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Abstract. This paper studies the monotone mean-variance problem and the classical mean-variance problem
with convex cone trading constraints in a market with random coefficients. We provide semiclosed
optimal strategies and optimal values for both problems via certain backward stochastic differential
equations (BSDEs). After noting the links between these BSDEs, we find that the two problems
share the same optimal portfolio and optimal value. This generalizes the result of Shen and Zou
[SIAM J. Financial Math., 13 (2022), pp. SC99-SC112] from deterministic coefficients to random
ones.
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1. Introduction. The mean-variance (MV) portfolio selection theory, pioneered by
Markowitz [10] in a single-period setting, has become a cornerstone in modern finance theory.
Zhou and Li [14] study the MV problem in a continuous-time setting using the embedding
technique and the well-developed stochastic linear-quadratic control theory. Although the MV
model is a Nobel-Prize—-winning work, its nonmonotonicity is troublesome in development be-
cause monotonicity is one of most compelling principles of economic rationality. To overcome
this major drawback, Maccheroni et al. [9] propose and solve, in a single-period setting, the
monotone mean-variance (MMYV) model, in which the objective functional is the best approx-
imation of the MV functional among those which are monotone. Cerny et al. [3] connect the
MMYV portfolio selection problem to optimization of truncated quadratic utility. Trybuta and
Zawisza [13] consider the MMV problem in a stochastic factor model, hence an incomplete
market. By applying the Hamilton—Jacobi-Bellman-Isaacs (HJBI) equations approach, they
obtain the optimal investment strategy and the optimal value, which coincide with that for
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the classical MV problem. Later, when the underlying asset prices are continuous, Strub and
Li [12] prove that the terminal wealth levels corresponding to the optimal portfolio strategies
for both the MMV and the MV problems will drop in the domain of the monotonicity of
the classical MV functional. This, with earlier results in [9], leads to the conclusion that the
optimal strategies for the MMV and the MV problems always coincide when the portfolios are
unconstrained and the underlying asset prices are continuous. With conic convex constraints
on the portfolios, Shen and Zou [11] solve the MMV and the MV problems successively by
means of the HJBI equation approach and find that the optimal strategies to both problems
coincide. Please refer to [11] for a more detailed review of the MMV problems and their links
with the classical MV problems and to Cerny [2] for a new characterization of the MMV
model.

This paper aims to generalize [11] to a diffusion model with random coefficients (including
excess return rates and volatility rate) and cone trading constraints. We follow the same
direction as [11] and [13], i.e., first solving the MMV and the MV problems and then comparing
their optimal portfolios and optimal values to see whether they coincide. A strong motivation
for taking this direction is the statement “It is certainly possible to consider problems in a more
general setting, but explicit solutions are likely unavailable...” in [11, footnote of page SC101].
In fact, the MMV problem is a robust control (optimization) problem which barely has an
explicit solution compared with the MV problem. Fortunately, we firstly guess an optimal
portfolio candidate, via a heuristic argument, by means of a specific backward stochastic
differential equation (BSDE) and then prove a verification theorem rigorously. Along this line,
we eventually provide a semiclosed solution for the constrained MMV problem with random
coefficients. This is the main mathematical contribution of this paper. As for the constrained
MYV problem with random coefficients, Hu and Zhou [6] give the solution in a slightly different
setting of minimizing a portfolio’s variance subject to the constraint that its expected return
equals a prescribed level. Therefore, in this paper, we need to generalize a little bit from
some results in [6] to solve the present MV problem besides some tedious calculations to get
the extreme values of certain deterministic quadratic functions. In the end, after noticing the
links between two related BSDEs, the coincidence of the optimal portfolios and optimal values
in the MMV and the MV problems is achieved.

The rest part of this paper is organized as follows. In section 2, we present the financial
market and formulate the constrained MMV problem with random coefficients. In section 3,
we derive heuristically the BSDEs and the optimal candidate. Section 4 provides a rigorous
verification for the optimal strategies and optimal value. In section 5, we solve the constrained
MYV problem with random coefficients and make a comparison with the MMV problem. Some
concluding remarks are given in section 6.

2. Problem formulation. Let (Q,F,P) be a fixed complete probability space on which
is defined a standard n-dimensional Brownian motion W; = (Wi4,...,Wy+)". Define the
filtration F; = o {W,:0<s<t}\/ N, where N is the totality of all the P-null sets of F.

