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Tripartite entanglement measure under local operations and classical communication

Xiaozhen Ge,' Lijun Liu,>" and Shuming Cheng

3,4,5,%

' Department of Applied Mathematics, The Hong Kong Polytechnic University, Hong Kong, China
2College of Mathematics and Computer Science, Shanxi Normal University, Linfen 041000, China
3The Department of Control Science and Engineering, Tongji University, Shanghai 201804, China
4Shanghai Institute of Intelligent Science and Technology, Tongji University, Shanghai 201804, China
3Institute for Advanced Study, Tongji University, Shanghai 200092, China

® (Received 10 October 2022; accepted 24 February 2023; published 7 March 2023)

Multipartite entanglement is an indispensable resource in quantum communication and computation; however,
it is a challenging task to faithfully quantify this global property of multipartite quantum systems. In this work we
study the concurrence fill, which admits a geometric interpretation to measure genuine tripartite entanglement for
the three-qubit system [Xie and Eberly, Phys. Rev. Lett. 127, 040403 (2021)]. First, we use the well-known three-
tangle and bipartite concurrence to reformulate this quantifier for all pure states. We then construct an explicit
example to conclusively show that the concurrence fill can be increased under local operations and classical
communication (LOCC) on average, implying it is not an entanglement monotone. Moreover, we give a simple
proof of the LOCC monotonicity of the three-tangle and find that the bipartite concurrence and the squared
concurrence can have distinct performances under the same LOCC. Finally, we propose a reliable monotone to
quantify genuine tripartite entanglement, which can also be easily generalized to the multipartite system. Our
results shed light on the study of genuine entanglement and also reveal the complex structure of multipartite

systems.
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I. INTRODUCTION

Entanglement, having no classical counterpart, is of fun-
damental importance in quantum theory [1], and also an
essential resource in various quantum information processing
tasks, including cryptography [2,3], teleportation [4,5], dense
coding [6,7], secret sharing [8,9], metrology [10,11], and
computation [12]. Thereof, an important problem arises about
how to quantitatively measure the degree of entanglement for
the quantum system. Typically, one entanglement measure is
defined as some non-negative function which maps any quan-
tum state to a real number in the interval [0,1] and satisfies a
set of reasonable assumptions [1,13,14], such as being zero for
all nonentangled states and invariant under local unitary oper-
ations. Within the resource theory of entanglement [15,16], it
is further required to be nonincreasing under local operations
and classical communication (LOCC) on average, hence be-
ing an entanglement monotone of which entanglement never
increases under the free LOCC operations. Correspondingly,
numerous entanglement measures and monotones have been
developed [17-22], especially for the low-dimensional bi-
partite system, such as concurrence [23,24] and logarithmic
negativity [25].

It is challenging to find proper measures for multipartite
entanglement due to the complicated partial separability struc-
ture of multipartite systems. Indeed, in order to detect genuine
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multipartite entanglement which is the key resource in multi-
party information tasks, the reliable measure needs to meet
extra conditions, like being zero for partial separable states
and strictly positive for genuinely entangled states [26,27].
Thus, there have been some commonly used quantifiers,
including «-entanglement entropy [27] and generalized con-
currence [28,29], which cannot detect all genuinely entangled
states, and few genuine multipartite entanglement monotones
[30-35]. In particular, the concurrence fill, with a nice ge-
ometric interpretation as the square root of the concurrence
triangle area, was recently proposed to measure the degree
of genuine entanglement for the three-qubit system [36], to-
gether with an experimental test [37]. Although it conforms
with almost all of the necessary conditions mentioned above, a
fundamental problem still remains open about whether it is an
entanglement monotone or, equivalently, it admits the LOCC
monotonicity.

Here we first establish the close connections between the
concurrence fill and the well-known three-tangle [38] and
reduced bipartite concurrences [23,24,39,40], of some interest
on their own. Then we solve the above open problem via an
explicit example to show that it can be increased under LOCC
on average, implying it is not an entanglement monotone.
Furthermore, a simple proof of the LOCC monotonicity of
three-tangle is presented, which completes the proof in [41].
It is also interesting to find that the bipartite concurrence
and the squared concurrence can have distinct performances
under the same LOCC. Finally, we conjecture that the area
of the triangle with edges corresponding to the bipartite con-
currences is an entanglement monotone and also propose a

©2023 American Physical Society


https://orcid.org/0000-0003-1350-1739
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevA.107.032405&domain=pdf&date_stamp=2023-03-07
https://doi.org/10.1103/PhysRevLett.127.040403
https://doi.org/10.1103/PhysRevA.107.032405

XIAOZHEN GE, LIJUN LIU, AND SHUMING CHENG

PHYSICAL REVIEW A 107, 032405 (2023)

(|l ™M) 1pc)

©© o e

C3 () ajpc)

02(\”4’("1))44\3(?)

