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OPTIMAL RATCHETING OF DIVIDEND PAYOUT UNDER
BROWNIAN MOTION SURPLUS*
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Abstract. This paper is concerned with a long-standing optimal dividend payout problem sub-
ject to the so-called ratcheting constraint, that is, the dividend payout rate shall be nondecreasing
over time and is thus self-path-dependent. The surplus process is modeled by a drifted Brownian
motion process and the aim is to find the optimal dividend ratcheting strategy to maximize the expec-
tation of the total discounted dividend payouts until the ruin time. Due to the self-path-dependent
control constraint, the standard control theory cannot be directly applied to tackle the problem.
The related Hamilton—Jacobi-Bellman (HJB) equation is a new type of variational inequality. In the
literature, it is only shown to have a viscosity solution, which is not strong enough to guarantee the
existence of an optimal dividend ratcheting strategy. This paper proposes a novel partial differential
equation method to study the HJB equation. We not only prove the existence and uniqueness of
the solution in some stronger functional space, but also prove the strict monotonicity, boundedness,
and C°°-smoothness of the dividend ratcheting free boundary. Based on these results, we eventu-
ally derive an optimal dividend ratcheting strategy, and thus solve the open problem completely.
Economically speaking, we find that if the surplus volatility is above an explicit threshold, then one
should pay dividends at the maximum rate, regardless of the surplus level. Otherwise, by contrast,
the optimal dividend ratcheting strategy relies on the surplus level and one should only ratchet up the
dividend payout rate when the surplus level touches the dividend ratcheting free boundary. More-
over, our numerical results suggest that one should invest in those companies with stable dividend
payout strategies since their income rates should be higher and volatility rates smaller.
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1. Introduction. The study of optimally paying dividends from a dynamic sto-
chastic surplus process goes back at least to De Finetti [17] and Gerber [22]. In an
optimal dividend payout problem, the objective (of the company) is to find an op-
timal dividend payout strategy to maximize the expectation of the total discounted
dividend payouts until bankruptcy (i.e., the ruin time). The optimal dividend payout
strategy shall be a trade-off between the dividend compensations to the shareholders
and the managed surplus process to secure the position so as to avoid or delay the
ruin time. The underlying surplus process can be modeled in many ways. The most
popular ones include the compound Poisson model [24], [1], the drifted Brownian mo-
tion model [7], [23], [9], the jump-diffusion model [13], the Lévy model [29], [11], and
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other diffusion models [10], [31]. The dividend payout strategy can be constrained to
different types as well; for instance, Bayraktar and Young [12] considered strategies
which are functions of historical maximum wealth, Bayraktar and Egami [10] investi-
gated impulse strategies, and Angoshtari, Bayraktar, and Young [4] studied the excess
dividend rate with a drawdown constraint. See [8] for an overview.

In this paper, we focus on the long-standing optimal dividend payout problem,
where the surplus process is modeled by a drifted Brownian motion, and the dividend
payout is subject to the so-called dividend ratcheting constraint, that is, the dividend
payout rate shall be nondecreasing over time. The ratcheting (namely, nondecreasing)
constraint is a particular type of habit formation that has been extensively investi-
gated in financial economic literature. Dybvig [18] first considered a lifetime portfolio
selection model with consumption ratcheting where no decline is allowed in the con-
sumption rate of the agent. Similar problems with ratcheting over the wealth have
been studied by Roche [32], Elie and Touzi [19], and Chen et al. [14]. Concerning the
dividend payout problem, Albrecher [3] considered a two-level ratcheting constraint
problem, that is, one can only ratchet up once from a lower level dividend rate to a
higher one. Albrecher, Azcue, and Muler [1], [2] investigated the optimal dividend
problems with drawdown and ratcheting constraint under different surplus models by
viscosity solution theory.

Technically, with the ratcheting constraint involved, the optimal dividend payout
problems will lead to optimal control problems with a self-path-dependent control
constraint. To the best of our knowledge, there seems no universal way to deal
with such stochastic control problems. The related Hamilton—-Jacobi-Bellman (HJB)
equations for this new type of problem are variational inequalities with at least two
arguments: a state argument (representing the surplus level) and a control argument
(representing the historical maximum dividend payout rate). Unlike those classical
variational inequalities with function constraint (such as Black—Scholes partial differ-
ential equations (PDEs) for American options), the HJB equations form a new type
of variational inequalities where a gradient constraint on the value function against
the dividend payout rate is involved. Although similar HJB equations with gradient
constraints have appeared in the problems involving transaction costs (see [16, 15]),
they are different in nature. In transaction problems, the gradient constraints are
put on the state argument, whereas in dividend ratcheting problems, they are on the
control argument. They are so different that they cannot be treated by similar meth-
ods. Albrecher, Azcue, and Muler [2] considered an optimal dividend payout problem
with ratcheting constraint. They showed that the value function is the unique vis-
cosity solution to the corresponding HJB equation. Also, the value function can be
approximated by problems with finite dividend ratcheting. But, as is well-known, the
viscosity solution is weak such that they cannot provide an optimal dividend payout
strategy for the original problem.

In this paper, we study the same problem as in [2]. Different from the existing
literature that largely uses the viscosity solution technique to study the HJB equa-
tions, we propose a novel PDE method to study the HJB equation. Following the
similar idea of discretization in [2], we first disperse the parameter to obtain a se-
quence of ordinary differential equations (ODEs) whose solvability is well-known. By
establishing various estimates and taking the limit, we can get a fairly strong solution
to the HJB equation. We next define a dividend ratcheting free boundary and derive
its properties such as boundedness, monotonicity, and C'*°-smoothness. Finally, we
can use this dividend ratcheting free boundary to construct a complete answer to the
original optimal dividend payout problem under the ratcheting constraint. We also
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perform a numerical analysis to examine the effects of different parameters (including
the maximum allowable dividend payout rate, the discount rate, the income rate, and
the volatility rate) on the value function and the free boundary. The results suggest
that one should invest in those companies with stable dividend payout strategies since
their income rates should be higher and volatility rates smaller.

The remainder of this paper is organized as follows. We first introduce our optimal
dividend ratcheting problem in section 2. The boundary case and a simple case will
be solved in this section as well. We introduce the HJB equation for the complicated
case and solve the problem completely in section 3. A numerical analysis is presented
in section 4 to examine the effects of different parameters on the value function and
the free boundary. Section 5 is devoted to the solvability of the HJB equation and
section 6 is devoted to the study of the dividend ratcheting free boundary.

2. Optimal dividend ratcheting problem. We use a filtered complete prob-
ability space (Q, F,P,{F;}1>0) to represent the financial market, where the filtration
{Fi}t>0 is generated by a standard one-dimensional Brownian motion {W;,t > 0}
defined in the probability space, argumented with all P null sets.

We assume the income of a company follows a drifted Brownian motion process.
After paying dividends, the surplus process of the company follows the following
stochastic differential equation (SDE):

(21) dXt:(ﬂ—Ct) dt—|—0’th7 tZO,

where the constant p > 0 denotes the income rate of the company, the constant o > 0
represents the volatility rate of the surplus process, and C; is the dividend payout rate
at time ¢ to be chosen by the company.

Now let us introduce the set of admissible dividend payout strategies, which is
the distinguishing feature of our model. Economically speaking, in order to survive,
a rational company should not pay dividends at a rate higher than its income, so we
fix a maximum dividend payout rate ¢ throughout the paper such that

ce[0,pl.

Given an initial (historical maximum) dividend payout rate ¢ € [0,¢], we call a dividend
payout strategy {C;}:>0 an admissible dividend ratcheting strategy if it is an {F; }i>0
adapted, nondecreasing process such that ¢ < C; <€ for all t > 0. The set of these
ratcheting strategies is denoted by IIj.z. Note the value of a ratcheting strategy
chosen at the current time will affect all the future choices of it since the future rates
cannot be lower than the current one. The higher the current choice, the less choices in
the future, so ratcheting strategies are self-path-dependent. This is a critical difference
between our problem and those standard stochastic control problems in Yong and
Zhou [35] where controls do not rely on its historical choices.

The company’s objective is to find an admissible dividend ratcheting strategy
{Ci}+>0 to maximize the total discounted dividend payouts until the ruin time. Math-
ematically, we need to solve

(22) V(z,e)= sup E [/ e " dt ' Xo= m} , (z,0)€Q,
{Ct}t>0€Il 7 0

where the surplus process X; follows the SDE (2.1) with an initial value Xo =2 € RT,
r >0 is a constant discount rate, and 7 is the ruin time defined by

T::inf{tEO’XtSO}
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and
Q:=R*" x[0,¢], R" :=[0,00).

