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ABSTRACT

In this paper, we study a one dimensional nonlinear equation with diffusion —v(—axx)% for 0 < @ <2 and v > 0. We use a viscous-splitting
algorithm to obtain global nonnegative weak solutions in space L' (R) n H 172 (R) when 0 < « < 2. For the subcritical case 1 < « < 2 and critical
case « = 1, we obtain the global existence and uniqueness of nonnegative spatial analytic solutions. We use a fractional bootstrapping method
to improve the regularity of mild solutions in the Bessel potential spaces for the subcritical case 1 < a < 2. Then, we show that the solutions
are spatial analytic and can be extended globally. For the critical case a = 1, if the initial data p, satisfies —v < inf p, < 0, we use the method of
characteristics for complex Burgers equation to obtain a unique spatial analytic solution to our target equation in some bounded time interval.
If p, > 0, the solution exists globally and converges to steady state.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0151230

I. INTRODUCTION

In this paper, we are going to study the following nonlinear partial differential equation on the real line R:

{atp+6x[p(u—yx)]:—vA“p, u=Hp, t>0, x€R, (L)

p(x.0) = po(x), xeR

with y >0, v > 0and 0 < «a < 2. The velocity field Hp stands for the Hilbert transform of p:

v. Mdy.

1
(Hp)(x,t) := 2P ) =y

Here v is a positive number called the viscosity coefficient, and it controls the strength of the dissipation term. For 0 < « < 2, the fractional
Laplacian A% = (~0xx)? p is defined by its Fourier transform:

[F(A*) 1) = B [F ()] 1).

The parameter « also controls the magnitude of the dissipation term. For v > 0, let the kernel G, be the fundamental solution of the linear
operator 9; + vA*, and

FG) (&) =

We call the cases « > 1, « = 1, and & < 1 of (1.1) as subcritical, critical, and supercritical respectively.
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When v = 0, Eq. (1.1) becomes
Op+Ox[p(u—yx)] =0, u=Hp, xeR, t>0. (1.2)
Equation (1.2) is the mean field equation of the following Dyson Brownian motion:™'""
W= —dgyr L Y 1<j<N (13)
ST N AN G 0 - T |

which describes the evolution of eigenvalues {A }1]\]:1 ofa N x N Hermitian matrix given by matrix-valued Ornstein-Uhlenbeck process.'”'***
Here Bj(t),j=1,2,...,N, are N independent standard Brownian motions in R. Next, we list three important aspects of Eq. (1.2).

Space-time rescaling: For Eq. (1.2), an important fact is that the linear term —y0,(xp) with y > 0 can be reformulated into the case y = 0
by the following space-time rescaling:

P11 +2y1 =p(x,t), x= D AN L log (1 + 2y7). (1.4)
V1+2y7 2y

Then, if p is a solution to (1.2), then p is a solution to (1.2) with y = 0:
Oep+0,(pit) =0, i =Hp. (1.5)

The above rescaling has the same effect for Eq. (1.1) with & = 2, but not for 0 < a < 2.
Gradient flow structure: Eq. (1.1) with « = 2 or v = 0 has a gradient flow structure in the probability measure space with Wasserstein
distance for a free energy functional given by

E(p(+1) = 2 [p(xt)dx- % [ [ togbe=ylo 0p(r. ) dxdy+ v [ px.)log p(x.t)dx
= Ba(p(+1)) + Ei(p(+1)) + Ee(p(-1)). (16)

Here Ej, is the harmonic trap energy, E; is the interaction energy, and E. is the entropy. Then, Eq. (1.1) with & = 2 is recast to

SEN g O _Ve -
&pfax[p&c(g)] =0, o 5% /R log|x — y|p(y, t)dy + v(1 + log p). (1.7)

By the properties of this gradient flow structure, Carrillo et al.® obtained the existence and uniqueness of global probability measure solutions.
They also proved y-convexity along Wasserstein geodesics of the energy and hence obtained exponential convergence to the steady state given
by Wigner’s semicircle law

p(dx) = p(x)dx := %dx (1.8)

Complex Burgers equation: From Eq. (1.2), if we define g(x,t) = Hp(x,t) — ip(x,t) — yx, then the analytical extention of g on the upper
half complex plane C := {z: J(z) = Im(z) > 0} satisfies the following complex Burgers equation with a force term y*z:”"

g +g0.g=y'2 zeCy, t>0. (1.9)

When y = 0, Castro and Cérdoba’ proved global (in time) existence and uniqueness of spatial analytic solutions (¢ > 0) to (1.2) with strictly
positive initial data 0 < py € L*(R) n C**(R) via method of characteristics for (1.9). However, if there is xo € R such that po(x0) = 0, then
the solution p will blow up in H*(R) for s > % in finite time.” These two results hold also for y > 0 due to the rescaling (1.4), and the global
solutions with p, > 0 converge to the steady state pointwise.'” Global nonnegative weak solutions in L (0, T; L' (R) n H : (R)) to (1.2) were
also obtained."

