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EQUATIONS AND ZERO-SUM STOCHASTIC LINEAR-QUADRATIC

DIFFERENTIAL GAMES WITH NON-MARKOVIAN REGIME
SWITCHING\ast 

PANPAN ZHANG\dagger AND ZUO QUAN XU\ddagger 

Abstract. This paper is concerned with zero-sum stochastic linear-quadratic differential games
in a regime-switching model. The coefficients of the games depend on the underlying noises, so it
is a non-Markovian regime-switching model. Based on the solutions of a new kind of multidimen-
sional indefinite stochastic Riccati equation (SRE) and a multidimensional linear backward stochastic
differential equation (BSDE) with unbounded coefficients, we provide closed-loop optimal feedback
control-strategy pairs for the two players. The main contribution of this paper, which is of great
importance in its own right from the BSDE theory point of view, is to prove the existence and
uniqueness of the solution to the new kind of SRE. Notably, the first component of the solution (as a
process) is capable of taking positive and negative values simultaneously. For homogeneous systems,
we obtain the optimal feedback control-strategy pairs under general closed convex cone control con-
straints. Finally, these results are applied to portfolio selection games with full or partial no-shorting
constraint in a regime-switching market with random coefficients.

Key words. stochastic linear-quadratic control, indefinite stochastic Riccati equation, zero-sum
game, non-Markovian, regime switching, random coefficient, multidimensional backward stochastic
differential equation
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1. Introduction. Differential games explore the decision-making processes of
two or more individuals (referred to as players) who simultaneously make choices
while considering the trade-offs with their counterparts within some continuous-time
dynamic systems. A zero-sum game is a bilateral game with a singular objective, per-
ceived as a gain for one participant and an equivalent loss for the other. The study of
zero-sum differential games can be traced back to the pioneering work of Isaacs [17],
who studied the game within a deterministic framework. Fleming and Souganidis [7]
initiated the study of zero-sum differential games within random frameworks, which
are now called stochastic differential games. Elliott and Kalton [5] introduced the
concept of upper and lower value functions and proved that the two value functions
are the unique viscosity solutions to the associated Hamilton--Jacobi--Bellman--Isaacs
equations. Recently, Buckdahn and Li [2] studied a zero-sum stochastic differential
game with recursive utilities by a backward stochastic differential equation (BSDE)
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3240 PANPAN ZHANG AND ZUO QUAN XU

approach. Yu [30] delved into a zero-sum stochastic linear-quadratic (LQ) differ-
ential game, leveraging the advantageous structure of the LQ system to derive an
optimal feedback control-strategy pair through the solution of the associated Riccati
equation.

In the aforementioned studies, all the market coefficients are presumed to be de-
terministic, rendering the Riccati equations as one-dimensional ordinary differential
equations (ODEs). Moon [21] extended Yu's [30] result to Markov jump systems,
wherein the coefficients are deterministic functions of both time and regime. In his
model, the Riccati equation becomes a multidimensional ODE, a complexity intro-
duced by the existence of multiple regimes. Lv [20] investigated an infinite horizon
zero-sum stochastic differential game within a regime-switching model.

However, assuming all the market coefficients are deterministic functions of time
and regime may be too restrictive. In practice, market parameters such as interest
rates, stock appreciation, and volatility rates, are influenced by various factors, in-
cluding politics, economic growth rates, and so on. Therefore, it is necessary to allow
the market parameters to depend not only on the regime (which reflects the macro-
economic status) but also on other random factors (which reflect some micronoises).
With this consideration, this paper studies zero-sum stochastic LQ differential (SLQD)
games with regime switching and random coefficients. Since the coefficients depend
on both the regime and the underlying noises, we are dealing with a non-Markovian
regime-switching model so that the ODE approach fails.

It is well known that the closed-form representation of the optimal control for a
stochastic LQ control problem with deterministic coefficients is closely related to the
solvability of the corresponding Riccati equation. This equation, which is an ODE,
typically exhibits growth that exceeds linearity. When dealing with a non-Markovian
model, the Riccati equation becomes a BSDE, known as a stochastic Riccati equation
(SRE), which features a nonlinear growth generator.

Bismut [1] was a pioneer in the study of LQ control problems with random coef-
ficients, successfully addressing some specific cases---particularly those with a linear
generator. However, due to the high degree of nonlinearity, the solvability of general
SREs has remained a challenging and long-standing issue. Tang [26] was the first to
establish the existence and uniqueness result for general SREs by employing stochastic
Hamiltonian systems. In his work, the random control weighting matrix was required
to be uniformly positive definite. For those interested in the LQ control problem with
random coefficients, further reading can be found in the works of Kohlmann and Tang
[19], Hu and Tang [14], Tang [27], Hu and Zhou [16], and Sun and Wang [25].

In studying zero-sum SLQD games within non-Markovian regime-switching frame-
works, one inevitably encounters indefinite SREs, where the state or control weighting
matrices may possess zero and negative eigenvalues. Indefinite SREs are also prevalent
in stochastic LQ optimal control problems with random coefficients. Generally, the
solvability of indefinite SREs presents an exceptionally challenging and long-standing
issue. Existence and/or uniqueness results for indefinite SREs have been established
in some special, yet significant, cases, as documented in the works of Hu and Zhou
[15], Qian and Zhou [23], Du [4], and Hu, Shi, and Xu [11], among others.

However, it is crucial to recognize that the indefinite SREs arising from zero-sum
SLQD games and those from optimal stochastic control problems are fundamentally
different. This distinction stems from the fact that in zero-sum games, the objectives
of the two players are inherently opposed, leading to control weighting matrices that
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INDEFINITE SREs AND ZERO-SUM SLQD GAMES 3241

generally exhibit opposite signs (thus being indefinite). In contrast, participants in
a control problem, even if there are multiple players, typically aim in the same di-
rection (such as minimizing nonnegative quadratic cost functionals). Consequently,
the weighting matrices in control problems are usually positive semidefinite to ensure
that the value function is lower bounded.

The study of optimal control problems within non-Markovian regime-switching
frameworks has only recently commenced. Hu, Shi, and Xu [11] were the pioneers
in this area, initially tackling a homogeneous stochastic LQ optimal control prob-
lem that incorporated general closed convex cone constraint on the control variable.
They applied their findings to a continuous-time mean-variance portfolio selection
problem. Subsequently, they expanded their model in [12] to address inhomogeneous
systems, successfully solving a novel class of multidimensional linear BSDEs with
unbounded coefficients. In a recent work [13], they delved into finite-time optimal
consumption-investment problems featuring power, logarithmic, and exponential util-
ities within a regime-switching market characterized by random coefficients. Wen
et al. [28] built upon the vector-valued case presented in [11] to explore the matrix-
valued scenario, broadening the scope of applications and theoretical understanding.
Additionally, Moon [22] investigated zero-sum stochastic differential games where the
diffusion term does not depend on controls. This body of research collectively ad-
vances the understanding of complex control problems in financial mathematics and
beyond.

In this paper, we explore zero-sum SLQD games for systems with non-Markovian
regime switching. The coefficients' randomness originates from two sources: the
Brownian motion, which represents the underlying noises, and the Markov chain,
which accounts for the regime switching. Our work extends the control theory pre-
sented in previous studies by Hu, Shi, and Xu [11, 12] to the zero-sum game context,
but there are notable distinctions between our approach and that of the referenced
works. Specifically, the weighting matrices in the prior studies are described as weak
indefinite, meaning they are positive semidefinite (their eigenvalues can be zero or
positive, but never negative). In contrast, the weighting matrices in our study are
strong indefinite, where the eigenvalues take both positive and negative values simul-
taneously. This difference has significant implications: the solutions to the SREs in
the previous research all have nonnegative first components, whereas in our case, the
first components of the SRE solutions can take positive and negative values concur-
rently. This presents unique challenges and necessitates novel approaches to solve the
SREs and derive the optimal strategies for zero-sum SLQD games.

We begin by defining admissible feedback controls and admissible feedback strate-
gies for our games within the context of non-Markovian regime switching. For our
investigation, we introduce a novel type of multidimensional indefinite SRE, the so-
lution of which may simultaneously assume positive and negative values. Leveraging
a stability result for BSDEs by Cvitani\'c and Zhang [3], along with a multidimen-
sional comparison theorem by Hu and Peng [10], we are able to establish the ex-
istence of the solution to the multidimensional indefinite SRE through monotone
approximation.

However, our attempts to establish a uniqueness result directly through BSDE
methodologies, such as the log transformation technique successfully applied in the
previous study [11] for certain weak indefinite SREs, have not been fruitful. Specifi-
cally, we are unable to identify a transformation for our indefinite SRE that ensures
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3242 PANPAN ZHANG AND ZUO QUAN XU

the quadratic term in the generator is monotone---a crucial step in the aforementioned
study. This challenge arises because the objectives of the two players in our problem
are inherently opposed, leading to an inevitable loss of monotonicity. Instead, we
resort to a verification theorem to establish uniqueness. By employing the technique
of completing squares, we derive optimal feedback control-strategy pairs for the two
players based on the solutions of the indefinite SRE and a multidimensional linear
BSDE with unbounded coefficients, thereby implying uniqueness. It is important to
note that this approach relies on the specific structure of the SRE, which is directly
linked to a game scenario. The pursuit of proving uniqueness directly through a BSDE
approach remains an open and significant area for future research.

Furthermore, we extend our analysis to include games for homogeneous systems.
In such scenarios, we are able to integrate closed convex cone control constraint into
the game framework and provide the corresponding optimal feedback control-strategy
pairs for the players.

As a practical application of our theoretical results, we examine portfolio selec-
tion games that feature various short-selling prohibition constraints within a non-
Markovian regime-switching market. This allows us to explore how the absence of
short-selling opportunities, a common regulatory or self-imposed restriction in fi-
nancial markets, affects the optimal strategies for investors operating under regime-
switching conditions that introduce additional layers of complexity and uncertainty.
Our study not only advances the theoretical understanding of zero-sum SLQD games
with non-Markovian regime switching but also offers valuable insights into the real-
world implications of these models, particularly in the context of financial decision-
making under regulatory constraints and market uncertainties.

The remainder of this paper is organized as follows. In section 2, we formulate a
zero-sum SLQD game for inhomogeneous systems with non-Markovian regime switch-
ing. In section 3, we give the optimal feedback control-strategy pairs for the LQ game
and prove the solvability of the related multidimensional indefinite SRE. Section 4
is concerned with constrained LQ game for homogeneous systems. In section 5, we
apply the general results to solve several portfolio selection problems with possible
short-selling prohibition constraints. Finally, section 6 concludes the paper.

2. Problem formulation. Let (\Omega ,\scrF ,\{ \scrF t\} 0\leqslant t\leqslant T ,\BbbP ) be a fixed complete proba-
bility space where \scrF =\scrF T and T > 0 is a fixed time horizon. Let \BbbE be the expectation
with respect to (w.r.t.) \BbbP . In this space, define a standard n-dimensional Brownian
motion W (t) = (W1(t), . . . ,Wn(t))

\top , t \in [0, T ], and an independent continuous-time
stationary Markov chain \alpha t, t \in [0, T ], valued in a finite state space \scrM = \{ 1,2, . . . , l\} 
with l \geqslant 1. The superscript \top denotes the transpose of vectors or matrices. The
Markov chain \alpha \cdot has a generator Q= (qij)l\times l with qij \geqslant 0 for i \not = j and

\sum l
j=1 qij = 0

for every i\in \scrM . We assume \scrF t = \sigma \{ W (s), \alpha s : 0\leqslant s\leqslant t\} 
\bigvee 
\scrN , where \scrN is the totality

of all the \BbbP -null sets of \scrF and denote \scrF W
t = \sigma \{ W (s) : 0\leqslant s\leqslant t\} 

\bigvee 
\scrN .

We denote by \BbbR n the n-dimensional real-valued Euclidean space with the Euclid-
ean norm | \cdot | , by \BbbR >0 the set of all positive real numbers, by \BbbR n\times m the set of all n\times m
real-valued matrices, and by \BbbS n the set of all n\times n real-valued symmetric matrices. We
use In to denote the n-dimensional identity matrix and 0 to denote 0 vectors or ma-
trices with proper size which may vary from line to line. We define x+ =max\{ x,0\} ,
x - = max\{  - x,0\} , x \vee y = max\{ x, y\} , and x \wedge y = min\{ x, y\} for x, y \in \BbbR . For
S \in \BbbS n, c \in \BbbR , we write S \geqslant cIn if y\top Sy \geqslant c| y| 2 for any y \in \BbbR n and define S \leqslant cIn
similarly.
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INDEFINITE SREs AND ZERO-SUM SLQD GAMES 3243

We use the following spaces throughout the paper:

L\infty 
\scrF T

(\BbbR n) : the set of all \BbbR n-valued \scrF T -measurable essentially bounded
random variables;

L2
\scrF T

(\BbbR n) : the set of all \BbbR n-valued \scrF T -measurable random variables \xi 
such that \BbbE [| \xi | 2]<\infty ;

L\infty 
\scrF (0, T ;\BbbR n) : the set of all \scrF t-adapted essentially bounded processes

v : [0, T ]\times \Omega \rightarrow \BbbR n;
L2
\scrF (0, T ;\BbbR n) : the set of all \scrF t-adapted processes v : [0, T ]\times \Omega \rightarrow \BbbR n

such that \BbbE [
\int T

0
| v(t)| 2dt]<\infty ;

L2,loc
\scrF (0, T ;\BbbR n) : the set of all \scrF t-adapted processes v : [0, T ]\times \Omega \rightarrow \BbbR n

such that \BbbP (
\int T

0
| v(t)| 2dt <\infty ) = 1;

L2
\scrF (C(0, T );\BbbR n) : the set of all \scrF t-adapted processes v : [0, T ]\times \Omega \rightarrow \BbbR n

with continuous sample paths and \BbbE [supt\in [0,T ] | v(t)| 2]<\infty .

These definitions are generalized in the obvious way to the cases that \scrF is replaced
by \scrF W and \BbbR n by \BbbR , \BbbR n\times m, or \BbbS n. For notation simplicity, all the estimates between
stochastic processes (resp., random variables) hold in the sense that dt\otimes d\BbbP -a.s. (resp.,
d\BbbP -a.s.). Unless otherwise stated, all the processes are stochastic, so we omit the
argument \omega \in \Omega . Furthermore, some arguments, particularly those in integrands,
such as t, \alpha t, and i, may be suppressed in circumstances when no confusion occurs.