Let R™ be the set of m-dimensional column vectors, let R be its subset of vectors whose
components are nonnegative, and let R”*™ be the set of m x n real matrices. We denote the
transpose of M by M’ and the norm by |M| = /trace(M M’). Let S™ be the set of symmetric
n x n real matrices. We write M > (resp., >) 0 for any positive definite (resp., positive
semidefinite) matrix M € S™. We write A> (>) Bif A,B€S” and A— B> (>) 0.
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Define the following spaces:

L%(0,T;R) = {gp: [0,7] x Q—R ‘ ¢ is an {F; }i>o-predictable process},

T
E/ |(,Dt|2dt<OO )
0

LE(0,T;R) = {gp € L%(0,T;R) ’ ¢ is essentially bounded}.

L%(0,T;R) = {so € L%(0,T;R)

Consider a financial market consisting of a risk-free asset (the money market instrument

or bond) whose price is Sy and m risky securities (the stocks) whose prices are Si,...,Sp,.
And assume m < n, i.e., the number of risky securities is no more than the dimension of the
Brownian motion. The asset prices S, k=0,1,...,m, are driven by SDEs:

dSU,t = T'tS(),tdt,

S0,0 = S0,
and

dSkt = Skt <(Mk,t +r)dt+ ) Ukj,tde,t)a
=

Jj=

Sk,0 = Sk,
where, for every k=1,...,m, r is the interest rate process and ux and oy := (01, ...,0k,) are
the mean excess return rate process and volatility rate process of the kth risky security.
Define the mean excess return vector u = (p1,. .., iy) and volatility matrix
01
0= = (Ukj)an-
Om

Throughout this paper, we assume the interest rate r is a bounded deterministic function
of t,

p e LE(0,T;R™), o € LE(0, T; R™™).

Also, there exists a constant ¢ > 0 such that oo’ > 01, for a.e. t € [0,T], where I,,, denotes
the m-dimensional identity matrix. In particular, ¢ = u, where

(2.1) 6=0'(00")

is called the pricing kernel of the market.

Consider a small investor (“He”) whose actions cannot affect the asset prices. He will
decide at every time ¢ € [0,7] the amount 7;; of his wealth to invest in the jth risky asset,
j=1,...,m. The vector process 7 := (m1,...,7) is called a portfolio of the investor. Then
the investor’s self-financing wealth process X corresponding to a portfolio 7 is the unique
strong solution of the SDE:

(2.2)

dXy = (re Xy + mppg)dt + mpo dWy,
X() =2x.
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Let I' CR™ be a given closed convex cone; i.e., I' is closed and convex, and if u € I", then
AueT for all real A >0." It stands for the constraint set for portfolios. The class of admissible
portfolios is defined as the set

II:= {WGLQf(O,T;Rm) mel, ae. a.s.}.

And we will denote by X™ the wealth process (2.2) whenever it is necessary to indicate its
dependence on 7 € II.
For (t,w) € [0,T] x Q, define the set o(w)'T" C R™ by

ot(w)'T = {o¢(w)'m | meT}.

For every (t,w), the set oy(w)'T is a closed convex cone.
For any process n € L%(0,T;R™) such that

(2.3) A =& (/Ot n’dW)

is a martingale, define P" by

dpn
(2.4) —| =A].
dP | x,
By Girsanov’s theorem,
t
(2.5) W =W, — / Nsds
0

is a Brownian motion under P". Denote
A= {n e L9(0,T;R™) ) E[A”] =1 and E[(A7)2] < oo for all t € [O,T]}.
In this paper, we first solve the following MMV problem:

1
2.6 i fEﬂ”"[X (AL -1
(26) SRR E Xt g )

where 0 is a given positive constant.

3. Optimal candidate: A heuristic derivation. In order to solve the problem (2.6), we
hope, via a heuristic argument, to find a family of stochastic process R»™ and a pair (n,7)
with the following properties:

1. R = Xp+ L (AL —1) for all (n,7) € A x IL.
2. R(()"’W) = Ry is constant for all (n,7) € A x II.
3. B’ [X;: + kAl - 1)} < Ry for all 7€ 11.

