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ABSTRACT

In this paper, the formation process of the leading vortex ring in positively and negatively buoyant starting jets with moderate Richardson
number in the range of 0.06 < |Ri| < 0.321 has been investigated numerically and theoretically. Using the similarity variables |Ri| and |Ri|* for
the positively and negatively buoyant starting jets, respectively, fitting equations can be obtained to predict the buoyant jet penetration rate.
Based on these fitting equations, a revised circulation model is proposed by incorporating the effects of both over-pressure and buoyancy.
The revised model is well consistent with the numerical results for all positively buoyant starting jets. However, for the negatively buoyant
starting jets, this model can predict well only during the initial period. The over-pressure has little influence on the vortex ring characteristics
of the starting jets with positive buoyancy, whereas it can significantly affect the vortex ring formation of the negatively buoyant starting jets
at moderate Richardson numbers. As the positive Richardson number increases, the instabilities of the trailing shear layer occur earlier. At
moderately negative Richardson numbers, a “double plume” structure (an inner sinking circular forced plume and an outer rising annular
plume) can be observed. The outer negative vorticity layers develop gradually due to the baroclinic effect. Consequently, the size and strength
of the leading vortex progressively decrease. As the negative Richardson number decreases, the negative vorticity layers occur earlier and grow
faster.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0026209

I. INTRODUCTION The determination of the formation number greatly depends on
the definition of the dimensionless formation time ¢*. Various def-

Vortex rings can be readily found in many flow features in  initions have been used in previous studies, but they were mainly
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nature as well as in many practical engineering applications: from
volcanic eruptions’ to the propulsive characteristics of some aquatic
creatures.”’ The formation, evolution, and interaction of vortex
rings have been the subject of numerous experimental, analytical,
and numerical studies. One of the most important features about
the vortex ring formation due to the roll-up of the separated shear
layer is its disconnection from the generating mechanism at a criti-
cal dimensionless time t* = Ugt/D (where Uy is the time-averaged
jet velocity and D is the jet exit diameter). This has imposed an
upper limit to the growth of the leading vortex ring. This phe-
nomenon was first observed experimentally and termed “vortex ring
pinch-off” by Gharib et al." They defined the critical value of the
formation time as the “formation number” F and found that its
value was in the range of 3.6-4.5 for the piston-cylinder mechanism.

applicable to the homogeneous starting flow (see the review of
Dabiri’).

The circulation of the starting jet is a key parameter to charac-
terize the formation process of the large scale vortical structure. For
the homogeneous jet, several models have been proposed for deter-
mining its total circulation,”’ but the most common model used for
the starting jet generated by a piston-cylinder mechanism is the so-
called “slug model.”® It is assumed that the starting jet possesses thin
boundary layers so that the velocity is constant at the jet exit plane,
approximately equal to the jet velocity Uy. Accordingly, the increase
rate of the total circulation can be estimated as

drsm 1 2
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where the subscript “sm” denotes the slug-model prediction.
Although the slug model has been used extensively owing to its
simplicity, several experimental and numerical studies have demon-
strated that the slug-flow model underpredicts the vortex ring circu-
lation by up to 40%."”'" This may be in part due to the assumption
that the flow at the jet exit is uniform and the transient start-up
behavior and geometric differences in the vortex ring generators
have been neglected.'""”

Several revised circulation models have also been developed
but the disagreement remains. This is due largely to the parallel
flow approximation that ignores the radial pressure gradients. The
revised models also neglect the balance between the radial negative
pressure gradients and centrifugal forces during the roll-up of the
vortex sheet.” By considering the boundary layer growth, Shusser
et al."” replaced the jet velocity Uo in Eq. (1) by the velocity
outside the boundary layer U.,. Following this approach, Dabiri
and Gharib'* refined further the model for boundary layer growth
within the cylinder and improved the accuracy of the model results.
Another approach, developed by Krueger,'' considers the effects of
the over-pressure based on the integral of the incompressible vor-
ticity transport equation over the domain external to the vortex ring
generator. This provides two additional terms, which can be mod-
eled using potential flow to account for the transient jet development
and geometry differences. However, the model closure requires
information about the trajectory of the vortex ring during forma-
tion."” Although above revised slug models improve the overall
agreement with experimental measurements, they may not be appli-
cable to the situation of starting buoyant jets with source-ambient
density difference.

In practice, the starting buoyant jet with comparable initial
momentum and buoyancy fluxes is a more common configuration
for vortex formation. The effect of buoyancy on the starting jet
dynamics is generally characterized by the dimensionless Richard-
son number. Wang et al. performed large eddy simulations on the
behavior of the formation process of vortex rings in starting buoy-
ant jets with both positive (Ri; < 0.14)" and negative (Ri; > -0.35)'°
Richardson numbers. Here, Riy = (1/4)"/%g'D/ U} is the directional
Richardson number, g’ = gAp/p, is the reduced gravity, Ap = p;
— pa is the density difference between the jet and ambient fluid, and
g is the gravitational acceleration. However, they did not identify the
formation number for Riy < —0.05 (denoted hereafter as the regime
of moderate buoyancy effects) due to limitations in the procedure
they used to detect the vortex pinch-off event.'” Marugan-Cruz
et al.'’ studied the formation of vortex rings in negatively buoyant
starting jets in the regimes of weak to moderate buoyancy effects,
occurring at 0 > Ri > —0.2, where the Richardson number is defined
as Ri = ¢'D/U;. The formation regimes of vortex rings in starting
forced plume, with low Richardson numbers in the range of —0.06
< Ri £ 0.06, were also studied numerically by Gao and Yu."