Note that the ruin time 7 does depend on the dividend ratcheting strategy {C;}i>o-
We will not emphasize this point in the future. Because the surplus process X in
(2.1) is continuous, we always have X =0. If the surplus process were modeled with
downward jumps, one may not always have X, = 0. The mathematical treatment
would be more involved than our model.

Since 0 <7 < oo and 0 <C, < for any admissible strategy {C;};>0, it yields

(2.3) OSV(x,c)g/ e "edt =
0

s ol

It is also easy to observe that V(z,¢) is nondecreasing in « and nonincreasing in c.

We emphasize again that the problem (2.2) is an optimal stochastic control prob-
lem with a self-path-dependent control constraint, that is, the value of C; will affect
the choice of C, for any time s >¢. Unlike those standard stochastic control problems
studied in [35], there seems no uniform way to deal with such stochastic control prob-
lems. This paper proposes a PDE method to tackle the problem (2.2). To this end,
we need first to give its HJB equation. Since the boundary value is required for the
HJB equation, let us start with the boundary case.

2.1. The boundary case: V(x,¢). In the boundary case, the initial dividend
payout rate ¢ is equal to the maximum rate ¢, so there is only one admissible (and
thus optimal) strategy in Ilz ), namely C; =¢. It yields

-
/ e~ "e dt
0

where the ruin time becomes

V(z,e)=E =§(1—1E[e—”]),xeR+,

r

X():{L“|

T=inf{t>0|z+ (u—2)t+oW; <0}.

LEMMA 2.1. It holds that V (z,¢) = g(x), x € RT, where

(2.4) g(x) ::E(l—e_w) >0, r €RT,
T

_ (p=0)++/(p—0)2+202r
2

and v := = > 0 is the positive oot of

1
—50° 7+ (n =)y +r=0.

Proof. Let M; = e~ 37’0’ t=70Wi  Then it is a martingale. If 7 < 0o, we then have
x4+ (u—7¢)1+ oW, =0, so that, for any constant 7' > 0,

1.2 2 1.2 2 =
—35 - -5 —C x - x
M l,cr=e"2777 WWTlTST — e 2V o THY(p=O) Ty ler=e T+ <.

Hence, by Doob’s optional stopping theorem,

(2.5) E[e "L cr| + E[Mplesy| =E[M 1.7+ Mrl,op] =E[M;ar] =1.
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70

FI1G. 1. The function g(x) when p=0.4, r=0.05, 0 =0.4, ¢=0.3.

When 7> T, we have  + (u —¢)T + cWr >0, so

0< Mplysp <e 370 THW=0THwy o o= THre < o7 THe,
Sending T — oo in (2.5) and using the dominated convergence theorem, we get
Ele™"™%1, ] =1, so E[e™""] =", This leads to V(z,¢) = g(z). O

We remark that g(-) is the unique power growth (indeed bounded) solution to the
following ODE with Dirichlet boundary condition:

—L=g—Cc= R+
(2.6) { Lzg—¢=0,zeR",

9(0)=0,

where the operator L. is defined as

1
(2.7) L= ia%m + (= vy — 1.

We use the function g and operator L. defined above throughout this paper.
Figure 1 illustrates the function g when p=0.4, r=0.05, 0 =0.4, ¢=0.3.
Before giving the HJB equation, we first study a simple case, for which we can
give an explicit optimal dividend ratcheting strategy and optimal value.

2.2. The simple case: 2uc < o?r.

THEOREM 2.2. Suppose 2uc¢ < a*r. Then V(x,c) = g(z) for all (x,c) € Q and
C; =t is an optimal dividend ratcheting strategy to the problem (2.2).

To prove this theorem, we need the following technical result.
LEMMA 2.3. The inequality ey <r holds if and only if 2uc < o°r.

Proof. Note that the function f(y) = f%crzyQ + (n — )y + r satisfies f(y) > 0
if y € (0,9) and f(y) < 0if y > v, so v < r/¢ is equivalent to f(r/¢) < 0, ie.,
2uc < o2r. 0

Proof of Theorem 2.2. If 2u¢ < o%r, then by Lemma 2.3,
g (z)= D= <1, zeRY,
r
This together with (2.6) yields

—Log—c=—Log—c—(~Leg—7) = (c—7)(g' —1) 20, z €R".
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Therefore, for any constant 7> 0 and admissible strategy {C;}s>0 € Il[. 7, applying
It6’s formula to e "*g(X;) on [0,7 A T gives

TAT
g(x) =E[e" " Dg(X,n7)] — E V e " Le,g(Xt) dt]

0
TAT
> E / 67” Ct dt s
0

where we used the fact that ¢ > 0 and ¢’ is bounded to get the inequality. Sending
T — oo in the above estimate, we get from the monotone convergence theorem that

TAT
-E / e "og (X)) dW;
0

(2.8) g(z)>E [/OT e "Gy dt} :

Since {Ci}i>0 € I, ¢ is arbitrarily selected, the above shows that g >v on Q.
On the other hand, under the special dividend ratcheting strategy C; =¢, which
is clearly admissible, one can show similarly to the boundary case that

g(z)=E UOTe—” cx dt]

This together with g > v on Q shows that C; =¢ is an optimal dividend ratcheting
strategy to the problem (2.2) and v=g on Q. |

From this result we can see that if the maximum dividend payout rate is rela-
tively small (i.e., € < o2r/(2u)), then it is optimal for the company to pay dividends
to the shareholders at the maximum rate all the time, regardless of its surplus level.
Intuitively speaking, a higher dividend payout rate benefits the utility more than
its negative impact on the survival time. We can also interpret the result from an-
other point of view. If the income process has a relatively high risk/uncertainty (i.e.,
2uc/r < 0?), then it is optimal to pay dividends at the maximum rate. Intuitively
speaking, because of the high uncertainty of the income process, the company has a
higher risk to be bankrupt in the near future, so it is better to pay dividends as soon
as possible.

In the rest of the paper, we deal with the more involved case, 2u¢ > or, which
is assumed from now on. Note the condition 2u¢ > ¢?r by Lemma 2.3 is equivalent
to that ¢’(0) > 1.

3. The HJB equation and optimal dividend ratcheting strategy in the
complicated case 2uc¢ > o?r. The HJB equation for the optimization problem
(2.2) is a variational inequality on v: Q — R:

min{— L.v—c, —vc} =0, (z,0)€Q,
(3.1) v(0,¢) =0, ce[0,¢],
U(Z‘,E):g(l‘), $€R+7

where the function g is defined in (2.4), and the operator L. is defined in (2.7).
Thanks to the estimate (2.3), it suffices to study bounded solutions to the above HIB
equation (3.1). Note that v =g is a solution to (3.1) if 2u¢ < o and is not a solution
otherwise.

Tt is proved in [1] that the HIB equation (3.1) admits a unique viscosity solution,
which is the value function V' defined in (2.2). In this paper, we will further prove
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that (3.1) admits a solution in the following stronger sense. Unlike [1], our solution
will allow us to construct an optimal dividend ratcheting strategy for the problem
(2.2), thus solving the problem completely.

DEFINITION 3.1. A function v: Q@ — R is called a solution to the HJB equation
(3.1) if
1. it holds that v € A, where
A= {v :Q—R ‘ v, Vg, andv. are continuous and bounded
inQ;v. <0inQ; andv(-,c) € W2 P(RY)

for eachc € [0,¢] and eachp > 1};

2. it satisfies the boundary conditions in (3.1);
3. it holds that

(3.2) —L.v(-,¢) —e>0 a.e. inRY for eachc € [0,d;
4. if ve(z,c) <0, then
(3.3) —L.v(y,c) —c=0 for ally €[0,x].

As usual, the notation I/Vli’cp stands for the Sobolev space. We remark that the last
requirement (3.3) is in the classical sense rather than the strong sense.

In the variational inequality in (3.1), the obstacle is against v., but the equation is
for v, so it is natural to transform the variational inequality (3.1) into one for u = —v.,
which together with v(z,¢) = g(x) implies v(z, c) = g(z) + [ u(z, s)ds. It thus follows
that

O (=L —c)=L(~v) +v, —1=Lou+g (x)+ /C ug(z,8)ds — 1.
Therefore, we conjecture an obstacle problem for u as folloxjvs:
min{— Lou—g'(z)— /Cum(m,s) ds+1, u} =0, (z,¢)€Q,
u(0,¢) =0, ’ cel0,¢.

(3.4)

This is a single-obstacle problem with a nonlocal operator.
DEFINITION 3.2. We say a function v : Q — R is a solution to the variational
inequality (3.4) if
1. it holds that u € B, where

BZ{U:Q—HR+

bothu andu, are continuous and bounded in Q; and

loc

u(-,¢) e W2 P(RT) for eachc € [0,¢] and eachp > 1};
2. for each c €10,¢], it holds that
(3.5) —Lou—g'(z) —/Cux(a:,s) ds+1>0 a.e inRT;
3. if u(xz,c) >0 for some (x,c) € Q, Cthen it holds that
(3.6) —Leu(y,c) — g (y) — /Cuw(y,s) ds+1=0 for ally€[0,x].