!The cone constraint in [5, section 5] shall also be convex cone constraint, for otherwise the dual method
may not work.
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4. E" | XFE+ & (AT —1)| = Ry for all n € A.
5. EP"| X2+ L (A —1)| = Ry.
Once this is done, we will then rigorously show that (7,7) is a saddle point for the problem

(2.6) and Ry is its optimal value.
To derive the above family, we let

- 1
R = X[+ 55(ATYe = 1), t€(0.T], (n.m) € AxIL,

where A} is defined by (2.3); (Y, Z) satisfies some BSDE

dY = —fdt + Z/dW,

Yr=1, Y >0,
and (h, L) satisfies some BSDE

dh = —qdt + LLdW,
(3.2) { gt + Lydv,

hr=1.
Our aim reduces to finding proper drivers f and g, which are independent of (n,7), for the
above two BSDEs. Notice the first property is already satisfied by the choice of boundary

conditions given above.
Recalling (2.5), in terms of W, we have

dY = (—f + Z'n)dt + Z'dW™,
Yr=1, Y >0,

and

{dh = (—g+ L'n)dt + L'dW™,
hp=1.
Applying It6’s formula to X:h; and A;Y;, we have
d(Xh)=[rhX — gX + L'nX + 7' (hu + hon + o L)]dt 4 (--- )dW"
and
d(AY) = [AY |n|> +2A0' Z — Af]dt + (---)dW™.

Combining the above two equations, we obtain

| 1 1
AR = [%AYWZ + AN Z + o'+ X/ L+ (rh — )X + 7' (hu+ L) = 25 Af | dt
()W,
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Taking ¢ := rh, and noting that r is a deterministic function of ¢, we obtain the solution of
(3.2):

(3.3) hy=eli mds [, =0, te0,T].
This in particular implies that

RO — XTho + —(AT¥y — 1) = zho + — (Yo — 1) = Ro

20

is a constant for all (n,7). So the second property follows.
Since Y >0,

20

dR("’”):[ AY|n)? + AnZ—i—hnaﬂ—i—hwu—f/\f}dt‘f‘( )de

2 AY 62
[2& ‘77+AY<0 + ”) 20 A2y 9 +ho'n
4 (o)A,

1
/ _—
+h7r,u 29Af dt

(3.4) — [f—l—%‘Z—l—%ha'wQ

on recalling that ¢ is the pricing kernel, defined by (2.1).
To fulfill the third, fourth, and fifth properties, since 8, A > 0, it suffices to find f, &, and
7N such that

1 0 2 7 1 0. , 12 26
. - - - - - <
(3.5) Y|n+ Y(Z+Ah07r) _f‘l‘YZ‘l-AhO'T(' Ahwagf) 0
for all € 1I;
1 0 N2 1, 1 0, .12 20, ., ]
il Z _ il Z _ >
Yn+Y<Z—|—AhJ7T> _f—i—YZ—l-AhO'ﬂ Ahﬂa_/()
for all n € A; and
1 0 2 1 0 20
y (24 ghoa)[ = |1+ 3|2+ gho's B
y (24 g w)[ = [£+ 5|2+ i -3 =0

These motivate us to conjecture the following:

f= —% (Z + %ha’fr)

and

29

1 0
=——|Z+ —ho'7 —
f ‘ —I—Ahaw Ahwaqﬁ
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To find a proper 7, taking the above two expressions into (3.5), we get

1 0. . 1 0., \|2
Y‘—?(Z—Fxhtfw)—l-?(Z—l-Khaw)‘
1 0 2 20 1 0 2 20
. <—— —ho'# R 7‘ Ty _ Y ob.
(3.6) Y)Z—l-AhJW +Ah7ro¢—|—YZ—|-AhU7T Ahwa(b

Write u = %ho’ﬁ and £ = %ho”fr; then the above reads

u— P+ Z+ € = Z+uf> =2V ¢'e +2Y gu <0,
namely,
(3.7) (Yé— 7 — &) (u—£)<0.

Because 0, A, h >0 and I is a cone, we see 7 € I' if and only if u € ¢'T.
The following lemma is the second projection theorem; see, e.g., [1, Theorem 9.8].

Lemma 3.1. Suppose € € c'T. Then the inequality (3.7) holds for all u € o'T if and only if
(3.8) &= Proj,r(¢Y — 2).