Theoretically, Wang et al.'>'* proposed a revised model of cir-
culation, impulse, and kinetic energy for starting buoyant jets by
linearly combining the initial momentum and buoyancy fluxes. They
assumed that the discharged fluid rolls up to form a vortex ring
and half of its surface is exposed to the ambient quiescent fluid.
The model is found to be applicable for weakly negatively buoy-
ant jets (Rig > —0.05) but it fails for strongly negatively buoyant
jets (Rig < -0.05)."° Based on the general formation time defini-
tion of Dabiri,’ Gao et al.'’ derived a revised definition of the
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formation time and circulation model for both starting jets and start-
ing forced plumes. However, the validity of the revised buoyant for-
mation time was demonstrated only for the low Richardson number
cases (—0.1 < Ri < 0.1). Hence, a revised circulation model should
be proposed and examined for starting buoyant jets at moderate
Richardson numbers.

In this paper, we intend to elucidate the vortex ring forma-
tion dynamics in positively and negatively buoyant starting jets at
moderate Richardson numbers 0.06 < |Ri| < 0.321 using the the-
ory and numerical method. The rest of the paper is organized in the
following way. We first derive a new circulation model for starting
buoyant jets by considering the effects of buoyancy, over-pressure,
and boundary layer growth in Sec. I1. Second, the details of the prob-
lem description and the numerical method on vortex ring formation
are introduced in Sec. 111 for the axisymmetric starting buoyant jet
with positive and negative buoyancy. In Sec. IV, the theoretical mod-
els and numerical results are compared in terms of characteristic
kinematic and dynamic parameters (such as circulation and jet pen-
etration height). By adopting the revised circulation method, the
effects of the Richardson number on the formation number are iden-
tified and discussed. The paper ends with brief concluding remarks
in Sec. V.

Il. TOTAL CIRCULATION IN STARTING BUOYANT JETS

The starting buoyant jet not only is driven by momentum, but
also is subjected to the influence of the reduced gravity as a result
of temperature/concentration differences. Here, only the concentra-
tion difference, i.e., a lighter or heavier fluid released into a different
ambient fluid, is considered. It is also well established that the forma-
tion of vortex rings is mainly an inviscid process for Re > 2000.”"”'
Following Krueger'' and Iglesias et al.,”” the circulation equation
for the starting buoyant jet can be obtained by deriving the vortic-
ity transport equation. The vorticity equation for the incompressible
baroclinic fluid in a control volume under the action of conservative
external body force can be written as

0 1
a—f:—VX(wxu)+/;(Vvap), )
where the bolded symbols indicate that the quantities are vectors.
Integrating Eq. (2) over a control surface S with bounding the
contour C of the control volume gives

%:7fc(wxu)»dc+y€pi2(Vprp)~ds. (3)
—_— ——
OIy/ot ar,/ot

The first terms on the right-hand side OI'y/0t is the increase rate of
the total circulation, which is produced by the vorticity flux through
the jet exit plane and the second term OI',/Ot is the rate of the
baroclinic circulation production.

Following the analysis of Krueger'' for the homogeneous start-
ing jet, integrating the term OI'y/Ot on the right side of Eq. (3) over
time provides
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where U, is the axial velocity at the center of the jet exit plane, i.e.,
(x,7) = (0, 0). The first term I'y in Eq. (4) corresponds to the vorticity
flux under the parallel flow approximation, i.e., the radial velocity v
is zero. Due to the boundary layer growth at the inner surface of
the cylindrical nozzle during fluid ejection, the centerline velocity is
assumed to equal the velocity outside the boundary layer at the jet
exit plane, which is given by Dabiri and Gharib'* as

1 Ut
R R ) ®

It is noted that the first term on the right-hand side of Eq. (4) is
equivalent to the slug model if the boundary layer correction is not
considered, namely U.x = Up and I'y = I'sn. The second term I,
on the right-hand side of Eq. (4), i.e., the vorticity flux due to the
axial gradients in the radial velocity, is associated with the over-
pressure at the jet exit plane. For the starting jet with nearly impul-
sive velocity program, the over-pressure contribution to the total cir-
culation I'y can be determined by integrating the unsteady Bernoulli
equa'lcilon for the potential flow solution in front of a translating
disk,

Ucl = U = Uo(l

UoD
Iy —, 6
Lo (6)
where Cj, is the geometric constant, which is found to be equal to 7
for the tube nozzle configuration and equal to 2 for the orifice nozzle
configuration. Substituting Egs. (5) and (6) into Eq. (4), we obtain a
revised circulation model for the homogeneous starting jet.