Our next main result concerns the solvability of (3.1) and (3.4).
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Downloaded 02/23/25 to 158.132.161.180 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

OPTIMAL RATCHETING OF DIVIDEND PAYOUT 2597

THEOREM 3.3. There exists a pair (v,u) that satisfies the relation
(3.7) v(x,c) =g(zx) —I—/ u(z,s)ds, (z,c) € Q.
Also, v and u are, respectively, solutions to (3.1) and (3.4) in the sense of Definitions
3.1 and 3.2. Furthermore, for each constant o € (0,1), there is a constant K > 0
such that, for all (z,c) € Q, the following estimates hold:

(3.8) 0<v<®,

(3.9) 0<v, <K,

(3.10) 0<-v. <K,

(3.11) vz (Y, ¢) <max{v,(z,c),1} forall 0 <z <y,
(3.12) [u(-0)lgrra@+) < K,

(3.13) )| < K.

This result will be proved in section 5.2.

We can also see from (3.11) that the map & — v, (z,¢) is concave in the region
{vy > 1}. Indeed, the numerical result in Figure 2 indicates that it is concave for all
z € RT. However, we cannot prove this.

The following result fully characterizes the free boundary, which is crucial to
determine the optimal dividend ratcheting strategy.

THEOREM 3.4. Let v be a solution to (3.1) given in Theorem 3.3. Define the
dividend ratcheting free boundary:

X(c)=inf {z>0|v.(z,c) =0}, c€[0,q.

Then X (c) >0 for all c€[0,¢]. Also,
1. it holds for all (z,c) € Q that ve(x,c) =0 if z > X(c) and v.(x,c) < 0 if
x < X(c);
. it holds that X(-) € C*°[0,¢];
3. there exist two constants 0 < Ky < Ks such that K1 < X'(c) < Ky for all
c € 10,¢]. As a consequence, both X(-) and its inverse X~1(-) are strictly
increasing and Lipschitz continuous.

[N

Fic. 2. The value function v where p=0.4, r=0.05, c =0.4, €=0.3.
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251 b

0.05 0.1 0.15 0.2 0.25
c

Fic. 3. The free boundary X (-) where p=0.4, r =0.05, 0 =0.4, ¢=0.3.

The claims 1, 2, and 3 in Theorem 3.4 will be proved, respectively, in Lemma 6.4,
Proposition 6.1, and Proposition 6.2. These properties will be used to construct an
optimal dividend ratcheting strategy to the problem (2.2) in the next section.

Figure 3 illustrates the dividend ratcheting free boundary X (). Above the free
boundary, we have v, = 0, which means it will not change the optimal value if one
ratchets up the dividend payout rate up to the boundary. In other words, the function
v takes a constant value on each horizon line on the left of the free boundary (where
v. = 0). In particular, we have v(x,c) = v(z,¢) = g(x) if x > X(¢). By contrast, the
function v is strictly decreasing on each horizon line on the right of the free boundary
(where v, < 0); therefore, one should not ratchet up the dividend payout rate below
the free boundary since it will reduce the optimal value.

3.1. Optimal dividend ratcheting strategy. Since X(:), given in Theorem
3.4, is strictly increasing, we may define

c, 0<x<X(c);
(3.14) Creg(z) =4 X (), X(c)<z<X(C);
c, x> X().

By Theorem 3.4, the function € () is Lipschitz continuous, bounded, and nonde-
creasing on R*. Also, by the definition (3.14),

(3.15) X (Cq(®)) =max {X(c), z} if €. 4(z) <@
We are now ready to provide a complete answer to the problem (2.2).

THEOREM 3.5. Let v be the solution to (3.1) given in Theorem 3.3. Then it is the
optimal value of the optimal dividend ratcheting problem (2.2). Moreover, {C; }i>0 is
an optimal dividend ratcheting strategy to the problem (2.2), where

Cl:=C5 X
t le,e] (rlél[%?%] r> )
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and €.z (+) is defined in (3.14), and X} is the unique strong solution to the following
SDE:

t
(3.16) Xt*:aH—/ (M—Q:[c,a (I&%X]X,*)) ds +oW;.
0 rel0,s

Proof. Suppose V(z,c) is the value function defined in (2.2) and v(z,c) is the
solution to the HJB equation (3.1) given in Theorem 3.3. We come to prove v(z,c) =
V(z,c) for any (z,c) € Q.

For any admissible dividend ratcheting strategy {C:}i>0 € I} g, let X; be the
corresponding solution to (2.1) with the initial value Xy = 2. Let T > 0 be any
constant. Then It0’s formula gives

AT
v(z,c) =Ele "D y(X a7, Conr)] — E l / e " Le,v(Xy,Cp) dt
0

TAT TAT
—E / eirt’l)C(Xt,Ct) dCt —E / eirtO"Uz (Xt,Ct) th‘| .
0 0

Thanks to the boundedness of vy, the last expectation is zero. Since —Le¢,v(X¢,Cy) —
Ct >0, —v.(X¢,Ct) >0, and dC; >0, we have
TAT
/ e_”Ct de| .
0

Since v > 0, the first expectation can be dropped. Since C; is nonnegative, applying
the monotone convergence theorem to the second integral leads to

/ e_”Ct def.
0

Since {C;}¢>0 € Il|c g is arbitrarily selected, we obtain v(x,t) >V (x,1).
Because €[z (+) is Lipschitz continuous and bounded, by [30, Theorem 2.2, p.
150], there is a unique strong solution X; to the SDE (3.16). Set

(317) U(-’I:7C) ZE[G_T(TAT)'U(XT/\T;CT/\T)] +E

v(z,c) > E

Ci=Cg (max X:) .

rel0,t]

Then it is not hard to check that {C; };>¢ is an admissible dividend ratcheting strategy
in [T 5. Clearly, X} is the corresponding solution to (2.1) under the strategy {C; }+>0
with the initial value Xy = 2. We now prove that {C;};>0 is an optimal dividend
ratcheting strategy to the problem (2.2) and v(z,c) =V (x,c).

We first prove

(3.18) —Le:v(X{,CF) —Cf =0.
In fact, if C; =¢, then (3.18) holds true since

—Lzv(x,¢) —c=—Leg(z) — =0, z €RT.
Now suppose Cf <¢. Then by (3.15),

(€)= max {X(¢), max X7},

so X; <X(C}). It thus follows from Theorem 3.4 and (3.3) that (3.18) holds.
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On the other hand, we have dC; =0 if X # X(C/), and thanks to Theorem 3.4,
V(X7 CH)=01if X = X(C;), so it always holds that

—v.(X{,C)dCy =0,0<t<T.

Therefore, under the strategy {C; }:>0, the inequality (3.17) becomes an equation,
TAT

/ e "ICr dt|.
0

lim e "N y(XE o, Conr) = e Tu(XE,CH) = e 0(0,CF) = 0.

TOVT
T—o0

(819)  v(a,0)=Ele " o(X} 0, Coag)] + E

T

If 7 < o0, then X* =0 and hence,

If 7 = 00, then, since v is bounded and r > 0,

Jim e (X 0 C ) = T e T o(XG,C7) =0,
Now applying the dominated convergence theorem to the first integral and the mono-
tone convergence theorem to the second integral in (3.19), we get

v(z,c)=E [/ e e dt] .
0

In view of the definition of V(x,t), we obtain v(x,t) < V(x,t). Therefore, v(z,t) =
V(z,t), and {C{ }+>0 is an optimal dividend ratcheting strategy. d

Different from the simple case, we can see from this result that, in the complicated
case, the optimal dividend ratcheting strategy relies on the surplus level and one
should only ratchet up the dividend payout rate when the surplus level touches the
dividend ratcheting free boundary.

We will prove Theorems 3.3 and 3.4 by a novel PDE method in sections 5 and 6.
Before doing that, we first present a numerical analysis of the problem in section 4.

4. Numerical analysis. We perform a numerical study in this section to ex-
amine the effects of different parameters (including the maximum allowable dividend
payout rate ¢ in Figure 4, the discount rate r in Figure 5, the income rate p in Fig-
ure 6, and the volatility rate o in Figure 7) on the value function V and the free
boundary X(-).