Here, Projc(a) denotes the projection of a to a closed convex set C, which is uniquely deter-
mined by

— Projo(a)| = min |a — b|.
la = Proje(a)| = minja— b

Consequently,
1 0. ,.12 20
f= v Z—I—Khaw +Xh7r0¢
1 2
— |7+ Projor(ve - 2)| + 20/ Projor (v - 2).
Overall, we conjecture that
1 2
(3.9) f==|Z+Projer (Yo —2)| +2¢/Projor (Yo - 2),
A
(3.10) ﬁwzﬁngﬂ’%i%mpr%%—ZL
1
(3.11) ﬁ:—?(Z+PkaW¢—ZD.

Let f be defined by (3.9) and £ by (3.8); then
1
f=—y1Z+€ +20'¢

_ Y 200 v Ligp
=~ Flel + 2oy — 2Ye - 17|

! 2 1 . 1.,
——sli- v —2)[ + ey - 2P -1z
o 1- / 2 1 2 1 2
= —g inf |o'n— (6Y = 2)| +loY - 2 - -2
1 1
12 :_7-ﬂ/ 'r— o Y—Z}——Z?
(3.12) inf |r'o0'r —21'0(¢Y — 2)| - ||
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So the desired BSDE (3.1) is

5.13) dy = [% infrer [w’ao—'w — oo (pY — Z)} + %|Z|ﬂ dt + Z7'dw,
' Yr=1, Y >0.
4. Solution.

Definition 4.1. A pair (Y,Z) is called a solution to the BSDE (3.13) if it satisfies (3.13)
and (Y, Z) € L%y (0,T;R) x L%(0,T;R™). The solution is called uniformly positive if Y > 6
for allt€10,T), a.s. with some deterministic constant § > 0.

Theorem 4.2. There exists a unique uniformly positive solution (Y, Z) to the BSDE (3.13).
Proof. Consider

dP =—inf |Pr'oo’n — 27 (Pu+ oA) |dt + A'dW,
(4.1) mel
Pr=1, P >0.

From [6, Theorem 4.2 and Theorem 5.2], the above BSDE (4.1) admits a unique solution
(P,A) € L¥(0,T;R) x L%(0,T;R™) such that ¢; < P, < ¢p a.s. for all ¢ € [0,7T], with some
deterministic constants ¢y > c¢1 > 0. Then
1 A
Y, Z) = (77_7>

is well defined and (Y, Z) € L¥(0,T;R) x L%(0,T;R™) with é <Y;< L oas foralte[0,T).

It can be directly verified, using It6’s formula, that (Y, Z2) is a solution to (3.13). The above
change (P,A) — (Y, Z) is invertible, so the uniqueness of (3.13) follows from that of (4.1). W

Lemma 4.3. Let (Y,Z) be the unique uniformly positive solution to (3.13). Let h, 7,7 be
defined in (3.3), (3.10), and (3.11), respectively. Then
(4.2) Oh X[ + YA = 0hoa + Yy, t€[0,T).

Proof. Let £ = Proj,r(¢Y — Z) be defined by (3.8). By taking u as 2§ and 0 in (3.7),
respectively, we immediately have

(4.3) — (oY —Z =€) =[P =€ (oY — Z) =0.

Applying Itd’s formula to 6hy X] + YtA?, we have

. . N . A7 N

AORX™ + Y A7) = A€ gat + ATE'dW + = [dist?,,r (¢Y - Z> QY — Z|2 — €' Z|dt — Al dw
A7

Y

A7

Y

A7

Y

The claim thus follows. [ |

OY + e = (6Y — 2) |0V — 2] — 'z at

€0V + [¢? — 26 (9Y — 2) - € 2] dt

162 — € (oY - 2)]dt=o.
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Theorem 4.4 (verification). Let (Y,Z) be the unique uniformly positive solution to (3.13).
Let h, 7,1 be defined in (3.3), (3.10), and (3.11), respectively. Then we have & € II, 7) € A,
and

1
P7 n < _ _
(4.4) E [XT+29(A )}\xhﬁw(xfo 1) Vrell,
Pn n _ > _
(4.5) E [XT+29@\ )] who + ea@ 1) VneA,
and
(4.6) E” [X"f —(A] — 1)] =zho + i(YO —1).
T 90 26

