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Abstract. This paper is concerned with zero-sum stochastic linear-quadratic differential games
in a regime-switching model. The coefficients of the games depend on the underlying noises, so it
is a non-Markovian regime-switching model. Based on the solutions of a new kind of multidimen-
sional indefinite stochastic Riccati equation (SRE) and a multidimensional linear backward stochastic
differential equation (BSDE) with unbounded coefficients, we provide closed-loop optimal feedback
control-strategy pairs for the two players. The main contribution of this paper, which is of great
importance in its own right from the BSDE theory point of view, is to prove the existence and
uniqueness of the solution to the new kind of SRE. Notably, the first component of the solution (as a
process) is capable of taking positive and negative values simultaneously. For homogeneous systems,
we obtain the optimal feedback control-strategy pairs under general closed convex cone control con-
straints. Finally, these results are applied to portfolio selection games with full or partial no-shorting
constraint in a regime-switching market with random coefficients.
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1. Introduction. Differential games explore the decision-making processes of
two or more individuals (referred to as players) who simultaneously make choices
while considering the trade-offs with their counterparts within some continuous-time
dynamic systems. A zero-sum game is a bilateral game with a singular objective, per-
ceived as a gain for one participant and an equivalent loss for the other. The study of
zero-sum differential games can be traced back to the pioneering work of Isaacs [17],
who studied the game within a deterministic framework. Fleming and Souganidis [7]
initiated the study of zero-sum differential games within random frameworks, which
are now called stochastic differential games. Elliott and Kalton [5] introduced the
concept of upper and lower value functions and proved that the two value functions
are the unique viscosity solutions to the associated Hamilton—Jacobi-Bellman—Isaacs
equations. Recently, Buckdahn and Li [2] studied a zero-sum stochastic differential
game with recursive utilities by a backward stochastic differential equation (BSDE)
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approach. Yu [30] delved into a zero-sum stochastic linear-quadratic (LQ) differ-
ential game, leveraging the advantageous structure of the LQ system to derive an
optimal feedback control-strategy pair through the solution of the associated Riccati
equation.

In the aforementioned studies, all the market coefficients are presumed to be de-
terministic, rendering the Riccati equations as one-dimensional ordinary differential
equations (ODEs). Moon [21] extended Yu’s [30] result to Markov jump systems,
wherein the coefficients are deterministic functions of both time and regime. In his
model, the Riccati equation becomes a multidimensional ODE, a complexity intro-
duced by the existence of multiple regimes. Lv [20] investigated an infinite horizon
zero-sum stochastic differential game within a regime-switching model.

However, assuming all the market coefficients are deterministic functions of time
and regime may be too restrictive. In practice, market parameters such as interest
rates, stock appreciation, and volatility rates, are influenced by various factors, in-
cluding politics, economic growth rates, and so on. Therefore, it is necessary to allow
the market parameters to depend not only on the regime (which reflects the macro-
economic status) but also on other random factors (which reflect some micronoises).
With this consideration, this paper studies zero-sum stochastic LQ differential (SLQD)
games with regime switching and random coefficients. Since the coefficients depend
on both the regime and the underlying noises, we are dealing with a non-Markovian
regime-switching model so that the ODE approach fails.

It is well known that the closed-form representation of the optimal control for a
stochastic LQ control problem with deterministic coefficients is closely related to the
solvability of the corresponding Riccati equation. This equation, which is an ODE,
typically exhibits growth that exceeds linearity. When dealing with a non-Markovian
model, the Riccati equation becomes a BSDE, known as a stochastic Riccati equation
(SRE), which features a nonlinear growth generator.

Bismut [1] was a pioneer in the study of LQ control problems with random coef-
ficients, successfully addressing some specific cases—particularly those with a linear
generator. However, due to the high degree of nonlinearity, the solvability of general
SREs has remained a challenging and long-standing issue. Tang [26] was the first to
establish the existence and uniqueness result for general SREs by employing stochastic
Hamiltonian systems. In his work, the random control weighting matrix was required
to be uniformly positive definite. For those interested in the LQ control problem with
random coefficients, further reading can be found in the works of Kohlmann and Tang
[19], Hu and Tang [14], Tang [27], Hu and Zhou [16], and Sun and Wang [25].

In studying zero-sum SLQD games within non-Markovian regime-switching frame-
works, one inevitably encounters indefinite SREs, where the state or control weighting
matrices may possess zero and negative eigenvalues. Indefinite SREs are also prevalent
in stochastic LQ optimal control problems with random coefficients. Generally, the
solvability of indefinite SREs presents an exceptionally challenging and long-standing
issue. Existence and/or uniqueness results for indefinite SREs have been established
in some special, yet significant, cases, as documented in the works of Hu and Zhou
[15], Qian and Zhou [23], Du [4], and Hu, Shi, and Xu [11], among others.

However, it is crucial to recognize that the indefinite SREs arising from zero-sum
SLQD games and those from optimal stochastic control problems are fundamentally
different. This distinction stems from the fact that in zero-sum games, the objectives
of the two players are inherently opposed, leading to control weighting matrices that
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generally exhibit opposite signs (thus being indefinite). In contrast, participants in
a control problem, even if there are multiple players, typically aim in the same di-
rection (such as minimizing nonnegative quadratic cost functionals). Consequently,
the weighting matrices in control problems are usually positive semidefinite to ensure
that the value function is lower bounded.

The study of optimal control problems within non-Markovian regime-switching
frameworks has only recently commenced. Hu, Shi, and Xu [11] were the pioneers
in this area, initially tackling a homogeneous stochastic LQ optimal control prob-
lem that incorporated general closed convex cone constraint on the control variable.
They applied their findings to a continuous-time mean-variance portfolio selection
problem. Subsequently, they expanded their model in [12] to address inhomogeneous
systems, successfully solving a novel class of multidimensional linear BSDEs with
unbounded coefficients. In a recent work [13], they delved into finite-time optimal
consumption-investment problems featuring power, logarithmic, and exponential util-
ities within a regime-switching market characterized by random coefficients. Wen
et al. [28] built upon the vector-valued case presented in [11] to explore the matrix-
valued scenario, broadening the scope of applications and theoretical understanding.
Additionally, Moon [22] investigated zero-sum stochastic differential games where the
diffusion term does not depend on controls. This body of research collectively ad-
vances the understanding of complex control problems in financial mathematics and
beyond.

In this paper, we explore zero-sum SLQD games for systems with non-Markovian
regime switching. The coefficients’ randomness originates from two sources: the
Brownian motion, which represents the underlying noises, and the Markov chain,
which accounts for the regime switching. Our work extends the control theory pre-
sented in previous studies by Hu, Shi, and Xu [11, 12] to the zero-sum game context,
but there are notable distinctions between our approach and that of the referenced
works. Specifically, the weighting matrices in the prior studies are described as weak
indefinite, meaning they are positive semidefinite (their eigenvalues can be zero or
positive, but never negative). In contrast, the weighting matrices in our study are
strong indefinite, where the eigenvalues take both positive and negative values simul-
taneously. This difference has significant implications: the solutions to the SREs in
the previous research all have nonnegative first components, whereas in our case, the
first components of the SRE solutions can take positive and negative values concur-
rently. This presents unique challenges and necessitates novel approaches to solve the
SREs and derive the optimal strategies for zero-sum SLQD games.

We begin by defining admissible feedback controls and admissible feedback strate-
gies for our games within the context of non-Markovian regime switching. For our
investigation, we introduce a novel type of multidimensional indefinite SRE, the so-
lution of which may simultaneously assume positive and negative values. Leveraging
a stability result for BSDEs by Cvitani¢ and Zhang [3], along with a multidimen-
sional comparison theorem by Hu and Peng [10], we are able to establish the ex-
istence of the solution to the multidimensional indefinite SRE through monotone
approximation.

However, our attempts to establish a uniqueness result directly through BSDE
methodologies, such as the log transformation technique successfully applied in the
previous study [11] for certain weak indefinite SREs, have not been fruitful. Specifi-
cally, we are unable to identify a transformation for our indefinite SRE that ensures
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the quadratic term in the generator is monotone—a crucial step in the aforementioned
study. This challenge arises because the objectives of the two players in our problem
are inherently opposed, leading to an inevitable loss of monotonicity. Instead, we
resort to a verification theorem to establish uniqueness. By employing the technique
of completing squares, we derive optimal feedback control-strategy pairs for the two
players based on the solutions of the indefinite SRE and a multidimensional linear
BSDE with unbounded coefficients, thereby implying uniqueness. It is important to
note that this approach relies on the specific structure of the SRE, which is directly
linked to a game scenario. The pursuit of proving uniqueness directly through a BSDE
approach remains an open and significant area for future research.

Furthermore, we extend our analysis to include games for homogeneous systems.
In such scenarios, we are able to integrate closed convex cone control constraint into
the game framework and provide the corresponding optimal feedback control-strategy
pairs for the players.

As a practical application of our theoretical results, we examine portfolio selec-
tion games that feature various short-selling prohibition constraints within a non-
Markovian regime-switching market. This allows us to explore how the absence of
short-selling opportunities, a common regulatory or self-imposed restriction in fi-
nancial markets, affects the optimal strategies for investors operating under regime-
switching conditions that introduce additional layers of complexity and uncertainty.
Our study not only advances the theoretical understanding of zero-sum SLQD games
with non-Markovian regime switching but also offers valuable insights into the real-
world implications of these models, particularly in the context of financial decision-
making under regulatory constraints and market uncertainties.