This paper studies zero-sum SLQD games, where the controlled state process
satisfies a scalar-valued inhomogeneous linear stochastic differential equation (SDE):\left\{           

dX(t) =
\bigl[ 
A(t,\alpha t)X(t) +B1(t,\alpha t)

\top u1(t) +B2(t,\alpha t)
\top u2(t) + b(t,\alpha t)

\bigr] 
dt

+
\bigl[ 
C(t,\alpha t)X(t) +D1(t,\alpha t)u1(t)

+D2(t,\alpha t)u2(t) + \sigma (t,\alpha t)
\bigr] \top 

dW (t),

X(0) = x\in \BbbR , \alpha 0 = i0 \in \scrM .

(2.1)

Here X(\cdot ) denotes the state process, u1(\cdot ) and u2(\cdot ) are the control processes, and
(x, i0) is the initial state. The objective functional is of quadratic form:1

Jx,i0(u1, u2) =\BbbE 
\biggl[ \int T

0

\Bigl( 
K(t,\alpha t)X(t)2 + u1(t)

\top R11(t,\alpha t)u1(t)

(2.2)

+ 2u1(t)
\top R12(t,\alpha t)u2(t) + u2(t)

\top R22(t,\alpha t)u2(t)
\Bigr) 
dt+G(\alpha T )X(T )2

\biggr] 
.

This functional can be regarded as the payoff for Player 1 and the cost for Player 2.
Player 1 aims to maximize (2.2), whereas Player 2 aims to maximize its opposite,
thus being zero sum. The coefficients are assumed to be bounded, i.e., for all i \in \scrM ,
k \in \{ 1,2\} , we have

A(\cdot , \cdot , i), b(\cdot , \cdot , i)\in L\infty 
\scrF W (0, T ;\BbbR ), C(\cdot , \cdot , i), \sigma (\cdot , \cdot , i)\in L\infty 

\scrF W (0, T ;\BbbR n),

Bk(\cdot , \cdot , i)\in L\infty 
\scrF W (0, T ;\BbbR mk), Dk(\cdot , \cdot , i)\in L\infty 

\scrF W (0, T ;\BbbR n\times mk),

K(\cdot , \cdot , i)\in L\infty 
\scrF W (0, T ;\BbbR ), G(\cdot , i)\in L\infty 

\scrF W
T
(\BbbR ),

Rkk(\cdot , \cdot , i)\in L\infty 
\scrF W (0, T ;\BbbS mk), R12(\cdot , \cdot , i)\in L\infty 

\scrF W (0, T ;\BbbR m1\times m2).

1Of course, one can introduce inhomogeneous terms in the objective functional as well, but the
arguments are similar.
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3244 PANPAN ZHANG AND ZUO QUAN XU

Note that, given a regime i\in \scrM , the coefficients still depend on the Brownian motion;
thus (2.1) is a non-Markovian regime-switching model.

For k \in \{ 1,2\} , let uk(\cdot ) denote the control process of Player k, chosen from the
admissible control set \scrU k = L2

\scrF (0, T ;\BbbR mk). Clearly, for any admissible control pair
(u1, u2) \in \scrU 1 \times \scrU 2, there exists a unique strong solution X(\cdot ) \in L2

\scrF (C(0, T );\BbbR ) to
SDE (2.1), called the corresponding admissible state process. Furthermore, due to
the boundedness of coefficients, it is easily seen that  - \infty < Jx,i0(u1, u2)<\infty . So the
objective functional (2.2) is well-defined for any admissible control pair in \scrU 1 \times \scrU 2.

In addition to the admissible control sets, we also need to define the admissible
strategies for the two players. Our definition of nonanticipative strategies (see Elliott
and Kalton [5]) is adopted from Buckdahn and Li [2, Definition 3.2], Yu [30], and
Lv [20].

Definition 2.1. An admissible strategy for Player 1 is a mapping \beta 1 : \scrU 2 \rightarrow \scrU 1

such that for any \scrF t-stopping time \tau : \Omega \rightarrow [0, T ] and any two controls u2, u2 \in \scrU 2

with u2 = u2 on [0, \tau ], it holds that \beta 1(u2) = \beta 1(u2) on [0, \tau ]. The set of all admissible
strategies for Player 1 is denoted by \scrA 1. Admissible strategies \beta 2 : \scrU 1 \rightarrow \scrU 2 and the
set \scrA 2 of them for Player 2 are defined similarly.

For (x, i0)\in \BbbR \times \scrM , we define Player 1's value and Player 2's value as

V1(x, i0)\triangleq inf
\beta 2\in \scrA 2

sup
u1\in \scrU 1

Jx,i0
\bigl( 
u1, \beta 2(u1)

\bigr) 
,

V2(x, i0)\triangleq sup
\beta 1\in \scrA 1

inf
u2\in \scrU 2

Jx,i0
\bigl( 
\beta 1(u2), u2

\bigr) 
.

When V1(x, i0) (resp., V2(x, i0)) is finite, the zero-sum SLQD game for Player 1 (resp.,
Player 2) is to find an admissible pair (u\ast 

1, \beta 
\ast 
2) \in \scrU 1 \times \scrA 2 (resp., (u\ast 

2, \beta 
\ast 
1) \in \scrU 2 \times \scrA 1)

such that Jx,i0(u
\ast 
1, \beta 

\ast 
2(u

\ast 
1)) = V1(x, i0) (resp., Jx,i0(\beta 

\ast 
1(u

\ast 
2), u

\ast 
2) = V2(x, i0)), in which

case (u\ast 
1, \beta 

\ast 
2) (resp., (u\ast 

2, \beta 
\ast 
1)) is called an optimal control-strategy pair for Player

1's value (resp., Player 2's value). For simplicity, we call this game the LQ game
(2.1)--(2.2). If the two players' values are equal, this common value, denoted by
V (x, i0), is called the value of the game.

Similar to general LQ control problems, we expect that the optimal control-
strategy pair is in a feedback form. In our setting, the two players can observe not
only the time, noise, current values of the state and regime, but also the current value
of the other's control. We now give the definitions of feedback controls and feedback
strategies for the LQ game (2.1)--(2.2).

Definition 2.2. An admissible feedback control for Player 1 is a measurable
mapping \pi : [0, T ]\times \scrM \times \BbbR \rightarrow \BbbR m1 such that

(i) for each (i, x)\in \scrM \times \BbbR , \pi (\cdot , i, x) is an \scrF W
t -adapted process;

(ii) for each u2(\cdot )\in \scrU 2, there exists a unique solution X(\cdot ) to the SDE\left\{     
dX(t) =

\bigl[ 
AX(t) +B\top 

1 \pi (t,\alpha t,X(t)) +B\top 
2 u2(t) + b

\bigr] 
dt

+
\bigl[ 
CX(t) +D1\pi (t,\alpha t,X(t)) +D2u2(t) + \sigma 

\bigr] \top 
dW (t),

X(0) = x\in \BbbR , \alpha 0 = i0 \in \scrM ,

(2.3)

and \pi (\cdot , \alpha \cdot ,X(\cdot ))\in \scrU 1.

Definition 2.3. An admissible feedback strategy for Player 2 is a measurable
mapping \Pi : [0, T ]\times \scrM \times \BbbR \times \BbbR m1 \rightarrow \BbbR m2 such that

(i) for each (i, x,u)\in \scrM \times \BbbR \times \BbbR m1 , \Pi (\cdot , i, x,u) is an \scrF W
t -adapted process;
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INDEFINITE SREs AND ZERO-SUM SLQD GAMES 3245

(ii) for each u1(\cdot )\in \scrU 1, there exists a unique solution X(\cdot ) to the SDE

\left\{     
dX(t) =

\bigl[ 
AX(t) +B\top 

1 u1(t) +B\top 
2 \Pi (t,\alpha t,X(t), u1(t)) + b

\bigr] 
dt

+
\bigl[ 
CX(t) +D1u1(t) +D2\Pi (t,\alpha t,X(t), u1(t)) + \sigma 

\bigr] \top 
dW (t),

X(0) = x\in \BbbR , \alpha 0 = i0 \in \scrM ,

(2.4)

and \beta 2 : u1(\cdot ) \mapsto \rightarrow \Pi (\cdot , \alpha \cdot ,X(\cdot ), u1(\cdot ))\in \scrA 2.

Definition 2.4. Let \pi be an admissible feedback control for Player 1, and let \Pi 
be an admissible feedback strategy for Player 2. The pair (\pi ,\Pi ) is called an optimal
feedback control-strategy pair for Player 1's value if the pair (u1, \beta 2) is optimal, that
is, Jx,i0(u1, \beta 2(u1)) = V1(x, i0), where (u1, \beta 2) is defined by u1(\cdot ) = \pi (\cdot , \alpha \cdot ,X(\cdot )),
\beta 2 : u1(\cdot ) \mapsto \rightarrow \Pi (\cdot , \alpha \cdot ,X(\cdot ), u1(\cdot )), and X(\cdot ) is the solution to the following SDE:\left\{     

dX(t) =
\bigl[ 
AX(t) +B\top 

1 \pi (t,\alpha t,X(t)) +B\top 
2 \Pi (t,\alpha t,X(t), u1(t)) + b

\bigr] 
dt

+
\bigl[ 
CX(t) +D1\pi (t,\alpha t,X(t)) +D2\Pi (t,\alpha t,X(t), u1(t)) + \sigma 

\bigr] \top 
dW (t),

X(0) = x\in \BbbR , \alpha 0 = i0 \in \scrM .

The admissible feedback control for Player 2, the admissible feedback strategy for
Player 1, and the optimal feedback control-strategy pair for Player 2's value are defined
similarly. For simplicity, we directly call u1(\cdot ) = \pi (\cdot , \alpha \cdot ,X(\cdot )) defined in Definition 2.2
the feedback control for Player 1, and \beta 2 : u1(\cdot ) \mapsto \rightarrow \Pi (\cdot , \alpha \cdot ,X(\cdot ), u1(\cdot )) defined in
Definition 2.3 the feedback strategy for Player 2, respectively.

Thanks to the boundedness of coefficients, there exist positive constants c1, \=c2,
c3, K, G, such that

| K| \leqslant K, | G| \leqslant G, 2A+C\top C + max
1\leqslant i,j\leqslant l

qij \leqslant c1,

D\top 
1 D1 \leqslant \=c2Im1 , D\top 

2 D2 \leqslant \=c2Im2 ,\bigl[ 
B1 +D\top 

1 C
\bigr] \top \bigl[ 

B1 +D\top 
1 C
\bigr] 
\vee 
\bigl[ 
B2 +D\top 

2 C
\bigr] \top \bigl[ 

B2 +D\top 
2 C
\bigr] 
\leqslant c3.(2.5)

We define two positive constants

\epsilon \triangleq 8c3(e
c1lT  - 1)[K(ec1lT  - 1) +Gc1le

c1lT ]/(c1l)
2, \=\epsilon \triangleq c1l\epsilon /[4c3(e

c1lT  - 1)].

This notation will be used throughout this paper.
To ensure our problem is well-posed, we assume from now on that the following

three assumptions hold without claim.

Assumption 1. There exists a positive constant c2 such that c2Im1 \leqslant D\top 
1 D1 and

c2Im2 \leqslant D\top 
2 D2 for all i\in \scrM .

Assumption 2. It holds that R11 \leqslant  - (\epsilon + \=\epsilon \=c2)Im1
and R22 \geqslant (\epsilon + \=\epsilon \=c2)Im2

for all
i\in \scrM .

Assumption 3. It holds that 2\=c2 < \epsilon .

Remark 2.5. In fact, given Assumptions 1 and 2, Assumption 3 is redundant.
To see this, suppose the LQ game (2.1)--(2.2) satisfies Assumptions 1 and 2; then
the game is clearly equivalent to the game under the system (2.1) with the objective
functional
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3246 PANPAN ZHANG AND ZUO QUAN XU

\~cJx,i0(u1, u2)\triangleq \BbbE 
\biggl[ \int T

0

\Bigl( 
\~cKX(t)2 + u1(t)

\top \~cR11u1(t) + 2u1(t)
\top \~cR12u2(t)

+ u2(t)
\top \~cR22u2(t)

\Bigr) 
dt+ \~cG(\alpha T )X(T )2

\biggr] 
,

where \~c > 2\=c2
\epsilon . One can check that the latter satisfies Assumptions 1--3.

3. Solution to the LQ game (2.1)--(2.2). In this section, we construct op-
timal feedback control-strategy pairs through the solutions of a new kind of multi-
dimensional indefinite SRE and a multidimensional linear BSDE. We first study the
solvability of these two BSDEs, and then solve the problem via completing the square
method.

To give more concise expressions, we introduce the following notation:

u(\cdot )\triangleq 
\biggl[ 

u1(\cdot )
u2(\cdot )

\biggr] 
m\times 1

, B(t, i)\triangleq 

\biggl[ 
B1(t, i)
B2(t, i)

\biggr] 
m\times 1

,

D(t, i)\triangleq [D1(t, i),D2(t, i)]n\times m, R(t, i)\triangleq 

\biggl[ 
R11(t, i) R12(t, i)
R12(t, i)

\top R22(t, i)

\biggr] 
m\times m

,

where m\triangleq m1 +m2. Then, we can rewrite (2.1) and (2.2) as\left\{     
dX(t) =

\bigl[ 
A(t,\alpha t)X(t) +B(t,\alpha t)

\top u(t) + b(t,\alpha t)
\bigr] 
dt

+
\bigl[ 
C(t,\alpha t)X(t) +D(t,\alpha t)u(t) + \sigma (t,\alpha t)

\bigr] \top 
dW (t),

X(0) = x\in \BbbR , \alpha 0 = i0 \in \scrM ,

and

Jx,i0
\bigl( 
u1, u2) =\BbbE 

\biggl[ \int T

0

\Bigl( 
K(t,\alpha t)X(t)2 + u(t)\top R(t,\alpha t)u(t)

\Bigr) 
dt+G(\alpha T )X(T )2

\biggr] 
.

In the classical inhomogeneous LQ control theory, an optimal feedback control is
associated with a Riccati equation and a linear equation (see a systematic account in
[29, Chapter 6]). For our LQ game with non-Markovian regime switching, the Riccati
equation is a multidimensional BSDE with an indefinite generator and we call it an
indefinite SRE. In addition, the linear equation is a multidimensional BSDE with
unbounded coefficients.