Figure 4 examines the effect of the maximum allowable dividend payout rate ¢ on
the value function V' and the free boundary X(-). The left panel of Figure 4 displays
the value functions V' (sliced at ¢ =0.1). As expected, the bigger the maximum rate ¢,
the bigger the value. If the current smallest rate ¢ =0.1 is far from the maximum rate
¢ (say, ¢=0.3 or 0.4), the value function has a higher speed of increasing with respect
to the surplus z, meaning that one can do significantly better if a higher surplus is
given. This is because one has a lot of room to increase the dividend payout rate.
By contrast, there is not much increasing with respect to the surplus in the value
function when the smallest and maximum rates are not far. The right panel depicts
the free boundary X(-). As expected, they are increasing in all scenarios. But there
are few differences in the speed of increasing, in particular, when the current smallest
rate ¢=0.1 is far from the maximum rate ¢.

Figure 5 examines the effect of the discount rate r on the value function V and the
free boundary X'(-). The left panel displays the value functions V' (sliced at ¢=0.1).
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F1G. 4. The value function V (z,c) and free boundary X () with different ¢ wherec=0.1, p=0.4,
r=0.05, c =0.4.
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F1G. 5. The value function V(z,c) and free boundary X (-) with different r where c=0.1,¢=0.3,
=04, 0=04.

As expected, the smaller the rate r, the bigger the value. It can be seen from the
figure that the effect of r becomes less important as the surplus x becomes bigger. The
right panel depicts the free boundary X'(-). From the figure we see that the smaller
the discount rate r, the more significant the changes of the free boundary close to
the maximum dividend payout rate ¢. Therefore, a smaller discount rate may have
significant impact on the dividend payout strategy. Intuitively speaking, if a company
hopes to apply a stable dividend payout strategy (that is, less sensitive with respect
to the surplus level), the company should choose a bigger discount rate r.

Figure 6 examines the effect of the income rate g on the value function V' and
the free boundary X'(-). The left panel displays the value functions V (sliced at
¢ =0.1). As expected, the bigger the rate u, the bigger the value. It can seen from
the figure that the effect of u becomes less important as the surplus « becomes bigger.
The right panel depicts the free boundary X'(-). The figure shows that the dividend
payout strategy is more stable if the company’s income rate is higher. Intuitively
speaking, one should invest in those companies with stable dividend payout strategies
since their income rates should be higher.

Figure 7 examines the effect of the volatility o on the value function V' and the
free boundary X(-). The left panel displays the value functions V (sliced at ¢ =0.1).
As expected, the smaller the volatility o, the bigger the value. But the differences
are not so significant. The right panel depicts the free boundary X(-). The figure
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FI1G. 6. The value function V (x,c) and free boundary X (-) with different p where c=0.1,2=0.3,
r=0.05, c =04.
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F1G. 7. The value function V (x,c) and free boundary X (-) with different o wherec=0.1,2=0.3,
r=0.05, p=0.3.

shows that the dividend payout strategy is more stable if the company’s volatility
rate is smaller. Intuitively speaking, one should invest in those companies with stable
dividend payout strategies since their volatility rates should be smaller.

5. Solvability of the HIB equations (3.1) and (3.4). This section consists
of two parts. In the first part, we introduce and study a regime switching system to
approximate the PDEs (3.1) and (3.4). In the second part, we construct a solution
to (3.1) and (3.4) by a limit argument. We start with a technical lemma that will be
frequently used in our subsequent analysis.

LEMMA 5.1. Suppose a >0 is a constant, and h: [a,00) — R™ is a given bounded

measurable function. If v e Wli’cp [a,00) N L*®([a,00)) for some p>1 and satisfies

(5.1) {min{—ﬁcy—i—h, V}:O, T > a,

v(a)=0,

for some c€[0,¢], then v =0 in [a,00).

Proof. Tt is easy to check that v(z) =0, x > a satisfies (5.1), by the uniqueness

of the solution of (5.1) in v € Wf)’cp [a,00) N L*([a,00)), we get the conclusion. ad
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5.1. A regime switching approximation system. Suppose n > 1 and the
dividend payout rates can only take the finite values ¢; = ¢ —iAc¢, 1 = 0,1,2,...,n,
with Ac=¢/n >0. Let v_; = —1. Consider a regime switching ODE system:

(5.2) min{—ﬁcivi—ci,vi—vi,l}zo, x>0,
' v;(0) =0, i=0,1,2,...,n,

under the power growth condition. Here, we can think of v;(x) as an approximation
of v(x,¢;). This is a system of single-obstacle problems, so we can solve it.

LEMMA 5.2. The system (5.2) has a unique solution v; € W2P(RT)NCH(RT),

loc

i=0,1,2,...,n, for any p>1 and a € (0,1). Moreover, it holds that

(5.3) 0<v <,

(5.4) v; >0,

(5.5 vi(y) < max {vj(z), 1} forall 0 <z <y.

Let

(5.6) z;=inf{x>0|vi(z)=v;_1(x)},i=0,1,2,...,n.

Then vi(z) = vi—1(z) if € > x; and vi(z) > vio1(z) if © < x;. Also, 0 < z; < 0o for
1=1,2,...,n, and xy = +o00.

Proof. Because g >0>v_; and ¢g =, it follows from (2.6) that

min{fﬁc()gfco, gfv_l} =—Lzg—¢=0, z>0,
9(0)=0.

Therefore, vy = g is the unique solution to (5.2) in W2 P(R*) N C1*+*(RT) and 2 =

+00.

For each i = 1,2,...,n, the problem (5.2) is a single-obstacle problem. By the
standard penalty method and L? theorem, we can prove step by step for ¢ from 1 to n
that (5.2) admits a unique solution (see, e.g., [21]): v; € Wli’cp(R“‘). Moreover, by the
embedding theorem (see, e.g., [20, Theorem 6, p. 286]), we also have v; € C*t*(R™).
Since the process is standard, we omit the details.

By (5.2),
(5.7) Vi 201 > 2092 0>0_q,

giving the lower bound in (5.3).

We now prove the remaining claims by mathematical induction. It is easy to
check that vy = g satisfies all the desired properties. Suppose all the desired results
of the lemma hold for all i <j—1 (with 1 <j <n); we now prove that they also hold
when ¢ = j.

Because vj_1 <¢/r, the constant function ¢/r is a supersolution to the variational
inequality of v; by (5.2). Hence we proved the upper bound in (5.3): v; <¢/r.

We now prove the set

Ej:={2z>0]v;(x) =v;-1(x)}
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is not empty. Suppose, on the contrary, it is empty. Then by the variational inequality
(5.2), we have

—Le;vj—c;=0,2>0.

It admits an explicit solution vj(z) = < (1—e~%%), under the initial condition v;(0) =
0 and power growth condition, where ; is the positive root of —%027]2—1-(/1—6]-)7]- +7r=
0. It hence follows v;(+00) = ¢;/r < ¢/r = vo(+00), contradicting the order (5.7).
Therefore, E; is not empty. As a consequence, we have z; :=inf F; < co.

We next prove

(5.8) vy (x) <1, x>y

Thanks to (5.5), it suffices to prove vj_;(z*) <1 for all * € E;. Suppose, on the
contrary, v;_(z*) > 1 for some z* € E;. Then by the order (5.7), there must exist
1 < k < j such that vj(z*) = vj_1(z*) = -+ = vj_k(2*) > vj_p_1(z*). Since v;_p
and v;_p_; are continuous, there is a neighborhood I. = [z* — ¢,2* + €] such that
Vj_k > Vj_p—1 in I, so by (5.2), =L, ,vj_x —cj_r = 0 in I.. Together with the
variational inequality of v;, we obtain the estimate

(5.9)
7(% —vj )" < =(u—c;) (v —vj_y) +7(v; —vj) +kAc(l —vj_y) ae. in L.
Note that both v; —v;_; and v; — v;_; attain their minimum value 0 at z*, so
v (@) = v (@7) = vjk (@), V(@) = Vi (&%) = vj_y (27) > 1,

which shows that the right-hand side (RHS) of (5.9) is negative at x*. Because the

RHS of (5.9) is continuous, we conclude that (v; —v;_r)” <0 a.e. in I, when £ >0 is

small enough. This means v; — v;_j, is strictly concave in I, which contradicts that

vj — vj_k attains its minimum value at the inner point x* € I.. Thus, (5.8) follows.
We next prove

(5.10) vi(z) =vj_1(x), x> ;.
Let v =v; —vj_1. Then, by (5.2),
min{— Lev—Levj1 — ¢y, 1/} zmin{— Levj—cj, vj— vj_l} =0, z>uy,
{V(l’j) =v;(x;) —vj-1(z;) =0.
Note (5.2) also holds when i =j — 1. Together with (5.8), we get
—Levj1(x) —cj=—Le;_vj1(x) —cjo1 + Ac(l =0} (x)) >0, x> z;.