The remainder of this paper is organized as follows. In section 2, we formulate a
zero-sum SLQD game for inhomogeneous systems with non-Markovian regime switch-
ing. In section 3, we give the optimal feedback control-strategy pairs for the LQ game
and prove the solvability of the related multidimensional indefinite SRE. Section 4
is concerned with constrained LQ game for homogeneous systems. In section 5, we
apply the general results to solve several portfolio selection problems with possible
short-selling prohibition constraints. Finally, section 6 concludes the paper.

2. Problem formulation. Let (Q,F,{F;}o<i<r,P) be a fixed complete proba-
bility space where F = Fp and T > 0 is a fixed time horizon. Let E be the expectation
with respect to (w.r.t.) P. In this space, define a standard n-dimensional Brownian
motion W (t) = (Wi(t),...,W,(t))", t € [0,T], and an independent continuous-time
stationary Markov chain oy, t € [0,T], valued in a finite state space M ={1,2,...,l}
with [ > 1. The superscript T denotes the transpose of vectors or matrices. The
Markov chain c. has a generator Q = (¢;;)ix; with g;; > 0 for i # j and 22:1 ¢i; =0
for every i € M. We assume F; = oc{W(s),a,:0<s <t} \/ N, where NV is the totality
of all the P-null sets of F and denote F}V =o{W(s):0<s<t}VN.

We denote by R™ the n-dimensional real-valued Euclidean space with the Euclid-
ean norm |- |, by R the set of all positive real numbers, by R™*™ the set of all n. xm
real-valued matrices, and by S™ the set of all n xn real-valued symmetric matrices. We
use I, to denote the n-dimensional identity matrix and 0 to denote 0 vectors or ma-
trices with proper size which may vary from line to line. We define 7 = max{z, 0},
x~ = max{—=z,0}, x Vy = max{x,y}, and x Ay = min{z,y} for z,y € R. For
S €S, ceR, we write S > cl, if y' Sy > cly|? for any y € R and define S < cI,,
similarly.
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We use the following spaces throughout the paper:

LE (R™): the set of all R"-valued Fr-measurable essentially bounded
random variables;
L%—T (R™): the set of all R™-valued Fp-measurable random variables &
such that E[|£|?] < oo;
LF(0,T;R™): the set of all F;-adapted essentially bounded processes
v:[0,T] x Q@ —R"™;
L%(0,T;R"): the set of all F;-adapted processes v:[0,7] x Q — R"
such that E[fOT [o(t)]?dt] < oo;
LillOC(O,T; R™): the set of all F;-adapted processes v: [0,7] x Q — R"
such that ]P’(fOT |o(t)|?dt < 00) = 1;
L%(C(0,T);R™): the set of all F;-adapted processes v:[0,7] x Q — R"
with continuous sample paths and E[sup,e(o 7) [v()[?] < oo
These definitions are generalized in the obvious way to the cases that F is replaced
by FW and R™ by R, R"*™ or S”. For notation simplicity, all the estimates between
stochastic processes (resp., random variables) hold in the sense that d¢®@dP-a.s. (resp.,
dP-a.s.). Unless otherwise stated, all the processes are stochastic, so we omit the
argument w € . Furthermore, some arguments, particularly those in integrands,
such as t, ay, and 7, may be suppressed in circumstances when no confusion occurs.
This paper studies zero-sum SLQD games, where the controlled state process
satisfies a scalar-valued inhomogeneous linear stochastic differential equation (SDE):

dX (t) = [A(t,a) X (t) + Bi(t, ) "ui(t) + Ba(t, ) Tua(t) + b(t, )| dt
+ [C(t, ) X () + D1 (t, o) (t)
+ Da(t, ap)us(t) + o (t,a0)] T AW (2),
X0)=zeR, ay=igeM.

(2.1)

Here X (-) denotes the state process, uj(-) and us(-) are the control processes, and
(x,i0) is the initial state. The objective functional is of quadratic form:?

(2.2)

T
Toio (ur,us) = E { /0 (K(t.a) X (0 + () Bur (g (1)
+ 2uq (t)Tng(t, Ozt)UQ (t) + U9 (t)TRQQ (t, Oét>UQ (t))dt + G(OéT)X(T)Q .

This functional can be regarded as the payoff for Player 1 and the cost for Player 2.
Player 1 aims to maximize (2.2), whereas Player 2 aims to maximize its opposite,
thus being zero sum. The coefficients are assumed to be bounded, i.e., for all i € M,
ke {1,2}, we have
A('a '7i)7 b(7 ,Z) S LD]-‘OW (07T7 R)) 0(7 '7i)a 0(') al) S LO]-‘OW (O7Ta Rn)7
Bk(‘, ~,i) S L;:OW <O,T;Rmk), Dk(, ‘,i) S L;_—OW (O,T; Rnxmk)’
K(a 72) € L.(;-'OW (OaTa R)v G(a Z) € L;—%" (R)7
Ry (1) € L (0, T;S™ ), Ri(-,-,i) € LS (0, T; R™XM2),

1Of course, one can introduce inhomogeneous terms in the objective functional as well, but the
arguments are similar.
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Note that, given a regime i € M, the coefficients still depend on the Brownian motion;
thus (2.1) is a non-Markovian regime-switching model.

For k € {1,2}, let ug(-) denote the control process of Player k, chosen from the
admissible control set Uy = L%—(O,T;Rmk). Clearly, for any admissible control pair
(u1,u2) € Uy X Uz, there exists a unique strong solution X(-) € L%(C(0,T);R) to
SDE (2.1), called the corresponding admissible state process. Furthermore, due to
the boundedness of coefficients, it is easily seen that —oo < Jy ;, (u1,u2) < 00. So the
objective functional (2.2) is well-defined for any admissible control pair in U; X Us.

In addition to the admissible control sets, we also need to define the admissible
strategies for the two players. Our definition of nonanticipative strategies (see Elliott
and Kalton [5]) is adopted from Buckdahn and Li [2, Definition 3.2], Yu [30], and
Lv [20].

DEFINITION 2.1. An admissible strategy for Player 1 is a mapping 1 : Us — U
such that for any Fi-stopping time T : Q — [0,T] and any two controls us, Uy € Us
with ug =y on [0,7], it holds that B1(usz) = f1(us) on [0,7]. The set of all admissible
strategies for Player 1 is denoted by Ay. Admissible strategies Bo : Uy — Us and the
set As of them for Player 2 are defined similarly.

For (z,i0) € R x M, we define Player 1’s value and Player 2’s value as

Vi(z,ig) £ inf sup Jo,(u1,B2(u1)),

B2EA> w1 EUp

. A .
‘/2(933 ZO) - ;3?16131 u;%{b Jz,zo (61 (u2)a UQ) :
When Vi (z,i9) (resp., Va(z,ip)) is finite, the zero-sum SLQD game for Player 1 (resp.,
Player 2) is to find an admissible pair (uf, 35) € U x Az (resp., (us, 57) € Us x Az)
such that Jy i, (uf, 85 (u3)) = Vi(z,io) (resp., Juio (87 (us),us) = Va(x,ip)), in which
case (uj,fs) (resp., (u3,B7)) is called an optimal control-strategy pair for Player
1’s value (resp., Player 2’s value). For simplicity, we call this game the LQ game
(2.1)—(2.2). If the two players’ values are equal, this common value, denoted by
V(z,io), is called the value of the game.

Similar to general LQ control problems, we expect that the optimal control-
strategy pair is in a feedback form. In our setting, the two players can observe not
only the time, noise, current values of the state and regime, but also the current value
of the other’s control. We now give the definitions of feedback controls and feedback
strategies for the LQ game (2.1)—(2.2).

DEFINITION 2.2. An admissible feedback control for Player 1 is a measurable
mapping 7:[0,T] x M x R— R™ such that
(i) for each (i,z) € M x R, 7(-,i,7) is an F}V -adapted process;
(i) for each us(-) € Ua, there exists a unique solution X (-) to the SDE
dX () = [AX(t) + B{ 7(t,c, X (t)) + By ua(t) + b]dt
(2.3) + [CX(t) + Dy7(t, o0, X (1) + Dayus(t) + o] dW (L),
X(O)Z.Z’ER, ag =1g € M,
and (- o, X(+) €U .
DEFINITION 2.3. An admissible feedback strategy for Player 2 is a measurable

mapping I1:[0,T] x M x R x R™ — R™2 such that
(i) for each (i,z,u) € M x R x R™  TI(-,i,z,u) is an F}V -adapted process;
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(ii) for each ui(-) €Uy, there exists a unique solution X (-) to the SDE

(2.4)
dX (t) = [AX(t) + By w1 (t) + By II(t, a, X (t),u1 (t)) + b] dt

+ [CX(t) + Dyuy(t) + DoXI(t, o, X (t),ur (1)) + 0] Taw (),
X0)=z€eR, ay=igeM,

and Bo:uy (1)~ (- a, X(4),u1(+)) € As.

DEFINITION 2.4. Let m be an admissible feedback control for Player 1, and let 11
be an admissible feedback strategy for Player 2. The pair (w,I1) is called an optimal
feedback control-strategy pair for Player 1’s value if the pair (u1,B2) is optimal, that
i, Juio(u1,P2(u1)) = Vai(z,ip), where (u1,B2) is defined by ui(-) = n(-, o, X()),
Bo:ui () = (-, ., X(+),ui(+)), and X(-) is the solution to the following SDE:

dX (t) = [AX(t) + By 7(t, a4, X (t)) + By (¢, s, X (), u1(t)) + b]dt
+ [CX () + Dy(t, o, X (£)) + DoTI(t, ap, X (1), ur () + 0] | dW (),
X0)=z€eR, ay=igeM.