3.1. Solvability of two BSDEs. To introduce the indefinite SRE and the linear
BSDE, we first introduce some notation. For (t, i,P,\varphi ,\Lambda ,\Delta ) \in [0, T ]\times \scrM \times \BbbR \times \BbbR \times 
\BbbR n \times \BbbR n, we set

\widehat R(t, i,P )\triangleq R(t, i) + PD(t, i)\top D(t, i)\triangleq 

\Biggl[ \widehat R11(t, i,P ) \widehat R12(t, i,P )\widehat R12(t, i,P )\top \widehat R22(t, i,P )

\Biggr] 
m\times m

=

\biggl[ 
R11 + PD\top 

1 D1 R12 + PD\top 
1 D2

R\top 
12 + PD\top 

2 D1 R22 + PD\top 
2 D2

\biggr] 
,

\widehat C(t, i,P,\Lambda )\triangleq PB(t, i) +D(t, i)\top [PC(t, i) + \Lambda ]

\triangleq 

\Biggl[ \widehat C1(t, i,P,\Lambda )\widehat C2(t, i,P,\Lambda )

\Biggr] 
m\times 1

=

\biggl[ 
P (B1 +D\top 

1 C) +D\top 
1 \Lambda 

P (B2 +D\top 
2 C) +D\top 

2 \Lambda 

\biggr] 
,

\^\sigma (t, i,P,\varphi ,\Delta )\triangleq \varphi B(t, i) +D(t, i)\top [P\sigma (t, i) +\Delta ]

\triangleq 

\biggl[ 
\^\sigma 1(t, i,P,\varphi ,\Delta )
\^\sigma 2(t, i,P,\varphi ,\Delta )

\biggr] 
m\times 1

=

\biggl[ 
\varphi B1 + PD\top 

1 \sigma +D\top 
1 \Delta 

\varphi B2 + PD\top 
2 \sigma +D\top 

2 \Delta 

\biggr] 
,

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

02
/2

3/
25

 to
 1

58
.1

32
.1

61
.1

80
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



INDEFINITE SREs AND ZERO-SUM SLQD GAMES 3247

where we omit the arguments (t, i) in the coefficients in the last equations of the above
definitions. Henceforth, we often drop the arguments for \widehat R, \widehat C, and \^\sigma .

Remark 3.1. The solution to our SRE (3.1) below is expected to satisfy P (\cdot , i) \in 
[ - \=\epsilon ,\=\epsilon ] for all i\in \scrM . This means the SRE (3.1) is an indefinite BSDE. In order to solve
it, we first establish some priori estimates on the coefficients. Suppose P \in [ - \=\epsilon ,\=\epsilon ].
Thanks to Assumption 2, for all i\in \scrM , we have

\widehat R11 \leqslant  - \epsilon Im1 ,
\widehat R22 \geqslant \epsilon Im2 ,  - 1

\epsilon 
Im1 \leqslant \widehat R - 1

11 < 0Im1 , 0Im2 <
\widehat R - 1
22 \leqslant 

1

\epsilon 
Im2 .

Furthermore, \widehat R is an invertible indefinite matrix and

\widehat R - 1 =

\Biggl[ \widetilde R - 1
11  - \widetilde R - 1

11
\widehat R12

\widehat R - 1
22

 - \widehat R - 1
22
\widehat R\top 
12
\widetilde R - 1
11

\widehat R - 1
22 + \widehat R - 1

22
\widehat R\top 
12
\widetilde R - 1
11
\widehat R12

\widehat R - 1
22

\Biggr] 

=

\Biggl[ \widehat R - 1
11 + \widehat R - 1

11
\widehat R12

\widetilde R - 1
22
\widehat R\top 
12
\widehat R - 1
11  - \widehat R - 1

11
\widehat R12

\widetilde R - 1
22

 - \widetilde R - 1
22
\widehat R\top 
12
\widehat R - 1
11

\widetilde R - 1
22

\Biggr] 
,

where

\widetilde R11 \triangleq \widehat R11  - \widehat R12
\widehat R - 1
22
\widehat R\top 
12, \widetilde R22 \triangleq \widehat R22  - \widehat R\top 

12
\widehat R - 1
11
\widehat R12,

which satisfy the estimates

\widetilde R11 \leqslant  - \epsilon Im1
, \widetilde R22 \geqslant \epsilon Im2

,  - 1

\epsilon 
Im1 \leqslant \widetilde R - 1

11 < 0Im1 , 0Im2 <
\widetilde R - 1
22 \leqslant 

1

\epsilon 
Im2 .

For (t, i,P,\varphi ,\Lambda ,\Delta )\in [0, T ]\times \scrM \times [ - \=\epsilon ,\=\epsilon ]\times \BbbR \times \BbbR n \times \BbbR n, we define

H1(t, i,P,\Lambda )\triangleq  - \widehat C\top \widehat R - 1 \widehat C
= - \widehat C\top 

2
\widehat R - 1
22
\widehat C2  - 

\bigl[ \widehat C1  - \widehat R12
\widehat R - 1
22
\widehat C2

\bigr] \top \widetilde R - 1
11

\bigl[ \widehat C1  - \widehat R12
\widehat R - 1
22
\widehat C2

\bigr] 
= - \widehat C\top 

1
\widehat R - 1
11
\widehat C1  - 

\bigl[ \widehat C2  - \widehat R\top 
12
\widehat R - 1
11
\widehat C1

\bigr] \top \widetilde R - 1
22

\bigl[ \widehat C2  - \widehat R\top 
12
\widehat R - 1
11
\widehat C1

\bigr] 
,

H2(t, i,P,\Lambda ,\varphi ,\Delta )\triangleq  - \widehat C\top \widehat R - 1\^\sigma , and H3(t, i,P,\varphi ,\Delta )\triangleq  - \^\sigma \top \widehat R - 1\^\sigma .

Remark 3.2. For all (i,P,\Lambda )\in \scrM \times [ - \=\epsilon ,\=\epsilon ]\times \BbbR n, we have the estimates

 - 1

\epsilon 
| \widehat C2| 2 \leqslant  - \widehat C\top 

2
\widehat R - 1
22
\widehat C2 \leqslant H1 \leqslant  - \widehat C\top 

1
\widehat R - 1
11
\widehat C1 \leqslant 

1

\epsilon 
| \widehat C1| 2.

Thus, we obtain from (2.5) the estimate

| H1| \leqslant 
2(c3\=\epsilon 

2 + \=c2| \Lambda | 2)
\epsilon 

.

The indefinite SRE and the linear BSDE for the LQ game (2.1)--(2.2) are given
by \left\{             

dP (t, i) = - 
\biggl[ 
K(t, i) + P (t, i)

\bigl[ 
2A(t, i) +C(t, i)\top C(t, i)

\bigr] 
+ 2C(t, i)\top \Lambda (t, i)

+H1(t, i,P (t, i),\Lambda (t, i)) +
\sum 
j\in \scrM 

qijP (t, j)

\biggr] 
dt+\Lambda (t, i)\top dW (t),

P (T, i) =G(i), P (\cdot , i)\in [ - \=\epsilon ,\=\epsilon ], for all i\in \scrM ,

(3.1)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

02
/2

3/
25

 to
 1

58
.1

32
.1

61
.1

80
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



3248 PANPAN ZHANG AND ZUO QUAN XU

and \left\{                   

d\varphi (t, i) = - 
\biggl[ 
P (t, i)

\bigl[ 
b(t, i) +C(t, i)\top \sigma (t, i)

\bigr] 
+ \sigma (t, i)\top \Lambda (t, i) +A(t, i)\varphi (t, i)

+C(t, i)\top \Delta (t, i) +H2(t, i,P (t, i),\Lambda (t, i),\varphi (t, i),\Delta (t, i))

+
\sum 
j\in \scrM 

qij\varphi (t, j)

\biggr] 
dt+\Delta (t, i)\top dW (t),

\varphi (T, i) = 0 for all i\in \scrM .

(3.2)

The second BSDE depends on the first one, but not vice versa, so they are partially
coupled.

Definition 3.3. A vector process (\bfitP (\cdot ),\Lambda (\cdot )) =
\bigl( 
P (\cdot , i),\Lambda (\cdot , i)

\bigr) 
i\in \scrM is called a

solution of multidimensional BSDE (3.1) if it satisfies (3.1), and
\bigl( 
P (\cdot , i),\Lambda (\cdot , i)

\bigr) 
\in 

L\infty 
\scrF W (0, T ;\BbbR )\times L2

\scrF W (0, T ;\BbbR n) for all i\in \scrM . The solution of (3.2) is defined similarly.

We now study the solvability of (3.1) and (3.2). Indeed, the solvability of (3.2) is
already known in the literature. The main difficulty of our paper is to establish the
solvability of (3.1). It is a highly nonlinear multidimensional BSDE, and the invertible
matrix \widehat R in quadratic generator H1 is indefinite, so it is an indefinite SRE. There
are several results on the solvability of indefinite SREs or indefinite quadratic BSDEs
(see, e.g., [15, 23, 4]). But to the best of our knowledge, no existing results could be
directly applied to (3.1). We follow the method in [11] to establish the existence result
for (3.1). However, this is not straightforward and requires more delicate analysis since\widehat R is not definite.

As for the uniqueness, the direct approach using log transformation in [11] fails
for our indefinite SRE. In fact, because \widehat R is an indefinite matrix, we cannot find
a transformation such that the quadratic term in generator is monotone. This is
because the goals of the two players in our problem take opposite directions, so that
monotonicity is in general losing. Instead, we establish the uniqueness result for (3.1)
as a byproduct of Theorem 3.9. It is a challenge problem to establish the uniqueness
by pure BSDE methods, which we leave for our future research.

We now prove the existence of the solution to (3.1) by the approximation method
in [3, Lemma 9.6.6]. Different from [11], the matrix \widehat R in our problem is neither
positive- nor negative-semidefinite, so we need two Lipschitz functions to approximate
the generator from above and below, respectively. This method is often used to study
the solvability of BSDEs in the literature, e.g., [6].

Theorem 3.4 (existence of (3.1)). The indefinite SRE (3.1) admits a solution.

Proof. For \bfitP = (P1, P2, . . . , Pl)
\top \in \BbbR l, \Lambda = (\Lambda 1,\Lambda 2, . . . ,\Lambda l)\in \BbbR n\times l, (t, i)\in [0, T ]\times 

\scrM , we set

g(t, i,\bfitP ,\Lambda i)\triangleq K(t, i) + Pi

\bigl[ 
2A(t, i) +C(t, i)\top C(t, i)

\bigr] 
+ 2C(t, i)\top \Lambda i +

\sum 
j\in \scrM 

qijPj .

Thanks to Assumption 2 and Remark 3.2, we can define functions H1 and H1 such
that they are both smooth w.r.t. P and satisfy

H1(t, i,P,\Lambda )=H1(t, i,P,\Lambda )= 0 for | P | \geqslant 2\=\epsilon ,

H1(t, i,P,\Lambda )= - 
\bigl[ \widehat C1  - \widehat R12

\widehat R - 1
22
\widehat C2

\bigr] \top \widetilde R - 1
11

\bigl[ \widehat C1  - \widehat R12
\widehat R - 1
22
\widehat C2

\bigr] 
for | P | \leqslant \=\epsilon ,

H1(t, i,P,\Lambda )= - \widehat C\top 
2
\widehat R - 1
22
\widehat C2 for | P | \leqslant \=\epsilon ,
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INDEFINITE SREs AND ZERO-SUM SLQD GAMES 3249

and

0\leqslant H1(t, i,P,\Lambda )\leqslant 
2(c3\=\epsilon 

2 + \=c2| \Lambda | 2)
\epsilon 

,  - 2(c3\=\epsilon 
2 + \=c2| \Lambda | 2)

\epsilon 
\leqslant H1(t, i,P,\Lambda )\leqslant 0.

For k\geqslant 1, (t, i,P,\Lambda )\in [0, T ]\times \scrM \times \BbbR \times \BbbR n, we define

H
k

1(t, i,P,\Lambda )\triangleq inf
( \widetilde P,\widetilde \Lambda )\in \BbbR \times \BbbR n

\Bigl\{ 
H1(t, i, \widetilde P , \widetilde \Lambda )+ k| P  - \widetilde P | + k| \Lambda  - \widetilde \Lambda | \Bigr\} ,

Hk
1(t, i,P,\Lambda )\triangleq sup

( \widetilde P,\widetilde \Lambda )\in \BbbR \times \BbbR n

\Bigl\{ 
H1(t, i,

\widetilde P , \widetilde \Lambda ) - k| P  - \widetilde P |  - k| \Lambda  - \widetilde \Lambda | \Bigr\} .
Note that H

k

1 is increasing to H1 and Hk
1 is decreasing to H1 as k\rightarrow \infty . For all k\geqslant 1

and (t, i,P,\Lambda )\in [0, T ]\times \scrM \times \BbbR \times \BbbR n, we have

0\leqslant H
k

1(t, i,P,\Lambda )\leqslant 
2(c3\=\epsilon 

2 + \=c2| \Lambda | 2)
\epsilon 

,  - 2(c3\=\epsilon 
2 + \=c2| \Lambda | 2)

\epsilon 
\leqslant Hk

1(t, i,P,\Lambda )\leqslant 0.

Clearly, for any k, \=k \geqslant 1, g, H
\=k

1 and Hk
1 are uniformly Lipschitz in (\bfitP ,\Lambda ), so

there exists a unique solution (\bfitP k,\=k(\cdot ),\Lambda k,\=k(\cdot )) =
\bigl( 
P k,\=k(\cdot , i),\Lambda k,\=k(\cdot , i)

\bigr) 
i\in \scrM in the space

L2
\scrF (0, T ;\BbbR l)\times L2

\scrF (0, T ;\BbbR n\times l) to the following BSDE:\left\{     
dP k,\=k(t, i) = - 

\bigl[ 
g(t, i,\bfitP k,\=k(t),\Lambda k,\=k(t, i)) +H

\=k

1(t, i,P
k,\=k(t, i),\Lambda k,\=k(t, i))

+Hk
1(t, i,P

k,\=k(t, i),\Lambda k,\=k(t, i))
\bigr] 
dt+\Lambda k,\=k(t, i)\top dW (t),

P k,\=k(T, i) =G(i) for all i\in \scrM .

Because Hk
1 is decreasing to H1 as k \rightarrow \infty , by the comparison theorem for multidi-

mensional BSDEs in [10], we obtain that P k,\=k(\cdot , i) is decreasing w.r.t. k for any fixed
i\in \scrM and \=k\geqslant 1. Similarly, it is increasing w.r.t. \=k for any fixed i\in \scrM and k\geqslant 1.

For (t, i,\bfitP ,\Lambda )\in [0, T ]\times \scrM \times \BbbR l \times \BbbR n, we define

g(t, i,\bfitP ,\Lambda )= c1

l\sum 
j=1

Pj + 2C(t, i)\top \Lambda  - K  - 2(c3\=\epsilon 
2 + c2| \Lambda | 2)

\epsilon 
,

g(t, i,\bfitP ,\Lambda )= c1

l\sum 
j=1

Pj + 2C(t, i)\top \Lambda +K +
2(c3\=\epsilon 

2 + c2| \Lambda | 2)
\epsilon 

,

 - P (t, i) = P (t, i) =Gec1l(T - t) + (K\epsilon + 2c3\=\epsilon 
2)(ec1l(T - t)  - 1)/(c1l\epsilon ).