Applying Lemma 5.1, we conclude v =0 for > z;. As a consequence, (5.10) holds
and z; is the unique free boundary point such that v;(z) = v;_1(z) if x > x; and
vj(z) >v_i(x) if ¢ <z

Note that v; > g, v;(0) = g(0) =0 and ¢’(0) > 1 in the complicated case, so

(5.11) V(0)>¢'(0) > 1,
which together with (5.8) gives

(5.12) z; > 0.
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We come to prove v; > 0. Since v; =wv;_1 in [x;,+00) by (5.10) and v;_; >0 by
the inductive hypothesis, we only need to prove

(5.13) v; >0 in(0,z;).
Differentiating the equation in (5.2) we have

(5.14) —L..(v)=0 in(0,z;).

JNT)

Noticing (5.11) and v’ (x;) =vj_,
principle that (5.13) holds.

Finally, fix any € RT. We now prove, for all y > ,

(zj) >0 by (5.10), we conclude from the maximum

(5.15) v (y) <max {vj(x), 1}.

Combining (5.8) and (5.10), we know (5.15) is true for y € [z;, +00). Applying (5.8),
it is easy to check that the constant function max{v;(x), 1} is a supersolution to
(5.14) in [z, z;], so (5.15) holds for y € [z, ;] as well. The proof is complete. O

In the rest of this paper, we keep the notations v; and x; given in Lemma 5.2.
We next prove that the inequality (5.8) holds strictly at z = x;.

LEMMA 5.3. For each j=1,2,...,n, we have

(516) U;_l(.ﬂj) < 1.

Proof. Suppose, on the contrary, v}_l(mj) =1. As before, there must exist 1 <k <
J such that vj(z;) = vj_1(z;) = -+ = vj_k(x;) > vj_k_1(x;). By continuity, v;_j >
vj_k—1 near xj, 0 —L¢, ,vj_x —c¢j— =0 by (5.2), which confirms the continuity of
v7_j near z;j. Note that both v; —v;_1 and v; — v;_y attain their minimum value 0
at xj, so

(5.17) Vi) = vy (25) = vj_p(25) = 1.

Together with (5.5) we obtain v ; (z;) < 0. Moreover, it follows from (5.11) and (5.5)
that v;_, (z) < v}_;(0) for all >0, and consequently, v);-’fk(()) < 0. Differentiating
the equation of v;_ in [0,z;] twice we obtain —L,, , (vj_;) = 0. By the maximum
principle, we deduce vj_; <0 in [0,2;], so v}_; () > v}_;(z;) =1 for x € [0, z;].

Let ¢ = v; — vj_. By the equations of v; and v;_j, we see that 1 satisfies
—Le; Y =kAc(v}_; —1) >0 in [0,z;]. Since ¢ attains its minimum value 0 at z;, we
conclude from the Hopf lemma that ¢’(x;—) < 0, but this contradicts (5.17). The
proof is thus complete. 0

The next result establishes the monotonicity of the free boundaries x;. To this
end, we define

Vi — Vi—1

== =12,
LEMMA 5.4. For eachi=1,2,...,n, we have
(5.18) min{—ﬁciui—vg_l—i-l, ui}:O, x>0,
Moreowver,
(519) xigxi_l,i:1,2,3,...,n.
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Proof. By Lemma 5.2, x; is the number such that u;(z) > 0 when z < z; and
u;(z) =0 when z > z;.

By taking a difference between the equations of v; and vy, we know (5.18) holds
when ¢ =1. Clearly, (5.19) holds when ¢ = 1. Now suppose (5.18) holds when i =j—1
(2<j<n). We are going to prove u; satisfies (5.18) and (5.19) holds when i =j.

Suppose u is the unique bounded solution to the variational inequality

(5.20) {min{—ﬁcﬁ—%ﬁl, u}=0, x>0,

@(0) =0,

and let Z =inf {z > 0| @(z) =0}. It suffices to prove u; =4, z; =, and T < z;_;.
We first prove that

(5.21) v; (x) <1 forall z>7.

By virtue of (5.5), it suffices to prove vj_;(z*) <1 for any z* > 0 such that u(z*) = 0.
Suppose, on the contrary, v}fl(x*) > 1. By (5.20) we have

(5.22) U < —(p—c))u' +ru—vi_; +1.

Note that @ attains its minimum value 0 at z*, so u(z*) =@'(2*) = 0. Then the RHS
of (5.22) is continuous and negative at z*, so we have %@ < 0 in a neighborhood of z*.
This means that @ is strictly concave in that neighborhood, which contradicts that
U attains its minimum value at the inner point z* of the neighborhood. Hence, we
proved (5.21).

We next prove that >0 for x <Z and ©w =0 for > Z. By the definition of Z, it
only needs to prove

(5.23) u(z) =0, x € [Z,400).
Indeed by (5.20), we have

min{—ﬁcjﬂ—v;»_l—i—l, ﬁ} =0, x>7,
u(z) =0.

We thus conclude from (5.21) and Lemma 5.1 that (5.23) holds.
Next, we come to prove

(524) i‘\gl‘j_l.
To this end, let @ be the unique solution in W2?([0,z;_1]) of the ODE

(5.25) :Ecjﬂ—u;:/lJrl:O, O<z<zj_1,
u(zj-1) =1 (zj-1) =0,

and let @ = 0 for z > x;_1. Then w € W2?P(R"). If we can prove that @ is a
supersolution to (5.20), then (5.24) follows.
Thanks to (5.16) and (5.10), we can check that

—Lou—vj  +1=—v;  +1=—0; ,4+1>0 in[z; ;.00).
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Together with (5.25), we get

(5.26) —Leu—v;_4+1>0,2>0.

So in order to prove @ is a supersolution to (5.20), we only need to prove
(5.27) u(z) >0, z€[0,z;-1].

The proof of (5.27) is divided into the following four steps. ,

Step 1: Note that (5.16) and the equation of w;_1 imply Fu] ;(vj-1—) =
—vj_o(w;j—1) +1>0. So there is a small € >0 such that
(5.28) ui_y(2) >0,z € (xj_1 —&,25-1).

U—uj_1

Step 2: Let w = —x2=, v € [0,7;_1]. We claim there is a small £ > 0 such that

(5.29) w'(x) <0, z € (zj-1 —€,2j-1).

Indeed, from the equation of u;_; and w we know

(5.30) {—Ecjw:2u;_1, O<z<zjq,

w(zj_1)=w'(z;—1)=0.
Differentiating the equation in (5.30) and applying (5.28) we have
—Le,w' =2u] >0, € (xj1—ex5 1)
Since w'(xj_1) =0, if w'(x) > 0 for some z € (zj_1 —&,2,;_1), then by the maximum
principle and the Hopf lemma, we have w”(z;_1—) < 0. But by the equation in (5.30),

o2

S w'(zj-)= ( =2y — (p—cj)w' + Tw) (2j-1) =0,
leading to a contradiction. So we established (5.29).

Step 3: We get from (5.29) and w(x;_1) =0 that, for some small € >0,
(5.31) w(z) >0, z€(xj_1 —e,xj_1).

Step 4: We claim
(5.32) w(z) >0, z€[0,z;_1].

This together with u;_q >0 will lead to the desired estimate (5.27).
Suppose, on the contrary, (5.32) is not true. Let

z* =sup{z €[0,z;_1] ‘ w(z) <0}.
Then 0 < z* < xj_; by virtue of (5.31). By the continuity of w, we have w(z*) = 0.
Integrating the equation in (5.30) in [x*,z;_1], we have
2

%w’(m*) = —r/ . w(z)de —2u;_q1(z*) <O0.

*

It follows that w(z* +¢) < w(xz*) = 0 for sufficiently small € > 0, which contradicts the
definition of z*. Therefore, (5.32) is true and the desired estimate (5.27) is established.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/23/25 to 158.132.161.180 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

2608 CHONGHU GUAN AND ZUO QUAN XU

It is left to prove u = u;, which would imply that ¥ = x; because ¥ and z; are
the minimum roots for ¥ and u;, respectively.
Let ¥ = v;_1 + uAc. We come to prove that U satisfies the same variational
inequality as v;, namely
(5.33) { Lnin{—ﬁc_jﬁ—cj,ﬁ—vj,l}zo, x>0,
2(0)=0.

By the uniqueness of this variational inequality, we then have ¥ = v;, which is equiv-
alent to the desired equation u=wu;.
First, v —vj_1 =uAc >0 is clear. Second, since
(534) 7£cj_1vj_1 —Cj—1 2 0,
(5.35) (—Le,u—v; 1 +1)Ac>0,

adding them up yields —£., v —¢; > 0. So
min { — [,Cji}\— Cj, v — ’Uj_l} > 0.