The admissible feedback control for Player 2, the admissible feedback strategy for
Player 1, and the optimal feedback control-strategy pair for Player 2’s value are defined
similarly. For simplicity, we directly call u;(-) =7 (-, ., X(+)) defined in Definition 2.2
the feedback control for Player 1, and B2 : ui(-) — (-, ., X(-),u1(-)) defined in
Definition 2.3 the feedback strategy for Player 2, respectively.

Thanks to the boundedness of coefficients, there exist positive constants ¢y, ¢,

c3, K, G, such that

[KI<K, |GI<G, 24+CTC+ max g <er,

LIS

D! Dy <ély,, DJ Dy<ézly,,
(2.5) [Bi+ D/ C) " [Bi+ D[ C|V[Bs+D;C] [Bs+DjC| <es.

We define two positive constants
€2 8c3(e'T — 1)[K (e — 1) + Gerle' T /(e1])?, €2 cile/[4cs(e!T —1)].

This notation will be used throughout this paper.
To ensure our problem is well-posed, we assume from now on that the following
three assumptions hold without claim.

Assumption 1. There exists a positive constant ¢, such that ¢,I,,, < D{ D; and
colm, < DJ Dy for all i € M.

Assumption 2. Tt holds that Ry < —(e + &2)I, and Rag > (€ + €c2)l,,, for all
ieM.

Assumption 3. It holds that 2¢; <e.

Remark 2.5. In fact, given Assumptions 1 and 2, Assumption 3 is redundant.
To see this, suppose the LQ game (2.1)—(2.2) satisfies Assumptions 1 and 2; then

the game is clearly equivalent to the game under the system (2.1) with the objective
functional
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T
&y o (g, un) 2 E { / <6KX(t)2 un () TER u (£) + 2us () T ERus (£)
0

+us (t)TaRQQuQ(t)) dt + &G ar) X (T)?|,

where ¢ > 2% One can check that the latter satisfies Assumptions 1-3.

3. Solution to the LQ game (2.1)—(2.2). In this section, we construct op-
timal feedback control-strategy pairs through the solutions of a new kind of multi-
dimensional indefinite SRE and a multidimensional linear BSDE. We first study the
solvability of these two BSDESs, and then solve the problem via completing the square
method.

To give more concise expressions, we introduce the following notation:

w2[B0] L peas[B00]

Ry1(t,i)  Ria(t,i) }
mXm

D(t,i) = [Dy(t,i), Da(t,i)]nsxm, R(t,i)é{Rlz(t’i)T Ron(t.1)

where m = my +my. Then, we can rewrite (2.1) and (2.2) as
dX (t) = [A(t, ) X (t) + B(t, o) Tu(t) + b(t, )] dt
+ [C(t,a) X (£) + D(t, o )ult) + o (t, )] dW(8),
X0)=z€eR, ay=igeM,
and

T
T io (U1, u2) ]E{/O (K(t,at)X(t)Q+u(t)TR(t,ozt)u(t))dtJrG(OzT)X(T)? .

In the classical inhomogeneous LQ control theory, an optimal feedback control is
associated with a Riccati equation and a linear equation (see a systematic account in
[29, Chapter 6]). For our LQ game with non-Markovian regime switching, the Riccati
equation is a multidimensional BSDE with an indefinite generator and we call it an
indefinite SRE. In addition, the linear equation is a multidimensional BSDE with
unbounded coefficients.

3.1. Solvability of two BSDEs. To introduce the indefinite SRE and the linear
BSDE, we first introduce some notation. For (t,i, Py, A, A) € [0,T] x M xR x R x
R™ x R™, we set

Ru(t,i,P)  Ria(t,i,P)
Ria(t,i,P)T  Roa(t,i,P)
_ [Ri1+PD{ Dy Rys+ PD] D
“ |Rl,+PDJ Dy Ryy+PDJDs|’

R(t,i, P) 2 R(t,i) + PD(t,i) T D(t,i) 2

mXxXm

C(t,i, P,A) 2 PB(t,i) + D(t,i) [PC(t,i) + A]

~

s |Ci(t,i, P, A) _[P(B1+D{C)+ DA
| Cy(t,i, PA) Xl_ P(By+ Dy C)+DgA|’
&(t,i, Pyp, A) £ B(t,i) + D(t,i) " [Po(t,i) + Al

[I>

G1(t,i, P, A) _ [¢B1+PD{oc+ DA
oa(t,i, g, A)| T By + PDJo+ DA’
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where we omit the arguments (¢,4) in the coefficients in the last equations of the above
definitions. Henceforth, we often drop the arguments for R, C, and &.

Remark 3.1. The solution to our SRE (3.1) below is expected to satisfy P(-,3) €
[—€, € for all i € M. This means the SRE (3.1) is an indefinite BSDE. In order to solve
it, we first establish some priori estimates on the coefficients. Suppose P € [—€,¢|.
Thanks to Assumption 2, for all i € M, we have

~ 1 ~ ~ 1
Rll < _61m17 R22 m27 _EIml < R111 < OImla OImz < R221 < 7Im2-

™

Furthermore, R is an invertible indefinite matrix and
—1 =135 PB-1
N R}\l _ R R12R22
—Ry RLRy Ry + Roy RLRyy Ras Ry

R11+R 'Ri2Ry R, R} 1%1111%121{22
_R221R12R11 R22

)

where
< .- S sinT = an
Ri1 = Ri1 — RioRoy Ryy, Roo = Roo — R12R1 R12,

which satisfy the estimates

~ 1, ~ 1
Ri1 < —€lp,, Raz>elp,, Iy SRy < 0Ly, 0@y, <Ry < ~Lns.
For (t,i, P, A, A) €10,T] x M x [—€, €] x R x R" x R™, we define

Hy(t,i,P,A)2-CTR'C
— —CJ Ry Cy — [Cy — R1oRyy o] ' Ry [Ch — RiaRiy Cs)
— —C{ Ry\Cy — [Cy — RLE'CL] " Ryt [Co — R Ry CH],

Hy(t,i,P,A,0,A)2 —CT R4, and Hs(t,i,P,0,A) 2 —6T R~16.
Remark 3.2. For all (i, P,A) € M x [—€,€] x R", we have the estimates
LGl < -G By < Hy < O B Gy < |G
Thus, we obtain from (2.5) the estimate
1< 2 AP

The indefinite SRE and the linear BSDE for the LQ game (2.1)-(2.2) are given

dP(t,i) = — | K(t,i) + P(t,i) [2A(t,i) + C(t,i) T O(t,1)] +2C(t,9) " A(t,4)

(3.1) + Hy(t,i, P(t,),A(t,4)) + > qi; P(t, j)]dt + A(t,0) AW (t),
JjEM
P(T,i) = G(i), P(-,i) € [-¢,d, for all i e M,
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and

de(t,i) = — [P(a i) [b(t,3) + C(t,3) "o (t,4)] +o(t,4) TA(t,d) + A(t,9)p(t,9)
+ C(t,i) TA(t,0) + Hy(t,i, P(t,4), A(t, ), 0(t, ), A(t, 7))
+> qijga(t,j)} At 4 A(t,d) T AW (¢),

JEM
o(T,1)=0 for all i€ M.

(3.2)

The second BSDE depends on the first one, but not vice versa, so they are partially
coupled.

DEFINITION 3.3. A wvector process (P(-),A()) = (P(~,i),A(-,i))ieM is called a
solution of multidimensional BSDE (3.1) if it satisfies (3.1), and (P(-,1),A(-,7)) €
L%w (0,T5R) x L%_.W (0, T;R™) for alli € M. The solution of (3.2) is defined similarly.

We now study the solvability of (3.1) and (3.2). Indeed, the solvability of (3.2) is
already known in the literature. The main difficulty of our paper is to establish the
solvability of (3.1). It is a highly nonlinear multidimensional BSDE, and the invertible
matrix R in quadratic generator Hj is indefinite, so it is an indefinite SRE. There
are several results on the solvability of indefinite SREs or indefinite quadratic BSDEs
(see, e.g., [15, 23, 4]). But to the best of our knowledge, no existing results could be
directly applied to (3.1). We follow the method in [11] to establish the existence result
for (3.1). However, this is not straightforward and requires more delicate analysis since
R is not definite.

As for the uniqueness, the direct approach using log transformation in [11] fails
for our indefinite SRE. In fact, because R is an indefinite matrix, we cannot find
a transformation such that the quadratic term in generator is monotone. This is
because the goals of the two players in our problem take opposite directions, so that
monotonicity is in general losing. Instead, we establish the uniqueness result for (3.1)
as a byproduct of Theorem 3.9. It is a challenge problem to establish the uniqueness
by pure BSDE methods, which we leave for our future research.

We now prove the existence of the solution to (3.1) by the approximation method
in [3, Lemma 9.6.6]. Different from [11], the matrix R in our problem is neither
positive- nor negative-semidefinite, so we need two Lipschitz functions to approximate
the generator from above and below, respectively. This method is often used to study
the solvability of BSDEs in the literature, e.g., [6].