Clearly, for all (t, i)\in [0, T ]\times \scrM ,

 - \=\epsilon = P (0, i)\leqslant P (t, i), P (t, i)\leqslant P (0, i) = \=\epsilon .

Moreover,
\bigl( 
P (\cdot , i),0

\bigr) 
i\in \scrM and

\bigl( 
P (\cdot , i),0

\bigr) 
i\in \scrM satisfy the BSDEs\Biggl\{ 

dP (t, i) = - g(t, i,\bfitP (t),\Lambda (t, i))dt+\Lambda (t, i)\top dW (t),

P (T, i) = - G for all i\in \scrM 

and \Biggl\{ 
dP (t, i) = - g(t, i,\bfitP (t),\Lambda (t, i))dt+\Lambda (t, i)\top dW (t),

P (T, i) =G for all i\in \scrM .
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3250 PANPAN ZHANG AND ZUO QUAN XU

For any k, \=k\geqslant 1 and all (t, i,\Lambda )\in [0, T ]\times \scrM \times \BbbR n, we have

g(t, i,\bfitP (t),\Lambda )\leqslant g(t, i,\bfitP (t),\Lambda )+H
\=k

1(t, i,P (t, i),\Lambda )+Hk
1(t, i,P (t, i),\Lambda ),

g(t, i,\bfitP (t),\Lambda )+H
\=k

1(t, i,P (t, i),\Lambda )+Hk
1(t, i,P (t, i),\Lambda )\leqslant g(t, i,\bfitP (t),\Lambda ).

Then, by the comparison theorem for multidimensional BSDEs in [11], we have

 - \=\epsilon \leqslant P (\cdot , i)\leqslant P k,\=k(\cdot , i)\leqslant P (\cdot , i)\leqslant \=\epsilon for any k, \=k\geqslant 1 and i\in \scrM .

By monotonicity, we can define P
\=k(\cdot , i) = limk\rightarrow \infty P k,\=k(\cdot , i). Then P

\=k(\cdot , i) \in [ - \=\epsilon ,\=\epsilon ].
Regarding (P k,\=k(\cdot , i),\Lambda k,\=k(\cdot , i)) as the solution of a scalar-valued quadratic BSDE for

each i \in \scrM , by [3, Lemma 9.6.6], for each \=k \geqslant 1, there exists a process \Lambda 
\=k(\cdot ) \in 

L2
\scrF (0, T ;\BbbR n\times l) such that (\bfitP 

\=k(\cdot ),\Lambda \=k(\cdot )) is a solution to the following BSDE:\left\{       
dP

\=k(t, i) = - 
\bigl[ 
g(t, i,\bfitP 

\=k(t),\Lambda 
\=k(t, i)) +H

\=k

1(t, i,P
\=k(t, i),\Lambda 

\=k(t, i))

+H1(t, i,P
\=k(t, i),\Lambda 

\=k(t, i))
\bigr] 
dt+\Lambda 

\=k(t, i)\top dW (t),

P
\=k(T, i) =G(i) for all i\in \scrM .

Recall that P k,\=k(\cdot , i) is increasing w.r.t. \=k, so we get that P
\=k(\cdot , i) is increasing w.r.t. \=k.

Hence, we can define P (\cdot , i) = lim\=k\rightarrow \infty P
\=k(\cdot , i). By [3, Lemma 9.6.6] again, there exists

a process \Lambda (\cdot )\in L2
\scrF (0, T ;\BbbR n\times l) such that (\bfitP (\cdot ),\Lambda (\cdot )) =

\bigl( 
P (\cdot , i),\Lambda (\cdot , i)

\bigr) 
i\in \scrM satisfies\left\{     

dP (t, i) = - 
\bigl[ 
g(t, i,\bfitP (t),\Lambda (t, i)) +H1(t, i,P (t, i),\Lambda (t, i))

+H1(t, i,P (t, i),\Lambda (t, i))
\bigr] 
dt+\Lambda (t, i)\top dW (t),

P (T, i) =G(i), P (\cdot , i)\in [ - \=\epsilon ,\=\epsilon ] for all i\in \scrM .

Notice P (\cdot , i) \in [ - \=\epsilon ,\=\epsilon ], so H1 +H1 = H1 for all i \in \scrM . We see (\bfitP (\cdot ),\Lambda (\cdot )) indeed
satisfies (3.1). This establishes the existence of the solution to (3.1).

Some coefficients in (3.2) depend on \Lambda , so they are unbounded. To prove the
solvability of (3.2), we need a more precise estimate on \Lambda . Recall the definition of a
bounded mean oscillation (BMO) martingale. For any process f \in L2

\scrF W (0, T ;\BbbR n), the
process

\int \cdot 
0
f(s)\top dW (s) is a BMO martingale if there exists a positive constant c such

that

\BbbE 

\Biggl[ \int T

\tau 

| f(s)| 2ds
\bigm| \bigm| \bigm| \scrF W

\tau 

\Biggr] 
\leqslant c

holds for all \scrF W
t -stopping times \tau \leqslant T . From now on, we use c to represent a positive

constant independent of i and t, which can be different from line to line. We set

L2,BMO
\scrF W (0, T ;\BbbR n) =

\biggl\{ 
f \in L2

\scrF W (0, T ;\BbbR n)
\bigm| \bigm| \bigm| \int \cdot 

0

f(s)\top dW (s) is a BMO martingale

\biggr\} 
.

For more details about BMO martingales, interested readers can refer to [18].

Lemma 3.5. Let (\bfitP (\cdot ),\Lambda (\cdot )) =
\bigl( 
P (\cdot , i),\Lambda (\cdot , i)

\bigr) 
i\in \scrM be a solution of (3.1). Then

we have \Lambda (\cdot , i)\in L2,BMO
\scrF W (0, T ;\BbbR n) for all i\in \scrM .
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Proof. For any i\in \scrM , applying It\^o's formula to P (\cdot , i)2, we get

\BbbE 
\biggl[ \int T

\tau 

| \Lambda | 2dt
\bigm| \bigm| \bigm| \bigm| \scrF W

\tau 

\biggr] 
 - \BbbE 

\bigl[ 
G(i)2

\bigm| \bigm| \scrF W
\tau 

\bigr] 
+ P (\tau , i)2

=\BbbE 
\biggl[ \int T

\tau 

\biggl( 
2P
\bigl[ 
P (2A+C\top C) +K + 2C\top \Lambda +H1(P,\Lambda )+

\sum 
j\in \scrM 

qijP (t, j)
\bigr] \biggr) 

dt

\bigm| \bigm| \bigm| \bigm| \scrF W
\tau 

\biggr] 

\leqslant c+\BbbE 
\biggl[ \int T

\tau 

\biggl( 
c| \Lambda | + 2\=c2| \Lambda | 2

\epsilon 

\biggr) 
dt

\bigm| \bigm| \bigm| \bigm| \scrF W
\tau 

\biggr] 
,

where \tau \leqslant T is any \scrF W
t -stopping time. By Assumption 3, there exists a constant a1

such that 1 - 2\=c2
\epsilon >a1 > 0. Then

\BbbE 

\Biggl[ \int T

\tau 

| \Lambda | 2dt
\bigm| \bigm| \bigm| \scrF W

\tau 

\Biggr] 
\leqslant c+\BbbE 

\Biggl[ \int T

\tau 

\biggl( 
a1| \Lambda | 2 +

2\=c2| \Lambda | 2

\epsilon 

\biggr) 
dt
\bigm| \bigm| \bigm| \scrF W

\tau 

\Biggr] 
.

It leads to the bound

\BbbE 

\Biggl[ \int T

\tau 

| \Lambda (t, i)| 2dt
\bigm| \bigm| \scrF W

\tau 

\Biggr] 
\leqslant 

c

1 - 2\=c2
\epsilon  - a1

,

so \Lambda (\cdot , i)\in L2,BMO
\scrF W (0, T ;\BbbR n).

Theorem 3.6 (solvability of (3.2)). The linear BSDE (3.2) with unbounded co-
efficients has a unique solution (\bfitvarphi (\cdot ),\Delta (\cdot )) =

\bigl( 
\varphi (\cdot , i),\Delta (\cdot , i)

\bigr) 
i\in \scrM , and for all i \in \scrM ,

(\varphi (\cdot , i),\Delta (\cdot , i))\in L\infty 
\scrF W (0, T ;\BbbR )\times L2,BMO

\scrF W (0, T ;\BbbR n).

Proof. The proof is a consequence of [12, Lemma 3.6].

3.2. The optimal feedback control-strategy pair. After solving (3.1)--(3.2),
we can provide optimal control-strategy pairs to the LQ game (2.1)--(2.2).

We set\Biggl\{ 
u\ast 
1(t, i,X(t)) = - \widetilde R - 1

11

\bigl\{ \bigl[ \widehat C1  - \widehat R12
\widehat R - 1
22
\widehat C2

\bigr] 
X(t) + \^\sigma 1  - \widehat R12

\widehat R - 1
22 \^\sigma 2

\bigr\} 
,

\beta \ast 
2(t, i, u1(t),X(t)) = - \widehat R - 1

22

\bigl[ \widehat R\top 
12u1(t) + \widehat C2X(t) + \^\sigma 2

\bigr] 
,

(3.3)

\Biggl\{ 
u\ast 
2(t, i,X(t)) = - \widetilde R - 1

22

\bigl\{ \bigl[ \widehat C2  - \widehat R\top 
12
\widehat R - 1
11
\widehat C1

\bigr] 
X(t) + \^\sigma 2  - \widehat R\top 

12
\widehat R - 1
11 \^\sigma 1

\bigr\} 
,

\beta \ast 
1(t, i, u2(t),X(t)) = - \widehat R - 1

11

\bigl[ \widehat R12u2(t) + \widehat C1X(t) + \^\sigma 1

\bigr] 
,

(3.4)

where the arguments for \widetilde Rkk, \widehat Rkk\prime , \widehat Ck, \^\sigma k, k, k
\prime \in \{ 1,2\} are solutions of (3.1)--(3.2).

As discussed in [30], it is indeed difficult to prove the adaptability of the op-
timal control-strategy pairs in the case of random coefficients. In fact, here we
can only obtain u\ast 

1(\cdot , i,X(\cdot )), \beta \ast 
1(\cdot , i, u2(\cdot ),X(\cdot )) \in L2,loc

\scrF (0, T ;\BbbR m1) and u\ast 
2(\cdot , i,X(\cdot )),

\beta \ast 
2(\cdot , i, u1(\cdot ),X(\cdot )) \in L2,loc

\scrF (0, T ;\BbbR m2) for all i \in \scrM . We now use a common method
to deal with optimal control problems with random coefficients, that is, a localization
method plus some convergence theorems, to obtain their square integrability.

Lemma 3.7. The feedback control-strategy pair of Player 1 (resp., Player 2) de-
fined by (3.3) (resp., (3.4)) is admissible.
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3252 PANPAN ZHANG AND ZUO QUAN XU

Proof. We only prove that (3.3) is admissible, since the proof of (3.4) is similar.
The proof consists of two steps.

Step 1. Fix any u2(\cdot ) \in \scrU 2; we now prove that SDE (2.3) has a unique solution
with \pi = u\ast 

1, and u\ast 
1(\cdot , i,X(\cdot ))\in L2

\scrF (0, T ;\BbbR m1) for all i\in \scrM . The SDE (2.3) with the
control \pi = u\ast 

1 is\left\{     
dX(t) =

\bigl[ 
AX(t) +B\top 

1 u\ast 
1(t,\alpha t,X(t)) +B\top 

2 u2(t) + b
\bigr] 
dt

+
\bigl[ 
CX(t) +D1u

\ast 
1(t,\alpha t,X(t)) +D2u2(t) + \sigma 

\bigr] \top 
dW (t),

X(0) = x\in \BbbR , \alpha 0 = i0 \in \scrM .

For all i \in \scrM , we have | u\ast 
1(t, i,X(t))| \leqslant c

\bigl[ 
(1 + | \Lambda (t, i)| )| X(t)| + 1 + | \Delta (t, i)| 

\bigr] 
and

\Lambda (\cdot , i),\Delta (\cdot , i) \in L2,BMO
\scrF W (0, T ;\BbbR n). By the basic theorem on pages 756--757 of [8], the

above SDE has a unique strong solution. As X(\cdot ) is continuous for almost all sample
paths, it is almost surely bounded on [0, T ], which guarantees that\int T

0

| u\ast 
1(t,\alpha t,X(t))| 2dt <\infty .

By It\^o's lemma for Markovian chain (see [9]), we have

dP (t,\alpha t) = - 
\bigl[ 
K + P (t,\alpha t)(2A+C\top C) + 2C\top \Lambda (t,\alpha t) +H1(P (t,\alpha t),\Lambda (t,\alpha t))

\bigr] 
dt

+\Lambda (t,\alpha t)
\top dW (t) +

\sum 
i,j\in \scrM 

\bigl[ 
P (t, j) - P (t, i)

\bigr] 
I\{ \alpha t - =i\} d \~Nij(t),

d\varphi (t,\alpha t) = - 
\bigl[ 
P (t,\alpha t)(b+C\top \sigma ) + \sigma \top \Lambda (t,\alpha t) +A\varphi (t,\alpha t)

+C\top \Delta (t,\alpha t) +H2(P (t,\alpha t),\Lambda (t,\alpha t),\varphi (t,\alpha t),\Delta (t,\alpha t))
\bigr] 
dt

+\Delta (t,\alpha t)
\top dW (t) +

\sum 
i,j\in \scrM 

\bigl[ 
\varphi (t, j) - \varphi (t, i)

\bigr] 
I\{ \alpha t - =i\} d \~Nij(t),

where Nij(t), i, j \in \scrM , are independent Poisson processes with intensity qij and
\~Nij(t) =Nij(t) - qijt are the corresponding compensated Poisson martingales under
the filtration \scrF t.