Finally, if v(x) > v;_1(x), namely u(z) > 0 at some x >0, then z € (0,Z). By (5.20),
we see (5.35) is an equation at x. By (5.24), we have 2 <Z < ;1 so that (5.34) is
also an equation at x. Consequently, —L., v — ¢; = 0 at x so that v satisfies (5.33).
This completes the proof. 0

LEMMA 5.5. There is a constant K >0 that is independent of n and i such that
(5.36) 0<v<K,i=0,1,...,n

Proof. The case i =0 is evident. We now consider the case i =1,...,n. The lower
bound in (5.36) has already been established in (5.5). To establish the upper bound,
we notice that the variational inequality (see [33])

min{—/joi, Ew—l}:O, x>0,
©(0) =0,

admits a unique solution

_ Ki(e%% — %) 0<2<wo;
v(r) =
Ko+, Too < < +00,

where 6; <0 < 05 are the roots of —l0292 —uf+7r=0, and

Too =57, ‘ ‘>O

0y — 91
K1 = (926021“’ — 01661100) 1 > 0,

Ko = K (eh1%= —P22=) _ g <0.
Clearly,
_‘Cciﬁ —C; = —,C()@-l- ci(@m — 1) Z 0

so U is a supersolution to (5.2). Since v;(0) =o(0) = 0, it follows that v}(0) <v'(0).
Then we uniformly have v}(z) < max{v'(0), 1} by (5.5), completing the proof by
taking, say, K = max{v'(0),1}. a
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LEMMA 5.6. For each p>1, there is a constant K, >0, which is independent of
N >1, n, and i, such that

538) |ui|W2,p([N_17N]) Spr i:O,l,...m.

Proof. We can rewrite the problem (5.18) as

—Eciui = (’Ugfl — 1)1{w<$i}7 x> O7

By (5.36), we know that [(v;_; — 1)1{;<z,}| is uniformly bounded. Applying the
maximum principle, we obtain (5.37). Then the L? estimation gives (5.38) (See, e.g.,
[25, Theorem 9.13, p. 239]). O

By the Sobolev embedding theorem we also have the following.

COROLLARY 5.7. For each 0 < a <1, we have u; € C*(R™) and
(539) |U;‘CQ(R+) SKQ, i:(],l,...,n,

where K, >0 is a constant independent of n and i.

LEMMA 5.8. We have

(540 S

Ac
where K >0 is a constant independent of n and i.

Proof. By Corollary 5.7, K := 1 max; sup,cg+ |uj| < 0o. Let u; = u;—1 + KAc,
then

LU —v,_ 1 +1=—Loui1+rKAc—v]_;+1

=—Le U1 —Vi_o+1—u,_;Ac+rKAc

> —u,_1Ac+1KAc>0.
Therefore, ; is a supersolution to (5.18), giving u; <u; =u;—1 + KAc. Similarly, we
can prove u; > u;—1 — KAc. Therefore, (5.40) follows. a

5.2. Proof of Theorem 3.3. Now we are ready to prove Theorem 3.3.

For each n € ZT, rewrite u;(z) and v;(x) as u?(z) and v!*(z), respectively. Let
u"(x,c) and v™(z,c) be the linear interpolation functions of u]'(z) and v*(x), respec-
tively. Note Lemma 5.6, Corollary 5.7, and Lemma 5.8 imply {u"} are uniformly
bounded and Lipschitz continuous in Q. Applying the Arzela—Ascoli theorem, there
is u € C(Q), and a subsequence {u"*} C {u™} such that, for each L > 0, the sequence
{u™*} converges to u in C([0, L] x [0,¢]). Also, it is easy to prove that « and v satisfy
the relationship (3.7). Clearly, u is nonnegative and bounded by (5.37). Moreover,
Lemma 5.6 implies u(-,c),v(-,c) € Wli’cp(RJr) for any ¢ € [0,¢] and p > 1. Also, (5.3)
and (5.37) imply v and u are bounded in Q.

We come to prove that (u,v) defined above satisfies, for every c € [0,¢],

(5.41) min { —Lou—v, +1, u} =0, a.e.in RT.
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For each ¢ € [0,], there is a sequence ¢* = — i¢/ny, such that ¢* — ¢ and u}'*(-) —
u(+,¢) in C[0, L] for any L > 0. Moreover, from Lemma 5.6 and Corollary 5.7 we have

ug*(+) or its subsequence — u(-, ¢) weakly in W72[0, L] and uniformly in C**<[0, L] for

any L > 0. Letting £k — oo in the inequality
—Ecku;:“ — 8361)26’11 +1>0
we get
—Leu(-,¢) —vg(-,¢) +1>0, ae. in RT.
Hence,
min{— Lou—v,+1, u} >0, a.c.inRT.

On the other hand, suppose u > 0 at some point (z,¢) € Q. Fix this ¢. Then by
continuity u;'*(z) > 0 for k large enough. Thanks to Lemma 5.2, u;*(y) > 0 for all
y < x. It hence follows that

—Lou (y) — 0zv;* 1 (y) +1=0 for all y <.

7.)971
Taking the limit yields
—Lou(y,c) —vg(y,c) +1=0 for a.e. y<uz.

Hence, we proved that (5.41) holds. The estimates (3.8)—(3.11) follow from (5.3)—
(5.5), (5.36), and (5.37), estimate (3.12) from (5.37) and (5.39), and estimate (3.13)
from (5.40).

In particular, the continuity of u,, v,, and v, follows from (3.12) and (3.7). Since
u and v satisfy (3.7) and u > 0 is an open set, (5.41) implies that v and v are
smooth in the region u > 0. It is then easy to verify that u satisfies (3.4) in the
sense of Definition 3.2 and v satisfies (3.1) in the sense of Definition 3.1. The proof
of Theorem 3.3 is thus complete.

6. Properties of the dividend ratcheting free boundary X' (-). Let (u,v)
be given in Theorem 3.3 throughout this section. Recall that X'(+) is given in Theorem
3.4:

X(c)=inf {z > 0| v.(x,c) =0} =inf {z>0|u(z,c) =0}, c€[0,d.
We now establish the following Propositions 6.1 and 6.2.

PROPOSITION 6.1. It holds that X (-) € C*[0,¢].

PROPOSITION 6.2. There ezist two constants 0 < K1 < Ks such that K1 < X'(¢) <
K for all c€10,7¢].

6.1. On the smoothness of the dividend ratcheting free boundary. We
prove Proposition 6.1 in this section. More precisely, we will use a bootstrap method
to establish the smoothness of X(-). To this end, we first prove several lemmas.

LEMMA 6.3. If X(c) < oo for some c € [0,¢], then

(6.1) vp(z,0) <1 for all x> X(c).
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Proof. Assume X(c) < oo for some ¢ € [0,¢]. To establish (6.1), it suffices to prove
v(X(c),¢) <1 by (3.11). By the definition of X'(c), there is a positive sequence {z}
such that u(xg,c) =0 and limg z = X(¢). Since u(-,c) attains its minimum value 0
at (the inner point) zj > 0, we have u, (2, c) =0. By (3.4), we have

o2
(6.2) 7um(x,c) < —(p—Qug(z,c) +ru(z,c) + 1 — vy (x, c).

Suppose v, (2, c) > 1. Then the RHS of (6.2) is continuous and negative at x =z, so
we conclude g, (+,¢) <0 in a neighborhood of x. Hence, u(,¢) is strictly concave in
the neighborhood. But this contradicts that u(-,c) takes its minimum value 0 at the
inner point zj, of the neighborhood, so we have v, (zg,c) < 1. Now, taking the limit
leads to the desired inequality v, (X(c),c) <1. |

LEMMA 6.4. For any (z,c) € Q, we have u(z,c) =0 if x > X(c) and u(z,c) >0 if
x < X(c). Also,

(6.3) X(c) >0, ce|0,cl.

Proof. By the definition of X(-), we have u(z,c) >0 when z < X(c). If X(c) = o0,
then = < X(c) always holds. If X(c) < oo, then by virtue of (5.41), (6.1), and
u(X(c)) =0, we conclude from Lemma 5.1 that u(z,c) =0 if > X(c).

Notice that v > g, v(0,¢) = g(0) =0, and ¢’(0) > 1 in the complicated case, so

(6.4) v:(0,¢) > ¢'(0) > 1.

Because X (¢) >0 and (6.1), we get (6.3). The last assertion follows from (3.7). |
LEMMA 6.5. The curve X(-) is nondecreasing in [0,¢].