Iglesias et al.”” had pointed out that the baroclinic circulation
generation mainly occurs across the source-ambient fluid interface
along the trailing jet and leading vortex ring for high Reynolds num-
ber and Schmidt number. Following Gao et al,” the last term in
Eq. (3) can be obtained as

8Fb ’
E =8 X (7)

Us P Velocity inlet
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where x¢, a function of time, denotes the streamwise penetration of
the jet front. It is noted that the reduced gravity g’ is negative for the
negatively buoyant jet.

Finally, by considering the contributions from the jet dis-
charged velocity, boundary layer growth, over-pressure and buoy-
ancy, and assuming that the buoyant starting jet is initiated impul-
sively, the total circulation I'y of the starting buoyant jet can be
obtained as

I, = EUext+7+f gxpdt. ()

FU FP

lll. NUMERICAL METHOD AND SETUP

Vortex ring formation was studied numerically by solving the
axisymmetric, time dependent incompressible Navier-Stokes equa-
tions, together with the species equation. The energy equation was
not solved since the simulations were performed at constant tem-
perature. The equations were discretized on the domains with the
coordinate systems as shown in Fig. 1. The geometry is axisym-
metric, therefore, only the x-r plane is considered. The domain
dimensions in the x-r plane were chosen to be 40D in length and
15D in height to ensure a negligible domain size effect on the flow
evolution (D = 0.6 cm is the jet exit diameter). The jet fluid with dif-
ferent density was injected downward into the static ambient fluid
through a circular orifice nozzle. The average velocity at the noz-
zle exit is 0.0605 m/s, and the Reynolds number is Re = 570. When
the heavier fluid was injected downward into the ambient fluid (p;
> pa), the buoyancy force and momentum fluxes were aligned in the
same direction (reduced gravity g’ > 0), a positively buoyant jet was
formed, whereas a negatively buoyant jet was formed if the lighter
fluid was injected downward into the ambient fluid (pj < pa, g’ < 0).
A summary of the flow parameters for different cases in this study is
presented in Table I.

The governing equations were discretized using the finite vol-
ume approach implemented by the commercial computational fluid

FIG. 1. (a) Computational domain (not to

scale) and boundary conditions and (b)

distribution of the grid adopted for the

numerical study, with an enlarged view

near the jet exit region (only every fifth

mesh point is shown).
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TABLE I. Summary of simulation parameters and formation numbers F for the starting buoyant jets.

Case N5 N4 N3 N2 N1 HO P1 P2 P3 P4
Aplpa —0.02 —0.015 —0.011 —0.0085 —0.005 0 0.005 0.01 0.014 0.02
Ri —0.321 —-0.245 —0.18 —0.133  —0.080 0 0.080 0.161 0.226 0.321
F R 1.3 1.9 2.5 2.8 42 5.0 5.5 6.5 7.0

dynamics (CFD) package (Ansys Fluent 2019 R1). The convective
terms were discretized using the QUICK scheme and the pressure-
velocity coupling was implemented using the SIMPLEC algorithm.
The governing equations were solved in a segregated manner using
an implicit, second-order time dependent formulation. Boussinesq
approximation, under which the density variations can be neglected
in all but the body force terms, was used here due to the small den-
sity difference in the current study. The mass diffusivity between the
jet fluid and ambient fluid was taken as a constant.

As shown in Fig. 1(a), the flow axisymmetry was imposed along
the jet centerline. The velocity inlet condition was imposed at the
jet exit. The downstream and lateral boundaries were specified as
free outflow conditions, where flow properties were extrapolated
from the interior. No slip and zero mass diffusion conditions were
imposed at the upper boundary (wall). At the start of the calcula-
tions, the flow velocities and jet mass fraction were zero throughout
the computational domain, except at the nozzle inlet where the jet
mass fraction was unity and the axial velocity profile pertained to
fully developed laminar flow. The domain was discretized using a
non-uniform, rectangular grid with higher node density near the jet
exit and shear layer region (i.e., /D = 0 and /D = 0.5) in order to
resolve the areas of large velocity and concentration gradients [see
Fig. 1(b)]. To test the grid independence, case N1 with Ri = 0.080

0 3 6 9 12 15
7 12
—e—Ri=0.161 A
. 23 o
ok | —o— R¥ =0.157 (Wang et al.™) /o/ 410
—&—Ri=-0.080 9
—o— Ri =-0.098 (Wang ef al.") -
oL Ri=-0.180 5 ds
Ri=-0.196 Wangeral")| 5%
&
S o
- or l 1°
2 A

FIG. 2. The evolution of the jet front penetration for starting buoyant jets at three
Richardson numbers. The current numerical result is compared with the existing
results of Wang et al.'%%°

was simulated with three grids having nodal dimensions 800 x 120,
1000 x 200, and 1200 x 280. Comparing I'; for the three cases gave
less than 3% difference between the 1000 x 200 and 1200 x 280 grids
for both geometries. Thus, the 1000 x 200 grid was used to obtain
the results for this numerical investigation. Moreover, in order to
validate the numerical method, the results of the jet front penetra-
tion, which are of great interest in the present study as suggested by
Eq. (7), are compared with the numerical results of Wang et al. 16,23
for cases at similar Richardson numbers in Fig. 2. Note that the
technique of identifying the jet front position will be introduced in
Sec. IV B. As shown, the current results are in good agreement with
those for the positively and negatively buoyant jets studied by Wang
et al.'®” (see Fig. 9 in Ref. 23 and Fig. 3 in Ref. 16, respectively),
especially for the positively buoyant cases.