Applying It\^o's formula to P (t,\alpha t)X(t)2 + 2\varphi (t,\alpha t)X(t), we get

P (t,\alpha t)X(t)2 + 2\varphi (t,\alpha t)X(t) - P (0, i0)x
2  - 2\varphi (0, i0)x

+

\int t

0

\Bigl( 
KX2 + (u\ast 

1)
\top R11u

\ast 
1 + 2(u\ast 

1)
\top R12u2 + u\top 

2 R22u2

\Bigr) 
ds

=

\int t

0

\Bigl( \bigl[ 
u2  - \beta \ast 

2(u
\ast 
1)
\bigr] \top \widehat R22

\bigl[ 
u2  - \beta \ast 

2(u
\ast 
1)
\bigr] 
+ P\sigma \top \sigma + 2(\varphi b+ \sigma \top \Delta )+H3(P,\varphi ,\Delta )

\Bigr) 
ds

+

\int t

0

\Bigl( 
2(PX +\varphi )(CX +D1u

\ast 
1 +D2u2 + \sigma ) +X2\Lambda + 2X\Delta 

\Bigr) \top 
dW (s)

+

\int t

0

\Biggl( 
X2

\sum 
i,j\in \scrM 

\bigl[ 
P (s, j) - P (s, i)

\bigr] 
I\{ \alpha s - =i\} 

+ 2X
\sum 

i,j\in \scrM 

\bigl[ 
\varphi (s, j) - \varphi (s, i)

\bigr] 
I\{ \alpha s - =i\} 

\Biggr) 
d \~Nij(s).

The stochastic integrals in above equation are local martingales, so there exists an
increasing sequence of stopping times \{ \tau k\} such that \tau k \rightarrow +\infty as k\rightarrow \infty , and
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INDEFINITE SREs AND ZERO-SUM SLQD GAMES 3253

\BbbE 
\bigl[ 
P (T \wedge \tau k)X(T \wedge \tau k)

2 + 2\varphi (T \wedge \tau k)X(T \wedge \tau k)
\bigr] 
 - P (0, i0)x

2  - 2\varphi (0, i0)x

+\BbbE 
\biggl[ \int T\wedge \tau k

0

\Bigl( 
KX2 + (u\ast 

1)
\top R11u

\ast 
1 + 2(u\ast 

1)
\top R12u2 + u\top 

2 R22u2

\Bigr) 
ds

\biggr] 
=\BbbE 

\biggl[ \int T\wedge \tau k

0

\Bigl( \bigl[ 
u2  - \beta \ast 

2(u
\ast 
1)
\bigr] \top \widehat R22

\bigl[ 
u2  - \beta \ast 

2(u
\ast 
1)
\bigr] 
+ P\sigma \top \sigma + 2(\varphi b+ \sigma \top \Delta )+H3

\Bigr) 
ds

\biggr] 
.

From Assumption 2 and Remark 3.1, we obtain

(\epsilon + \=\epsilon \=c2)\BbbE 
\biggl[ \int T\wedge \tau k

0

| u\ast 
1| 2ds

\biggr] 
+ P (0, i0)x

2 + 2\varphi (0, i0)

\leqslant \BbbE 
\biggl[ \int T\wedge \tau k

0

\Bigl( 
KX2 + u\top 

2 R22u2  - P\sigma \top \sigma  - 2(\varphi b+ \sigma \top \Delta ) - H3

\Bigr) 
ds

\biggr] 
+

\epsilon + \=\epsilon \=c2
2

\BbbE 
\biggl[ \int T\wedge \tau k

0

| u\ast 
1| 2ds

\biggr] 
+

2

\epsilon + \=\epsilon \=c2
\BbbE 
\biggl[ \int T\wedge \tau k

0

| R12u2| 2ds
\biggr] 

+\BbbE 
\bigl[ 
P (T \wedge \tau k)X(T \wedge \tau k)

2 + 2\varphi (T \wedge \tau k)X(T \wedge \tau k)
\bigr] 
.

Letting k\rightarrow \infty and applying the monotone and dominated convergence theorems, we
obtain u\ast 

1(\cdot , i,X(\cdot ))\in L2
\scrF (0, T ;\BbbR m1) for all i\in \scrM .

Step 2. For each u1(\cdot ) \in \scrU 1, we prove that SDE (2.4) has a unique solution with
\Pi = \beta \ast 

2 , and \beta \ast 
2(\cdot , i, u1(\cdot ),X(\cdot )) \in L2

\scrF (0, T ;\BbbR m2) for all i \in \scrM . Since the proof is
similar to Step 1, we omit the details.

Lemma 3.8. Define the admissible feedback control-strategy pair (u\ast 
1, \beta 

\ast 
2) of Player

1 by (3.3). Then we have the following:
(i) Jx,i0(u1, \beta 

\ast 
2(u1)) \leqslant Jx,i0(u1, \beta 2(u1)) for any u1 \in \scrU 1 and \beta 2 \in \scrA 2. Moreover,

the equation holds if and only if \beta 2(u1) = \beta \ast 
2(u1).

(ii) Jx,i0(u
\ast 
1, \beta 

\ast 
2(u

\ast 
1)) \geqslant Jx,i0(u1, \beta 

\ast 
2(u1)) for any u1 \in \scrU 1. Moreover, the equation

holds if and only if u1 = u\ast 
1.

Proof. Similar to Step 1 in the proof of Lemma 3.7, applying It\^o's formula to
P (t,\alpha t)X(t)2 + 2\varphi (t,\alpha t)X(t), we have

\BbbE 
\biggl[ \int T\wedge \tau k

0

\Bigl( 
KX2 + u\top Ru

\Bigr) 
ds+ P (T \wedge \tau k)X(T \wedge \tau k)

2 + 2\varphi (T \wedge \tau k)X(T \wedge \tau k)

\biggr] 
= P (0, i0)x

2 + 2\varphi (0, i0)x+\BbbE 
\biggl[ \int T\wedge \tau k

0

\Bigl( \bigl[ 
u2  - \beta \ast 

2(u1)
\bigr] \top \widehat R22

\bigl[ 
u2  - \beta \ast 

2(u1)
\bigr] 

+ (u1  - u\ast 
1)

\top \widetilde R11(u1  - u\ast 
1) + P\sigma \top \sigma + 2(\varphi b+ \sigma \top \Delta )+H3

\Bigr) 
ds

\biggr] 
.

Letting k \rightarrow \infty and applying the dominated convergence theorem and Remark 3.1,
we obtain the desired conclusion.

Next, we give the solution for the LQ game (2.1)--(2.2). The proofs of Theorem 3.9
and Corollary 3.11 are similar to those of Theorem 2.5 and Corollary 2.7 in [30], which
are not repeated here.

Theorem 3.9 (solution for the LQ game (2.1)--(2.2)). For any (x, i0) \in \BbbR \times 
\scrM , the LQ game (2.1)--(2.2) admits an optimal control-strategy pair (u\ast 

1, \beta 
\ast 
2) (resp.,

(u\ast 
2, \beta 

\ast 
1)) for Player 1's (resp., Player 2's) value, which is in a feedback form defined

by (3.3) (resp., (3.4)). Moreover, the game has a value, given by
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3254 PANPAN ZHANG AND ZUO QUAN XU

V (x, i0) = P (0, i0)x
2 + 2\varphi (0, i0)x+

\int T

0

\BbbE 
\Bigl[ 
P (t,\alpha t)\sigma (t,\alpha t)

\top \sigma (t,\alpha t)

+ 2
\bigl[ 
\varphi (t,\alpha t)b(t,\alpha t) + \sigma (t,\alpha t)

\top \Delta (t,\alpha t)
\bigr] 

+H3(t,\alpha t, P (t,\alpha t),\varphi (t,\alpha t),\Delta (t,\alpha t))
\Bigr] 
dt,

where
\bigl( 
P (\cdot , i),\Lambda (\cdot , i)

\bigr) 
i\in \scrM and

\bigl( 
\varphi (\cdot , i),\Delta (\cdot , i)

\bigr) 
i\in \scrM are solutions of (3.1)--(3.2).

Theorem 3.10. The indefinite SRE (3.1) admits a unique solution.

Proof. Let (\bfitP (\cdot ),\Lambda (\cdot )) and (\widetilde \bfitP (\cdot ), \widetilde \Lambda (\cdot )) be solutions of (3.1). We introduce a
family of LQ games parameterized by (s,x, i0)\in [0, T )\times \BbbR \times \scrM , in which the original
LQ game (2.1)--(2.2) is embedded.

Consider the following control system over [s,T ]:\Biggl\{ 
dX(t) =

\bigl[ 
AX(t) +B\top u(t) + b

\bigr] 
dt+

\bigl[ 
CX(t) +Du(t) + \sigma 

\bigr] \top 
dW (t),

X(s) = x\in \BbbR , \alpha s = i0 \in \scrM .

The objective functional is the following \scrF s-measurable random variable:

Js,x,i0
\bigl( 
u1, u2) =\BbbE 

\biggl[ \int T

s

\Bigl( 
KX(t)2 + u(t)\top Ru(t)

\Bigr) 
dt+G(\alpha T )X(T )2

\bigm| \bigm| \bigm| \bigm| X(s) = x,\alpha s = i0

\biggr] 
.

For k \in \{ 1,2\} , the admissible control set \scrU s
k = L2

\scrF (s,T ;\BbbR mk) and the admissible
strategy set \scrA s

k are defined similarly to Definition 2.1 with the initial time being s.
For (s,x, i0) \in [0, T ) \times \BbbR \times \scrM , Player 1's value and Player 2's value are the

following \scrF s-measurable random variables:

V1(s,x, i0)\triangleq ess inf
\beta 2\in \scrA s

2

ess sup
u1\in \scrU s

1

Js,x,i0
\bigl( 
u1, \beta 2(u1)),

V2(s,x, i0)\triangleq ess sup
\beta 1\in \scrA s

1

ess inf
u2\in \scrU s

2

Js,x,i0
\bigl( 
\beta 1(u2), u2).

Similarly to Theorem 3.9, we have V1(s,x, i0) = V2(s,x, i0) and both are equal to

P (s, i0)x
2 + 2\varphi (s, i0)x+\BbbE 

\biggl[ \int T

s

\bigl( 
P\sigma \top \sigma + 2

\bigl[ 
\varphi b+ \sigma \top \Delta 

\bigr] 
+H3(P,\varphi ,\Delta )

\bigr) 
dt
\bigm| \bigm| \bigm| X(s) = x,\alpha s = i0

\biggr] 
,

where (P (\cdot , i),\Lambda (\cdot , i))i\in \scrM and (\varphi (\cdot , i),\Delta (\cdot , i))i\in \scrM are solutions of (3.1)--(3.2). Because
Player 1's value is unique, we get P (s, i) = \widetilde P (s, i) for all (s, i)\in [0, T ]\times \scrM .

On the other hand, define P (\cdot , i)\triangleq P (\cdot , i) - \widetilde P (\cdot , i), \Lambda (\cdot , i)\triangleq \Lambda (\cdot , i) - \widetilde \Lambda (\cdot , i) for all
i\in \scrM . Applying It\^o's formula to P (\cdot , i)2, and using P (t, i) = 0 for all (t, i)\in [0, T ]\times \scrM ,

we obtain \BbbE [
\int T

0
| \Lambda (t, i)| 2dt] = 0, implying \Lambda (t, i) = \widetilde \Lambda (t, i) for all (t, i) \in [0, T ] \times \scrM .

The proof is complete.

Corollary 3.11. For any (x, i0) \in \BbbR \times \scrM , we have u\ast 
1 = \beta \ast 

1(u
\ast 
2), u

\ast 
2 = \beta \ast 

2(u
\ast 
1),

where u\ast 
1, u

\ast 
2, \beta 

\ast 
1 , \beta 

\ast 
2 are defined by (3.3)--(3.4). Moreover, the value of the LQ game

(2.1)--(2.2) satisfies V (x, i0) = Jx,i0
\bigl( 
u\ast 
1, u

\ast 
2).

4. Constrained zero-sum SLQD game. In the previous section, we solved
the LQ game (2.1)--(2.2) for inhomogeneous systems without control constraints. In
this section, we study the game for homogeneous systems, giving an advantage that
we can introduce closed convex cone control constraints.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

02
/2

3/
25

 to
 1

58
.1

32
.1

61
.1

80
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



INDEFINITE SREs AND ZERO-SUM SLQD GAMES 3255

Mathematically, we assume b(t, i) = 0 and \sigma (t, i) = 0 for all (t, i) \in [0, T ] \times \scrM 
throughout this section. Then (2.1) becomes a homogeneous system:\left\{     

dX(t) =
\bigl[ 
A(t,\alpha t)X(t) +B(t,\alpha t)

\top u(t)
\bigr] 
dt

+
\bigl[ 
C(t,\alpha t)X(t) +D(t,\alpha t)u(t)

\bigr] \top 
dW (t),

X(0) = x\in \BbbR , \alpha 0 = i0 \in \scrM .

(4.1)

A set \Gamma is a closed convex cone if it is closed and convex, and \lambda u\in \Gamma whenever u\in \Gamma 
and \lambda \geqslant 0. Let \Gamma 1 \in \BbbR m1 , \Gamma 2 \in \BbbR m2 be two closed convex cones. For the LQ game
(4.1)--(2.2) with control constraint set (\Gamma 1,\Gamma 2), the admissible control sets are defined
as \widetilde \scrU k =

\bigl\{ 
uk(\cdot ) \in L2

\scrF (0, T ;\BbbR mk)
\bigm| \bigm| uk(\cdot ) \in \Gamma k

\bigr\} 
, k \in \{ 1,2\} . Definitions of admissible

strategy are similar to Definition 2.1 with \scrU k being replaced by \widetilde \scrU k, and we denote the
set of all admissible strategies for Player k by \widetilde \scrA k, k \in \{ 1,2\} . For the constrained LQ
game (4.1)--(2.2), Player 1's value \widetilde V1(x, i0) and Player 2's value \widetilde V2(x, i0), the optimal
control-strategy pairs, and the value of the game are defined similarly to those of the
LQ game (2.1)--(2.2).

As before, we first introduce some notation. For (t, i,P,\Lambda , v1, v2) \in [0, T ]\times \scrM \times 
[ - \=\epsilon ,\=\epsilon ]\times \BbbR n \times \Gamma 1 \times \Gamma 2, k \in \{ 1,2\} , we define

f1k(t, i,P,\Lambda , v2) = max
v1\in \Gamma 1

\bigl\{ 
v\top 1 \widehat R11v1 + 2v\top 1 \widehat R12v2  - 2( - 1)k \widehat C\top 

1 v1
\bigr\} 
,

f2k(t, i,P,\Lambda , v1) = min
v2\in \Gamma 2

\bigl\{ 
v\top 2 \widehat R22v2 + 2v\top 1 \widehat R12v2  - 2( - 1)k \widehat C\top 

2 v2
\bigr\} 
,

\widetilde H1k(t, i,P,\Lambda )= max
v1\in \Gamma 1

\bigl\{ 
v\top 1
\widehat R11v1  - 2( - 1)k \widehat C\top 

1 v1 + f2k(t, i,P,\Lambda , v1)
\bigr\} 
,

\widetilde H2k(t, i,P,\Lambda )= min
v2\in \Gamma 2

\bigl\{ 
v\top 2
\widehat R22v2  - 2( - 1)k \widehat C\top 

2 v2 + f1k(t, i,P,\Lambda , v2)
\bigr\} 
.