Proof. We argue by contradiction. Suppose there exist 0 < a < b < ¢ such
that X(b) < X(a). Then for any = € (0,X(a)), by Lemma 6.4 and (3.1), we have
—Lyv(x,a) —a=0. By (3.1) and (3.4),

—Lw—¢>0,0.(—Lv—c)=Lau+v, —1<0, in Q,

it hence follows that
—Lov(z,c)—c=0, —Lou(z,c) —vg(z,¢) +1=0, (z,¢) € (0,X(a)) x [a,¢].
This particularly yields
0=—Lyv(x,b) = b, —Lyu(x,b) —v.(x,b) + 1 =0, z € (X(b), X(a)).
But we have u(x,b) =0 for all x € [X(b), X (a)], so the above leads to
0=—Lyu(z,b) — vz (x,b) + 1 = —v,(z,0) + 1, z € (X(b), X(a)),
and consequently,
0=—Lyv(x,b) —b=rv(r,b) — N, x € (X(b),X(a)).

But the above two equations clearly cannot hold simultaneously, completing the
proof. 0

LEMMA 6.6. The curve X(-) is bounded and continuous in [0,¢].
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Proof. To prove X(-) is bounded in [0,¢], it suffices to prove X(¢) is finite since

X (+) is positive and nondecreasing. Suppose X (¢) = +oo. Then
— — — / Y
u(0,¢) =0, —Lzu(x,¢) =v,(z,¢) —1=¢'(z) —1=—e 7" =1, 2> 0.
r

This ODE with Dirichlet boundary condition admits a unique (power growth) solution

e

—.136771.
r(o?y —p+7)

u(z,c) = %(efw 1)+
It thus follows u(+00,¢) = —1/r < 0, contradicting u > 0. Hence, we proved that
X (+) is bounded in [0,¢]. Now we prove the continuity. Suppose there is one a € [0,¢]
such that X(a—) < X(a+). Then u(x,a) =0, —L,v(x,a) —a =0, and —L,u(x,a) —
vg(z,a) +1=0 for z € (X¥(a—),X(a+)). A similar argument to the proof of Lemma
6.5 leads to a contradiction. So X'(-) is continuous. d

To establish the smoothness of X(-), define a compact region
0 ={(z.c)€Q ‘ 0<z<X(0)}

and a function space

Coo,O(QO) = {(p: Qy—R ‘ gx—mgp € C(Qy) for all integers m > 1}.

For ¢ € C°*9(Qy), define the maximum norm

A%

|@(‘,C)|Cm[o,x(c)]: max %—m(m,c)

0<z<X(c)

Define another function space

D= {(p: Qo —R ‘ 0 €C(Qy), and ¢(-,c) € W2P([0, X (c)])

for each c € [0,¢] and each p > 1}.

LEMMA 6.7. Suppose f € C>°(Qq) and h € C[0,¢]. Then there is a unique o € D
such that

(6.5) {_‘Cc(p(mﬂc) = f(z,0), (z,¢) € Qp,

»(0,¢) =0, p(X(c),c)=h(c), c€]0,q.

Moreover, p € C*9(Qy).

Proof. We omit the proof of the existence and uniqueness as it is standard.
By a standard argument of the regularity of equation, we have for each m > 1,

8m

2 (2,¢)

&Cim < 00.

(6.6) sup |¢(-,¢)lemio,x(e)) = sup
c€(0,] (z,6)€Q0

Fix any c € [0,¢) and m > 1. Suppose A € [0,¢ — ¢] and set

P(x) = p(z,c+ A) — p(z; ).
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By the monotonicity of X(-) and (6.6), ¢,(z,c+ A) is uniformly bounded for all
z €[0,X(c)] and A €[0,¢ — ¢]. This together with f € C°9(Qy) and

—Le(x) = flz,c+A) = f(z,¢) — gz, c + A)A, z €0, X (c)]
implies

A | = Lelemio,xo) = 0.

X(c+A)
P(X(c)) = (X (c),c+A) = p(X(c),¢) = h(c+ A) = h(c) — / Pa(y,c+ A) dy,
so it follows from the continuity of h(-) and X' () and the boundedness of ¢, that
Aim % (X(c)) =0.

Applying the regularity theorem of the equation, we obtain (please refer to [20, Part
I1, section 6.3.2])

Alg{h [Y|emio,x(c)) =0,

s0 p € C™0(Qp). 0
LEMMA 6.8. It holds that v, u € C*°(Qy).
Proof. Since —L.v = c in Qp and v(X(+), -) is continuous in [0,¢], we conclude

from Lemma 6.7 that v € C°*°(Qy). This further implies —L.u= v, —1 € C°>°(Qy),
which together with u(X(c),c) =0 and Lemma 6.7 confirms u € C>°(Qp). d

We next further strengthen the estimate (6.1) to the following.

LEMMA 6.9. There is a constant 0 <0 <1 such that for all ¢ € 0,7,
(6.7) vy (X (c),c) <1—0.

Proof. Since ¢+— v,(X(c),c) is a continuous function on [0,¢], it suffices to prove
that v, (X (c),c) <1 for every c € [0,¢]. Suppose, on the contrary, v,(X(c),c) =1 for

some c € [0,¢]. We get from Lemma 6.4 and (3.1) that

2
(6.8) %UM(J:—,C) =—c¢(1 —vgy(z,0)) — pvg(x,c) +rv(z,c), z < X(c).
This together with (3.8) gives

0.2

?UMC(X(C)—,C) =—pu+rv(X(c),c) <—p+c<0.

Also, by (6.4) and (3.11) we have vy (z,c) < v5(0,¢) for all z > 0, s0 v4;(0+,¢) < 0.
Differentiating (6.8) w.r.t. z twice gives

—LVgz(,¢)=0 in [0,X(c)].

Then applying the maximum principle yields v, (z,¢) <0 for z < X(c). This together
with (3.4) leads to

—Leou(z,c) =vz(x,¢) —1>0,(X(c),c) —1=0, x €[0,X(c)].

Since u > 0 and u(X(c),c) = 0, the strong maximum principle gives u, (X (c),c) < 0.
But u(-,c¢) gets its minimum value 0 at X(c), so u,(X(c),c) = 0, contradicting the
above. |
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LEMMA 6.10. There is a constant 6 >0 such that for all c € [0,¢,

0.2

(6.9) Eum()\,’(c)—,c) > 0.

Furthermore, there is 0 <e < X(0) such that

(6.10) T heal60) 2 58 02 (50) e, ) 2 ()
. 2uxzx70727ul’yuc ufbxvcfa_gy x

forall X(c¢) —e<ax<y<X(c) and c€10,7.

Proof. For (z,c) € Qp, we have
2
%um(:ﬂ—, ¢)=—(u—c)ug(z,c) + ru(z,c) + 1 — vy(z, ).

By Lemma 6.8, the RHS is continuous and bounded in Qg, and so is the LHS. Since
uz (X (c),c) = u(X(c),c) = 0, the claim (6.9) follows from the above equation and
Lemma 6.9. Recall that X is continuous, increasing, and positive on [0,¢], so it follows
that %zum(x—,c) > 16 in the compact set {(z,c) | X(c) —e <z < X(c), c € [0,¢]} if
€€ (0,X(0)) is sufficiently small. The second estimate in (6.10) then follows from the
first one and the mean value theorem. O

LEMMA 6.11. The function X (-) is Lipschitz continuous in [0,¢], i.e., there is a
constant K >0 such that for any 0 <a <b<F,
(6.11) |X(a) = X(b)| < Kl|a—b|

Proof. Since X (-) is continuous, it suffices to consider the case 0 < |X(a)—X(b)| <
¢, where ¢ is given in Lemma 6.10. Denote ¢(x) = [u(x,b) — u(z,a)]/(b— a). We first
prove there is a constant K > 0, which is independent of ¢ and b, such that

(6.12) |62 (2)] < K, x € [0,X(a))].
Note that ¢ satisfies
{—cm = [va(2,b) — vo (2, )]/ (b — a) — us(2,b), z €10, X(a)],
$(0) =0, p(X(a)) = [u(X(a),b) — u(X(a),a)]/(b - a).

First write

b
[vx(m,b)—Ux(a:,a)]/(b—a):ﬁ/ o (2, 5) ds,

b
o) = [u(a,b) = u(e )} (b= )= [ ) ds

then by (3.12), (3.13), we see that | — L,¢| and |¢(X(a))| are uniformly bounded,
independent of a and b. For each p > 1, by the maximum principle and the LP es-
timation, there is a constant K, > 0, which is independent of a and b, such that
|plw2.p(j0,x(a))) < Kp. Apply the embedding theorem; then (6.12) follows. Conse-
quently, |uz (X (a),b) —uy(X(a),a)| < K|b—a|. Meanwhile, by recalling |X'(b) — X (a)] <
g, it follows from (6.10) that
1
| (X(8),6) — ua(X(a),b)] 2 561X (b) — X(a)].
Since u, (X(+),-) =0, we have
Uz (X (),0) — ug(X(a), b) = uz(X(a),a) — us (X (a),b).