In this paper, we are going to study Eq. (1.1) with 0 < & < 2. We first use a viscous-splitting algorithm (see, e.g., Ref. 26, Chap. 3) to obtain
global weak solutions (see Definition 2.1) for the whole range 0 < & < 2. The following theorem is obtained:

Theorem 1.1. Let y>0, v>0 and 0 < a < 2. Assume 0 < po € L'(R) n H/*(R) and [xx*po(x)dx < oo. Then, there exists a global
nonnegative weak solution to (1.1) satisfying

p € L°(0,00; L' (R) n H'*(R)) n W (0, 00; H > (R)).

Moreover, we have:
t
el < lpolls 1plpr < lpolprns t>0. (1.10)
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The reason to choose the viscous-splitting algorithm is simple because both fractional heat equation and Eq. (1.2) yield global analytic
solutions preserving positivity and norms of L' (R) and H Y 2(R) for positive initial data. Hence, we only need to use some compactness
argument to derive global weak solutions (see Sec. II). In Ref. 1, global weak solutions to the following general models were studied:

Oip + OwpHp + SpOcHp = —vA"p. (L.11)

When 6 = 1, the above equation becomes Eq. (1.1) when y = 0. For different ranges of « and 6, they obtained several results about global weak
solutions to Eq. (1.11). Among these results (Ref. 1, Theorem 1.1) shares some similarities with Theorem 1.1 in this paper. For strictly positive
initial data po € L'(R) n H?(R), global weak solutions were obtained in [Ref. 1, Theorem 1.1] for supercritical case 0 < o < 1 and & > 1/2.
In comparison, we do not need the strictly positive assumption for initial data and weak solutions are obtained forall 0 < & < 2.

We will obtain spatial analytic solutions for subcritical and critical cases 1 < « < 2 by different methods. For the subcritical case 1 < ¢ < 2,
we only consider (1.1) with y = 0. The method here cannot be applied directly for the case y > 0 (see Remark 3.1). We have the following
theorem:

Theorem 1.2. Let 0 < pg € Lo (R). Then, there is a unique nonnegative solution p € C([0, oo);LTil (R)) N C=((0,00); H*(R)) to
(1.1) with y = 0 for any 6 > 0 and ﬁ < q < co. Moreover, we have
—§—1+i(1+é) 1

lp(0) | gg0agmy < Ct = S <g<oo, £>0,

and

182p(6) s < K" 575 (0) ) wen, £>0,

for some constant K independent of n. Consequently, p(-, t) is spatially analytic for t > 0.

Here H*? denotes Bessel potential space (or fractional Sobolev spaces, see Sec. III). Our strategy to prove Theorem 1.2 is as follows. We
consider the mild solutions to (1.1) (1 < & < 2) of the form:

p(x,1) = Gal~1) % po fotaxGa(~,t—s) « (p(s)Hp(s))ds (1.12)

Notice that if p(x,t) is a solution to (1.1) with initial data p,, then p, (x,£) = 1*"'p(Ax,A%) is also a solution with initial data Pro(x)

=1%""p,(Ax). This scaling preserves the Lo (R) norm. It is nature to study mild solutions to (1.1) with initial data py € L (R). Next,
we describe the results for the subcritical case 1 < a < 2 in several steps.

Local existence and uniqueness: When py € L (R), we use Banach fixed point theorem to prove the local existence and uniqueness of
mild solutions in the following Banach space (see Theorem 3.1):

Xp o= {f eG((0.THLEI(R)),  sup £ (1), 2, < oo}, (1.13)

0<t<T

with norm

a=1
b, = max{ sup £ sop 1% 170, 2 |
0<t<T 0<t<T

The idea to choose the above space for the contraction argument is well-known. One can refer to Refs. 4, 20, and 34 for some variations of
this method for the local existence of solutions to different equations.

Fractional bootstrapping for regularity in Bessel potential spaces: We improve the spatial regularity of solution p by a fractional bootstrap-
ping method and obtain time decay estimate in Bessel potential spaces (see Theorem 3.2). Here, we adopt the name “fractional bootstrapping”
used in Ref. 12 for fractional Navier-Stokes equations, although the proof of high order regularity and spacial analyticity are different. We
first show the hyper-contractivity and prove that p(t) € L(R) for any -5 < g < o0 and ¢ > 0. In comparison with the usual method for
hyper-contractivity (see e.g., Refs. 2, 11, 23, and 25), the proof is more direct in the sense that we do not need any kind of a priori estimate
or contraction argument. Then, we improve the spatial regularity of the mild solutions step by step. From the Proof of Theorem 3.2, we
see that in each step, the time integral in the nonlinear term of mild solutions only allows us to increase spatial regularity by some decimal
order 0 < £ < o — 1 < 1. Hence, Bessel potential spaces are natural choices for this method and this is also the reason for the name fractional
bootstrapping.