Proof. We divide the proof into three steps.
Step 1: To prove 7 € Il and 7 € A. Let £ = Proj,r(¢Y — Z) be defined by (3.8); then
there exists v € I' such that £ =¢’v. From (3.10),

A A A
ft=5(00)” 'oProjor(Yo - Z) = o(00)” oo’y = vk
hence, by (4.2),
~ A A 9]1()56‘{'Y0—(9}7175)(;r CL—htXﬁ—
4.7 "= —ogly="f= te ¢
(47) T =077 hgt oh.Y, =y o
where
a:=hox +Yy/0.

Substituting (4.7) into (2.2), we have

de:ng+“$;%@mﬁ+amt§ﬂW5
Xgr:x.

Applying Itd’s formula to (hyX] — a)?, we have
&
Y2
Recalling that Y follows (3.13) and applying It6’s formula to Y%(htXf —a)?, we have
1 ; (he XT —a)? 1 &
d[— he X[ — 2} :ti[it
1/t( t t CL) }/t }/tQ
(X7 —a)?

Yf’
(h X7 —a)? o (M X] —a)?
7Z aw; — 22—

Y2 Y;
_ (X7 —a)?

}/t3

h X[ — a)?
- W(Z +2Y¢) dW,
¢

X[ — a)?
—(t;ﬂ“)(z +2Y¢) dW;.
t

) ) ) 1
d(he X — a)? = (X[ — a)? [ _o— §t¢t] dt — 2(he XT — a)Q?tggth.

1 /
- 2?t§t¢t] dt

Xfr_ 2
(he X7 —a)” ;,3 d & Zdt
{

[distg,r(gby ~Z)—|¢Y — Z\Q] dt + 2
&AW,

|67 = 26100 — distZ(6Y - 2) + [0V — 2% + 262 dt
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Since the stochastic integral in the last equation is a local martingale, there exists an increasing
sequence of stopping times 7, such that 7, T +o00 as n — +oo such that

1 X 1 Yo
E[m(hmme/\rn - a)Q] = ?O(hox - a)2 92
for any stopping time ¢ <T. Letting n — oo, it follows from Fatou’s lemma that
1 ; Yo
E{?L(hLXZ‘ - aﬂ <5

Since ¢; <Y, h < ¢ for some constants co > ¢1 >0, we get
(4.8) E [(Xjf)ﬂ <o

for some constant cs and any stopping time ¢ < 7. Now it is standard to prove 7 €
L%_-(O,T;Rm); see, e.g., [5, Lemma 4.3]. This proves 7 € II.

By virtue of (4.2) and (4.8), ¢; <Y, h < c2, we immediately get
(4.9) E[(A7)?] < o0

for any stopping time ¢ <7T. This proves 1 € A.
Step 2: To prove (4.4). For any m € II, applying It6’s formula to RO™ = XThy +
3 (A7Y; — 1), we have

tAT,
P ()7 Lo P R N NCSNE UV
E” [Ri7)) = who + o5 (Yo~ 1)+ E /0 [hw (1 + i) + 55 M Yilif? + 507 Z 29Af}ds.

On one hand, for any 7 €11, setting u = o’ in Lemma 3.1, we get
h h
(4.10) hr!(b+ o) = ?W/O'(QZ)Y —Z-¢< ?ﬁl(qﬁY —Z-¢&=0,

where the last equality comes from (4.3).
On the other hand, recall (3.9) and (3.8):

1 1 1
YIil?+20/Z — f=Y 0>+ 27 Z + ?distg,r(ng —Z)— ?|¢Y —ZP+ ?|Z|2

1.2 1 1
—Y ﬁ+?Z’ + dist2p(8Y - 2) - oY — 2

Y
= [P + dist2 (oY — 2) — Jov — 2P

_Lrge 2 2
=162+ |e = (0¥ = 2)| 1oy - 2]
R PP R _
(4.11) = = [206P —2¢ (oY - 2)] =0,
where we used (4.3) in the last equality.
Combining (4.10) and (4.11), we arrive at
7 0, ) 7, 1
(4.12) EF' [RT) =E[A],, R < who+ spYo—1) Vte0.T], Vrell
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For any m € I, it is standard to verify E[sup;cjo 77 (X, 7)2] < co. Since h and Y are bounded,
we get