FIG. 1. For any pure three-qubit state |v)4pc, the concurrence
triangle AABC is composed of three sides described by the three
squared one-to-other concurrences C*(Jy) i%)- It leaves open in [36]
that the square root of the area of this triangle, named the concur-
rence fill, is a genuine entanglement monotone or, equivalently, the
quantity F as per (1) is nonincreasing under LOCC on average and
thus satisfies the inequality (8). In this work we construct an explicit
example to show that the concurrence fill can violate the inequality
(8), thus implying it is not an entanglement monotone.

reliable monotone to quantify genuine tripartite entanglement,
which can be easily generalized to the general multipartite
systems.

The rest of this work is structured as follows. Section II
introduces basic notation and useful relations about the con-
currence fill for all pure three-qubit states. In Sec. III we
address the fundamental issue about whether the concurrence
fill is an entanglement monotone or not and also exam-
ine the LOCC monotonicity of three-tangle and bipartite
concurrence. Section IV proposes a genuine multipartite en-
tanglement monotone for the multipartite quantum system. A
summary is given in Sec. V.

II. CONCURRENCE FILL

For an arbitrary pure three-qubit state |{)4pc shared by
three parties A, B, and C, we define the concurrence between

the bipartition i and jk as C(|¥); k) = /2[1 — Tr(,o,-z)], with

pi = Trp(|¥)ix(¥]) and i, j, k = A, B, C. It follows from the
relation C*(|9)6) < C2(1¥) jii) + C2(1¥)xij) [42] that these
three squared one-to-other concurrences can be geometrically
interpreted as the lengths of three sides of a triangle, which
is called the concurrence triangle AABC, as shown in Fig. 1.
The concurrence fill is defined as the square root of the area
of this concurrence triangle [36]

Pasc
3

F(¥)asc) = ( [Pasc — 2C* (1Y) ajpe)]

1/4
[Pasc — 2C* (1Y) piac) [ Pasc — 2cz(|w>CAB>]> , (D

with the perimeter

Pasc = C2(1¥)ape) + C2(1¥)piuc) + C*(1¥)cup).  (2)

It was shown in [36] that the concurrence fill (1) is useful
to quantify genuine entanglement for three-qubit states as
it satisfies almost all of the necessary conditions to be an
entanglement measure. It was also noted that the perimeter
Pasc (2), known as global entanglement [43,44], is a feasible
measure, but is not genuine in the sense that it can be nonzero
for certain biseparable states.

Further, defining reduced states p;; = Tri(|v¥);jx (¥ ) and
using the relations [38,45]

C2(1y) i) = 2[1 = Tr(p7)] = T + C*(pij) + C2(oi), ()
we are able to derive

Pasc = 37 + 2[C*(pan) + C*(pac) + C*(opc)]  (4)

and hence
Pasc — 2C2(1¥)ij) = T+ 2C*(pjr). (5)

Here 7 is the three-tangle which quantifies the tripartite entan-
glement [38], and the concurrence of the reduced two-qubit
state p;; is given by max{0, A; — Ao — A3 — A4}. with {A;} the
singular values of X " (0, ® 0,,)X with p;; = XX [46].
Substituting Egs. (4) and (5) into (1) immediately leads to

F (¥ )asc)
_ |:<r n 2[C%(pag) + C*(pac) +Cz(,03c)])

3

1/4
x [t +2C*(pan)]lT + 2C*(pac)llt + 202(p3c])} :
(6)

This indicates that the concurrence fill can be fully determined
by the well-known three-tangle and bipartite concurrence.
By introducing the concurrence of assistance for a two-
qubit state as C,(p) = tr[|XT(ay Qo )X|[l=A + A+ A3+
A4 [47] and using T = C2(pi;) — C*(pi;) [48], we can further
obtain

Pasc
3

F(¥)anc) = < [C*(pan) + C3(pap)]

X [CZ(PAC)-FC(%(,OAC)][CZ(PBC)+02(PBC)]> 1/4,
@)
with
Pasc =C(pas) + C*(pac) + C*(psc)
+ C2(pa) + C2(pac) + C2(psc)-

This means that the tripartite entanglement quantifier can also
be expressed via the reduced bipartite concurrences. Since
both two bipartite concurrences and three-tangles are entan-
glement monotones, it is more likely that the concurrence
fill shares many similarities with the known entanglement
monotones. Thus, Eqs. (6) and (7) provide a useful way to
investigating the property of F, which will be discussed in the
following sections.
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III. CONCURRENCE FILL UNDER LOCC

Within the resource theory of entanglement, the LOCC
is the most important class of free operations which cannot
generate entanglement. Correspondingly, an important issue
about the entanglement monotone is whether it is nonincreas-
ing under LOCC on average. For the above concurrence fill F,
as LOCC do not increase the three lengths of the concurrence
triangle AABC, it is natural to draw the conclusion that the
corresponding triangle area is nonincreasing and hence F is
an entanglement monotone, as conjectured in [36]. However,
in this section we provide conclusive evidence to show that
this is not the case.