THEOREM 3.4 (existence of (3.1)). The indefinite SRE (3.1) admits a solution.
Proof. For P= (P, Py,...,P)T €R!, A= (A1, No,...,A)) eR™ L (t,7) €[0,T] x
M, we set
g(t,i, P, A;) 2 K(t,i) + P [2A(t, i) + C(t,3) T C(t,3)] + 2C(,0) T Ai+ ) qi3 ;.
jem
Thanks to Assumption 2 and Remark 3.2, we can define functions H; and H; such
that they are both smooth w.r.t. P and satisfy
Hy(t,i,P,A)=H,(t,i,P,A) =0 for |P|> 2,
=, . A 03 B 1AITS 1A B Bo1A _
Hl(t,Z,P, A) = — [Cl — R12R22102] RHl [Cl — R12R22102] for |P‘ < €,
H,(t,i,P,A)=—Cy Ry} Cy for |P|<E,
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and

_ (s + | A2 2(cs2 + o A2
0<Hi(t,i,P,A) < (& + BAP) e+ |)<ﬁ1(t,i,P,A)<O.
€ €

For k> 1, (t,4, P,A) €[0,T] x M x R x R™, we define

Hi(ti, P,A)2  inf {Fl(t,i,lg,f\)—kk\P—ﬁ+k|A—/~\|},
(P,A)ERxR"

Elf(taZ>P7A)é Sup El(talvﬁJi)_k‘P_ﬁ'_k|A_K|}
(P,A)€RxR™

Note that F’f is increasing to H; and ﬂ’f is decreasing to H, as k —o0. Forall k> 1
and (t,i, P,A) €[0,T] x M x R x R", we have

220 (A2 2 = IAL2
< 2(c3€* + 2| A )’  2(e3E + &A )Sﬂ]f(tJ,P,A)gO.

—k
0< H{(t,i,P,A
1 (8, ) c c

Clearly, for any k, k > 1, g, ﬁf and H ]f are uniformly Lipschitz in (P, A), so
there exists a unique solution (P**(.), AF* () = (PRE(0), AR (-, 4)) in the space

LZ(0,T;RY) x LZ(0,T;R™*!) to the following BSDE:

ieEM

APPF(t 1) = —[g(t,i, PPR(E), AR (1, 0)) + T (£, 1, PRR (1), AR (7))
FHY (8,0, PEF(t,4), AR (t,4))]dE + AR (2, 0) TdW (1),
PRE(T i) =G(i) for all i € M.

Because H ]f is decreasing to H, as k — oo, by the comparison theorem for multidi-
mensional BSDEs in [10], we obtain that P**(- ) is decreasing w.r.t. k for any fixed

i€ M and k > 1. Similarly, it is increasing w.r.t. k for any fixed i € M and k > 1.
For (t,i,P,A) € [0,T] x M x R! x R", we define

l _
—  2(cgé? A2
g(t,i, PN ) =) ij+2C(t,¢)TA—K—M,
- €
!
< Th L, 2+ ealAP)
gti, P.A)=c; Y P +20(t0) A+ K + =222
€
j=1

—P(t,i)=P(t,i) = Ge' TV 4 (Ke 4 2¢3%) (T8 — 1) /(cyle).
Clearly, for all (t,i) € [0,T] x M,

Moreover, (P(-,i),0) and (?("Z’)’O)ieM satisfy the BSDEs

ieM

' g
P(T,i)=—-G forallie M

{ dP(t,i) = —g(t,i, P(t),A(t,q))dt + A(t,i) "W (2),

and

dP(t,i) = —g(t,i, P(t), A(t,7))dt + A(t,7) T dW (¢),
P(T,i)=G for all i € M.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/23/25 to 158.132.161.180 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

3250 PANPAN ZHANG AND ZUO QUAN XU
For any k,k > 1 and all (t,4,A) € [0,7] x M x R", we have

g(ti, P(£),A) < g(t,i, P(t), A) + T (t,i, P(t,i),A) + HE (t,7, P(t7), A),
g(t,i, P(t),A) + F’f(t, i, P(t,i),A) + Q’f(t, i, P(t,i),A) <g(t,i, P(t),\).

Then, by the comparison theorem for multidimensional BSDEs in [11], we have

—e< P(-,i) < PP (i) <P(.,i) <€ forany k,k>1and i € M.

By monotonicity, we can define P*(-,i) = limj_,o0 P¥*(-,i). Then P*(- i) € [—¢,4.
Regarding (P**(-,i), A®k(- 7)) as the solution of a scalar-valued quadratic BSDE for
each i € M, by [3, Lemma 9.6.6], for each k > 1, there exists a process A*(-) €
L%(0,T;R™!) such that (P*(), A¥()) is a solution to the following BSDE:

AP (t,i) = —[g(t,i, P*(t), A" (t,0)) + H; B (6,0, PRt 0), AR(2, 1))
+H ( PRt i), AR(8,0)] e+ AF(t,0) TdW (8),
PH(T,i)=G(i) for all i € M.

Recall that P**(-, ) is increasing w.r.t. k, so we get that P¥(-,4) is increasing w.r.t. k.
Hence, we can define P(-,4) =limj_, Pk( i). By [3, Lemma 9.6.6] again, there exists

a process A(-) € L%_—(O,T;R”Xl) such that (P(-),A(:)) = (P(-,4),A(-i ))z’eM satisfies

dP(t,i) =—[g(t,i, P(t),A(t,7)) + H1(t, i, P(t,7),A(t, 1))
+ Hy(t,4, P(t,1), A(t,1))]dt + A(t,5) TdW (2),
P(T,i) =G(i), P(-,i) € [-€,€ for all ie M.

Notice P(-,i) € [—¢€,€], so Hy + H,; = H; for all i € M. We see (P(-),A(+)) indeed
satisfies (3.1). This establishes the existence of the solution to (3.1). O

Some coefficients in (3.2) depend on A, so they are unbounded. To prove the
solvability of (3.2), we need a more precise estimate on A. Recall the definition of a
bounded mean oscillation (BMO) martingale. For any process f € szw (0, T;R™), the
process [, f(s)TdW (s) is a BMO martingale if there exists a positive constant ¢ such

that
T
[ 16| fTW] <c

holds for all F}V-stopping times 7 < T. From now on, we use c to represent a positive
constant independent of ¢ and ¢, which can be different from line to line. We set

E

L5300, T;R™) = {f € L3w (0,T;R™)

/ f(s)TdW(s) is a BMO martingale} .
0
For more details about BMO martingales, interested readers can refer to [18].

LeMMA 3.5. Let (P(-),A(")) = (P(-,i),A(~,i))ieM be a solution of (3.1). Then
we have A(-,i) € L?;}EVMO(O,T; R™) for all i € M.
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Proof. For any i € M, applying 1t6’s formula to P(-,i)?, we get
T
]E[/ |A2dt ' ]-'TW] —E[G@@)* | 7] + P(r,4)?

T
:E{/ (2P[P(2A+CTC)+K+QCTA+H1(P’A)+ > qz‘jp(taj)Ddt‘fTW]
’ jem
T a A2
<cvi| [ (aar 2280 a7
T €

where 7 < T is any F}V-stopping time. By Assumption 3, there exists a constant a;

such that 1 — 2% >a; >0. Then
T T A2
2¢5|A
E [/ APar | 7Y / <a1|A|2+ C""') at | ]—'Twl .
T T €

It leads to the bound

<c+E

E

g 2 w ¢
At ))fdt | | € ———,
| ka7 ——
so A(i) € L2200, T3 R™). 0
THEOREM 3.6 (solvability of (3.2)). The linear BSDE (3.2) with unbounded co-
efficients has a unique solution (¢(-), A(+)) = (p(-,7), A(,1)) and for all i € M,
(0(-,i), A(,1)) € L (0, T;R) x L3N (0, T;R™).

Proof. The proof is a consequence of [12, Lemma 3.6]. ]

ieM’

3.2. The optimal feedback control-strategy pair. After solving (3.1)—(3.2),
we can provide optimal control-strategy pairs to the LQ game (2.1)—(2.2).
We set

uy (t,4, X (1))

(33) { R [Ch — Ri2R5; Co) X (t) + 61 — RiaRay 62},
B5 (t,i,ui(t), X (1))

—Ryy [Riyui (t) + CoX (1) + 6],

~Ry {[Cy — RLR'Ci] X (t) + 62 — R, R'61 ),

B (.4, ua(t), X (t)) = — Ry} [Rioua(t) + C1X (8) + 61,

5.0 { wi(t,i, X (t))

where the arguments for Ryg, Ry, Ck, 0%, k, k' € {1,2} are solutions of (3.1)(3.2).
As discussed in [30], it is indeed difficult to prove the adaptability of the op-
timal control-strategy pairs in the case of random coeflficients. In fact, here we
can only obtain uj(-,7, X(-)), 85 (- i,u2(-), X(-)) € LZ°°(0, T;R™) and wj(-,i, X (),
Ba(-i,ui(+),X()) € L?DC(O,T;RWZ) for all i € M. We now use a common method
to deal with optimal control problems with random coefficients, that is, a localization
method plus some convergence theorems, to obtain their square integrability.

LEMMA 3.7. The feedback control-strategy pair of Player 1 (resp., Player 2) de-
fined by (3.3) (resp., (3.4)) is admissible.
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Proof. We only prove that (3.3) is admissible, since the proof of (3.4) is similar.
The proof consists of two steps.