Henceforth, we drop some arguments for fkk\prime , \widetilde Hkk\prime , k, k\prime \in \{ 1,2\} .
Remark 4.1. For all (i,P,\Lambda , v1, v2) \in \scrM \times [ - \=\epsilon ,\=\epsilon ] \times \BbbR n \times \Gamma 1 \times \Gamma 2, k, k

\prime \in \{ 1,2\} ,
since 0\in \Gamma 1, \Gamma 2, we have f1k \geqslant 0, f2k \leqslant 0. So we get

 - 2(c3\=\epsilon 
2 + \=c2| \Lambda | 2)

\epsilon 
\leqslant min

v2\in \Gamma 2

\{ \epsilon | v2| 2  - 2| \widehat C2| | v2| \} 

\leqslant \widetilde Hkk\prime \leqslant max
v1\in \Gamma 1

\{  - \epsilon | v1| 2 + 2| \widehat C1| | v1| \} \leqslant 
2(c3\=\epsilon 

2 + \=c2| \Lambda | 2)
\epsilon 

.

Thus, for all (i,P,\Lambda )\in \scrM \times [ - \=\epsilon ,\=\epsilon ]\times \BbbR n, we have

| \widetilde Hkk\prime | \leqslant 2(c3\=\epsilon 
2 + \=c2| \Lambda | 2)

\epsilon 
, k, k\prime \in \{ 1,2\} .

Lemma 4.2 (minimax theorem). For all (t, i,P,\Lambda , v1, v2) \in [0, T ]\times \scrM \times [ - \=\epsilon ,\=\epsilon ]\times 
\BbbR n \times \Gamma 1 \times \Gamma 2, k \in \{ 1,2\} , we have\widetilde H1k = \widetilde H2k = \widetilde Hk(t, i,P,\Lambda )\triangleq max

v1\in \Gamma 1
| v1| \leqslant c(1+| \Lambda | )

min
v2\in \Gamma 2

| v2| \leqslant c(1+| \Lambda | )

\scrH k(t, i,P,\Lambda , v1, v2)

= min
v2\in \Gamma 2

| v2| \leqslant c(1+| \Lambda | )

max
v1\in \Gamma 1

| v1| \leqslant c(1+| \Lambda | )

\scrH k(t, i,P,\Lambda , v1, v2),

where c is any sufficiently large constant, and

\scrH k(t, i,P,\Lambda , v1, v2)\triangleq v\top 1 \widehat R11v1  - 2( - 1)k \widehat C\top 
1 v1 + v\top 2 \widehat R22v2 + 2v\top 1 \widehat R12v2  - 2( - 1)k \widehat C\top 

2 v2.
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3256 PANPAN ZHANG AND ZUO QUAN XU

Proof. We only prove

\widetilde H11(t, i,P,\Lambda )= max
v1\in \Gamma 1

| v1| \leqslant c(1+| \Lambda | )

min
v2\in \Gamma 2

| v2| \leqslant c(1+| \Lambda | )

\scrH 1(t, i,P,\Lambda , v1, v2).

The proofs for other identities are similar. The switching between max and min is
trivially due to the compactness and continuity (see Sion's minimax theorem [24]).

On one hand, for all (i,P,\Lambda , v1, v2)\in \scrM \times [ - \=\epsilon ,\=\epsilon ]\times \BbbR n \times \Gamma 1 \times \Gamma 2, we have

v\top 2 \widehat R22v2 + 2v\top 1 \widehat R12v2 + 2 \widehat C\top 
2 v2 \geqslant \epsilon | v2| 2  - c\epsilon (1 + | v1| + | \Lambda | )| v2| 

for any sufficiently large constant c > 0. Hence if | v2| > c(1 + | v1| + | \Lambda | ), then

\epsilon | v2| 2  - c\epsilon (1 + | v1| + | \Lambda | )| v2| > 0\geqslant f21,

which implies that

f21(t, i,P,\Lambda , v1) = min
v2\in \Gamma 2

| v2| \leqslant c(1+| v1| +| \Lambda | )

\bigl\{ 
v\top 2 \widehat R22v2 + 2v\top 1 \widehat R12v2 + 2 \widehat C\top 

2 v2
\bigr\} 
.

On the other hand, since f21(v1)\leqslant 0, we have

v\top 1 \widehat R11v1 + 2 \widehat C\top 
1 v1 + f21(v1)\leqslant  - \epsilon | v1| 2 + c(1 + | \Lambda | )| v1| .

Hence if

| v1| >
c(1 + | \Lambda | ) +

\sqrt{} 
c2(1 + | \Lambda | )2 + 8(c3\=\epsilon 2 + \=c2| \Lambda | 2)

2\epsilon 
,

then

 - \epsilon | v1| 2 + c(1 + | \Lambda | )| v1| < - 2(c3\=\epsilon 
2 + \=c2| \Lambda | 2)

\epsilon 
\leqslant \widetilde H11,

which leads to the desired expression for \widetilde H11.

Because of the cone constraint, the indefinite SRE for the LQ game (4.1)--(2.2) is
not a single BSDE, but consists of a pair of decoupled BSDEs, which are given by\left\{                   

dPk(t, i) = - 
\biggl[ 
K(t, i) + Pk(t, i)

\bigl[ 
2A(t, i) +C(t, i)\top C(t, i)

\bigr] 
+ 2C(t, i)\top \Lambda k(t, i) + \widetilde Hk(t, i,Pk(t, i),\Lambda k(t, i))

+
\sum 
j\in \scrM 

qijPk(t, j)

\biggr] 
dt+\Lambda k(t, i)

\top dW (t),

Pk(T, i) =G(i), Pk(\cdot , i)\in [ - \=\epsilon ,\=\epsilon ] for all i\in \scrM , k \in \{ 1,2\} .

(4.2)

The solutions of (4.2) are defined similarly to Definition 3.3. Similarly to Theo-
rems 3.4 and 3.10, we can get the solvability of (4.2).

Theorem 4.3 (solvability of (4.2)). The indefinite SREs (4.2) have unique solu-
tions

\bigl( 
Pk(\cdot , i),\Lambda k(\cdot , i)

\bigr) 
i\in \scrM , and (Pk(\cdot , i),\Lambda k(\cdot , i)) \in L\infty 

\scrF W (0, T ;\BbbR )\times L2,BMO
\scrF W (0, T ;\BbbR n)

for all i\in \scrM , k \in \{ 1,2\} .
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INDEFINITE SREs AND ZERO-SUM SLQD GAMES 3257

For (t, i,P,\Lambda , v1, v2)\in [0, T ]\times \scrM \times [ - \=\epsilon ,\=\epsilon ]\times \BbbR n \times \Gamma 1 \times \Gamma 2, k \in \{ 1,2\} , we define

\^v1k(t, i,P,\Lambda )\triangleq argmax
v1\in \Gamma 1

\bigl\{ 
v\top 1 \widehat R11v1  - 2( - 1)k \widehat C\top 

1 v1 + f2k(v1)
\bigr\} 
,

\^v2k(t, i,P,\Lambda )\triangleq argmin
v2\in \Gamma 2

\bigl\{ 
v\top 2
\widehat R22v2  - 2( - 1)k \widehat C\top 

2 v2 + f1k(v2)
\bigr\} 
,

\^\beta 1k(t, i,P,\Lambda , v2)\triangleq argmax
v1\in \Gamma 1

\bigl\{ 
v\top 1
\widehat R11v1 + 2v\top 1

\widehat R12v2  - 2( - 1)k \widehat C\top 
1 v1

\bigr\} 
,

\^\beta 2k(t, i,P,\Lambda , v1)\triangleq argmin
v2\in \Gamma 2

\bigl\{ 
v\top 2
\widehat R22v2 + 2v\top 1

\widehat R12v2  - 2( - 1)k \widehat C\top 
2 v2

\bigr\} 
.

Then | \^vkk\prime | \leqslant c(1 + | \Lambda | ), | \^\beta 1k| \leqslant c(1 + | v2| + | \Lambda | ), | \^\beta 2k| \leqslant c(1 + | v1| + | \Lambda | ), where
k, k\prime \in \{ 1,2\} and some arguments for \^vkk\prime , \^\beta kk\prime are dropped. For k \in \{ 1,2\} and

uk(\cdot ) \in \widetilde \scrU k, we define \scrF t-adapted processes vk(t) as uk(t)
| X(t)| when | X(t)| \not = 0, and 0

otherwise, where X(\cdot ) is the corresponding admissible state process. Notice that for
k \in \{ 1,2\} , \Gamma k is a cone, so the process vk(\cdot ) is valued in \Gamma k. Moreover, we set\left\{           

u\ast 
1(t, i,X(t)) = \^v11(P1(t, i),\Lambda 1(t, i))X(t)+

+ \^v12(P2(t, i),\Lambda 2(t, i))X(t) - ,

\beta \ast 
2(t, i, u1(t),X(t)) = \^\beta 21(P1(t, i),\Lambda 1(t, i), v1(t))X(t)+

+ \^\beta 22(P2(t, i),\Lambda 2(t, i), v1(t))X(t) - ,

(4.3)

\left\{           
u\ast 
2(t, i,X(t)) = \^v21(P1(t, i),\Lambda 1(t, i))X(t)+

+ \^v22(P2(t, i),\Lambda 2(t, i))X(t) - ,

\beta \ast 
1(t, i, u2(t),X(t)) = \^\beta 11(P1(t, i),\Lambda 1(t, i), v2(t))X(t)+

+ \^\beta 12(P2(t, i),\Lambda 2(t, i), v2(t))X(t) - ,

(4.4)

where for k \in \{ 1,2\} ,
\bigl( 
Pk(\cdot , i),\Lambda k(\cdot , i)

\bigr) 
i\in \scrM are solutions of (4.2).

Lemma 4.4. The feedback control-strategy pair of Player 1 (resp., Player 2) de-
fined by (4.3) (resp., (4.4)) is admissible.

Proof. We only prove (4.3) is admissible, and the proof of (4.4) is similar. By
definition, for all i \in \scrM , k \in \{ 1,2\} , \^v1k \in \Gamma 1, \^\beta 2k \in \Gamma 2, so we have u\ast 

1(\cdot ) \in \Gamma 1,
\beta \ast 
2(\cdot )\in \Gamma 2. Similarly to Lemma 3.7, the remaining proof consists of two steps, but we

prove only the first step.
Step 1. Let u2(\cdot )\in \widetilde \scrU 2. Then SDE (2.3) with \pi = u\ast 

1 is\left\{         
dX(t) =

\Bigl[ 
AX(t) +B\top 

1

\bigl[ 
\^v11(t)X(t)+ + \^v12(t)X(t) - 

\bigr] 
+B\top 

2 u2(t)
\Bigr] 
dt

+
\Bigl[ 
CX(t) +D1

\bigl[ 
\^v11(t)X(t)+ + \^v12(t)X(t) - 

\bigr] 
+D2u2(t)

\Bigr] \top 
dW (t),

X(0) = x\in \BbbR , \alpha 0 = i0 \in \scrM ,

(4.5)

where we abbreviate \^v1k(t,\alpha t, Pk(t,\alpha t),\Lambda k(t,\alpha t)) to \^v1k(t), k \in \{ 1,2\} . By the defini-
tion of \^v1k, for all i \in \scrM , k \in \{ 1,2\} , we have | \^v1k(Pk(t, i),\Lambda k(t, i))| \leqslant c(1 + | \Lambda k(t, i)| ).
From Theorem 4.3, we know that \Lambda k(\cdot , i)\in L2,BMO

\scrF W (0, T ;\BbbR n) for all i\in \scrM , k \in \{ 1,2\} .
By the basic theorem on pages 756--757 of [8], SDE (4.5) has a unique strong solution.
Furthermore, we have

| u\ast 
1(t,\alpha t,X(t))| \leqslant c

\bigl( 
1 + | \Lambda 1(t,\alpha t)| + | \Lambda 2(t,\alpha t)| 

\bigr) 
| X(t)| ,

which guarantees that
\int T

0
| u\ast 

1(t,\alpha t,X(t))| 2dt <\infty .
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3258 PANPAN ZHANG AND ZUO QUAN XU

Similar to Step 1 in Lemma 3.7, applying It\^o's formula to P1(t,\alpha t)[X(t)+]2 +
P2(t,\alpha t)[X(t) - ]2, we get

\BbbE 
\bigl[ 
P1(T \wedge \tau k)[X(T \wedge \tau k)

+]2 + P2(T \wedge \tau k)[X(T \wedge \tau k)
 - ]2
\bigr] (4.6)

+\BbbE 
\biggl[ \int T\wedge \tau k

0

\Bigl( 
KX2 + (u\ast 

1)
\top R11u

\ast 
1 + 2(u\ast 

1)
\top R12u2 + u\top 

2 R22u2

\Bigr) 
ds

\biggr] 
=\BbbE 

\biggl[ \int T\wedge \tau k

0

\phi (P1,\Lambda 1, P2,\Lambda 2,X,u\ast 
1, u2)ds

\biggr] 
+ P1(0, i0)(x

+)2 + P2(0, i0)(x
 - )2,

where

\phi (t, i,P1,\Lambda 1, P2,\Lambda 2,X,u1, u2)

\triangleq 
\bigl[ 
u\top 
1
\widehat R11(P1)u1 + 2u\top 

1
\widehat R12(P1)u2 + u\top 

2
\widehat R22(P1)u2

\bigr] 
I\{ X>0\} 

+ 2X+
\bigl[ \widehat C1(P1,\Lambda 1)

\top u1 + \widehat C2(P1,\Lambda 1)
\top u2

\bigr] 
 - (X+)2 \widetilde H1(P1,\Lambda 1)

+
\bigl[ 
u\top 
1
\widehat R11(P2)u1 + 2u\top 

1
\widehat R12(P2)u2 + u\top 

2
\widehat R22(P2)u2

\bigr] 
I\{ X<0\} 

 - 2X - \bigl[ \widehat C1(P2,\Lambda 2)
\top u1 + \widehat C2(P2,\Lambda 2)

\top u2

\bigr] 
 - (X - )2 \widetilde H2(P2,\Lambda 2).

IfX(t) = 0, then \phi (P1,\Lambda 1, P2,\Lambda 2,X,u\ast 
1, u2) = 0. IfX(t)> 0, on recalling the definition

of \widetilde H1, we have

\phi (P1,\Lambda 1, P2,\Lambda 2,X,u\ast 
1, u2) = (X+)2

\bigl[ 
\scrH 1(P1,\Lambda 1, \^v11, v2) - \widetilde H1(P1,\Lambda 1)

\bigr] 
\geqslant 0.