Following from the arguments used to prove the LOCC
monotonicity of a three-tangle [41], the whole class of LOCC
can be restricted to the binary-outcome positive-operator-
valued measures (POVMs) {X;, X>} acting on the local party
A, with Xf Xi ~|—X; X, = 1. As a consequence, the problem
about whether the concurrence fill is an entanglement mono-
tone reduces to checking if it is nonincreasing under the above
POVMs on average or, equivalently, the inequality

F(¥)asc) — [P1FU¥ D) ase) + paF (¥ @) apc)l =0 (8)

holds for all pure states and local measurements,
where [ ) apc = X ® 1 @ L1y )apc//Pr» With  pp =
(¢|ABchTXk Q1 L|Y)apc for k=1,2. If the above
inequality is satisfied, then the quantifier F is an entanglement
monotone. Otherwise, it is definitely not.

Noting further that F is invariant under the local unitary
operations, any pure three-qubit state can be restricted to its
standard form [49]

1) aBc=10|000) + 11€]100) + 101) + 13| 110) + Ly|111),
©)
with )", 12 =1 and ¢ € [0, ], and the measurement opera-

tors can be parametrized as X; = D;V, where

_ (sing 0 _ [cos gy 0
Dl_( 0 sin<p2>’ D2_< 0 cos¢)2>’ (10)

and
_ [cos Y
V= (sin I/f]

with ¢;, ¥; € [—m, ]. Then the numerical search leads us to
find that if the state (9) is chosen as [|000) + 0.096]100) +
0.238]101) + 0.173|110) and the measurements X; given in
Egs. (10) and (11) are set with ¢; = 27/5, oo =7/5, ¥ =
—m /2, and Y, = —m /10, then the inequality (8) is violated
up to

eV cos Y

—ei Sinlﬁ1>’ (11

F(¥)asc) — Z PeF (¥ ®) apc) ~ —0.0086. (12)

k=1,2

This immediately implies that the concurrence fill can be
increased by some certain LOCC and hence is not a tripartite
entanglement monotone.

We remark that two interesting results related to the con-
currence fill can also be obtained. The first is a simple proof of
the LOCC monotonicity of three-tangle t in Eq. (6). Indeed,

we are able to prove

t(1¥)asc) — (P11 ) ase) + 2t (1Y ) ase)]

= B0 o ldet (X — pu det(Xa)1P]
Pi1P2
= M[PIPZ — paldet(D))|* — pi| det(Dy)[’]
pP1p2
_ M(m — sin” ¢y)(sin® 2 — p1)
pi(1 = py)
S0, (13)

The first equality derives from the relation (| ®)spc) =
(%) anc)|det(Xy) 1>/ p; [41], the second from |det(Xy)| =
|det(Dy)|, and the third from sin® ¢ + cos> ¢, = 1 and p; +
p2 = 1; the inequality follows from min{sin? ¢, sin” ¢} <
p1 = Tr(XlTXl oa) < max{sin2 o1, sin? ¢} for an arbitrary
local state p4. This completes the proof that t is an entan-
glement monotone because the LOCC monotonicity of 7!/2 is
proven in [41].

It is also interesting to find that the bipartite concurrence
C(pgc) and the squared C?(ppc) in the concurrence fill (6) can
have distinct performances under the same LOCCs. For ex-
0
yk)
acts on the pure three-qubit state |V )4pc (9), there are lék) =
xelo//Pr and I8 = yi1,,/ ./ for each [ ®) spc. Noting that
C*(ppc) = 4513 + 1717 — 2l blsls cos ¢) [45] and py = 1 —
p2 = x113 + y1(1 — [3), we then obtain

ample, when each local measurement operator X; = (}

C*(ppc) — [p162(pélc)) + P2CZ(P§;2€))]

2
= —(x7 — 1) 15C*(psc)/p1p2 < 0, (14)

while

Clpsc) — [PiC(pye) + P2C(pse)]
= (1 =1 —¥3)C(psc) = 0. (15)

It is evident that if x; # y; and Iy, C(ppc) # 0, then the
squared concurrence is always strictly increased by the above
POVMs while the concurrence remains unchanged. We clarify
that Eq. (14) does not contradict the fact that the squared
concurrence is an entanglement monotone for two-qubit states
because entanglement can be increased or even generated via
local measurements performed by a third party, if a multipar-
tite entangled state is shared.