E| sup |A?Rf’7r\] <CE| sup ]A?Xt’ﬂ —i—CE[ sup (A7) } —i—CE[ sup Aﬂ
t€[0,T -t€[0,T t€[0,T t€[0,T

< CE| sup (Xt”)z} —i—CE[ sup (A?)Z} +C
-t€[0,T7 t€[0,T

<CE _ sup (X;F)Q} + CE[(A;)Q] +C < o0,
-t€[0,T

where C' > 0 denotes a constant that may vary from line to line; we used the elementary
inequality 2ab < a®+b? in the second inequality, Doob’s inequality in the third inequality, and
(4.9) in the fourth inequality. Sending n — oo in (4.12) and using the dominated convergence
theorem, we get (4.4).

Step 3: To prove (4.5). For any 1 € A, applying It&’s formula to R = X7h, +
5 (A7Y; — 1), we have

tAT,
P71 5(n,7) B P mrd 2 1,y I s o]
EV R = $h0+20(Y0 1)+E /0 [QGAtmm +9A17Z+h7707r+h7r,u —QGAf}ds

= zho + e(Yo —1)+E” /Otm [%}n + i(%AZ+ ha’fr) ’2

0 L
TN QAZ—i—haW‘ + hit'y — Q—QAf]ds
- 1 o [TIAY 6 Nt
—xho—i—%(YO—l)—i—E /O [29 +W(9Az+hm)‘ }ds
Yo—1
= xho + 29( 0—1),
where the third equality comes from the definitions of f, 7, and 7 in (3.9), (3.10), and (3.11).
Similar to Step 2, we can prove E[sup;c(o 71 |A{ R[] < oo and (4.5). [ |

As a byproduct of Theorem 4.4, we have the following results for problem (2.6).

Corollary 4.5. Let (Y, Z) be the unique uniformly positive solution to (3.13), and let h, 7 be
defined in (3.3) and (3.10), respectively. Then @ is optimal for the constrained MMV problem
(2.6), and

" 1 1
(4.13) sup inf EF XT+2—(A’:7F—1) :xh0+2—9(YO—1).

rell neA 0

Remark 4.6. If ' =R™, then
Proj,r(¢Y — Z) = ¢Y — o' (00’) Lo Z.
Indeed, it suffices to prove

Projyr(¢Y — Z) = Projor(¢Y — o' (00') 0 Z)

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/23/25 to 158.132.161.180 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

CONSTRAINED MONOTONE MEAN-VARIANCE PROBLEM 849

since Y — o’(00') 10 Z € 0'R™ = 0'T'. Let £ = Proj,r(¢Y — Z) be defined by (3.8). Then,
for any u € o'T,

(u—8)(¢Y — Z+ (I, — o' (00") o) Z —€)
(u=8(¢Y —Z =&+ (u—&)(In—0'(c0") o) 2
(u—8&)(In—0o'(00") "0)Z

(u=8&)(¢Y —0'(00") 02 —¢)

AN

0,
where we used Lemma 3.1 to get the inequality and the fact u—¢ € o'T and o(I,,—0'(00’) " to) =
0 to get the last equality. Thanks to Lemma 3.1 again, this inequality implies £ = Proj, r(¢Y —
o' (oo’ taZ).

Therefore, by (3.9), (3.10), and (3.11),

_ l _ ’ 1 n—1 _ _ l 2
[ =0 —02)'(00) No(oY — 2) - |2,
A
= (00)) (Y - 2),
1 Z
0= —?(Z +0'(00")Lo(oY — Z))=—0'(00') top — (I, — a’(aa')_la)?.
If m =n, then ¢ is invertible, and = —¢p = -0 pu.