Step 1. Fix any ug(+) € Us; we now prove that SDE (2.3) has a unique solution
with 7=}, and uj(-,4, X(-)) € L%(0,T;R™) for all i € M. The SDE (2.3) with the
control m=uj is

dX (t) = [AX(t) + B] wi(t, s, X(t)) + Bg ua(t) +b]dt
+[CX (1) + Diui (t ar, X (1)) + Daua(t) + 0] AW (1),
X0)=z€eR, ay=igeM.
For all i € M, we have |uf(t,i,X(t))] < c[(1 + |A(t,9)])|X ()] + 1 + |A(t,4)]] and
A1), A1) € Lil]‘,gVMO (0,T;R™). By the basic theorem on pages 756-757 of [8], the
above SDE has a unique strong solution. As X (-) is continuous for almost all sample
paths, it is almost surely bounded on [0,7], which guarantees that

T
| itt.ae Xt < oc.
0
By It6’s lemma for Markovian chain (see [9]), we have

dP(t,aq) = —[K + P(t,00) (24 + CTC) + 2C T A(t, o) + H1(P(t, ), A(t, )] dt

+ At a) AW () + D [P(t) = P(t,i)] (e, =i dNy (1),
i, jEM
do(t,op) = —[P(t, o) (b+ CTo) + 0T Alt, ) + Ap(t, )
+ CTA(t,ap) + Hay(P(t, o), A(t, ), o(t, o), A(t,oq))]dt

+ A(tﬂat)TdW(t) + Z [‘p(tvj) - gp(t,’i)] I{ozf,_:i}dNij(t)v
i,jEM

where N;;(t), 4,j € M, are independent Poisson processes with intensity ¢;; and
Nij (t) = Nj;(t) — gi;t are the corresponding compensated Poisson martingales under
the filtration F;.

Applying Ito’s formula to P(t,a;) X (t)? + 2p(t, o) X (t), we get

P(t,a) X (£)? + 20(t, o) X (t) — P(0,ig)x* — 2(0, )z

t
+ / (KX2 + (UT)TRHUT + 2(UT)TR12UQ + U;—R22u2)ds
0
t
= [ (lu2 = B3ut)] Raalua - 53u)] + P+ 2gb-+ 7 A) 4 Ha(Prip ) ds
0

t T
+/ (2(PX+¢)(CX+D1u’{ + Daug + o) +X2A+2XA) dW (s)
0

. <X2 S [Poud)~ P =

i,jEM
+2X ) [ (5,0)] I{a. _,}>le]( ).
i,jJEM

The stochastic integrals in above equation are local martingales, so there exists an
increasing sequence of stopping times {7} such that 7, — +00 as k — oo, and
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E[P(T A7) X (T A7) 4 20(T A1) X (T A 3e) | — P(0,i0) 2% — 20(0, 40 )

TNATE
+E |:/ <KX2 + (UT)TRHUT + Q(UT)Tng'U,Q + U/zTRQQUQ)dS]
0
TNATE T~
=E [/ ([ug — B3 (u})] Rozluz — B5(uf)] + Polo+2(pb+0"A)+ Hg)ds] .
0
From Assumption 2 and Remark 3.1, we obtain
TATE
(6—1-662)1}3{/ qus} + P(0,i0)x* + 2¢(0,40)
0

TATE
QE{/ (KX2+u2TR22u2 7P0T072(<pb+aTA) Hg)ds]
0

—— TATE T AT
€+ €cy .12 2 / 9
E d E R d
T2 [/0 il S}KHCQ {0 [Baatalde

+E[P(T A7) X (T A1)+ 20(T A7) X (T A7)

Letting k — oo and applying the monotone and dominated convergence theorems, we
obtain uj(-,7, X(-)) € L%(0,T;R™*) for all i € M.
Step 2. For each uy(-) €Uy, we prove that SDE (2.4) has a unique solution with
II = B3, and B5(-,i,u1(-),X () € L%(0,T;R™2) for all i € M. Since the proof is
similar to Step 1, we omit the details. 0
LEMMA 3.8. Define the admissible feedback control-strategy pair (uf, 85) of Player
1 by (3.3). Then we have the following:
(1) Jpio(ur, B3 (u1)) < Jg i (w1, B2(ur)) for any uy € Uy and By € As. Moreover,
the equation holds if and only if Ba(u1) = B3 (u1).
(i1) Tz (Ui, 85 (u3)) = Jzio (w1, B3 (u1)) for any uy € Uy. Moreover, the equation
holds if and only if uy =uj.
Proof. Similar to Step 1 in the proof of Lemma 3.7, applying It6’s formula to
P(t, o) X ()% + 2¢(t, ) X (), we have

T ATy
E U (KX2 +uTRu)ds + P(T A7) X(T A7) +20(T A7) X (T A Tk)}
0

TNAT .
= P(O,’i()).’EQ + 2(,0(0,’&()).% + E |:/ ([UQ - ﬁ; (Ul)] TRQQ [’U,Q - 5; (ul)]
0
+ (w1 — ul) T Ryy(uy —ul) + Po T o+ 2(pb+ 0 A) +H3)ds}

Letting £k — oo and applying the dominated convergence theorem and Remark 3.1,
we obtain the desired conclusion. ]

Next, we give the solution for the LQ game (2.1)—(2.2). The proofs of Theorem 3.9
and Corollary 3.11 are similar to those of Theorem 2.5 and Corollary 2.7 in [30], which
are not repeated here.

THEOREM 3.9 (solution for the LQ game (2.1)-(2.2)). For any (z,i9) € R x
M, the LQ game (2.1)—(2.2) admits an optimal control-strategy pair (ui,B3) (resp.,
(us, 7)) for Player 1’s (resp., Player 2’s) value, which is in a feedback form defined
by (3.3) (resp., (3.4)). Moreover, the game has a value, given by
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T
V(x,io) = P(0,i0)z + 2(0,i0) + /O E [P(t, a)o(t, ) To(t, ar)

+2[ip(t, a)b(t, ar) + o (t, ) T AL, )]
" Ha(t, oy, Pt ), o(t, o), Al at))} at,

where (P(-,i),A(~,i))Z.€M and (gp(-,i),A(-,i))ieM are solutions of (3.1)—(3.2).
THEOREM 3.10. The indefinite SRE (3.1) admits a unique solution.

Proof. Let (P(-),A(:)) and (P(-),A(-)) be solutions of (3.1). We introduce a
family of LQ games parameterized by (s,z,i9) € [0,T) x R x M, in which the original
LQ game (2.1)—(2.2) is embedded.

Consider the following control system over [s,T]:

AX(t) = [AX(t) + BT u(t) + b]dt + [CX(t) + Du(t) + o] AW (2),
X(s)=zeR, as=ipeM.

The objective functional is the following Fs-measurable random variable:
T
Toio (u1,u2) = [ / (KX(t)2 ¥ u(t)TRu(t))dt FGlar) X (T)?|X(s) = 2, =g | -

For k € {1,2}, the admissible control set U = L%(s,T;R™*) and the admissible
strategy set A} are defined similarly to Definition 2.1 with the initial time being s.

For (s,x,ip) € [0,T) x R x M, Player 1’s value and Player 2’s value are the
following Fs-measurable random variables:

Vi(s,z,i9) = ess inf esssup Js 5.4, (ul, Ba(u1)),
B2€AS i eus

Va(s,r,ip) = esssup ess inf Js i (B1(u2),uz).
BreAs u2els

Similarly to Theorem 3.9, we have Vi (s, z,i9) = Va(s,x,i9) and both are equal to
T
P(s,i0)2* + 2¢(s,ig)x + E {/ (Poo+2 [0b+ UTA}
+H3(Pa<p7A))dt ’ X(S) =T,0s :iO )

where (P(-,4), A(+,7))iem and (o(+,7), A(+,7))ier are solutions of (3.1)-(3.2). Because
Player 1’s value is unique, we get P(s,i) = P(s,i) for all (s,i) € [0,T] x M.

On the other hand, define P(-,i) £ P(-,i) — P(-,i), A(+,4) = A(-,i) — A(-,4) for all
i € M. Applying It&’s formula to P(-,i)?, and using P(t,i) =0 for all (¢,7) € [0, T]x M,
we obtain E[ [ [A(t,4)|2dt] = 0, implying A(t,i) = A(t,4) for all (¢,7) € [0,T] x M.
The proof is complete. ]

COROLLARY 3.11. For any (x,i9) € R x M, we have ui = f7(ub), us = 65 (uy),
where uf, uy, BF, Bs are defined by (3.3)—(3.4). Moreover, the value of the LQ) game
(2.1)~(2.2) satisfies V(x,i0) = Ju,io (ui, ub).

4. Constrained zero-sum SLQD game. In the previous section, we solved
the LQ game (2.1)—(2.2) for inhomogeneous systems without control constraints. In
this section, we study the game for homogeneous systems, giving an advantage that
we can introduce closed convex cone control constraints.
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Mathematically, we assume b(t,i) = 0 and o(¢,4) = 0 for all (¢,4) € [0,T] x M
throughout this section. Then (2.1) becomes a homogeneous system:

dX (t) = [A(t,a) X (t) + B(t,on) Tu(t)]dt
(4.1) + [C(tan) X (£) + D(t, ap)u(t)] AW (1),
X(0)=z€R, ay=1igeM.

A set I' is a closed convex cone if it is closed and convex, and A\u € I' whenever u € T’
and A > 0. Let I'y € R™, T'y € R™2 be two closed convex cones. For the LQ game
(4.1)~(2.2) with control constralnt set (1"171"2) the admissible control sets are defined
as Uy = {uk € L? (0, T;R™*) ’ ug(+) € Fk} k € {1,2}. Definitions of admissible
strategy are similar to Definition 2.1 with U}, being replaced by Zj{k, and we denote the
set of all admissible strategies for Player k by Ay, k € {1,2}. For the constrained LQ
game (4.1)—(2.2), Player 1’s value V4 (z,i0) and Player 2’s value Va(x, o), the optimal
control-strategy pairs, and the value of the game are defined similarly to those of the
LQ game (2.1)—(2.2).