IV. RELIABLE MULTIPARTITE
ENTANGLEMENT MONOTONE

We have shown via Eq. (12) that the concurrence fill is not
an entanglement monotone, and the main reason lies in the
fact that G(|¥)asc) = T(|¥)asc) + 2C*(pse) in the concur-
rence fill (6) can be increased by certain LOCC. This is based
on the observation that if two non-negative quantifiers £;, j =
1, 2, are monotonic under LOCC, i.e., £;(p) = >, prE(p®),
then the square root of their product also obeys the
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monotonicity as

E1(0)E(p) > (Z pk&<p<k>>) (Z pk52<p<k>>)
k k
> iV E(p@)E(p®), (16)
k

where the second inequality follows directly from the Cauchy-
Schwarz inequality. Hence, if G(|¥)apc) admits the LOCC
monotonicity, then using the relation (16) a proper number
of times on four terms in the concurrence fill (6) leads to the
monotonicity of F. Specifically, one counterexample is given
by G(1¥)asc) — P1G(UY D asc)—p2G (1Y P) anc) ~ —0.009,
with [¥apc) = 1p]000) 4- 0.095]|100) 4- 0.238]101) +
0.086]110) + 0.142{111), and ¢; =x/10, ¢, =27/5,
Yy = =37 /5, and ¥, = —m /2 for the local POVM.

However, the numerical test strongly supports that if the
triangle is formed by the bipartite concurrence, then the area
of this new triangle

3
x [Page — 2CU¥) Biac)[Page

7)/
F' (1Y) apc) = <ﬂ[7)//43c — 2C(|¥) aiBc)]

1/2
- ZC(Wf)ClAB)]) ; (17)

with Pjpe = C(|1¥)apc) + C(1¥)Biac) + C(¥)ciap), is al-
ways nonincreasing under LOCC. Here F” has a much more
natural interpretation than the original concurrence fill (1) and
we conjecture that it is a monotone for genuine entanglement.

We also propose using the square root of the product of
three sides to measure tripartite entanglement

SU¥)asc) = VUV a)CUY) Bac)C (W) ciap) — (18)

for the pure case. It is easy to show that the above S is in-
variant under local unitary operations and permutations of the
parties and is zero if and only if the state is biseparable, i.e.,
at least one bipartite concurrence is zero. Since the bipartite
concurrence and squared concurrence are monotonic under
LOCC, using the inequality (16) twice gives rise to a proof
of the LOCC monotonicity of S. We can also obtain that it
achieves the maximal value 1 with the Greenberger-Horne-
Zeilinger state (|000) + |111))/ /2, which is larger than that
of the W state (]100) + |010) + |001))/\/§. Consequently,
the quantifier S as per (18) is a reliable monotone to mea-
sure genuine tripartite entanglement and is readily applied
to the mixed states via the convex-roof extension S(p) =
min,, jy ) > j p;S(|¥;)), where the minimization runs over all
ensemble realizations {p;, [;)} for p.

We note that the genuine entanglement monotone S (18)
improves the one based on the geometric mean of bipartite
concurrences introduced in [34] from the order % to % More-

over, we point out that it can be easily generalized to the
multipartite system. For example, for any pure n-qubit state
denoted by S, we can define

17212
S(p)s) = (]‘[ C(|w>sl|s2>> : (19)

S1152

where S1|S, denotes any possible bipartition of the n-qubit
S. Using the inequality (16) 2"~! — 2 times yields that it is a
multipartite entanglement monotone.

V. CONCLUSION

We have studied the concurrence fill (1) which is intro-
duced to measure genuine entanglement for the three-qubit
system. We first established the close connections between the
concurrence fill and the well-known entanglement monotones,
including three-tangle and bipartite concurrences, as obtained
in Egs. (6) and (7). Then we constructed an explicit example
(12) to conclusively show that the concurrence fill is not an en-
tanglement monotone, thus answering the fundamental open
question left in [36]. Moreover, we presented a simple and
complete proof for the LOCC monotonicity of the three-tangle
and also found that the bipartite concurrence can behave
differently from the squared concurrences under the same
LOCC. Finally, we proposed an entanglement monotone (16)
for genuine tripartite entanglement, which is readily applied
to the multipartite system.

There are many interesting questions left for future work.
For example, is it possible to prove that the concurrence
fill satisfies F(|¥)apc) = F( pilvr ) apc (¥ ), thus ad-
mitting a less stringent monotonicity under LOCC? If so, then
it could be still an entanglement measure. Otherwise, can we
find the counterexample? Instead of the squared concurrence,
is it possible to use other bipartite entanglement measures
to form a similar triangle and hence to construct genuine
multipartite entanglement measures or monotones which also
have a nice geometric interpretation? It is also interesting to
investigate the relevant problems about the genuine multipar-
tite nonlocality [50] and steering [51].
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