5. Comparison with the classical MV problem. The constrained classical MV problem
(see, e.g., [14]) is

(5.1) sup [E(XT) - gvar(XT)]

We will firstly solve the problem (5.1) and then draw a comparison with the MMV problem
(2.6).
For any K €R, let us consider

(5.2) F(K):= inf E[(XT—K)ﬂ — inf [E(X%)—KQ],

mellx mellK

where
e .= {7? ell ’ E(XT) = K}

with the convention of F(K) = +oo if I¥ = (). Trivially, F(K) > 0.
As illustrated in [13, page 12], the connection between problems (5.1) and (5.2) is given
as follows:

sup E(XT) — gVaI‘(XT)} = sup sup [K — Q(E(X%) _ K2>]

rell KER nellx 2
(5.3) = sup [K _ b g (E(X%) - KQ)} — sup [K - QF(K)].
KeR 2 mellx KeR 2

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/23/25 to 158.132.161.180 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

850 YING HU, XIAOMIN SHI, AND ZUO QUAN XU

In order to solve (5.2), we introduce a Lagrange multiplier v € R and consider

(5.4)  J(K.7):= inf E|X} - K* = 29(Xr - K)| = inf [E(Xr — )2 = (K =9)?).

By the Lagrange duality theorem (see Luenberger [8]),

(5.5) F(K)= inf (E(X%) - K2> —sup J(K,7), K €R.
TellK ~ER

The solution for problem (5.4) depends on the following two BSDEs:

dP; = —{2rP1 + ing |:P17T/0'U/7T + 27’ (Pip+ UAl)} }dt + Aldw,
TE

(5.6)
P17T:1, P17t>0 for t e [O,T]
and
— : / / _ / /
) AP, = {2@ + inf [Pyr oo'm — 21 (Pyyu + aA2)} }dt + ALdW,

P27T:1, P27t>0, fOI‘tG[O,T].

Recall that hy = e/ 7% is deterministic and bounded. From [6, Theorem 4.2 and Theorem
5.2], there exists a unique uniformly positive solution (P, Aq) € L¥(0,T;R) x L%-(O, T;R™) to
the BSDE (5.6). And P; ¢ < h3 from [6, Lemma 6.1]. Similar results hold for the BSDE (5.7)
with P270 < h%

The following results for the problem (5.4) generalize a little bit [6, Theorem 6.2] from
I' =R to a general closed convex cone I' C R™ with exactly the same proof.

Lemma 5.1. Let (P1,A1) and (P2, As) be the unique uniformly positive solutions to (5.6)
and (5.7), respectively. Then the feedback strategy

(53) P x)=(x- 1) e+ (x-1) &

is optimal for the problem (5.4), where

(59> & = (Ug’)—lgprojg/p( —¢— éj) and &= (UU/>_1UPr0jg/F (¢+ éj)

And the optimal value of (5.4) is

Jl(vaY) Zf’7<l‘h0,
JQ(erY) Zf’y}l‘ho,

where

P; P
J1(K,7y) = ( 10 _ 1)72 —2(90 1,0 —K)’y—}-PLoJ:Q — K2,

h? ho
P, P,
Jo(K,7y) = <% - 1)72 - 2<x h2(;0 - K>7+P270x2 - K~
0
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To solve (5.5), we do some tedious calculation and obtain

sup Ji(K,7)=
y<zho
and
sup J2(K,7)
v=zho
Therefore,

—(K —zho)? if K > zhy,
400 if K <xhy and Pyg= h%a
Prolfothol if K <ahg and Pyg < B3,
\O if K =xhg
(10 if K>xhg and Pyo=h?,
Py o(K—xho)? if K>xhy and Pyg < h?
_ h—Ph 0 2,0 0
—(K—xh0)2 if K <zhg,

F(K):supJ(K,fy):max{ sup Ji(K,7), sup JQ(K,’Y)}

YyeER

with the argument maximum

(5.10) Y(K) =
Accordingly,

K — gF(K) =
And

KeR

(5.11)

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.

y<zho y2zho

+00 if K>xho and Phg=h3,
% it K >xhy and Prp< h%a
=< 400 it K <xzhy and Pjg= h%7
ProltK—zho)® ¢ [ < 2hy and Ppo < h2
hZ—Pr . 0 1,0 0>

0 if K =xhy,

+oo if K>xhg and Pyo=hg,

th—LEPQ‘oho . 2
W lfK>$h0 and P270<h0,

—00 ifK<$h0 and Pl,OZh?)u

h2K7$P1’oh(] . 2
Ohg_ipw if K < xh() and Pl,() < ho,

(— 0 if K>xhy and Pag=h3,
K_g%w if K >xzhy and Py < h3,
— 0 if K <xzhyp and Pig= h%,
K_g%w if K <xhy and Ppg<h3,

\xhﬂ lfK:,IhO

up (K — § F(K)] =

.CCho—l—%(P}?O —1) if P270<h%,
zhy if Ppo=h3,

1/ hi
_ ~ (Do 1)
zho + 55 (Pm

851
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with the argument maximum

h2

5.12 — zh (——1)2 ho.
(5.12) =ho+ 55, ho
Substituting (5.12) into (5.10), we obtain
. 1 hi
K)=zxhy+ =-—9
Y(K)=zhy + 0 Py

The above analysis leads to the following results for the problem (5.1).