Combining the above three estimates, we obtain (6.11). d
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LEMMA 6.12. Suppose ¢ € D, ¢, is bounded a.e. in Qpy, and

—%—%:0, a.e. i Qy,
(6.13) W—@AX(C),C)X’(C):O, a.e.c€ 0,6,

»(0,¢) =0, c€|0,q,

¢(x,¢) =0, z €[0,X(2)].

Then =0 in Q.
Proof. Denote

&= {ce [0,¢] ’ p(x,c)=0for all x € [0726(0)]}.

By the last equality in (6.13), ¢ € £. Our target is to show £ = [0,¢]. Now suppose
E#10,¢]. Then a=sup{ce[0,c]:c¢ &} exists. If a=¢, then a € £. Otherwise a <,
then a + ¢ € £ for all sufficiently small € > 0. By the continuity of ¢, we also have
a € €. Hence, we proved [a,¢] C E. Since € #[0,¢], we have a > 0. Let I. = [a —¢,al,
where ¢ € (0,a) is a small constant to be chosen shortly. Also, let

n= esssup [py(z,c)l
z€[0,X(c)], c€l.
Since @, is bounded a.e. in Qp, we have n < co. Thanks to the first equality in (6.13),
we have
ILey]
dc

sup
z€[0,X(c)], cel:

<

Since a € £, we have ¢(z,a) =0 for all x € [0,X(a)]. By integrating the above over
[e,a] for c € I, it follows that

sup |Lep] <me.
z€[0,X(c)], cel.

Moreover, from (6.11) we obtain |X'(-)| < K a.e. for some positive constant K > 0.
Since ¢(X(a),a) =0, applying the second equality in (6.13) leads to

sup (X (c),c)| = sup
cel, cel.

— [ ulX5).5) () ds| < K

Now using the maximum principle and L” estimation, there is a constant K; > 0,
which is independent of 1 and ¢, such that

Su}) lo(+s ) wzppo,x(e)) < K1me.
cel.

Furthermore, the embedding theorem implies, for each o € (0,1), there is a constant
K5 >0, which is independent of 1 and &, such that

sup |@ (-, ¢)|cr+afo,x () < Kane.
cel,

Now choose 0 < £ < min{a,1/K>}. On recalling the definition of i and that 7 < oo, the
above inequality leads to 7 =0. This implies I. C £, which contradicts the definition
of a. Therefore, we must have £ =[0,¢], completing the proof. O
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LEMMA 6.13. There is a unique w € D such that

{ﬁcw = —2u, mn Qo,

(6.14) w(0,¢) =0, w(X(c),c) =0, ce[0,d.

Moreover, w € C*9(Qq) and w=u, in Q.

Proof. Thanks to Lemma 6.8, we have —2u, € C°*°%(Qy). Applying Lemma 6.7,
we see w € C°(Qp). To prove w = u, in Qp, it suffices to prove U = u as w = U,
where

c

u(z,c) =u(x,c) — / w(z,s) ds.

c

Indeed, we first have

O=Lel) _ Uy = —Lolle = —Low = —2uy.
dc
Also, since —L.u=1v, — 1,
O(—Lu) ~ 0(vy — 1) B
Tde WS T g U= e

It hence follows that
(—L.u) P O(—L.u)

e A R
Next, we have U (X (c),c) = w(X(c),c) = 0. Since u(X(c),c) = uy(X(c),c) =0, we
also have u.(X(c),c) =0. We thus have

ST g, (@02 (0 = LD (0, 0X'(0) ae. ce o

Clearly, @, (x,c) = uz(x,¢) — ffwm(x,s) ds is bounded. Therefore, it follows from
Lemma 6.12 that u = u, completing the proof. 0
LEMMA 6.14. It holds that X(-) € C'[0,¢] and

B Uge(X(€),c)
(

(6.15) X0 ==

, c€[0,q.

Proof. By Lemma 6.13, both ug.(X(c),¢) and ug, (X(c),c) are continuous in [0, ¢].
Notice u,(X(c),c) =0, so we have

d[ue (X(c), c)]
dc
By virtue of (6.9), the claim follows. |
Define w(® (z,¢) = u.(z,c), X (c) = X(c), and for n=1,2,...,

0 = Uze (X (€), €)X (€) + uge(X(c), ).

ow =1 (z, c) dx=1(c)
e b R V1 (O 1O W R
dc ’ (<) de
LEMMA 6.15. If X(-) € C"[0,¢] and w"=1) € C>9(Qy) for some n > 1, then we
have w™ (X (c),c) € C[0,¢).

w™ (z,¢) =
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Proof. Notice w®) (X (c),c) = u.(X(c),c) =0, so by taking its nth derivative, we
see that w(™ (X(c),¢) can be expressed as a polynomial of

ow® (X (c),c)

D yk=0,1,....n—1,m=1,2,...,n—k,
x'"

and X("™)(c), m = 1,2,...,n, which are all continuous in [0,¢], so w™ (X(c),c) €
Co,¢. 0

LEMMA 6.16. If X(-) € C™[0,¢] and w™~Y € C>®0(Qy) for some n > 1, then
w™ € C=0(Qp).

Proof. By Lemma 6.15 we know w(™ (X(c),c) € C[0,¢]. By Lemma 6.7, we see
there exists a unique ¢ € C°°%(Q,) such that

{Ec(b =—(n+ 2)11)3(5”_1) in Qp,
$(0,¢) =0, (X (c),c) =w!™(X(c),¢), ce[0,d.

We come to prove ¢ = w™ in Qp, which will complete the proof of the lemma. Letting

®(z,¢)=wmV(z,¢) — /Cqb(x,s) ds,

it suffices to prove ® = w1 in Qq since ¢ = ®.. First, we have

—L.P
O(=L:DP) By = LoD, = Lot =—(n+ 2w,
Jc
and, since —L.w™ D = —(n + 1)w(=2),
n—1 n—2o
‘9(_566—’”()) _ D = _W —wlD = —(n+ 2w
¢ c
Hence,
A=Le®) o ILew™D) oy
dc r de z

Thus,
de(x dw—D(x
WO g, (200, 0)/(0) = LD 00 (), 0200,
dc dc
Finally, applying Lemma, 6.12 yields ® = w(»~1) completing the proof. a

Applying (6.15), we further have the next lemma.
LEMMA 6.17. If X(-) € C™[0,¢] and w™ € C®9(Qy) for some n > 1, then
X(-) e C™o,7q.

Using X (c) € C'[0,7 (by Lemma 6.14), w(® € C=°(Qp) (by Lemma 6.13),
Lemma 6.16, and Lemma 6.17, one can establish Proposition 6.1 easily by mathemat-
ical induction.
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6.2. On the strictly monotonicity of the free boundary. Finally, we prove
Proposition 6.2.

LEMMA 6.18. We have ug.(X(c),c) #0 for all c € [0,¢).

Proof. Write w instead of w(® for notational simplicity. We then need to prove
wy (X (c),c) #0. Suppose, on the contrary, w,(X(c),c) =0 for some ¢ € [0,¢]. Now fix
this ¢. It follows from (6.10) that

Uz (x,¢) >0, z € (X(c)—eg,X(c)).
Notice that w = wu, satisfies (6.14), so differentiating the equation gives
—Lowg(z,¢) = —2ugy(z,¢) <0, z € (X(c) —e,X(c)).
We claim
(6.16) wy(x,¢) >0, ze(X(c)—¢e,X(c)).

Indeed, if wy(z,¢) <0 for some x € (X(c) —,X(c)), then since w, (X (c),c) =0, the
maximum principle and the Hopf lemma imply w,, (X (c)—,¢) > 0. But the equation
in (6.14) implies

0,2

e (X(e) =) = (2us — (1= e, +1w) (X(e), ) =0,

leading to a contradiction. So (6.16) holds, from which and w(X(c), c) =0 we conclude
(6.17) w(z,c) <0,z € (X(c) —¢e,X(c)).
Define
x* =sup {x €[0,X(c)] ‘ w(x,c) > 0};

then (6.17) implies z* < X(¢). If 2* > 0, then by the continuity of w, we have
w(z*,c) =0; otherwise, we have z* =0 so that w(z*, ¢) =w(0,c) =0. Integrating the
equation in (6.14) in [z*, X' (c)], and recalling w(X(¢),¢) = u,(X(c),c) =0, we have

o2 X(c)
?wm(:v*,c):—r/ w(z,c) de + 2u(z*,c) > 0.
It hence follows that w(z* +¢’,¢) > w(x*,¢) =0 for any sufficiently small &’ > 0. But
this contradicts the definition of x*, completing the proof. a0

Combining (6.15), Lemma 6.18, Lemma 6.5, and Proposition 6.1, Proposition 6.2
follows.
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