectors of the
structural “twisted” angles are 6(a) and «/(a) respectively. It
is clear that the band structure of 6(a) can overlap with the
band structure of 0(a) + 7 by shifting either one to the left (or
right) by 1; also the eigenvectors follow the shifting. Similar
results can be found in the regions [0, 7/2) and [7 /2, );
nevertheless, the eigenvectors do not follow the shifting. Let
a(a) = — 6O(a), where 0(a) € (w /2, m]. The dispersion re-
lation is

. _1 iwa _ _,
e""F(w,0) =R (0(a)) exp(—M >F(a), 0)
c
- —R(oz(a))exp(inaM')F(w, 0)

4 (ia)a ,)
# —R7(a(a))exp TM F(w, 0)

= “EDTR(w, 0).

Although the results do show the normalized Bloch vectors
u £ 1 equals v, this cannot ensure the eigenvectors are the
same. Therefore, the region 8(a) € [0, 7] is mainly focused
in this study.

APPENDIX D: PROPERTIES OF THE TRANSFORMED
STRUCTURE

1. Chirality parameter in the transformed structure

Maxwell’s equations in the transformed structure can be
expressed as

d % iw -1 w -1 d -1 /
—F' =|—RMR™ — | —RKR"" + R—R F.
dz c c dz

(D1
R(z) is continuous through whole space because 6(z) is re-
placed by ¢(z). Again, the second term in the square brackets

should be contributed by chirality; the chirality parameter in
the transformed structure is

1 d¢ @ d¢ Gmax
K" = w,7) = —— —,
dz ¢ dz a

where Opax = lim,_, .+ 0(z) = 6(a). Because of ¢(z) =
Omaxz/a according to the Eq. (10), the above equation
becomes

" d¢ emax
K'= — — —
dz a

Therefore, the chirality parameter becomes zero in the trans-
formed structure. The remaining parts in Eq. (D1) stand for
the permittivity and permeability parameters in the trans-
formed structure, which are expressed in Eq. (14) when
0(a) = m /2 is chosen. The proof is trivial and omitted.

=0. (D2)

2. Separating two independent modes

When the structural “twisted” angle 0(a) is chosen to be
7 /2, the transformed structure is a simple anisotropic binary
photonic crystal, which is shown in Fig. 2. If F” is rearranged
in the form (EJ, ZoH}, Ej. —ZoH}) = (1), 1Y)
and the white and black slabs are named as A and B slabs
respectively, the matrices M” of white and black slabs are

0 wy O 0
s len 0 0 0 ]_
M, = 0 0 0w =XapY (D3)
0 0 &, 0
and
0w 0 0
A 0 0 0 |_
w=T o o u|=YeX o
0 0 el 0

where the subscripts w and b represent white and black slabs
respectively. The symbol @ is the direction sum, for example,
X @Y = diag(X, Y). [ and |/,») modes can be calculated
individually since the operator is block diagonal now. The
dispersion relations of |y,~) and |v,+) modes are

WA iwa iwa
e Yy = exp| —Y Jexpl —X ) |¢¥y), (D5a)
c c

A iwa iwa
e ) = exp TX exp TY [y, (D5b)

where A = 2a. There is a remark that the matrices M in
isotropic binary photonic crystals are M,, = X @ Xand M,, =
Y @ Y; thus, the eigenvectors of [/,) and [|,) are the same
and only either one of the modes needs considering. Further-
more, the transformed anisotropic binary photonic crystal can
be regarded as XY and Y X isotropic layered photonic crystals
if |y/») and |v) are individually considered.

3. Relation of the Bloch vectors in original
and transformed structures

If F is also rearranged in the form
(Ev. ZoHy, Ey, —ZoHy)' = (1), 1¥))', the  operator
in Eq. (9) can be written as

~1 iwa_
R '(a) expl —M
c

= |:I2><2 ® ((1) _Ol>i|exp(%(x o Y)).

The dispersion relations of |v) and [,) modes are

(D6)

eikzalwx) — —exp(inaY> |¢v)

ita iwa
e y) = eXP<TX)|1/fx>,
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which implies

eZikjairr |¢x> — exp<_Y>exp<—X> hﬁx), (D7a)

e2ik3a:i:7r |Wy> = exp <@X) exp (ﬂY) |1ﬂy> . (D7b)
C C

By comparing Eqs. (D5) and (D7), the eigenvectors
[Yx(k: A/ £ 1)) and [Py (k:A/m £ 1)) equal [y (k))) and
[y (k!)) respectively, and the relation of the eigenvalue is

kA kA
— ==+ (25— 1), (D8)
T

T

where s is an integer for controlling the wave vector within
the range of [—1,1].
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