IV. RESULTS AND DISCUSSIONS
A. Flow development of starting buoyant jets

The mass fraction and dimensionless vorticity w* = wD/Uj
contours for the five starting buoyant jets at different Richardson
numbers are shown in Fig. 3. The contours are presented against the
non-dimensional time t* = {Uy/D. Except for Ri = —0.321, the for-
mation of the vortex head for all cases can be observed and the vortex
ring has an initial round shape. However, its shape changes gradu-
ally under the influence of both vorticity influx from the source and
baroclinic production of vorticity. Comparing to the results obtained
by Marugan-Cruz et al.”* and Gao and Yu,'® the flow structures are
similar at the initial stage (t* < 5) indicating that the buoyancy effects
on the flow dynamics are insignificant. In addition, the vorticity is
maximum at the jet exit due to the presence of thin shear layers and
the vorticity levels decrease downstream of the inlet due to viscous
diffusion.

For weaker positively buoyant cases such as Ri = 0.161 [case
P2, Fig. 3(a)], the formation of the leading vortex and the secondary
instabilities in the trailing shear layer can be observed as the leading
vortex moves downward. At t* = 8.5, the vortex ring starts to detach
from the trailing shear layer because the vorticity layer connecting
the leading vortex shrinks. The diameter of the vortex ring becomes
larger, and a weak initial trailing vortex can be distinguished in the
trailing shear layer at t* = 15. As Ri increases to 0.321 [case P4,
Fig. 3(b)], the separation of the leading vortex is found to occur later
(t* = 15.5), while the instabilities of the trailing shear layer develop
earlier (1" < 13.5) due to larger positive buoyancy acceleration. The
strength of the secondary vortex in the trailing jet is also larger than
that in the P2 case. It is also observed that the entrainment of the sec-
ondary vortices and more concentrated distribution of vortices are
found in the trailing jet after t* = 13.5. For higher values of Ri, the
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FIG. 3. The evolution of the jet mass fraction (left) and vorticity (right) contours for starting buoyant jets with different Ri against nondimensional formation time ¢*: (a) P2, Ri
=0.161; (b) P4, Ri = 0.321; (c) N1, Ri = —0.080; (d) N2, Ri = —0.133; and (e) N5, Ri = —0.321. The pink dashed lines indicate the negative vorticity levels.

trailing shear layer is more unstable and, thus, it is more susceptible
to Kelvin—-Helmbholtz instability and the associated secondary vor-
tex roll-up. The development of the secondary vortex, ahead of the
trailing jet, will accelerate the instability of the leading vortex ring.
As pointed by the red arrows in Fig. 3(b), a high vorticity zone (or
mass fraction) is generated in the shear layer in front of the leading
vortex at t* = 15.5. Then, as time evolves, this small-scale structure is
gradually entrained by the leading vortex ring core and has a direct
interaction with the latter. As shown at t* = 17, the mass fraction dis-
tribution of the leading vortex displays a crescent shape rather than
elliptic, which is also observed in the recent study of the positively
buoyant vortex ring formation.”’ As a result, the leading vortex ring
core becomes more disturbed and less coherent. Therefore, it can
be concluded that, due to the small-scale vortices being entrained
into the leading vortex ring core, the incoherent process of the vor-
tex ring is accelerated in the case of a larger Richardson number (Ri
= 0.321). It should be noted that our observation is similar to the
results reported by Li et al.”®

As the negative Richardson number decreases (cases N1 and
N2), the leading vortex ring translates at a slower rate and its

