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ABSTRACT

Coupling between polarization and the strain gradient, namely, flexoelectricity, is a universal phenomenon that widely exists in all solid
dielectrics and polymers. At a low level of the applied strain gradient, this electromechanical coupling is strictly a linear effect. In this Letter,
a strong nonlinearity between the polarization and the strain gradient was experimentally found in polyvinylidene fluoride when the strain
gradient was higher than a material-dependent threshold value. Such nonlinear behavior was in good accordance with an ion chain
theory and could be fitted by a nonlinear equation. The observed flexoelectric nonlinearity in this work will help in the understanding of the
discrepancy between the previous findings about the bulk materials and their nanoscale counterparts.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5126987

The coupling between the electric polarization and the strain gra-
dient, also named flexoelectricity, has become increasingly important
in the cutting edge of functional materials.1–13 This electromechanical
effect was generally regarded as a linear effect and can be written in the
form of

P ¼ l
@S
@x
; (1)

where P is the electric polarization, l is the flexoelectric coefficient, a
fourth rank tensor, and @S

@x is the strain gradient, in a prerequisite that
the strain S is inhomogeneously distributed along the x direction. In
contrast to piezoelectricity, flexoelectricity is not limited to centrosym-
metric materials; thus, strain gradient (not the uniform strain) induced
electric polarization can exist in materials with high symmetrical crys-
talline structures such as cubic and isotropic structures.14–20 Besides the
broad selection of material, flexoelectricity shows an attractive size
effect, whereby the flexoelectric response will be dramatically enhanced
when the material dimension is reduced to the nanoscale.21–24 This is
attributed to the large strain gradient allowable at nanoscale sizes. For
example, a large out-of-plane strain gradient (107 m�1) along the thick-
ness direction can be generated in the heterostructure thin film, result-
ing in a giant flexoelectric polarization comparable to or even higher
than the ferroelectric/piezoelectric polarization.6,10,25 The recently

reported flexoelectricity in nanostructures and related systems clearly
suggests the great potential of flexoelectricity in various applications
including sensing and actuating, polarization switching, defect forma-
tion, electronic transportation, and domain engineering.7,26–36 Though
turning into the nanoscale greatly benefits the application of flexoelec-
tricity, it will also bring several limitations. One thing that must be
underlined is that for the same kind of material, the flexoelectric coeffi-
cients on the nanoscale are usually orders of magnitude smaller than
their bulk counterparts, which only withstand a strain gradient at the
level of 0.1 m�1.37–39 Taking the widely studied BaTiO3 as an example,
according to the literature, the flexoelectric coefficient in the BaTiO3

ceramic was as high as 50 lC/m, while the flexoelectric coefficient in
the BaTiO3 thin film was less than 1 nC/m based on the back calcula-
tion of the experimental results.6 Similar phenomena were also found
in other material systems such as SrTiO3 and (Ba, Sr)TiO3 (BST),

40,41

but the mechanism for these discrepancies remains unclear.
A reasonable thought for resolving this problem is to resort to

the nonlinearity of the flexoelectricity. Actually, the nonlinear behavior
is a widely existing phenomenon in dielectric materials, e.g., the dielec-
tric constant vs the electric field, the piezoelectric coefficients vs stress,
the ferroelectric polarization vs the electric field, etc. The nonlinear
contribution is commonly described as a high order term, which is
much less significant compared to the linear part when the variable is
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small. Recently, such a consideration has also been introduced for the
investigation of flexoelectricity by Chu and Yang.42 They demonstrated
the quadratic flexoelectric effect in noncentrosymmetric systems via the
analytical derivation of the electromechanical properties in a two-
dimensional ionic chain model. However, the validity of this theory
only applies for a small strain gradient scenario because the nonlinear
high order term will soar up as the strain gradient increases by orders,
contradicting with the declining nature of the flexoelectricity. Therefore,
there should be another mechanism that leads to the unique perfor-
mance of flexoelectricity at different levels of strain gradient input. In
the present paper, we propose a possible explanation for the controver-
sies of the flexoelectric coefficients on the nanoscale and macroscale by
establishing an ionic chain model for simulation. Based on this finding,
an inversely dependent relationship between the effective flexoelectric
coefficients with the strain gradient was proposed. In order to achieve a
large strain gradient, the typical soft material polyvinylidene fluoride
(PVDF) was selected for the nonlinear study, while two hard materials,
0.5wt. % Al2O3-doped Ba(Ti0.85Sn0.15)O3 ceramic (hereafter abbreviated
as BTS) and 0.3Pb(In1/2Nb1/2)O3-0.35Pb(Mg1/3Nb2/3)O3-0.35PbTiO3