Theorem 5.2. Let & be defined in (5.9), and let (P, A1) and (Pa,As) be the unique uni-
formly positive solutions to (5.6) and (5.7), respectively. Let

1 hg

5.13 =zhy+ - >
(513 "0 Py
and

A 5

gl - (x__L
(5.14) I (t, X) <X ht)&'
Then w7 is the optimal feedback portfolio for the problem (5 1), and

60 h?

(5.15) sup [E(xr) - §Var(XT)} = aho+ 55 (PQ,O 1).

Proof. Notice 4 =4(K); so, by (5.3) and (5.5),

s [0 5] = [~ 30
0 0

= K- UR(R) = K — IR A(K) = K — L I(K 4).

Therefore, the optimal portfolio for the problem (5.4) with (K,7) = (K,4) is also optimal to

(5.1).
We now show that the portfolio (5.14) is optimal to the problem (5.4) with (K,v) = (K,5).
Taking (5.14) to the wealth process (2.2), we get

d(Xg” ) <X ” ) ( r— Ebp)dt — Es0 dw)

then It6’s lemma gives

s o t , 1, t
X; _ht (X ho)exp (/0 (r—§2u—§|£2a| )ds—/ §2adW5>.

Since X7 — hl = —GP—O <0, it follows that X7 — - <0. Accordingly, the portfolio (5.14) is

0 2,0 t

ﬂ'&(t,X):—(X—Zt)&:( —*> 514-( t>_f2,

which is just (5.8), the optimal strategy for the problem (5.4).
Finally, (5.15) comes from (5.3) and (5.11) evidently. [ |

In the end, we have the following connection between problems (2.6) and (5.1).
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Theorem 5.3. The problems (2.6) and (5.1) have the same optimal value

1
ho+ —(Yy—1
zho + 29( 0—1)
and optimal feedback portfolio

T=ma",

where & and 7 are defined in (3.10) and (5.14), respectively.

Proof. Recall that (Y,Z) is the unique uniformly positive solution to (3.13), and h; =
ele 745 Tt can be directly verified, by Itd’s formula, that

h? K2
1 Y Z)=| =,——=A2 .

Comparing (4.13) and (5.15), the first claim follows.
By (4.7) and (5.16),

who + % — hy X[

(00') " 'oProjr(¢Y — Z)

T=

hiYy
h2 A
zho + —OP;’ - - he X[ . ' h2 B2
= & Py(00’) " oProjorr (ngQ + ]322A2>
¥ — he X[ A
— fyh%(o.o./)—lo.l)rojo_/r (¢ =+ ?22>
i
(% De,
( . &2
which is exactly the feedback optimal portfolio (5.14). [ |

6. Concluding remarks. In this paper, we study the MMV and the MV problems with
cone constraints on the portfolios in a diffusion model with random coefficients. Semiclosed
solutions for both problems in terms of the solutions to some BSDEs are provided. And by
a careful comparison, we find that the solutions to these two problems are exactly the same.
Further research along this line can be interesting as well; for instance: (1) When r is random,
how does one solve the problem (2.6) even without any constraints on the portfolio? (2)
When the wealth dynamics are discontinuous (e.g., with Poisson jumps), how does one solve
the problem (2.6)7

Both Du and Strub [4] and Li, Liang, and Pang [7] claim that the optimal values and
optimal strategies corresponding to the MMV and the MV problems coincide. The former
paper assumes that the asset prices are continuous and that not investing in the risky assets
is an admissible strategy, whereas the latter considers a jump diffusion model with stochastic
factor but no trading constraint. It is still an open question that whether the consistency still
holds in a general model with discontinuous asset price or trading constraint.
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