As before, we first introduce some notation. For (¢,4, P, A,v1,v2) € [0,T] x M x
[—€ ¢ x R" xT'1 x 'y, k€ {1,2}, we define

flk(t,i,P, Avg) = maX {1}1 RH’Ul + 2’[}1 R12’U2 — 2( kai%q},

fgk(t,i,P, A7 U1 1’I11D {1}2 R22’U2 + 2’[}1 R12’U2 — 2(— ké;vg},

ﬁlk(t,i,P,A = maX {vl Ryvg — 2(—1 )kélTvl —|—f2k(t,i,P,A,v1)},

vi €l

)=
)=
)=
)=

ﬁgk(t,i,P,A = mln {v2 Rogvg — 2(—1 )’“52%2 —|—f1k(t,i,P,A,v2)}.

va €D

Henceforth, we drop some arguments for fr/, I;Tkk/, kK e {1,2}.

Remark 4.1. For all (i, P,A,v1,v2) € M x [—€,€ x R® x 'y x T'g, k, k' € {1,2},
since 0 € 'y, 'y, we have f1; >0, for <0. So we get

2(c3€% + &2|A]?) ) s oA

—— = < -2|C
: i {efeal? — 2/Colloal)
~ ~ 2(c3€% + e2|A)?
< Hp < mg({fqm? +2|Cy o]} < w
V1 1

Thus, for all (i, P,A) € M x [—€,€] x R™, we have

2(c3€ + ca|A|?)
€

|ﬁkk’|< ,k,kIE{l,Q}.

LEMMA 4.2 (minimax theorem). For all (t,i, P,A,v1,v2) € [0,T] X M X [—€, ¢ x
R™ x Ty xT'y, k€ {1,2}, we have

7 T 7 . A .
Hyy, = Hop, = Hy(t,1, P,A) = max mlp Hi(t,i, P, A, v1,v2)
vy € vg €
o1 [e(HIAD Jvp|<e(1+IAD
= min max  Hg(t,i, P,A,v1,09),
vg€lg vy €l

[v2[<e(1+[A]) [vil<e(1+]A])

where ¢ is any sufficiently large constant, and

Hk(t,’i,P,A,Ul,Ug) £ ’UIEH’Ul — 2(—1)’“6&11 + ’U;—éggvg + 21);}/%121)2 — 2(_1)14:6;,[}2.
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Proof. We only prove

Hyy(t,i,P,A) = max min Hq(t,i, P, A, v1,02).
vy E vo €
o1 1<e(1HIAD [va]<e(1H]A])

The proofs for other identities are similar. The switching between max and min is
trivially due to the compactness and continuity (see Sion’s minimax theorem [24]).
On one hand, for all (i, P,A,v1,v2) € M x [—€ € x R" x 'y x 'y, we have
vy Rosva + 20] Riovs + 205 v > €|va|? — ce(1 + |vy| + [A])|va|
for any sufficiently large constant ¢ > 0. Hence if |vs| > c¢(1 + |v1| + |A]), then
elva|? — ce(1 + |v1| + |A])|va] > 0> for,

which implies that

) . T T ~T
fgl(t,l, P, A,Ul) = vrnelll;l {7}2 Rosvs + 2v, Risve + 202 1}2}.
lvg|<e(l+|vy[+]A])

On the other hand, since fa1(v1) <0, we have

U1T1§11U1 + 261TU1 + fa1(v1) < —€lvr|* + (1 + |A])|vs].

Hence if
1] > c(1+|A]) + /(1 +]A])2 + 8(c3e + &2 |A?)
1 % )
then
2(c3€? + E2| A2 ~
—e|or? + e(1 4 |AD]on] < _M < Hyy,
which leads to the desired expression for H 11- 0

Because of the cone constraint, the indefinite SRE for the LQ game (4.1)—(2.2) is
not a single BSDE, but consists of a pair of decoupled BSDEs, which are given by

dPy(t,i)=— [K(t, i) + Py(t,) [2A(t, 1) + C(t,i) T O(t,i)]
+2C(t,7) " A (i) + Hy(t,i, Pe(t, i), Ag(t,4))
Y qz—jpk@,j)} at + Ag(t,) AW (),

JEM
Py(T,i)=G(i), Py(-,i) € [-€,¢ for all ie M, ke{l,2}.

(4.2)

The solutions of (4.2) are defined similarly to Definition 3.3. Similarly to Theo-
rems 3.4 and 3.10, we can get the solvability of (4.2).

THEOREM 4.3 (solvability of (4.2)). The indefinite SREs (4.2) have unique solu-
tions (Pe(,i), Ak(+11)) 0o and (Pi(-,7), Ar(+4)) € LEy (0, T3R) x L3O (0, T3 R™)
forallie M, ke {1,2}.
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For (t,i, P,A,v1,v2) €[0,T] X M X [—€,&] x R" x 'y x 'y, k € {1,2}, we define

ﬁlk(t,i,P, A) £ arg max {’l);rﬁll’l)l - 2(71)]66;—1)1 + fgk(’Ul)},
v1 €l

ﬁQk(t,'L‘7P7 A) £ arg min {U;EQQUQ — 2(71)k6;’02 + flk(vz)},
v2 €l

Blk(t,i7P,A,1}2) £ argmax {’Uirﬁllvl + 2U1T§12’U2 - 2(71)]66;1}1}7
v1 €l

BQk(t,i,P,A,Ul) = arg min {’U;ﬁggvg —+ 211;2%12’02 — 2(—1)’“@;1;2}.
v2 €l
Then [ogrr| < (1 + [A]), [Bix| < (1 + |vz2| + [A]), [Bar| < (1 + |v1] + [A]), where
k. k" € {1,2} and some arguments for Ogg, Sgr are dropped. For k € {1,2} and
u(-) € Uy, we define Fy-adapted processes vy (t) as |7;§((tt))\ when | X (t)] # 0, and 0
otherwise, where X (-) is the corresponding admissible state process. Notice that for
ke {1,2}, I'; is a cone, so the process vy () is valued in I'y. Moreover, we set

W, X (8)) = tna (Pr(t 1), A (£,0)) X (8)
(43) -1-@12(P2(tai)aA2(tai))X )7,
. Bs (ti,ur(t), X (t)) = Bar (Py(t,4), Ay (t,0), 01 () X ()"
+ Baa(Pa(t, i), Ao (t,4),v1 (£) X (),
b (t, 0, X (t)) = D21 (Py(t,0), Ay (t,4)) X (£) "
(4.4) —j—'f)gg(Pg(@i),Ag(t,i))X(iﬁ)f7
B1 (t,d,ua(t), X (t)) = Bua (Pr(t,0), A (t,4), v2(8)) X ()T
+ Bra(Pa(t, 1), Ao(t, i), v2 (1)) X (£)

where for k € {1,2}, (Pk(~,i),Ak(~,i))ieM are solutions of (4.2).

LEMMA 4.4. The feedback control-strategy pair of Player 1 (resp., Player 2) de-
fined by (4.3) (resp., (4.4)) is admissible.

Proof. We only prove (4.3) is admissible, and the proof of (4.4) is similar. By
definition, for all i € M, k € {1,2}, 013 € T'y, Bai € Ty, so we have ui(:) € I'y,
B5(-) € 5. Similarly to Lemma 3.7, the remaining proof consists of two steps, but we
prove only the first step.

Step 1. Let ua(-) € Uz. Then SDE (2.3) with 7 =7 is

dX(t) = [AX(t) + B [ ()X ()" + 012() X ()] + B uz(t)} dt
(4.5) + [CX(t) + Dy [0 ()X ()T + 020X ()] + Dzuz(t)} TdW(t),
X(0)=z€R, ag=ipeM,

where we abbreviate 01y, (t, g, Pi(t, o), Ak (t, ) to 91x(t), k € {1,2}. By the defini-
tion of 01y, for all i € M, k € {1,2}, we have |ﬁ1k§)Pk(t,i),A;€(t,i))\ <1+ |Ag(t,9))).
From Theorem 4.3, we know that Ag(-,4) € L?}%M (0,T;R™) for all i € M, k € {1,2}.
By the basic theorem on pages 756-757 of [8], SDE (4.5) has a unique strong solution.
Furthermore, we have

Jui (£, 0, X (8))] < 1+ [Av(t, )| + [Aa(t, o)) [ X (B)]

which guarantees that fOT |uf (t, o, X (t))]2dt < oo
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Similar to Step 1 in Lemma 3.7, applying Itd’s formula to Py (t,a;)[X (t)T]? +
Py(t,a)[X (t) )%, we get

(4.6)
E[P (T A7) [ X(T A7) 12+ Po(T A1) [ X (T A7)~ ]

T ATy
=+ E |:/ (KX2 + (UT)TRlllLT + 2(UT)TR12U2 + u;R22U2)dS:|
0

T AT
E{/ G(Pr, Ay, Pa, Ao, X, uf, up)ds| + Py(0,i0)(a)? + Pa(0,40) (x7)?,
0

where
b(t,i,Pr, A1, Po, Ao, X, up, us)
£ [uf Riy(Pr)us + 2uf Ria(Py)us +ug Roo(Py)us] Ixsoy
+2XH[Cr (P, M) Tus 4 Co(Pry M) Tug] — (XH)2H (P, Ay)
+ [ulT]%l(Pg)ul +2u] Rya(Py)us + u;ﬁgg(Pg)’U,Q]I{X<O}
—2X 7 [C1 (P, M) Tus + Co P, As) Tun] — (X 7)2Ha(Po, As).