single crystal (hereafter abbreviated as PIN-PMN-PT), were selected as
the counterparts. The experimental results correspond well with the
simulation and disclose that the nonlinear contribution of the flexoelec-
tricity will become more and more significant as the strain gradient
gradually increases. The present work is believed to be able to bridge the
gap between the flexoelectricity on the macroscale and nanoscale.

To investigate the flexoelectric nonlinearity, we start from the
two-dimensional ionic chain model of the centrosymmetric material.
The positive and negative ions have an alternative distribution with
an equidistance of a under no external perturbations, as shown in
Fig. 1(a). A unit cell with a central negative charge and surrounding
positive charges is selected as the research object. When a strain gradi-
ent @Sy=@x is generated, the negative charge is squeezed away from its
original position relative to the positive charge, resulting in the dipole
moment, depicted in Fig. 1(b). The internal interaction within the unit
cell can be simplified as massless springs between points masses with
the electric charges of 6q, as shown in Fig. 1(c). Springs between the
positive charges are kx and ky along the x and y axes, respectively. The

springs connecting the positive and negative charges are denoted as kq
and kp along the diagonals. The strain gradient of the selected lattice
can be expressed as

@S
@x
¼ u1 � u2

a2
; (2)

where u1 and u2 are the relative displacement between the positive
charges at the top and bottom, respectively. The forces on the neg-
ative charge from the diagonal springs are F1 and F2 and can be
expressed as

F1 ¼ kq
aþ u1
2 sin h1

� a
2 sin h

� �
;

F2 ¼ kp
aþ u2
2 sin h2

� a
2 sin h

� �
;

(3)

where h ¼ p
4 and h1; h2 can be obtained by the following equation:

tan h1 ¼
aþ u1
a� 2u

;

tan h2 ¼
aþ u2
aþ 2u

:
(4)

The components of F1 and F2 in the vertical direction should be
balanced,

F1 cos h1 ¼ F2 cos h2: (5)

Because of the discrete translational symmetry, the induced
dipole moment per unit lattices pl is written as

pl ¼ �qu; (6)

where u is the displacement of the negative ion.
Combining these equations, the relationship between the dis-

placement u1 and u could be obtained when equaling u2 to 0 and
assuming kq ¼ kp. Therefore, the relationship between the polariza-
tion and the strain gradient could be solved by the following equation:

ð1�2ûÞ2 1�16û2ð1þ2ûþ2û2Þþ4
ffiffiffi
2
p

ûð1þ2ûÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þð1þ2ûÞ2

q� �

ð1þ2ûÞ2ð1þ8û2Þþ8û2�4
ffiffiffi
2
p

ûð1þ2ûÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þð1þ2ûÞ2

q
¼ð1þ û1Þ2; (7)

where û ¼ u
a and û1 ¼ u1

a .
Therefore, the relationship between the dipole moment and

the strain gradient was obtained by the Matlab calculation, as
shown in Fig. 1(d). It can be seen that when the strain gradient is
small, the polarization shows a quasilinear trend. However, the
increase in dipole moment will be smaller and smaller with the
increase in the strain gradient and gradually saturates to a certain
level, corresponding to a strong nonlinear phenomenon. It was
noticed that the ion chain model can work in different material
structures. Taking the a-phase and b-phase of PVDF as examples,
we can find that both the paraelectric phase and the ferroelectric
phase show a similar flexoelectric nonlinearity (see the detailed
calculation in the supplementary material).

Based on the above analysis, we propose a logarithmic relation-
ship between the strain gradient and polarization,

FIG. 1. (a) Two-dimensional ionic arrangement. (b) The strain gradient induced
polarization. (c) A unit cell of the ionic chain model. (d) The relationship between
the dipole moment and the strain gradient.
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P ¼ a ln 1þ b
@S
@x

� �
; (8)

where a and b are two parameters that fully describe the nonlinear
property of the flexoelectricity.