If X(t)< 0, on recalling the definition of \widetilde H2, we have

\phi (P1,\Lambda 1, P2,\Lambda 2,X,u\ast 
1, u2) = (X - )2

\bigl[ 
\scrH 2(P2,\Lambda 2, \^v12, v2) - \widetilde H2(P2,\Lambda 2)

\bigr] 
\geqslant 0.

From (4.6) and Assumption 2, we obtain

(\epsilon + \=\epsilon \=c2)\BbbE 
\biggl[ \int T\wedge \tau k

0

| u\ast 
1| 2ds

\biggr] 
+ P1(0, i0)(x

+)2 + P2(0, i0)(x
 - )2

\leqslant \BbbE 
\biggl[ \int T\wedge \tau k

0

\Bigl( 
KX2 + u\top 

2 R22u2

\Bigr) 
ds

\biggr] 
+

\epsilon + \=\epsilon \=c2
2

\BbbE 
\biggl[ \int T\wedge \tau k

0

| u\ast 
1| 2ds

\biggr] 
+

2

\epsilon + \=\epsilon \=c2
\BbbE 
\biggl[ \int T\wedge \tau k

0

| R12u2| 2ds
\biggr] 
+\BbbE 

\bigl[ 
P1(T \wedge \tau k)[X(T \wedge \tau k)

+]2

+ P2(T \wedge \tau k)[X(T \wedge \tau k)
 - ]2
\bigr] 
.

Letting k \rightarrow \infty , by the monotone and dominated convergence theorems, we obtain
u\ast 
1(\cdot , i,X(\cdot ))\in L2

\scrF (0, T ;\BbbR m1) for all i\in \scrM .

Next, we give the solution for the constrained LQ game (4.1)--(2.2).

Theorem 4.5 (solution for the constrained LQ game (4.1)--(2.2)). For any
(x, i0) \in \BbbR \times \scrM , the constrained LQ game (4.1)--(2.2) admits an optimal control-
strategy pair (u\ast 

1, \beta 
\ast 
2) (resp., (u\ast 

2, \beta 
\ast 
1)) for Player 1's (resp., Player 2's) value, which

is in a feedback form and defined by (4.3) (resp., (4.4)). Moreover, the game has a
value, given by \widetilde V (x, i0) = P1(0, i0)(x

+)2 + P2(0, i0)(x
 - )2,

where
\bigl( 
Pk(\cdot , i),\Lambda k(\cdot , i)

\bigr) 
i\in \scrM , k \in \{ 1,2\} , are solutions of (4.2).
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INDEFINITE SREs AND ZERO-SUM SLQD GAMES 3259

Proof. We prove the theorem only for Player 1; the proof for Player 2 is similar.
On one hand, we get from (4.6) that

\BbbE 
\bigl[ 
P1(T \wedge \tau k, \alpha T\wedge \tau k)[X(T \wedge \tau k)

+]2 + P2(T \wedge \tau k, \alpha T\wedge \tau k)[X(T \wedge \tau k)
 - ]2
\bigr] 

+\BbbE 
\biggl[ \int T\wedge \tau k

0

\Bigl( 
KX2 + (u\ast 

1)
\top R11u

\ast 
1 + 2(u\ast 

1)
\top R12u2 + u\top 

2 R22u2

\Bigr) 
ds

\biggr] 
\geqslant P1(0, i0)(x

+)2 + P2(0, i0)(x
 - )2.

Letting k\rightarrow \infty , by the dominated convergence theorem, we obtain

Jx,i0(u
\ast 
1, \beta 2(u

\ast 
1))\geqslant P1(0, i0)(x

+)2 + P2(0, i0)(x
 - )2

for any \beta 2 \in \widetilde \scrA 2. Then, by the definition of \widetilde V1(x, i0), we have\widetilde V1(x, i0)\geqslant inf
\beta 2\in \widetilde \scrA 2

Jx,i0(u
\ast 
1, \beta 2(u

\ast 
1))\geqslant P1(0, i0)(x

+)2 + P2(0, i0)(x
 - )2.

On the other hand,

\BbbE 
\bigl[ 
P1(T \wedge \tau k, \alpha T\wedge \tau k)[X(T \wedge \tau k)

+]2 + P2(T \wedge \tau k, \alpha T\wedge \tau k)[X(T \wedge \tau k)
 - ]2
\bigr] 

+\BbbE 
\biggl[ \int T\wedge \tau k

0

\Bigl( 
KX2 + u\top 

1 R11u1 + 2u\top 
1 R12\beta 

\ast 
2 + (\beta \ast 

2)
\top R22\beta 

\ast 
2

\Bigr) 
ds

\biggr] 
\leqslant P1(0, i0)(x

+)2 + P2(0, i0)(x
 - )2.

Letting k\rightarrow \infty , by the dominated convergence theorem, we obtain

Jx,i0(u1, \beta 
\ast 
2(u1))\leqslant P1(0, i0)(x

+)2 + P2(0, i0)(x
 - )2

for any u1 \in \widetilde \scrU 1. Then, by the definition of \widetilde V1(x, i0), we have\widetilde V1(x, i0)\leqslant sup
u1\in \widetilde \scrU 1

Jx,i0(u1, \beta 
\ast 
2(u1))\leqslant P1(0, i0)(x

+)2 + P2(0, i0)(x
 - )2.

Combining the above estimates, we get \widetilde V1(x, i0) = P1(0, i0)(x
+)2 + P2(0, i0)(x

 - )2.
Noticing \phi (P1,\Lambda 1, P2,\Lambda 2,X,u\ast 

1, \beta 
\ast 
2) = 0, it is not hard to show (u\ast 

1, \beta 
\ast 
2) is optimal.

The proof is complete.

Corollary 4.6. For any (x, i0)\in \BbbR \times \scrM , we have u\ast 
1 = \beta \ast 

1(u
\ast 
2) and u\ast 

2 = \beta \ast 
2(u

\ast 
1),

where u\ast 
1, u\ast 

2, \beta \ast 
1 , \beta \ast 

2 are defined by (4.3) and (4.4). Moreover, the value of the
constrained LQ game (4.1)--(2.2) satisfies\widetilde V (x, i0) = Jx,i0

\bigl( 
u\ast 
1, u

\ast 
2).

For the constrained LQ game (4.1)--(2.2), we give two special examples.
Example 1. When \Gamma 1 =\BbbR m1 and \Gamma 2 =\BbbR m2 , the constrained LQ game degenerates

into the LQ game discussed in section 3. In this case, we have \widetilde H1 = \widetilde H2 = H1, and
(4.2) coincides with (3.1).

Example 2. When \widehat R12 = 0, we have\widetilde Hk = max
v1\in \Gamma 1

| v1| \leqslant c(1+| \Lambda | )

\bigl\{ 
v\top 1 \widehat R11v1  - 2( - 1)k \widehat C\top 

1 v1
\bigr\} 

+ min
v2\in \Gamma 2

| v2| \leqslant c(1+| \Lambda | )

\bigl\{ 
v\top 2 \widehat R22v2  - 2( - 1)k \widehat C\top 

2 v2
\bigr\} 
,

and the optimal strategy for Player k with k \in \{ 1,2\} ,

\beta \ast 
k(t, i,X(t)) = \^\beta k1(P1(t, i),\Lambda 1(t, i))X(t)+ + \^\beta k2(P2(t, i),\Lambda 2(t, i))X(t) - 

does not depend on the opponent's control.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

02
/2

3/
25

 to
 1

58
.1

32
.1

61
.1

80
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



3260 PANPAN ZHANG AND ZUO QUAN XU

5. Application to portfolio selection problems. We consider a financial
market consisting of a risk-free asset (the money market instrument or bond) whose
price is S0 and two risky securities (the stocks) whose prices are S1 and S2. Assume
W1 and W2 are independent standard one-dimensional Brownian motions. We set
W = (W1,W2)

\top . Their prices are driven by\left\{     
dS0(t) = r(t,\alpha t)S0(t)dt,

dSk(t) = Sk(t)
\bigl[ 
\mu k(t,\alpha t)dt+ \sigma k1(t,\alpha t)dW 1(t) + \sigma k2(t,\alpha t)dW 2(t)

\bigr] 
,

S0(0) = s0, Sk(0) = sk, \alpha 0 = i0 \in \scrM , k \in \{ 1,2\} ,

where for all i \in \scrM , r(t, i) is the interest rate process, and \mu k(t, i) and \sigma k(t, i) =
(\sigma k1(t, i), \sigma k2(t, i)) are the appreciation rate process and volatility rate process of the
kth risky security corresponding to a market regime \alpha t = i. And for all k, k\prime \in \{ 1,2\} 
and i\in \scrM , we assume r(t, i), \mu k(t, i), \sigma kk\prime (t, i)\in L\infty 

\scrF W (0, T ;\BbbR ).
Now, we define several constants:

\~\mu \triangleq ess sup
\omega \in \Omega ,i\in \scrM , t\in [0,T ]

\{ [\mu 1(t, i) - r(t, i)]2 \vee [\mu 2(t, i) - r(t, i)]2\} ,

\=\sigma \triangleq ess sup
\omega \in \Omega ,i\in \scrM , t\in [0,T ]

\{ \sigma 1(t, i)\sigma 1(t, i)
\top \vee \sigma 2(t, i)\sigma 2(t, i)

\top \} ,

\sigma \triangleq ess inf
\omega \in \Omega ,i\in \scrM , t\in [0,T ]

\{ \sigma 1(t, i)\sigma 1(t, i)
\top \wedge \sigma 2(t, i)\sigma 2(t, i)

\top \} ,

\~q\triangleq max
1\leqslant i,j\leqslant l

qij , \~r\triangleq ess sup
\omega \in \Omega ,i\in \scrM , t\in [0,T ]

r(t, i), \epsilon 2 \triangleq 
e(2\~r+\~q)lT  - 1 + (2\~r+ \~q)le(2\~r+\~q)lT

2(2\~r+ \~q)l
,

\epsilon 1 \triangleq 
2\~\mu (e(2\~r+\~q)lT  - 1)[e(2\~r+\~q)lT  - 1 + (2\~r+ \~q)le(2\~r+\~q)lT ]

(2\~r+ \~q)2l2
.

Suppose there are two players who compete with each other. Both players can
invest freely in the risk-free asset, but Player 1 may trade only in the first stock,
and similarly, Player 2 may trade only in the second stock. For k \in \{ 1,2\} , let \pi k(t)
denote the amount of Player k's wealth invested in the risky stock Sk at time t, and
let the initial wealth yk be a positive constant. Both players trade using self-financing
strategies; then their wealth processes satisfy\Biggl\{ 

dYk(t) =
\Bigl[ 
r(t,\alpha t)Yk(t) +

\bigl[ 
\mu k(t,\alpha t) - r(t,\alpha t)

\bigr] 
\pi k(t)

\Bigr] 
dt+ \sigma k(t,\alpha t)\pi k(t)dW (t),

Yk(0) = yk, \alpha 0 = i0 \in \scrM , k \in \{ 1,2\} .

Their wealth difference X(\cdot )\triangleq Y1(\cdot ) - Y2(\cdot ) satisfies\left\{             

dX(t) =
\Bigl[ 
r(t,\alpha t)X(t) +

\bigl[ 
\mu 1(t,\alpha t) - r(t,\alpha t)

\bigr] 
\pi 1(t)

 - 
\bigl[ 
\mu 2(t,\alpha t) - r(t,\alpha t)

\bigr] 
\pi 2(t)

\Bigr] 
dt

+
\bigl[ 
\sigma 1(t,\alpha t)\pi 1(t) - \sigma 2(t,\alpha t)\pi 2(t)

\bigr] 
dW (t),

X(0) = x\triangleq y1  - y2, \alpha 0 = i0 \in \scrM .

(5.1)

Player 1 hopes to make his own wealth close to the average wealth of the two
players at the end of the investment range. But Player 2 hopes to make the difference
Y1(T ) - Y1(T )+Y2(T )

2 = X(T )
2 larger. At the same time, both players want to take as

little risk as possible, which is measured by the amount invested in risky securities.
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INDEFINITE SREs AND ZERO-SUM SLQD GAMES 3261

The more money invested in risky securities, the more risk the players take. The
functional of this zero-sum game is given as

Jx,i0(\pi 1, \pi 2) =\BbbE 
\biggl[ \int T

0

\Bigl( 
 - R1(t,\alpha t)\pi 1(t)

2 +R2(t,\alpha t)\pi 2(t)
2
\Bigr) 
dt - 1

4
X(T )2

\biggr] 
,(5.2)

where for all i \in \scrM , k \in \{ 1,2\} , Rk(t, i) > 0 is Player k's risk weight corresponding
to a market regime \alpha t = i. And we assume R1(t, i), R2(t, i) \in L\infty 

\scrF W (0, T ;\BbbR >0), for all
i\in \scrM . In this game, Player 1 aims to maximize the functional (5.2), whereas Player
2 aims to minimize it. We call this problem the LQ game (5.1)--(5.2).

We put the following conditions on the coefficients.

Condition 1. \sigma > 0, ess infi\in \scrM , t\in [0,T ]\{ R1(t, i)\wedge R2(t, i)\} > \epsilon 1 + \=\sigma \epsilon 2, 2\=\sigma < \epsilon 1.

For the LQ game (5.1)--(5.2), Assumptions 1--3 hold if the coefficients satisfy
Condition 1. Next, we consider the LQ game (5.1)--(5.2) with possible no-shorting
portfolio constraints.

5.1. No portfolio constraint. In this subsection, we assume there are no trad-
ing constraints for both players, namely, \Gamma 1 = \Gamma 2 = \BbbR . In this case, (3.2) admits a
unique solution (\varphi (\cdot , i),\Delta (\cdot , i)) = (0,0), i\in \scrM , and SRE (3.1) becomes\left\{             

dP (t, i) = - 
\biggl[ 
2rP (t, i) - \Upsilon (P (t, i),\Lambda (t, i))

\Theta (P (t, i),\Lambda (t, i))
+
\sum 
j\in \scrM 

qijP (t, j)

\biggr] 
dt

+\Lambda (t, i)\top dW (t),

P (T, i) = - 1

4
, | P (\cdot , i)| \leqslant \epsilon 2 for all i\in \scrM ,

(5.3)

where for all (t, i,P,\Lambda )\in [0, T ]\times \scrM \times [ - \epsilon 2, \epsilon 2]\times \BbbR 2,

\Phi 1(t, i,P,\Lambda )\triangleq P (\mu 1  - r) + \sigma 1\Lambda , \Phi 2(t, i,P,\Lambda )\triangleq  - P (\mu 2  - r) - \sigma 2\Lambda ,

\Psi 1(t, i,P )\triangleq P\sigma 1\sigma 
\top 
1  - R1, \Psi 2(t, i,P )\triangleq P\sigma 2\sigma 

\top 
2 +R2, \Psi 3(t, i,P )\triangleq  - P\sigma 1\sigma 

\top 
2 ,

\Theta (t, i,P )\triangleq \Psi 1\Psi 2  - \Psi 2
3 < 0, \Upsilon (t, i,P,\Lambda )\triangleq \Psi 1\Phi 

2
2 +\Psi 2\Phi 

2
1  - 2\Psi 3\Phi 1\Phi 2.