Nonnegativity: For the nonnegativity of mild solutions, we follow the method in Ref. 23, Lemma 2.7, but without the condition

0<po € L& (R) n P (R) for some _1; < p < oo. In other words, we only need 0 < po € Le (R), which is more compatible with the results
for existence and regularity.
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Spatial analyticity and global extension: To prove the spatial analyticity of mild solutions, we are going to give a simple generalization of
the method in Refs. 16 and 31 for Navier-Stokes equations. As noticed in Ref. 11, Remark 7 (or Ref. 12, Remark 2.4), if we directly use the
method in Refs. 16 and 31, we will only obtain

|6;lp(x, t)| < Kﬂ+1n2n/at—£—l+i

for some constant K independent of n € N. This does not imply the spatial analyticity of p if & < 2. To overcome this difficulty, we are going
to improve the method in Refs. 16 and 31 and use it for fractional diffusion with 1 < a < 2 (see Theorem 3.3). Then, by the L? (R) maximum
principle for the nonnegative solutions, we extend the solutions globally (see Lemma 3.3 and Theorem 3.4).

Notice that there is another way to prove spatial analyticity of solutions given by Dong and Li,'' where some spaces involving the infor-
mation of high-order derivatives were introduced for contraction argument to obtain spatial analytic solutions to the subcritical dissipative
quasi-geostrophic equations. By the same method, Li and Rodrigo” studied local existence and finite time blow-up behavior of solutions for
the following equation with 1 < a < 2:

Op - Ox(pHp) = —vA%, t>0, xeR,
{tp (pHp) = -vA®p x (L14)

p(x,0) =po(x), xeR

Comparing with Eq. (1.1), the sign of the nonlinear term is different. Studying the nonnegative solutions of (1.1) is equivalent to studying
the non-positive solutions of (1.14). For nonnegative solutions of (1.1), we have the L? (R) maximum principle to extend the mild solutions
globally, which is false for nonnegative solutions of (1.14). And finite time blow-up behavior of solutions to (1.14) with some special initial
data was proved by [Ref. 23, Theorem 3.1]. The reason for this difference can be easily observed from the particle systems for these two
equations. Formally, Eq. (1.14) with v = 0 corresponds to the mean field equation for the following particle system:

1 dt
AN 0 (D

k+j

1

VN

The force between particles is attractive. Hence, they try to aggregate together to form singularities. The force between particles in (1.3) is
repulsive, and global well-posedness can be obtained; see Ref. 30 for global well-posedness of system (1.3).

For the critical case a = 1 of (1.1), we will also prove the global existence and uniqueness of spatial analytic solutions. Due to the following
relation

dii() = dB;(t) - 1<j<N. (1.15)

Ap=0:Hp=HOp = %p.v./wdy = Ot
B |x-yl
Equation (1.1) is rewritten as
Op + Ox[p(u — yx) + vu] = 0. (1.16)

When y = 0, global spatial analytic solutions to (1.16) were given by [Ref. 9, Theorem 4.1] for initial data p, > —v using the same method as
the case for v = 0 (described before). If Py >~V and there exists xo € R such that po(xo) = v, then OxHp will blow up in finite time (Ref. 9,
Thoerem 4.8). Comparing with the cases v = 0 or « = 2 of (1.1), the rescaling (1.4) does not work for Eq. (1.16) with v > 0. Hence, we can not
derive the spatial analytic solutions to (1.16) with y > 0 directly from the results (Ref. 9, Theorem 4.1) by rescaling (1.4). Moreover, Eq. (1.16)
also does not have gradient flow structure as (1.7). In this paper, we will use a similar idea as [Ref. 9, Theorem 4.1] to obtain spatial analytic
solutions to (1.16) with y > 0, and the solutions show some different and interesting properties in comparison with the case y = 0. We have
the following theorem:

Theorem 1.3. Let 0 <y <v and —u < po € L'(R) n H*(R) with s > 1/2. Denote T = %ln (% —1). Then, there exists a unique spatial
analytic solution p(x,t) to (1.1) withy > 0 and a = 1in (0, T).
When p = 0, the solution p(x, t) exists globally and converges to the steady state given by semicircle law:

\/\/[y2x2 -V =2y + 420 - [P =P = 29] - V2
lim p(x,£) = oo (%) = : 1.17
lim p(x,£) = poo (%) Tin (1.17)

As shown in the above theorem, we obtain global spatial analytic solutions to (1.16) when initial data p, > 0, and the solutions converge
to steady state pointwise. However, if p; > —u for some 0 <y < v, we can only obtain spatial analytic solutions in time interval (0, T') with
T= % In (% - 1), which is different with the case y = 0 given by [Ref. 9, Theorem 4.1].