If X(t) =0, then ¢( Py, A1, Py, Ao, X, uj,uz) = 0. If X(t) >0, on recalling the definition
of Hy, we have

G(P1,Av, Pa, Ao, X, uf,uz) = (X+)?[H1(Pr, Av, 011,v2) — Hi(Pr,A1)] >0.
If X (t) <0, on recalling the definition of Hs, we have
¢(P17A17P23A27X7U*1(7u2) = (Xi)Q [HQ(P27A271A)1231U2) - ﬁQ(PQﬂAQ)] z 0.

From (4.6) and Assumption 2, we obtain
T AT
(e+€c)E [/ |u>{|2ds] + P1(0,d0) (z )2 + P5(0,40) (z7)?
0

TNATE —= T ATy
< E|:/ (KX2 + u;R22u2)dS:| + €+2€C2]E |:/ |’U,>1k|2d5:|
0 0
2
€+ €Co
+P2(T/\Tk)[X(T/\Tk)7}2].

T ATy
EUO |R12u2|2d5} +E[PU(T A7) [ X (T A7i,) TP

Letting £k — oo, by the monotone and dominated convergence theorems, we obtain
wi(,i,X () € L%(0,T;R™) for all i € M. |

Next, we give the solution for the constrained LQ game (4.1)—(2.2).

THEOREM 4.5 (solution for the constrained LQ game (4.1)—(2.2)). For any
(z,i0) € R x M, the constrained LQ game (4.1)~(2.2) admits an optimal control-
strategqy pair (uf, B83) (resp., (u3, 87)) for Player 1’s (resp., Player 2’s) value, which
is in a feedback form and defined by (4.3) (resp., (4.4)). Moreover, the game has a
value, given by

V(z,io) = P1(0,i0)(z )% + Py(0,40)(z7)?,

where (Py(-,7), A (-,7)) ke {1,2}, are solutions of (4.2).

ie M’
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Proof. We prove the theorem only for Player 1; the proof for Player 2 is similar.
On one hand, we get from (4.6) that

E[Py (T A7k, arpn, ) [ X (T A7) T]? 4 Po(T A iy appr, ) [ X (T A7) )]
+E [/OTMk (KX2 + (u}) " Rygut 4 2(u}) T Rigug + u;Rgqu)ds]
> P1(0,i0)(z7)% + Pa(0,i0) (z 7).
Letting k — 0o, by the dominated convergence theorem, we obtain
Ja,io (ui, B2(ui)) = P1(0,40) (z7)? + P2(0,40) (27)?
for any (35 € As. Then, by the definition of ‘71(95,2'0), we have

Vi(z,ig) > ﬁiniT T o (wh, Bo(u?)) = Py (0,i0) (z)% + Py(0,i0) (z7)2.
2EA2

On the other hand,
E[P(T AT, arpr ) [ X(T A1) 2 + Po(T A1y, appr ) [ X (T A1i.) 7]

+E [/OTMk (KX2 +ui Ryjug 4 2u RiafBs + (ﬂ;)TRgzﬂg)ds]
< Py(0,ig)(2)% + P(0,i0) (z7)>.
Letting k — 0o, by the dominated convergence theorem, we obtain
Tuio (w1, B3 (u1)) < Pr(0,70) () + Po(0,40) (™)
for any u; € U. Then, by the definition of ‘71(36,1'0), we have

Vi(,i0) < sup oo (w1, 83 (u1)) < Pr(0,d0)(x)” + Pa(0, ) (7).
u1 €Uy
Combining the above estimates, we get Vi (z,io) = Py(0,i0)(z1)2 4+ Py(0,i0)(z7)2
Noticing ¢(Py, A1, Po, Ag, X, u3,85) = 0, it is not hard to show (u},5) is optimal.
The proof is complete. O

COROLLARY 4.6. For any (x,i9) € R x M, we have uj = 85 (u3) and u = 85 (u}),
where ul, vy, 7, B3 are defined by (4.3) and (4.4). Moreover, the value of the
constrained LQ game (4.1)—(2.2) satisfies

V(2,i0) = Juio (uf, u3).

For the constrained LQ game (4.1)—(2.2), we give two special examples.

Ezample 1. When I'y = R™* and I'y = R™2, the constrained LQ game degenerates
into the LQ game discussed in section 3. In this case, we have Hy = Hs = Hq, and
(4.2) coincides with (3.1).

Ezample 2. When ]/%12 =0, we have

Hy= max {vf Rior —2(=1)*Cl v}

v €l
o1 <e(1FIAD)
: ) kAT
+  min  {vy Rypvy —2(=1)*C) v},
vy €Ly
vzl <e(1+IAl)

and the optimal strategy for Player k with k € {1,2},
Bir(t, X (8)) = Br (Pr(t,6), Ax (,0)) X (8)F + Bra(Pa(t,4), Aa(t,4)) X (1)

does not depend on the opponent’s control.
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5. Application to portfolio selection problems. We consider a financial
market consisting of a risk-free asset (the money market instrument or bond) whose
price is Sy and two risky securities (the stocks) whose prices are S; and S;. Assume
W1 and W5 are independent standard one-dimensional Brownian motions. We set
W = (W, W) . Their prices are driven by

dS() (t) = T(t7 Oét)So (t)dt7
dSi(t) = Sk (t) [ (t, ) dt + o (¢, 0 ) AW 1 () 4 o (t, 0 ) AW o (8) ],
So(0) = sg, Sk(0) = sk, ag=1ig €M, ke{l1,2},

where for all i+ € M, r(t,i) is the interest rate process, and ux(t,7) and oy (¢,4) =
(ok1(t,1),012(t,1)) are the appreciation rate process and volatility rate process of the
kth risky security corresponding to a market regime oy =i. And for all k, k' € {1,2}
and i € M, we assume 7(t,i), pp(t,i), opx: (t,7) € LFw (0, T;R).

Now, we define several constants:

[I>

€sssup {[Nl(tvi) - T(t,i)]2 \ [M2(tvi) - T(t,i)]z},
w€eEN,iEM, t€[0,T)

ess sup {O’l(t,i)Ul(t,i)T \Y Ug(t,i)ag(t,i)T},
we,ieM, te[0,T)

essinf o1(t,1)o1(t,3) T Aoa(t,i)oa(t,i) "},
wGQ,iGM,tG[O,T]{ 1( )1( ) 2( )2( ) }

=
>

Qi

S}
(>

N e(F+IT _ 1 4 (27 + q~)le(2f+é)lT

~ A A ‘
= max i r= ess su r(t.i € 1 -
q 1<i,5<! dij wEQ,iEM,tpe[&T] ( ) )7 2 2(27~ n q)l ’
o 2 24 (ePTHDT _ 1) [eCFHDIT _ 1 4 (27 4 §)lePT+DIT]
b (27 + q)2i2 .

Suppose there are two players who compete with each other. Both players can
invest freely in the risk-free asset, but Player 1 may trade only in the first stock,
and similarly, Player 2 may trade only in the second stock. For k € {1,2}, let my(t)
denote the amount of Player k’s wealth invested in the risky stock Sy at time ¢, and
let the initial wealth g be a positive constant. Both players trade using self-financing
strategies; then their wealth processes satisfy

{ dYy(t) = [T(f,O&t)Yk(t) + [ (t, o) = (2, at)}m(t)} dt + o (t, o) T (£) AW (),
Yi(0) =yg, g =io €M, ke {1,2}.

Their wealth difference X (-) £ Yi(+) — Ya(-) satisfies

AX () = [r(t,0) X (0) + [ (t ar) = r(t,a0)] mi (1)

(5.1) = [pa(t, ) — r(t,at)]m(t)} at
+ [o1(t, ) w1 (t) — o2 (t, o) o (t) [ AW (1),
T=Yy1 — Yo, g =19 € M.

Player 1 hopes to make his own wealth close to the average wealth of the two
players at the end of the investment range. But Player 2 hopes to make the difference
Yi(T) — Yl(T);YZ(T) = X(zT) larger. At the same time, both players want to take as
little risk as possible, which is measured by the amount invested in risky securities.
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The more money invested in risky securities, the more risk the players take. The
functional of this zero-sum game is given as

T
(52) J$7i0(7r1,7r2) :E|:/ <_R1(t70ét)ﬂ'1(t)2+R2(t704t)772(t)2)dt— iX(T)Qil’
0
where for all i € M, k € {1,2}, Ri(t,i) > 0 is Player k’s risk weight corresponding
to a market regime oy =i. And we assume R (t,1), Ra(t,i) € L% (0,T;R0), for all
i € M. In this game, Player 1 aims to maximize the functional (5.2), whereas Player
2 aims to minimize it. We call this problem the LQ game (5.1)—(5.2).
We put the following conditions on the coefficients.

CONDITION 1. g >0, ess infieM,te[O,T]{Rl (t,i) A Ro(t,4)} > €1 + e, 25 < e€y.

For the LQ game (5.1)—(5.2), Assumptions 1-3 hold if the coefficients satisfy
Condition 1. Next, we consider the LQ game (5.1)—(5.2) with possible no-shorting
portfolio constraints.