From Theorem 3.4, BSDE (5.3) admits a unique solution
\bigl( 
P (\cdot , i),\Lambda (\cdot , i)

\bigr) 
i\in \scrM .

Theorem 5.1. Suppose Condition 1 holds and \Gamma 1 = \Gamma 2 = \BbbR . For any (x, i0) \in 
\BbbR \times \scrM , the unconstrained LQ game (5.1)--(5.2) admits optimal control-strategy pairs
(\pi \ast 

1 , \beta 
\ast 
2) for Player 1 and (\pi \ast 

2 , \beta 
\ast 
1) for Player 2, which are\Biggl\{ 

\pi \ast 
1(t, i,X(t)) = - \Upsilon 1(P (t, i),\Lambda (t, i))X(t)/\Theta (P (t, i)),

\beta \ast 
2(t, i, \pi 1(t),X(t)) = - 

\bigl[ 
\Psi 3(P (t, i))\pi 1(t) +\Phi 2(P (t, i),\Lambda (t, i))X(t)

\bigr] \big/ 
\Psi 2(P (t, i)),\Biggl\{ 

\pi \ast 
2(t, i,X(t)) = - \Upsilon 2(P (t, i),\Lambda (t, i))X(t)/\Theta (P (t, i)),

\beta \ast 
1(t, i, \pi 2(t),X(t)) = - 

\bigl[ 
\Psi 3(P (t, i))\pi 2(t) +\Phi 1(P (t, i),\Lambda (t, i))X(t)

\bigr] \big/ 
\Psi 1(P (t, i)),

where
\bigl( 
P (\cdot , i),\Lambda (\cdot , i)

\bigr) 
i\in \scrM is the solution of (5.3), and

\Upsilon 1(t, i,P,\Lambda )\triangleq \Psi 2\Phi 1  - \Psi 3\Phi 2, \Upsilon 2(t, i,P,\Lambda )\triangleq \Psi 1\Phi 2  - \Psi 3\Phi 1.

Moreover, the unconstrained LQ game has a value, given by

V (x, i0) = P (0, i0)x
2.
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3262 PANPAN ZHANG AND ZUO QUAN XU

Condition 2. \sigma 1\sigma 
\top 
2 = 0 for all i\in \scrM .

Remark 5.2. If the coefficients satisfy Conditions 1--2, then we have

\beta \ast 
k(t, i,X(t)) = - \Phi k(P (t, i),\Lambda (t, i))X(t)

\Psi k(P (t, i))
, k \in \{ 1,2\} .

In fact, \sigma 1\sigma 
\top 
2 is the correlation coefficient between lnS1 and lnS2. If there is no

correlation between the risky assets, then the optimal strategies are only the feedback
of state and have nothing to do with the opposite player's portfolio.

5.2. Exactly one player is subject to no-shorting constraint. In this sub-
section, we study the LQ game (5.1)--(5.2) when exactly one player is subject to a
no-shorting constraint. We first introduce the following BSDEs:\left\{           

dPk(t, i) = - 
\biggl[ 
2rPk(t, i) + \widetilde Gk(Pk(t, i),\Lambda k(t, i)) +

\sum 
j\in \scrM 

qijPk(t, j)

\biggr] 
dt

+\Lambda k(t, i)
\top dW (t),

Pk(T, i) = - 1

4
, | Pk(\cdot , i)| \leqslant \epsilon 2 for all i\in \scrM , k= \{ 1,2,3,4,5,6\} ,

(5.4)

where for all (t, i,P,\Lambda )\in [0, T ]\times \scrM \times [ - \epsilon 2, \epsilon 2]\times \BbbR 2,

\widetilde G1(t, i,P,\Lambda )\triangleq 
 - (\Upsilon +

1 )
2  - \Theta \Phi 2

2

\Theta \Psi 2
, \widetilde G2(t, i,P,\Lambda )\triangleq 

 - (\Upsilon  - 
1 )

2  - \Theta \Phi 2
2

\Theta \Psi 2
,

\widetilde G3(t, i,P,\Lambda )\triangleq 
 - (\Upsilon +

2 )
2  - \Theta \Phi 2

1

\Theta \Psi 1
, \widetilde G4(t, i,P,\Lambda )\bigtriangleup 

 - (\Upsilon  - 
2 )

2  - \Theta \Phi 2
1

\Theta \Psi 1
,\widetilde G5(t, i,P,\Lambda )\triangleq 

\bigl[ 
(\Phi +

1 )
2  - 2\Phi 1\Phi 

+
1

\bigr] \big/ 
\Psi 1 +

\bigl[ 
(\Phi  - 

2 )
2 + 2\Phi 2\Phi 

 - 
2

\bigr] \big/ 
\Psi 2,\widetilde G6(t, i,P,\Lambda )\triangleq 

\bigl[ 
(\Phi  - 

1 )
2 + 2\Phi 1\Phi 

 - 
1

\bigr] \big/ 
\Psi 1 +

\bigl[ 
(\Phi +

2 )
2  - 2\Phi 2\Phi 

+
2

\bigr] \big/ 
\Psi 2.

From Theorem 4.3, BSDEs (5.4) admit unique solutions
\bigl( 
Pk(\cdot , i),\Lambda k(\cdot , i)

\bigr) 
i\in \scrM and

(Pk(\cdot , i),\Lambda k(\cdot , i))\in L\infty 
\scrF W (0, T ;\BbbR )\times L2,BMO

\scrF W (0, T ;\BbbR 2) for all i\in \scrM , k \in \{ 1,2,3,4,5,6\} .

Case I: Only Player 1 is subject to no-shorting constraint. We assume
just Player 1's portfolio is subject to a no-shorting constraint, i.e., \Gamma 1 = [0,+\infty ),
\Gamma 2 =\BbbR . In this case, SREs (4.2) become (5.4) with k \in \{ 1,2\} .

Theorem 5.3. Suppose Condition 1 holds and \Gamma 1 = [0,+\infty ), \Gamma 2 = \BbbR . For any
(x, i0)\in \BbbR \times \scrM , the constrained LQ game (5.1)--(5.2) admits optimal control-strategy
pairs (\pi \ast 

1 , \beta 
\ast 
2) for Player 1 and (\pi \ast 

2 , \beta 
\ast 
1) for Player 2, which are\left\{       

\pi \ast 
1(t, i,X(t)) = - \Upsilon 1(P1,\Lambda 1)

+X(t)+/\Theta (P1) - \Upsilon 1(P2,\Lambda 2)
 - X(t) - /\Theta (P2),

\beta \ast 
2(t, i, \pi 1(t),X(t)) = - 

\bigl[ 
\Psi 3(P1)\pi 1(t)I\{ X(t)>0\} +\Phi 2(P1,\Lambda 1)X(t)+

\bigr] \big/ 
\Psi 2(P1)

 - 
\bigl[ 
\Psi 3(P2)\pi 1(t)I\{ X(t)<0\}  - \Phi 2(P2,\Lambda 2)X(t) - 

\bigr] \big/ 
\Psi 2(P2),\left\{                       

\pi \ast 
2(t, i,X(t)) =

\bigl[ 
\Psi 3(P1)\Upsilon 1(P1,\Lambda 1)

+  - \Phi 2(P1,\Lambda 1)\Theta (P1)
\bigr] 
X(t)+

\Psi 2(P1)\Theta (P1)

+

\bigl[ 
\Psi 3(P2)\Upsilon 1(P2,\Lambda 2)

 - +\Phi 2(P2,\Lambda 2)\Theta (P2)
\bigr] 
X(t) - 

\Psi 2(P2)\Theta (P2)
,

\beta \ast 
1(t, i, \pi 2(t),X(t)) = - 

\bigl[ 
\Psi 3(P1)\pi 2(t)I\{ X(t)>0\} +\Phi 1(P1,\Lambda 1)X(t)+

\bigr] +\big/ 
\Psi 1(P1)

 - 
\bigl[ 
\Psi 3(P2)\pi 2(t)I\{ X(t)<0\}  - \Phi 1(P2,\Lambda 2)X(t) - 

\bigr] +\big/ 
\Psi 1(P2),
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INDEFINITE SREs AND ZERO-SUM SLQD GAMES 3263

where
\bigl( 
Pk(\cdot , i),\Lambda k(\cdot , i)

\bigr) 
i\in \scrM , k \in \{ 1,2\} , are solutions of (5.4). Moreover, the con-

strained LQ game has a value, given by

V (x, i0) = P1(0, i0)(x
+)2 + P2(0, i0)(x

 - )2.

Case II: Only Player 2 is subject to no-shorting constraint. We assume
just Player 2's portfolio is subject to a no-shorting constraint, i.e., \Gamma 1 = \BbbR , \Gamma 2 =
[0,+\infty ). In this case, SREs (4.2) become (5.4) with k \in \{ 3,4\} .

Theorem 5.4. Suppose Condition 1 holds and \Gamma 1 = \BbbR , \Gamma 2 = [0,+\infty ). For any
(x, i0)\in \BbbR \times \scrM , the constrained LQ game (5.1)--(5.2) admits optimal control-strategy
pairs (\pi \ast 

1 , \beta 
\ast 
2) for Player 1 and (\pi \ast 

2 , \beta 
\ast 
1) for Player 2, which are\left\{                       

\pi \ast 
1(t, i,X(t)) =

\bigl[ 
\Psi 3(P3)\Upsilon 2(P3,\Lambda 3)

+  - \Phi 1(P3,\Lambda 3)\Theta (P3)
\bigr] 
X(t)+

\Psi 1(P3)\Theta (P3)

+

\bigl[ 
\Psi 3(P4)\Upsilon 2(P4,\Lambda 4)

 - +\Phi 1(P4,\Lambda 4)\Theta (P4)
\bigr] 
X(t) - 

\Psi 1(P4)\Theta (P4)
,

\beta \ast 
2(t, i, \pi 1(t),X(t)) =

\bigl[ 
\Psi 3(P3)\pi 1(t)I\{ X(t)>0\} +\Phi 2(P3,\Lambda 3)X(t)+

\bigr]  - \big/ 
\Psi 2(P3)

+
\bigl[ 
\Psi 3(P4)\pi 1(t)I\{ X(t)<0\}  - \Phi 2(P4,\Lambda 4)X(t) - 

\bigr]  - \big/ 
\Psi 2(P4),

\left\{       
\pi \ast 
2(t, i,X(t)) = - \Upsilon 2(P3,\Lambda 3)

+X(t)+/\Theta (P3) - \Upsilon 2(P4,\Lambda 4)
 - X(t) - /\Theta (P4),

\beta \ast 
1(t, i, \pi 2(t),X(t)) = - 

\bigl[ 
\Psi 3(P3)\pi 2(t)I\{ X(t)>0\} +\Phi 1(P3,\Lambda 3)X(t)+

\bigr] \big/ 
\Psi 1(P3)

 - 
\bigl[ 
\Psi 3(P4)\pi 2(t)I\{ X(t)<0\}  - \Phi 1(P4,\Lambda 4)X(t) - 

\bigr] \big/ 
\Psi 1(P4),

where
\bigl( 
Pk(\cdot , i),\Lambda k(\cdot , i)

\bigr) 
i\in \scrM , k \in \{ 3,4\} , are solutions of (5.4). Moreover, the con-

strained LQ game has a value, given by

V (x, i0) = P3(0, i0)(x
+)2 + P4(0, i0)(x

 - )2.

5.3. Both players are subject to no-shorting constraint. In this subsec-
tion, we assume both players are subject to a no-shorting constraint, i.e., \Gamma 1 = \Gamma 2 =
[0,+\infty ). In this case, SREs (4.2) become (5.4) with k \in \{ 5,6\} .

Theorem 5.5. Suppose Conditions 1--2 hold and \Gamma 1 = \Gamma 2 = [0,+\infty ). For any
(x, i0)\in \BbbR \times \scrM , the constrained LQ game (5.1)--(5.2) admits optimal control-strategy
pairs (\pi \ast 

1 , \beta 
\ast 
2) for Player 1 and (\pi \ast 

2 , \beta 
\ast 
1) for Player 2, which are\left\{         

\pi \ast 
1(t, i,X(t)) = \beta \ast 

1(t, i,X(t)) =
\Phi 1(P5,\Lambda 5)

+X(t)+

 - \Psi 1(P5)
+

\Phi 1(P6,\Lambda 6)
 - X(t) - 

 - \Psi 1(P6)
,

\pi \ast 
2(t, i,X(t)) = \beta \ast 

2(t, i,X(t)) =
\Phi 2(P5,\Lambda 5)

 - X(t)+

\Psi 2(P5)
+

\Phi 2(P6,\Lambda 6)
+X(t) - 

\Psi 2(P6)
,

where
\bigl( 
Pk(\cdot , i),\Lambda k(\cdot , i)

\bigr) 
i\in \scrM , k \in \{ 5,6\} , are solutions of (5.4). Moreover, the con-

strained LQ game has a value, given by

V (x, i0) = P5(0, i0)(x
+)2 + P6(0, i0)(x

 - )2.
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6. Conclusion. In this paper, we studied zero-sum SLQD games for systems
with regime switching and random coefficients. We obtained the optimal feedback
control-strategy pairs for the two players via some new kind of multidimensional
BSDEs. The solvability of the indefinite SREs is interesting in its own right from the
BSDE theory point of view. For homogeneous systems, we put general closed convex
cone control constraint and obtained the corresponding optimal feedback control-
strategy pairs. Last, we solved several portfolio selection problems with possible
no-shorting constraints in a non-Markovian regime-switching market.

There are many possible interesting extensions. For instance: (1) The optimal
feedback control-strategy pairs in this paper depend on the sample path. What players
can usually observe in practice is the state of the system or another observation
process. So one can consider the problem in a partially observable framework, where
controls or strategies are adapted to the observed information. (2) One can consider
the problem with multidimensional state process, in which case one has to study the
solvability of matrix-valued indefinite SREs.
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