The rest of this paper is organized as follows. We are going to use a viscous-splitting algorithm to prove Theorem 1.1 in the next section.
Local existence and uniqueness of mild solutions to (1.1) with 1 < @ <2 are obtained in Sec. ITI A. Then, we improve the regularity and
show the spatial analyticity of solutions in Sec. III B. In Sec. Il C we extend the local solution globally by the I? maximum principle for
nonnegative solutions. For the critical case & = 1, we first obtain global C-holomorphic solutions to the corresponding Complex Burgers
equation [see (4.5)] in Sec. IV A. Then, we use these C,-holomorphic solutions to recover the solutions to (1.1) with a = 1, and derive the
pointwise convergence to the steady state when p, > 0.
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Il. GLOBAL NONNEGATIVE WEAK SOLUTIONS FORO0O<a<2

In this section, we are going to use a viscous-splitting algorithm to obtain global weak solutions in L' (R) n H Y 2(R) to Eq. (1.1) with
0 < & < 2 and to prove Theorem 1.1. Note that we have interpolation inequality (see Ref. 32, Lemma 5.3 for instance)

1/2

1/2
L{ HPHHI/Z’

lel2 <3l

which implies p € L'(R) n H'/?(R) is equivalent to p € L'(R) n H/2(R). Let us give the definition of weak solutions:
Definition  2.1. For T>0 and 0<py ¢ L'(R)nHY*(R), a nonnegative function p €L=(0,T;L'(R)nH"*(R))
N W (0, T; H™(R)) for some m > 0 is said to be a weak solution of Eq. (1.1) if

fOT[Ra@(x, Hp(x, t)dxdt + quS(x,O)po(x)dx
- _L/OT[R/RE)"(/)(X’I‘)_ax(p(y’t)p(x,t)p(y,t) dx dydt

2 x=y

+y fo ! fR 9ed(x, 1) (p(x, £)x)dxdt + v fo ! fR p(x, ) A%(x, t)dxdt 1)

holds for any test function ¢ € CZZ(R x [0,T)).

Next, we describe the viscous-splitting algorithm by utilizing a Trotter formula. Denote the solution operator to Dyson equation by D(¢),
such that w(x, t) = D(t)p,(x) solves

{8tw+8x[w(Hw7yx)] =0, xeR, t>0, 22)
w(3,0) = po(x). ‘
Also denote Ga(t)wo := Ga(+, 1) * wo, so that v(x,t) = Ga(t)wo(x) solves the fractional heat equation
O =—-vA%, xeR, t>0, (2.3)
v(x,0) = wo(x). '
By the properties of fractional heat kernel G, and some easy calculations, we have
[Ga(t)wo| = [|wolx and | Ga(t)wol|;pr2 < llwo] e (24)
Let ¢, > 0 (h > 0) be the standard Friedrichs mollifier. Set
Pok = PO * Pp. (2.5)

Then, for nontrival initial datum 0 < py € L'(R) n H/?(R), we have Pop(x) >0 for x e R and py, € L'(R) n H(R) (s > 1/2). Moreover,
the following estimates

lposllr = ool llponl > < lpoll,2 and flponll e < ool e (26)

hold for any & > 0.
The viscous-splitting algorithm by utilizing a Trotter formula is given by

pui(x) = [GalW)D(W)"pos(x),  x €, (2.7)

where p, , is the approximate value of the solution at time ¢, := nh and h is the length of time step. One can also use the Strang’s method; see
Ref. 26, Chap. 3. Define

Pr(xt) = D)pun(x)s pu(x:1) = Ga()D(5)pus (%) = Ga(s)pr(x: 1) (2:8)

fort=s+t,, 0<s<h, neN. Forte (t,tns1), we have

Oipn = —vA“py, — Ga(5) B[ pr(Hpy — yx)]- (2.9
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Hence, for ¢ € C°(R x [0,T)), we have

28]
[ f prdipdxd - fR pupdx|

L [G(99(0)] () OGO, 13,31 s

R

[}

iy [ /R O (P dxdt + v [ fR pp A\ pdxdt. (2.10)

Assume T € (tn,-1,t, ) for some positive integer Nj. Sum (2.10) for n = 0,1,..., N}, together and we obtain

fo ! f padrddxdt + f pond(x,0)dx

= 27.[/ /[ax G“(St)(p(t) (xi fX[er(St)(p(t)](y)ph(x) t)Ph(y; t)dxdydt

+y fo fR Oxp(prx)dxdt +v fo fR pr A pdxdt, (2.11)

where s; = t — t,, for n satisfying t € (s, tu+1). Hence, st > 0 as h — 0.
To obtain the weak solutions to Eq. (1.1) with 0 < « < 2 defined by (2.1) by passing 4 to 0, we first show some compactness results for
{Pn}ns0 and {py }1s0-

Lemma 2.1. Assume0 < po € L'(R) n H/?(R) and My := Jex’po(x)dx < oo. Let P be defined by (2.5) for h > 0. Then, we have

lpnallo = lpollr and lpuilgn < € llpol e 2.12)
foranyn €N, h>0andp,, given by (2.7).
Moreover, we have
1Br () = lpolls  18n(E) [ < € llpol s (2.13)
Lol = lpolls  lon(®) e < € llpol e (2.14)
and
HatthLN(O,oo;H_S) <G HafPhHL”(o,oo;H*) <C (2.15)

where py, and p,, are given by (2.8) and constant C is independent of h.