5.1. No portfolio constraint. In this subsection, we assume there are no trad-
ing constraints for both players, namely, I'y = I'; = R. In this case, (3.2) admits a
unique solution (¢(-,7),A(+,4)) = (0,0), i € M, and SRE (3.1) becomes

dP(t,i) = —|2rP(t,i) — ggg 2) o0 + Z qi; P(t,] }

(5.3) + AL ) TAW (),
1
P(T,i)= T |P(-,1)] < ey forall i e M,

where for all (¢,i, P,A) € [0,T] x M x [—ea,€a] x R?,

@y (t,i, P,A) = P(p1 — 1) + 1A, Po(t,i, P,A) = —P(ps — 1) — 024\,
\Ijl(taiap) PO’10'1 Rla \IJQ(t>ZaP) PUQO—;— +R23 \P3(t7i7P)éfpgla_;a
O(t,i, P) 2 U Uy — W2 <0, Y(t,i,P,A) 2 U1 D2 + Uy®? — 23D, Dy,

From Theorem 3.4, BSDE (5.3) admits a unique solution (P(-,i),A(~,i))l.€M.

THEOREM 5.1. Suppose Condition 1 holds and Ty =Ty =R. For any (x,io) €
R x M, the unconstrained LQ game (5.1)—(5.2) admits optimal control-strategy pairs
(73, 83) for Player 1 and (73, B7) for Player 2, which are

{ T (60, X (t)) = =T (P(t,0), At,4)) X (1) /O(P(t, 1)),
52 (t,lﬂl’l( ) (t)) = [ ( ( )) (t> +@ ( ( 72)7A(t7i))X(t)] /\D2(P(t7i))v
{ w5 (t,4, X (1)) = = Yo (P(t,1), A(t,9) X (t)/O(P(t, 1)),
Bi(t,i,ma(t), X (1)) = —[Us(P(t,1))ma(t) + @1(P(t, 1), A(t,9) X ()] /W1 (P(t,9)),
where (P(-,i),A(~,i))i€M is the solution of (5.3), and

Yi(t,i,P,A) 2 Uyd) — Ugdy, Yo(t,i, P,A) 2V Dy — V3P,
Moreover, the unconstrained LQ game has a value, given by

V(z,io) = P(0,i0)2>
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CONDITION 2. g109 =0 for all i € M.
Remark 5.2. If the coefficients satisfy Conditions 1-2, then we have

(bk(P(tﬂ 7;)7 A(t, Z))X(t)

BZ(tvivX(t)):_ \I’k(P(t Z)) ) k€{172}~

In fact, 010; is the correlation coefficient between InS; and InSs. If there is no
correlation between the risky assets, then the optimal strategies are only the feedback
of state and have nothing to do with the opposite player’s portfolio.

5.2. Exactly one player is subject to no-shorting constraint. In this sub-
section, we study the LQ game (5.1)—(5.2) when exactly one player is subject to a
no-shorting constraint. We first introduce the following BSDEs:

de(tJ') = — 27“Pk(t,i) —‘rék(Pk(t Z Ak t, ’L Z C]”,P]€ t ] :|
eM
(5.4) + Ay (t,d) AW (2), ’

1
Pu(T,i) = =7, |Pe(i)| Seo forall i€ M, k={1,2,3,4,5,6},

where for all (¢,4, P,A) € [0,T] x M x [—eg, €3] x R?,

- —(TH?2 - o2 . —(T7)2 - Op2
Gl(t7Z.7F)’jX)é ( 1@)\11 © 2a GQ(taZaP’A)é ( 19)\11 © 2,
2 2
- —(TH)2—-092 - —(r;)? - 092
Py e —T2) — 0% i, PN A——2———1
G3(t727 ) ) @\111 ) G4(t,'l, ) ) ('“)\:[11 )

Gs(t,i, P, A) £ [(2)? — 2010f ] /1 + [(95)% + 20205 ] /¥,

Go(ti, P,A) 2 [(27)7 +20107 ] /¥y + [(23)7 — 20,0]] /¥,
From Theorem 4.3, BSDEs (5.4) admit unique solutions (Pk(~,i),Ak(~,i))i€M and
(Pi(-,i), Ai(-, 1)) € L (0, T;R) x L23M9(0,T;R?) for all i € M, k € {1,2,3,4,5,6}.

Case I: Only Player 1 is subject to no-shorting constraint. We assume
just Player 1’s portfolio is subject to a no-shorting constraint, i.e., I'y = [0,400),
I'; =R. In this case, SREs (4.2) become (5.4) with k € {1,2}.

THEOREM 5.3. Suppose Condition 1 holds and T'; = [0,+00), T's = R. For any
(z,i0) € R x M, the constrained LQ game (5.1)~(5.2) admits optimal control-strategy
pairs (w5, B83) for Player 1 and (73, 07) for Player 2, which are

T (64, X (1) = =T1(Pr, A1) "X ()T /0(P1) — T1(P2, A2)~ X (1) /O(P2),
5§(t,i,ﬂl(t),X(t)):—[‘I’g(Pl)ﬂ‘l( )]{X(t)>0}+q)2(P1;A1 ) ]/‘I’Q P1
— [Vs(Po)mi(t) I x(t)<0p — P2(Pa, A2) X (1) 7] /Wa(P2),

[Us(P)Y1 (P, A1)t — (P, A)O(P)] X (1)
Uy (P)O(Py)

n [\Ilg(Pg)Tl(PQ,AQ)_ + @Q(PQ,AQ)@(PQ)]X(t)_
Uy (P2)O(P,) ’

Bi(t,i,ma(t), X (1)) = — [Wa(P1)m2(t) I {x (1)>0y + <I>1(P1,A1)X OMAN)
— [3(Po)m2(t) I x (1)<0y — P1 (P2, Ag) X } /T1(P),

™5 (1,1, X (1)) =
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where (Pk(-,i),Ak(-,i))ieM, k € {1,2}, are solutions of (5.4). Moreover, the con-
strained LQ) game has a value, given by

V(.’L‘, io) =P (0, io)($+)2 + Pg(o, io)(l‘_)Q.

Case II: Only Player 2 is subject to no-shorting constraint. We assume
just Player 2’s portfolio is subject to a no-shorting constraint, i.e., 'y = R, T's =
[0,+00). In this case, SREs (4.2) become (5.4) with k € {3,4}.

THEOREM 5.4. Suppose Condition 1 holds and T'y = R, T'y = [0,4+00). For any
(z,i0) € R x M, the constrained LQ) game (5.1)=(5.2) admits optimal control-strategy
pairs (my,55) for Player 1 and (73, 37) for Player 2, which are

TR = [wps)T?(Pg’A?&J)l(Pg)éEI;ZSAB)@(Pg)]XW
n [U3(Py)Yo(Ps, Ay)™ + @1 (Py, Aa)O(Py)| X ()~
U1(P)0(Fy) ’
B3 (t,i,mi (1), X (1) = [Ua(Ps)m1 () [(x () >0) + 2(Ps, Az) X } /T (Py)
+ [Wa(Pa)m1 ()T (x (1y<0y — ®a(Pa, A)X(£)"] /Ts(Py),

w5 (t,1, X (1) = =Ya(Ps, A3) T X (1) /O(Ps) — To( Py, Aa)~ X (1)~ /O(Py),
Bi(t,i,ma(t), X (1)) = — [Ws(Ps)ma(t) I x()>0y + P1(Ps, A3) X ()] /W1 (P3)
— [Ws(Py)m2(t) I x(ty<0y — P1(Py, M) X (£) 7] /W1 (Py),

where (Pk("i)’Ak("i))ieM’ k € {3,4}, are solutions of (5.4). Moreover, the con-
strained LQ) game has a value, given by

V(z,i0) = P3(0,i0)(z )2 + Py(0,40) (z7)>.

5.3. Both players are subject to no-shorting constraint. In this subsec-
tion, we assume both players are subject to a no-shorting constraint, i.e., I'y =Ty =
[0,+00). In this case, SREs (4.2) become (5.4) with k € {5,6}.

THEOREM 5.5. Suppose Conditions 1-2 hold and Ty = T's = [0,4+00). For any
(z,i0) € R x M, the constrained LQ game (5.1)—(5.2) admits optimal control-strategy
pairs (w5, 83) for Player 1 and (73, 07) for Player 2, which are

Py (Ps, As) "X ()" | ©1(Ps,Ae)” X ()~

my (6, X () = Br(t, 6, X (1)) =

—Wy(Ps) — U1 (Bs) ’
_ 4 +
X () — B (11X () — <I>2(P5\i112X(51)35 )X QAN @Q(Pﬁilfszal)% )X "

where (Pk(-,i),Ak(-,i))ieM, k € {5,6}, are solutions of (5.4). Moreover, the con-
strained LQ) game has a value, given by

V(.’E,io) = P5(O7i())(.’]3‘+)2 + P6<O,i0)(l'_)2.
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6. Conclusion. In this paper, we studied zero-sum SLQD games for systems
with regime switching and random coefficients. We obtained the optimal feedback
control-strategy pairs for the two players via some new kind of multidimensional
BSDEs. The solvability of the indefinite SREs is interesting in its own right from the
BSDE theory point of view. For homogeneous systems, we put general closed convex
cone control constraint and obtained the corresponding optimal feedback control-
strategy pairs. Last, we solved several portfolio selection problems with possible
no-shorting constraints in a non-Markovian regime-switching market.

There are many possible interesting extensions. For instance: (1) The optimal
feedback control-strategy pairs in this paper depend on the sample path. What players
can usually observe in practice is the state of the system or another observation
process. So one can consider the problem in a partially observable framework, where
controls or strategies are adapted to the observed information. (2) One can consider
the problem with multidimensional state process, in which case one has to study the
solvability of matrix-valued indefinite SREs.

Acknowledgments. Zhang acknowledges the hospitality of The Hong Kong
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