detachment from the trailing jet occurs earlier [Figs. 3(c) and 3(d)].
In addition, a negative vorticity region forms outside the leading
vortex ring and the trailing shear layer. This is consistent with the
observation of Marugan-Cruz et al.”* and Gao and Yu.'® As shown
in Fig. 3(c) for case N1, the initial generation of a vorticity layer
of negative sign is at the trailing shear layer and close to the rear
boundary of the leading vortex (t* = 9). As the Richardson num-
ber decreases to Ri = —0.133 [N2 in Fig. 3(d)], the negative vortic-
ity layer occurs earlier (t* = 3.5) and develops faster. However, it
appears outside of the leading vortex ring, not just around the trail-
ing shear layer. Since this layer mainly contains fluids of density
lower than that of the ambient fluids, it would be pushed upward
by the buoyancy forces until it eventually reaches the top wall, form-
ing the annular reverse flow around the inner downward jet. This
flow structure has been termed previously as a “double plume.””’
On the other hand, as time evolves, owing to the negative vortic-
ity engulfing the leading vortex, the size and strength of the leading
vortex gradually decrease [see t* = 24 in Fig. 3(c) and t* = 14.5
in Fig. 3(d)]. From the mass fraction contours on the left-hand side
of each figure, there exist maximum density gradient zones, which
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correspond to the regions of negative vorticity production due to
the baroclinic effect. At large formation times, the reverse flow can
be divided into two parts. One part turns radially outward, while the
other part moves inwards and entrains the ambient fluids to evolve
into a coherent structure [t* = 24 for N1 in Fig. 3(c) and t* = 14.5 for
N2 in Fig. 3(d)]. Finally, case N5 (Ri = —0.321) is shown in Fig. 3(e).
The negative vorticity layer can be identified at an earlier stage so
that the leading vortex has a less time to fully develop. This is consis-
tent with the observation of Wang et al.'® that the pinch-off process
does not exist for Ri < —0.226 where the leading vortex and jet stem
remain connected at all time.

B. Jet front penetration and the leading vortex
ring boundary

To evaluate the kinematics of the starting buoyant jet at mod-
erate Richardson numbers, its front penetration characteristics are
examined next. The front boundary of the starting buoyant jet edge
xs can be identified as the location where the density difference is 3%

of its initial value.”® It is noted that xg is also used as the front bound-
ary of the leading vortex ring. As shown in Fig. 4, the position of the
jet front increases monotonically, and the rate of increase grows very
rapidly with increasing Richardson number.

Consistent with the results of flow evolution (Fig. 3), at short
times (i.e., for t* < 5 and * < 3 as pointed by the red arrows for
the positively and negatively buoyant starting jets, respectively), the
jet front position x; does not depend on the Richardson number,
indicating that buoyancy effects are nearly negligible initially. This
phase was referred to as the initial overlapped phase.”’ After that, the
effect of the buoyant acceleration/deceleration becomes appreciable
for the positively buoyant jet and negatively buoyant jet, respectively.
With the increase in Richardson numbers for the positively buoyant
cases [Fig. 4(a)], the jet front position increases more rapidly with
time. On the other hand, a steady state is reached for smaller negative
Richardson numbers, Ri < —0.080, for which the final penetration
depth remains constant. For Ri = —0.321, the jet front can reach a
steady position in shorter time such that the leading vortex cannot
be fully developed [see also Fig. 3(e)].

30 T
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S
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-
10|
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As shown in Fig. 4, the developments of the jet front are not
self-similar for different Richardson numbers. To scale the penetra-
tion depth, many researchers used the function of the initial vol-
ume flux Q, momentum flux M, and buoyancy flux B as similarity
variables.””*”’ For example, Wang et al.”’ scaled the penetration
height with QY°*M'?/B** and the time as tQ*°/B*”. In addition,
Marugan-Cruz et al.”* used the Froude number, which is defined as
Fr = U¢/¢'D, to scale the vortex core position. Similarly, to obtain
a self-similarity equation of the penetration depth of the starting
buoyant jets for different Richardson numbers, we scale the pene-
tration depth with the Richardson number. Since the trajectories of
the jet front are different for positively and negatively buoyant jets,
the dimensionless penetration height x;/D is scaled as |Ri|x;/D and
[Ri|* 5xf/D for positively and negatively buoyant jets, respectively.
The physical time is scaled as |Ri|¢* for all the cases studied. The time
history of the jet penetration height for starting buoyant jets with dif-
ferent Richardson numbers is shown in Fig. 5. The data collapse onto
a single curve, especially for the positively buoyant jets. It suggests
that |Ri|x;/D or |Ri|* °x¢/D and |Ri|t" are the appropriate similarity
variables and the relation is independent of the Richardson number.
Hence, a reasonable fit can be obtained for the positively buoyant
jets:

X
i|l— =0. it + 0. it +0.
R'Df 0.1205(|Rilt*)? + 0.458|Ri|t* + 0.05
or
xp = 12.047D|Ri|t* + 4.58Dt + 0.05D/|Ril 9)

and for the negatively buoyant jets:

x * o K
|Ri\2/55f = —0.3198(|Ri|t*)? + 1.553|Rilt* +0.1296

or

8/5,2 |3/5 2/5.

x¢ = ~31.98D|Ri|*/°* + 15.53D|Ri|*/°t + 0.1296D/ |Ri| (10)

Another important feature associated with the kinematics of
the forming buoyant vortex ring is its boundary with the trailing
jet stem x,;,, which delineates the rear boundary of the vortex ring.