Proof. The proof of this lemma shares some similarity with the proof of [Ref. 15, Theorem 2.2]. We provide the details here for
completeness.
Step 1: In this step, we prove (2.12)—(2.14). Denote wo,(x, t) := D(t)p, ;, (x). Then wo (x, t) satisfies (2.2), i.e.,

Orwop + Oc[wop(Hwyp —yx)] =0, xeR, t>0,
{ t o h [won(Hwoy, — yx)] (2.16)

wo,n(%,0) = pop(x).

Because 0 < po, € L' (R) n H*(R) (s> 1/2), woy(x,t) > 0 forall x € R and t > 0; see [Ref. 15, Theorem 2.1]. Direct calculation shows that

d
ool = [ drann()dx =~ [ 0lwon(0)(Hans (1) - 2)lde =
Hence, we have | D(t)pon| ;1 = |won(t) | = lponl = [poll,:- This together with (2.4) gives

IGa(R)D(R)ponly = llpoll s

which implies the first equality of (2.12) for n = 1. By the definition of p, ;,, we know that the first equality of (2.12) holds for any n € N.
Next, we prove the second inequality of (2.12). On the one hand, multiplying (2.16) by w,, and integration by parts implies that

4 OF g L o)l trunn(0) - yo)ds -0
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By the definition of Hilbert transform, we have

2
f|w0,h(t)\28wao,h(t)dx _ lf/“’o,h(x) 1’) |w0,h(X; t) - w(z),h(y;t)| dydx > 0.
R nJrJIR |x =y

Hence, we have
1d

24t

[P < X [fa(e)Pax
R 2R

by Gronwall inequality, we have

Y r
ID(R)ponllz = lwon (W2 < €' lponll 2 < e*'lpoll,2- (2.17)

On the other hand, multiplying (2.16) by d«Hwy,(t) and integration by parts to obtain

/awaO,hatwo)h dx + /8xw0’hawa0)hHwO,h dx + [(8XH(U(),}1)2(UO,}, dx
R R R

—y/w())h@wao,h(t)dx—y/@xwo,hxawaQh(t)dx: 0. (2.18)
R R
For the first term of (2.18), we have
/8Hw Ow dx—lifw OxHw dx—lEHA%w ’ (2.19)
et @opOtop ax = 5 o | @opOxHwop dx =5 0| 2 .

For the second term of (2.18), we have

fR OxwopOxHwy ,Hwg jy dx = — fu@. H(OvwonOxHwy ) wo , dx

. (2.20)
=3 R[(&cHwo,h)z — (Oxwop) |woy dx.
For the fourth term of (2.18), we have
1 2
- Ywao,hawao,h(t)dx = _Vwao,hAwo,h dx = _YHAZ‘UO,h o (2:21)
For the fifth term of (2.18), we can use the fact H(xOxwy ) = xH(Oxwy ) [see (4.1) below] to obtain
7yf6‘xw0,hx(9wa0,h(t)dx = ny(xaxwo,h)é‘xwo,h dx = yfaxwo,hxé‘waO,h(t)dx,
R R R
which implies
yf@xwo,hxaxHa)o,h(t)dx =0. (2.22)
R

As a consequence of (2.18)-(2.22) we have

1d

EEHA%(UO,}:

2 1
I 5.[[(8wa0,11)2 - (awa,h)z]wO’h dx
R

1 2
+ /ﬂ;(8xHa)0,h)zo.)wl dx—yHAZ wWo

0,

2o

which shows that
2

1d

2l el <v]aton

LZ

i
By Gronwall inequality and (2.6), we have
IDA)poslyy s = lwon (W), = 1A% won(m) iz < € llponl, 3 <€ lpoll, -

Combining the above inequality, (2.17) and (2.4) implies the second inequality of (2.12) for n = 1. By the definition of P We know that the
second inequality of (2.12) holds for any n € N. For the same reason, we also have (2.13) and (2.14).
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Step 2: In this step, we prove (2.15). For any s € [0, h], we define

M,(s) = /szf)h(x,s+ tn)dx.

Since py, (x, t) satisfies (2.2) with initial data p, , (x) for t € (¢, tu+1), direct calculation shows

ol _ ol =2yma(©)
My(s)={ 27 1 Zym (2.23)
M)+ Lmizis y=o0

Notice that M1 (h) = My (0). Set M(t) = [, x*py(x,t)dx, t > 0. Then, for any ¢ > 0, using (2.23) and iteration yields

2 2 2
leoli: _ ol =2ymMo e ol , e
Mty =1 27 2ym 2y 2y

1 2
Mo+ —llpolpt y=0.