Then, expanding Eq. (8) out using Taylor’s formula at @S
@x ¼ 0

yields

P ¼ ab
@S
@x
� ab2

�
@S
@x

�2

þ � � � � � � : (9)

The higher order terms are ignored at the low strain gradient
level (the value depends on b), and Eq. (9) turns into

P ¼ ab
@S
@x
: (10)

This equation indicates that a linear performance of the flexoelec-
tricity at the low strain gradient level and the effective flexoelectric
coefficient reach a constant value, which equals ab, being consistent
with the linearity obtained in the bulk.

In addition, the effect of the nonlinear term (higher order terms)
plays a larger role as the strain gradient increases. It can be seen that
the crossover of nonlinear and linear terms occurs at a strain gradient
@S
@x ¼ 1

b in Eq. (9), which means that the value of the nonlinear term

will exceed the linear one when @S
@x >

1
b. Therefore,

1
b can also be

regarded as the critical threshold value of the strain gradient, which is
responsible for flexoelectric nonlinearity.

However, Taylor’s formula no longer works as the strain gradient
becomes orders of magnitude higher (e.g., 106–107 m�1). The deriva-
tive of polarization with respect to the strain gradient could yield the
effective flexoelectric coefficient, given as

leff ¼
@P

@
@S
@x

� � ¼ ab

1þ b
@S
@x

: (11)

The limit of the effective flexoelectric coefficient at the high strain
gradient level can be obtained as

lim
@S=@x!1

leff ¼ a=ð@S=@xÞ: (12)

It can be seen that the effective flexoelectric coefficient will
decrease rapidly, showing a conversely dependent relationship with
the strain gradient.

It is noticed that, in some scenarios such as crack, the nonlinear-
ity of flexoelectric coefficients becomes extremely important. This is
because the highest strain gradient the material can withstand occurs
in the vicinity of crack.43 In this scenario, the nonlinear part of the
flexoelectric polarization will far exceed the linear part. Therefore, the
electric polarization around crack was mainly determined by the flexo-
electric nonlinearity.

To verify the effectiveness of the proposed model for describing
the nonlinear flexoelectricity, three typical materials including the BTS
ceramic, PIN-PMN-PT single crystal, and PVDF polymer were
selected in the bulk cantilever configuration, with the experimental
setup shown in Fig. 2(a). Large strain gradients approaching the break-
ing limit of the material were applied upon the cantilever to achieve a
significant nonlinear effect.

Due to the fragile nature of the BTS ceramic and PIN-PMN-PT
single crystal, a piezoelectric stack actuator with the precise deforma-
tion control capability was employed to drive the cantilever samples.
The cantilevers were fixed at one end while driven by the actuator at
the other end. In order to obtain the quasistatic vibration of the canti-
lever, a 7Hz sinusoidal signal was applied using a function generator.
The displacement can be measured using a laser displacement sensor
(KEYENCE, LK-G80), and the strain gradient can be calculated using
the geometric parameters. The charge output on the sample electrode
was collected using a charge amplifier (SINOCERA, YE5852) con-
nected to a lock-in amplifier (STANFORD RESEARCH SYSTEMS,
SR830).

The plane section assumption is used in the calculation of the
strain gradient of materials in the case of a slender beam with pure
bending. A linearly distributed normal strain Sxx along the thickness
of the material is produced with a zero strain at the neutral plane. The
upper part of the material is subjected to the compressive stress,
and the strain of the upper surface is Ssxx . On the contrary, the lower
part is subjected to tensile stress, and the strain of the lower surface is
�Ssxx [Fig. 2(b)].

FIG. 2. (a) The schematic view of the nonlinear flexoelectric measurement of the
BTS ceramic and PIN-PMN-PT single crystal. (b) The linear normal strain distribu-
tion of the beam along the thickness direction.
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The strain gradient along the thickness direction equals the cur-
vature j, which can be expressed as a function of the deflection wðxÞ,

j ¼
d2wðxÞ
dx2

1þ
�
dwðxÞ
dx

�2
" #3=2 ¼ @S11@x3

: (13)

In the case of small deformation, the value of dwðxÞ
dx is much less

than 1 and Eq. (13) can be simplified as

j ¼ d2wðxÞ
dx2

: (14)

Through the integral and the boundary conditions of the cantile-
ver beam, the deformation w(x) can be calculated as

wðxÞ ¼ 3wðLÞ
2L2

1� x
3L

� �
x2: (15)

Hence, the strain gradient can be derived as

@S11
@x3
¼ 3wðLÞ

L2
1� x

L

� �
: (16)

The polarization can be obtained by the total electric charge col-
lected on the electrode,

P ¼ Q
A
; (17)

where A is the electrode area.
In terms of the PVDF polymer, a larger strain gradient can be

induced through a larger deflection. However, in the case of large

deformation, dwðxÞdx cannot be omitted in Eq. (13), which brings difficul-
ties to the calculation of the strain gradient. In this paper, the difficult
calculation of the strain gradient is avoided by measuring material sur-
face strain through a strain gauge.