There are several different methods reported in the literature to

—6—Ri=-0.080
—*—Ri=-0.133|]
Ri=-0.180
—+—Ri=-0.245|]
Ri=-0.321
0 5 10 15 20 25

t:':

(b)

FIG. 4. The evolution of the jet front, x;/D with dimensionless time t*, for the starting buoyant jet at (a) positive Richardson number and (b) negative Richardson number.
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IRi| t*
(a)

FIG. 5. The jet front, x;/D, as a function of time using similarity variables for the starting buoyant jets at (a) positive Richardson number and (b) negative Richardson number.

4,15-18,24 16

identify the vortex boundaries. Wang et al.'”'® employed
the minimum value in the integrated vorticity I, = [, wdr as
the boundary between the leading vortex region and the trailing jet
region throughout the vortex ring formation process. However, this
integrated vorticity I, could be affected by the event of the trailing
vortex entrainment. To eliminate the influence of the vortex engulf-
ment of I,, Gao and Yu'® integrated the vorticity radially from D/2
to the infinite as

IR = foowdr, (11)
D/2

and defined its minimum as the rear boundary of the leading vor-
tex ring. Therefore, we adopted the method of Gao and Yu'* for the
vortex rear boundary detection. As shown in Figs. 6(a) and 6(b), the

I /U
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scitation.org/journal/phf

0 f‘ 1 L 1 1 1
0 1 2 3 4 5 6
Ri| t*
(b)

axial positions at the minimum of the integration I,z correspond to
the rear boundary of the leading vortex ring. The evolution of the
normalized rear boundary x,,,/D against t* for different Richardson
numbers is presented in Fig. 6(c). Similar to the jet front position,
the rear boundary x,;,/D grows very rapidly with time and the rate
of increase becomes larger with Ri for positively buoyant jets, but
the change of the rear boundary x,;,/D for negatively buoyant jets is
reverse.

C. Circulation and formation number

In this section, we discuss the evaluation of the dimension-
less circulation I'* = I'/(UoD) with the formation time t* and pre-
dict the formation number for the starting buoyant jet at moderate

wR r/D wR /D
o1 2 0 1 2. 0 020406 o 1 2
N ‘
s , il . ;F : 20 ;
flil 1 1| z . —6—Ri=0.080
) 4 8 I Ri=0.226
‘ ) 2 | ) ; Ri = -0.080
6 otl ) ’ o 15[ |——Ri=-0.180
< i~ 1l \ AP 6 —=—Ri=-0.245
8 8 \E\ 4
Q 7 s S 7 s
N 10 10 N 4 ~ 10
® 4 ® ¢ 2
=
12! 12 ) 5 5 3
14 14 2 S5t
2 6 6
16 16 ; 1 P
! ! M
18 18t 0 0 0 : . . .
0 5 10 15 20 25
20 20 -1 8 8 1 t*

(a) (b)

FIG. 6. The axial distribution of the /,z and vortex contour at t* = 12 for (a) case P3 (Ri = 0.226); (b) case N2 (Ri = —0.133); (c) the evolution of the dimensionless rear
boundary x,,/D against t* for different Richardson numbers. The black lines in Figs. 5(a) and 5(b) indicate the rear boundaries of the vortex ring.
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Richardson numbers. As discussed in Sec. II, the total circulation I';
in a starting buoyant jet, given by Eq. (8), is a combination of the
contributions from the vorticity flux contribution I'; at the jet exit
plane and the baroclinic production of vorticity I', within the entire
jet wake region. The prediction of the vorticity flux term I'y is mainly
based on the revision of the slug model, which includes the effects of
boundary layer growth and over-pressure. As suggested by Eq. (7),
the baroclinic circulation I', is dependent on the prediction of the jet
front penetration x;. For the starting buoyant jets with low Richard-
son numbers (0.1 < Ri < 0.1), it is appropriate to approximate that
the buoyant jet front penetrates at a constant velocity, which is only
proportional to the jet velocity Uo," " ie., xXp = Ugt/2. Therefore,
for these cases (—0.1 < Ri < 0.1), the buoyancy circulation I', can be
written as

I = by _ 1 1,2
b= ngdt— ZUOgt . (12)
0

In this study of moderate Richardson numbers, we will use the time
integral of the product of the fitted equation of the jet front penetra-
tion xy [i.e., substituting Eqs. (9) and (10) into Eq. (8)] to estimate
the baroclinic circulation.

To study the effects of over-pressure and the baroclinic vor-
ticity production, three models are compared with the numerical
results for starting buoyant jets (see Table II). Here, we consider
the nozzle as the tube geometry; hence, C, = 7 is employed in the
over-pressure circulation.'’ The effect of the over-pressure can be
obtained by comparing models 1 and 2, and the different buoyant
circulation modeling can be compared by examining the prediction
of models 2 and 3.