Let ¢ € C°(R). The following estimate holds for any n and t € (¢, tp+1):

/R(p(x)&[)h(x, r)dx
o ifk/ﬂ; 6x¢(xi:fx¢(y)ph(x, Opn (1) dxdy+yfRax¢(x)(xﬁh)dx (2.25)
<

1 -
2 1P0 7110~ + %(M(t) + 12nl 2 ) 10x8 () [ = < Clipl g
which implies | 0:pp|| -+ < C for some constant C > 0 independent of h. When y = 0 the above constant C is obviously independent of t. When

y > 0, from (2.24) we can also tell that C is independent of ¢.
For the estimate of 0:p,,, we use Eqgs. (2.9) and (2.25) to obtain

[ 9G)0up () = = [ 9(IATpuCx)dx = [ Galt = )0l (Hpy ~ y) 19 (x)dx
< V|2 lpulp + [ [Ga(t = 1) = @ulon(Hpy = yx)de < Clgl

for any t € (tn, tn+1) and some constant C > 0 independent of & or t. Here the last step is estimated by the same manner as (2.25) and the fact
that |Go(t — tn) * ¢|| ;2 < | @] - The above estimate shows the second inequality of (2.15). ]

Remark 2.1. Notice that the second momentum assumption fozpo(x)dx < oo is only used in the estimate of 0;p;, (or Oip;,) [see (2.25)],
which is not necessary for the case y = 0.

With the uniform estimates in Lemma 2.1, we prove Theorem 1.1.

Proof of Theorem 1.1. From Lemma 2.1, there exist subsequences of {py, }1s0 and {py }yso (still denoted as {p; }nso and {py }rs0) such
that they converge to functions p,p € L (0, T; H/2(R)) n W"** (0, T; H™>(R)) respectively:

ph——p pn—pin L=(0, T;H/*(R)) as h -0,

and
Oupp — Bip, Oipn — Bp in L= (0, T;H>(R)) as h — 0.

Combining Lemma 2.1 and Aubin-Lions lemma, we also know
i)h - /3> Ph—=>p in L% (0> T;LIZGC(R)) as h—0,
and as a consequence of Holder inequality on compact set, we have

Pn—p> pn—pin L7(0,T;Li,.(R)) as h — 0. (2.26)

02:62:€0 20z Atenuer g0
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Leth > 0and t € (¢4, tn+1). From (2.8), we have

00 () = u(8) |» = [Galt = )5 (1) = pi(8) |,y — 0as 0.
The proof of the above convergence result is the same as the estimate (B2) in Appendix B. Hence, we have

p(x,t) = p(x,t), ae xeR, (2.27)
for all t € (0, T). Notice that dx[Ga(s:)¢(t)](x) = Oxp(x,t) as h — 0 for any x € R and ¢ € [0, T]. By the strong convergence of p, pj in

(2.26), we can take the limit as # — 0 in (2.11) and conclude that p satisfies (2.1). Hence, p is a global weak solution to (1.1). As a consequence
of (2.26) and (2.27), we have (1.10). m]

Remark 2.2. Notice that we do not have the uniqueness of weak solutions. For « = 0,2, one can use the convexity along Wasserstein
geodesics of the energy (1.6) to show uniqueness (see Ref. 8).

Also notice that we cannot obtain spatial analyticity even for solutions to the corresponding linear equations when 0 < & < 1, which can
be verified by the estimate (3.4) for fractional heat kernel in the next section.

I1l. GLOBAL SPATIAL ANALYTIC SOLUTIONS FOR THE SUBCRITICALCASE 1 <a<2

In this section, we are going to obtain global spatial analytic solutions to (1.1) with y = 0, 1 < « < 2, and initial data py € Lo (R). For the
case y > 0, the method used here is not applicable (see Remark 3.1). First, let us introduce Bessel potential spaces and give some properties of
fractional heat kernel G,. For more details about Bessel potential spaces, one can refer to Ref. 18, Chap. 6.

The Bessel potential (I — Oy )*/? and Riesz potential A” := (=0, )*/? for £ € R are defined via the Fourier transform:

[F(I=0:)"p)](E 1) = 1+ ) PLF@IE 1, [FAP)IED) = [ TF(P)](E ).
For £ > 0 and 1 < g < oo, the Bessel potential spaces are defined by
HY(R) = {f € S'(R), (I-3x)"*f eL'(R)} = {f e L'(R), A’feLi(R)},

where S'(RR) stands for the space of tempered distributions. When £ is a positive integer and 1 < q < oo, H*1(R) coincides with the usual
Sobolev space W*(R). For f € H*1(R), the homogeneous semi-norm is given by