To yield a large strain gradient, the geometry of PVDF samples
was specially designed where the length exceeds 100mm, as shown in
Fig. 3(a). The nonlinear flexoelectricity in PVDF was measured using
a modulated cantilever system shown in Fig. 3(b). A shaker (HEV-
200) driven by a power amplifier (HEV-200C) was used to drive the
cantilever sample to provide a large displacement. In order to obtain
the quasistatic vibration of the cantilever, a 7Hz sinusoidal signal was
applied by the function generator. The strains on the surface of the
sample were measured by the strain gauge, and the strain gradient can
be calculated by assuming a linear strain distribution along the thick-
ness direction. In the same way, the charge output on the sample elec-
trode was collected by a charge amplifier connected to a lock-in
amplifier. The thickness of material is h, and thus, the strain gradient
can be obtained as

@S11
@x3
¼ 2Ssxx

h
: (18)

The PVDF polymer was examined using an X-ray diffractometer
with Cu Ka radiation (k ¼ 0.15406nm) operating at 40 kV and 100
mA (XRD, D/Max-IIIC, Rigaku, Tokyo, Japan), and the result is
shown in Fig. S2 (supplementary material). Figures 4(a) and 4(b) show

the induced electric polarization as a function of the applied strain gra-
dient in the BTS ceramic and PIN-PMN-PT single crystal. The results
indicate that, with the increase in the strain gradient, the trend of the
polarization will deviate from a straight line, showing an obvious non-
linear property. However, for the hard materials such as the BTS
ceramic and the PIN-PMN-PT single crystal, the maximum strain
gradient only reaches the level of 0.1 m�1. Therefore, the nonlinearity
was less remarkable compared with that in PVDF, where the strain
gradient reaches as high as 1.75 m�1 [Fig. 4(c)]. All of these kinds of
materials could be well fitted by using Eq. (8), demonstrating the linear
behavior in the small strain gradient range while the nonlinear

FIG. 3. (a) Photo of the PVDF sample. (b) The schematic view of the nonlinear
flexoelectric measurement of the PVDF polymer.

FIG. 4. (a)–(c) The relationship between the polarization and strain gradient in the
BTS ceramic, PIN-PMN-PT single crystal, and PVDF polymer, respectively. (d)
Bending-induced charge at a strain gradient of 1.75 m�1 for the PVDF polymer.
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behavior is in the large strain gradient range. It can be seen that the
nonlinear crossover occurs for BST, PIN-PMN-PT, and PVDF at
strain gradients 1/3.6¼ 0.28 m�1, 1/0.7¼ 1.43 m�1, and 1/0.4¼ 2.5
m�1, respectively. It is worth underlining that the large strain gradient,
especially for PVDF, may result in mechanical fracture or take nonlin-
ear deformation, which brings distortions to the measured results. The
real-time data of the PVDF polymer are shown in Fig. 4(d). Based on
the ionic chain model and nonlinear expression, we can conclude that
the effective flexoelectric coefficient of these materials can be expected
to decrease to the nC/m level when the magnitude of the strain gradi-
ent reaches 106–107 m�1, whereby the discrepancy of flexoelectric
coefficients in ferroelectric materials can be possibly resolved.

In summary, in this paper, the nonlinear property of the flexoe-
lectricity was investigated from both the theoretical and experimental
aspects. The ionic chain model predicts a strong nonlinearity of the
flexoelectricity as the strain gradient increases to high orders of magni-
tude. This provides an explanation for the long-standing discrepancy
between the flexoelectric coefficient of bulk and nanoscale dielectric
materials. The results presented in this work indicate a declining flexo-
electric coefficient as the strain gradient increases, matching with the
previous reports about the thin film material.

See the supplementary material for the ion chain model of PVDF
and the XRD pattern of the PVDF polymer.
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