To test the accuracy of the current model [Eq. (8)], the numeri-
cal results of the dimensionless circulation I'* = I'/(UyD) with dif-
ferent Richardson numbers are compared with the results of the
three models against the formation time ¢, as shown in Fig. 7. For
the positively buoyant jets [Figs. 7(a) and 7(b)], the effect of the
over-pressure is barely appreciable by comparing the results from
models 1 and 2. Hence, the over-pressure can be regarded as negli-
gible. For smaller positive Richardson number Ri = 0.08 (case P1),
the results for the three models and simulation are in good agree-
ment, especially for model 3. As the Richardson number increases
[see Fig. 7(b)], models 1 and 2 underestimate the total circulation
of the starting buoyant jet, while model 3 still matches closely the
present numerical results. As shown in Figs. 7(a) and 7(b), model 3
is well consistent with the numerical results for all positive Richard-
son number cases. Therefore, the time integral of the fitted equation

ARTICLE scitation.org/journal/phf

for the jet front x; [Eq. (9)] can estimate appropriately the baro-
clinic circulation I',. This also demonstrates the validity of Eq. (8)
for positively buoyant starting jets, i.e., the total circulation can be
treated as a linear combination of the flux circulation due to the
jet exit axial velocity and buoyant circulation due to the baroclinic
production.

In contrast to the positively buoyant jets, the effect of the over-
pressure is relatively large and increases gradually with the decrease
in the negative Richardson number [Figs. 7(c)-7(f)]. All three mod-
els cannot predict well the total jet circulation. Model 1 underes-
timates greatly the numerical results for all negative Richardson
number cases. It is also noted that models 2 and/or 3 with the over-
pressure correction can predict the numerical results well just dur-
ing the initial period. For the larger negative Richardson number
Ri=-0.08 and —0.133 [Figs. 7(c) and 7(d)], the estimation by model
3 is still in good agreement with the numerical results. However, as
the negative Richardson number decreases (Ri = —0.18 and —0.245),
model 3 deviates and underestimates dramatically the numerical
results while model 2 can predict better at the initial time stage
[Figs. 7(e) and 7(f)]. This maybe because the effect of the nega-
tive buoyancy increases with the decrease in the negative Richard-
son number. By comparing Figs. 3(c) and 3(d) with Figs. 7(c) and
7(d), it is found that models 2 and 3 start gradually to deviate from
the numerical results as the reverse flow occurs. When the negative
Richardson number decreases, the reverse flow occurs early. Conse-
quently, the deviating time of models 2 and 3 [pointed by the black
arrows in Figs. 7(c)-7(f)] occurs early. As shown in Figs. 7(c)-7(f),
with time proceeding, all three models underestimate dramatically
the numerical prediction due to the increase in the negative vortic-
ity layers. Therefore, the decoupling circulation model (see Sec. I1)
may be not suitable to the starting buoyant jets at moderate negative
Richardson numbers. In addition, for negatively buoyant jets, when
the buoyancy effect becomes dominant, the flow structure develops
into a “double plume” (an inner sinking circular forced plume and
an outer rising annular plume)l3 [see also Figs. 2(c)-2(e)], whose
influence is not included in the current model [Eq. (8)]. There-
fore, a piecewise expression for the model may offer better predic-
tion for the negatively buoyant jets, which will be considered in the
future.

Besides the total circulation of the starting buoyant jet, the evo-
lution of vortex ring circulation for the cases with different Richard-
son numbers is also presented in Fig. 7. It is noted that the vor-
tex ring circulation is obtained by integrating the vorticity within
the vortex ring region, which is delineated by its axial boundary,

TABLE II. Three total circulation models for the starting buoyant jets.

Model

Equations

Model 1 [buoyant circulation in Eq. (12)]

Model 2 {the effects of the buoyancy [Eq. (12)] and

over-pressure [Eq. (6)]}

Model 3 [buoyant circulations are the time integral

Tip = SULt+ 1 Uog't
Top = 3Unt + 22+ 2Ug'Y

IFip2= %ngt Ll Otg,det

w

of Egs. (9) and (10) for the positive and negative Ri,

respectively]
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FIG. 7. The variation of dimensionless circulation for the total starting buoyant jet I'y and the leading vortex ring I'yo- against the formation time ¢* at different Richardson
numbers: (a) Ri = 0.08, (b) Ri = 0.321, (c) Ri = —0.08, (d) Ri = —0.133, (e) Ri = —0.18, and (f) Ri = —0.245. The positions of the line arrows indicate the moment at which the
results of models 2 or 3 start to deviate from the numerical results.
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FIG. 8. The evolution of the total and source part of the jet and vortex circulation against the formation number for (a) case P4 (Ri = 0.321) and (b) case N2 (Ri = —0.133).
The larger red solid square and green solid circular symbols indicate the total and source part of the vortex circulation at the separation time, respectively. The arrows with

dashed lines show the procedure of determining the formation number.

i.e., xr and xp,, as shown in Figs. 4 and 6(c). For the negatively buoy-
ant jets, only positive vorticity in the vortex ring area is computed."*
As shown in Fig. 7, the vortex ring circulation I'y,r can continue
to increase for positively buoyant starting jets during its long-term
development [Figs. 7(a) and 7(b)] while it decreases gradually for
negatively buoyant starting jets [Figs. 7(c)-7(f)] due to the vortic-
ity cancellation with the outside negative vorticity layers [see also
Figs. 3(c) and 3(d)].