¢
[flgea = A7 F e
Let us recall the following useful I” (1 < p < co) bound for the Hilbert transform (see Ref. 29 or Ref. 17, Remark 5.1.8):
[Hf e < Gl flrs Vf el 3.1)

where the best constant C, is given by
s
tan —, 1<p<2;
2p P

Cp = x (3.2)
cot—, 2<p<oo.
2p

In the rest of this paper, for £ > 0 we denote

C i= max{ sup [A*Ga(»1)|> sup Afaxca(-,nuy}. (3.3)
1<p<oo

1<p<oo
According to [Ref. 27, Lemma 2.2], we have
IAN“Go( 1) < C(1+ [x) 75 [A“DGa(- 1) < C(1 + [x]) 75,

which implies Cg4 < co. Later on we will use Co,« and Cy 4 for £ = 0 and ¢ = 1 separately. Moreover, since A ~ Ox, we also use C 4 as the upper
bound for sup, ,_, [02Ga(1) | -
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We have the following useful estimates for fractional heat kernel. The proofs for similar estimates can be found in other papers (e.g.,
Refs. 7 and 11). We put the proof in Appendix A.

Lemma 3.1. Let f € IP(R) for p > 1. Assumek € N, £>0and 1 < p < q < +00. We have the following estimates:

|AM Ga(t) 10 < Chok = —aig 54, (3.4)
1AM 8, Ga (1)1 < Chok e st & i, (3.5)
HA¥Ga( )] # f s < Chak TG e Cob) s (3.6)
IR 0:Ga( )] # flir < Chok ™+ Gm) i G) £, (3.7)
and
1 1 1
mt;(ﬂ)nca(-,t)*fny ~0, Vg>p. (3.8)

Moreover, the estimates for |Gu(+, 1) |10, [ 0xGa(+ t) |19, || Ga (- 1) * f |10, and |0xGa(+,t) * f |4 can be obtained by setting £ = 0 and k = 1 in the
above estimates.

In the following of this section, we show the local well-posedness, spatial analyticity and global existence of the solution to Eq. (1.1).

A. Local existence and uniqueness of mild solutions

Next, we are going to prove the local existence and uniqueness of mild solutions to (1.1) of the form (1.12) in space Xt defined by (1.13).
For 1 < « < 2, assume the initial data pg € L (R). Take g = -%; in (3.8) and we have

lgr&t % | Ga(:st) *POHLﬁ =0. (3.9)
Define the operator S:
t
($9)(01) = Galot) #po =[0Gl =) (p(5)Hp(5))ds.
We have the following theorem:
Theorem 3.1. Let 0 < pg € L= (R). For a > 0 small enough and T > 0 satisfying

sup t% | Ga(1) % po| 2. <a, (3.10)
0<t<T Let

there exists a unique mild solution p to (1.1) in the following subset of Xr:
Xj o= {f eXp: sup [F(O], 1 <2lpol an sup (5 F(D)] 2, < 2a}.
0<t<T 0<t<T

Moreover, we have p € C([0, T];LTil (R)) and p(x,0) = po(x), x €R.

There are different versions of the local existence of mild solutions for different equations, and the main ideas are similar; see, e.g., Refs.
4,5,and 7. Since some estimates in the proof of this theorem are useful in the rest of this paper, we are going to provide a complete proof here.

Proof. To show the existence, we only need to prove that S : X7 — X7 is a contraction mapping for a small enough.
Step 1: Assume p € X7 and we are going to show that Sp € X7 for a small enough.
Estimate of HSP(t)”Lﬁ-' From (3.7) with £=0 and q = p = -, by the M. Riesz theorem for L” (1 < p < 0o) boundedness of Hilbert

=
transform we obtain
10:Ga (-t =) * (p(s)Hp(s))[|, 1, < C(t =) < [p(s)Hp(s)[, 1,
<C(t-s) = ”P(S)”iﬁ

<C(t-s)"=s = sups= [p(s)]? =,
0<t<T Lot
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which implies

/t||axGa(';t—S)*(P(S)H‘D(S))” 1 dsSCazft(t—s)fisf%lds
0 Lat 0

_ Cg(l, L‘l)a{
« o«

where B(1,%1) isa Beta function B(B1,f52) = fol P71 = 5)P 7 ds with B, = 1/aand B, = L. For a small enough, we have

(3.11)

a—1

1 2
161, 1, < 1GaCa0) gl o, + CB( 1“2 )a” <2l 0 O<<T,
Estimate of sup,_,.r t5% [Sp(t) HLﬁ:From (3.7)with¢=0and g = -%;, p=_;, wehave

HaxG(x )

< C(t-5)" % |p(s)Hp(s)], 1,
_atl _a-l a1 2
<C(t=s) =s = supse p(s)] 2>
0<t<T

which implies

sup 15 [10,Gu(1t=5) * (p()HP()] 2, d

0<t<T

<C -suPt“f(t—S) _“ds<CB( l)az.
(X

0<t<T 2a
Hence, there exists a > 0 small enough such that

a1 a1 1 -1
sup ¢ [Sp(1)], 2. < sup £ [Gu(1) * pol 2, CB(f,L)a2<2a. (3.12)
0<t<T Let ™ ge<r - 2a