Once the total circulation and vortex ring circulation of the
starting buoyant jets are obtained, we can proceed to identify the
critical time scale for the vortex ring formation, i.e., the forma-
tion number F. For the starting buoyant jets, the classic circulation
method of Gharib et al.* cannot be used directly since a part of
the vortex ring circulation stems from the baroclinic production
of vorticity within the vortex ring area, not entirely from the vor-
ticity flux by the trailing shear layer. To eliminate the influence of
baroclinic vorticity production, Gao and Yu'® proposes a modified
circulation method for identifying the buoyant formation number
by distinguishing the circulation from the jet source and that from
baroclinic production, i.e., only the flux circulation, I ', was consid-
ered in determining the formation number. As discussed in Sec. 11,
the flux circulation I’y of the starting buoyant jet can be obtained
from the difference between the total circulation and the buoyance
circulation, i.e., I'y = I't = I'y. Similarly, by applying this idea to the
leading vortex ring, the flux vortex circulation, Iy ,,, is computed
as I_yor = I'vor — I'y_yor- Here, the buoyancy (vortex) circulation I,
(I'p_vor) can be obtained via the temporal integral of the second term
on the right-hand side of Eq. (3). In addition, following Gao and
Yu,' the separation time 7 can be determined as the critical for-
mation time at which the vorticity flux from the trailing shear layer
into the leading vortex ring vanishes, i.e., the disconnection of these
two flow structures. Once the separation time is found, the forma-
tion number F is calculated as the dimensionless formation time at

which the flux term of the total circulation matches that of the lead-
ing vortex ring at the separation time, i.e., I't(F) = I} ,o,(7). The
computation procedure is illustrated in Fig. 8 by the black arrows
with dashed lines.

The formation numbers F for all cases studied (except for
case N5 with Ri = —0.321 where the vortex ring pinch-off never
occurs) are presented in Fig. 9 and summarized in Table I. It
can be observed that the formation number increases mono-
tonically with the Richardson number. The numerical results of
the formation number reported in the literature'®'® are also

8 T T T T T T
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. Wang et al. (2011) ]
v Marugan-Cruz et al. (2013))
w6l Gao and Yu (2016) : ]
(. v
(5]
E
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FIG. 9. The variation of the critical formation number F against the Richardson
number in the range —0.321 < Ri < 0.321.
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incorporated into Fig. 9 for comparison. It is noted that the def-
inition of the Richardson numbers is Wang et al'® To have a
consistent comparison, we re-expressed their data in terms of the
Richardson number definition used in this study, i.e., Ri = g’D/U3.
The current results are in good agreement with the results of
Gao and Yu'® within the low Richardson number region (-0.06
< Ri < 0.06), and indicates a similar increasing trend of for-
mation number against Ri for the moderate Richardson number
range despite a lower slope. As shown in Fig. 9, when buoy-
ancy effects are weak, |Ri| < 0.1, the formation number increases
very rapidly against the Richardson number, whereas for 0.1 < Ri
< 0.321 and -0.1 > Ri > —0.321, the rates of increase is slower.
The results of Marugan-Cruz et al.'’ overestimate the effect of
Richardson number on the variation of the formation number, in
part due to the fact that they used the method of Ghairb et al.’
for homogeneous starting jets to identify the buoyant formation
number.

V. CONCLUDING REMARKS

In this paper, the process of vortex ring formation in starting
buoyant jets with moderate Richardson numbers within the range
of 0.06 < |Ri| < 0.321 is investigated numerically. A revised circu-
lation model including the effects of buoyancy and over-pressure is
derived by integrating the vorticity transport equation. Based on the
results of the numerical simulation, it is found that the evolution of
the leading vortex ring and trailing vortices is strongly affected by the
buoyancy effect. As the positive Richardson number increases, the
instabilities of the trailing jet occur earlier due to the entrainment
and larger positive buoyancy acceleration. For the cases at moder-
ate negative Richardson numbers, a “double plume” structure, i.e.,
the annular reverse flow with a negative vorticity layer around the
inner sinking jet, can be observed. By using the similarity variables
|Ri|x;/D and |Ri|*"*x;/D, the variation of dimensionless jet front pen-
etration x;/D with the formation time collapses on a single line for
the positively and negatively buoyant jets, respectively. Based on
the fitting equations of x;/D, the revised buoyant circulation model
(model 3) is well consistent with the numerical results for all posi-
tively buoyant jets. This demonstrates that the total circulation can
be treated as a linear combination of the flux circulation due to the
jet exit axial velocity and buoyant circulation due to the baroclinic
production.

By adopting the revised circulation method, the buoyant for-
mation number is found to become larger as the positive Richardson
number increases, indicating that the pinch-off process of the lead-
ing vortex ring occurs later. As the negative buoyancy effect inten-
sifies, the size and strength of the leading vortex gradually dimin-
ish, and the buoyant formation number keeps decreasing but at a
lower rate than the variation of the formation number in the small
Richardson number range.
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