1 o

Since the proof of the continuity of Sp with respect to time ¢ € (0, T] in Le (R) is routine and tedious, we put it in Appendix B.
Step 2. We are going to show that S is a contraction mapping.
Consider p1, p2 € X7. We have

(>t =) * [(p1(s) = p2(s))Hpa(s)]ds

ISp1=Sp2||x; <
) X (3.13)
| [ 0Gut = 9) (9o (5) = pa()as

Xr

Similarly to Step 1, we have the following estimates for the first term on the right-hand side of (3.13):

sup
0<t<T

1 —
< CB(f,a
o

1

Lao-T

fotaxGa(u t=s)* [(pr(s) = p2(s))Hpi(s)]ds

1
allpr = p2fx
and

sup £ =
0<t<T

-
<CB|-, - :
(35 )allpl pal,

2

La-1

[ 0GuCat =9 [(p1(5) = pa()) Hpr (9))ds

We have similar estimate for the second term in the right hand of (3.13). Hence

ISp1 = Spally, < Callpr = pally,. (3.14)

This shows S is a contraction mapping for small enough a > 0.
Step 3. In this step, we are going to show the time continuity at ¢ = 0. Since

lim [Ga( ) *po = poll, 2, =0,
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we only need to show
t
ltin(} H[ OhGa(t—s) * (p(s)Hp(s))ds|| , =0. (3.15)
=0 || Jo L

Let p be the solution constructed by Step 1 and Step 2. Consider another two positive numbers @ < a and T < T such that (3.10) holds for &
and T. We could obtain another solution j in the corresponding space X. Similarly to (3.14), we obtain

Ipplix, < Calp—plx

which implies p(t) = p(t) for 0 < t < T. Due to (3.9), as T — 0, we could choose & — 0 Combining (3.11) for & — 0, we have (3.15). ]

B. Regularity, nonnegativity, and analyticity

In this section, we improve the regularity of mild solutions step by step and obtain the nonnegativity. Then, we show the spatial analyticity
of solutions.

For the regularity of mild solutions, the strategy is as follows. We first show the hypercontrativity estimate that the mild solutions
belong to L? spaces for any ﬁ < g < oo. Then, we estimate the derivative of mild solutions. The time decay property can only ensure the
improvement of fractional step 0 < £ < a — 1 for the derivative. Step by step, we could improve the regularity of solutions to any order we
want. For the nonegativity, we follow the same idea as in [Ref. 23, Lemma 2.7]. However, comparing with [Ref. 23, Lemma 2.7] where the

initial data py € L (R) n I (R) for some —1; < p < oo, we only need the initial data pg € L (R). We have the following theorem:

Theorem 3.2 (Regularity and nonnegativity). Let 0 < py € L (R). Then, the mild solution p obtained by Theorem 3.1 is a strong solution
for t > 0 belonging to C*° ((0, T]; H*(R)) for any 6 > 0 and 1/(a — 1) < q < co. The following time decay estimates for derivatives hold:

O anor < G2 04), L j<oo, 0<ts<T, (3.16)
P HP(R) 1 q
o«

and .

|0Ep(t) |~ <Ct™ = 7', VneN, 0<t<T. (3.17)
Moreover, p(x,t) > 0 foranyt € [0,T], x € R.
Proof. Denote
t

p61) = pr(s ) ~pa1) = Gals 1) #po— [ :Galot=5) # (p(5)Hp(s))ds (318)

The first term p, (x,t) = Ga(:,t) * p, is the solution to the fractional heat equation with initial date p,. Due to instantaneous regularization of
the fractional heat equation, we have p; € C™(R x (0, 00)). From (3.6) with p = 1/(a — 1), we obtain

ke 1 1) ke 1 1
o1 () gsen = A G 1) % pol o < ikt ¥ 5 (13) 100 (143) (3.19)

for1/(a—1) < q < 00,0 <t < T.Next, we separate the proof into several steps.
Step 1. In this step, we are going to prove

1

() s < Cot ™+ (153, S <g<oo, 0<tST (3.20)
o —
for some constant Cy independent of q.
For p, (t), using (3.9) with £ = 0 and k = 1, we have
lor ()] < Coallpol 6740430, (321)

Next we deal with p,. From (3.7) with £ = 0 and 1/(a— 1) = p < q < o0, we have

POl < Gaa [ (=5 D pHp) 1,

02:62:€0 20z Atenuer g0

t —1+L a1 a=l 2
< Co,acz/(a,l)/ (t—s)"Tas w ds-sup s« |p(s) Hszj (3.22)
0 0<t<T
1 1\ _ipt(1et
= 4ﬂ2Co,aCz/(a—1) B(*> *)f H;‘(H;),
aq «
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where we have used (3.1) for p = 2/(a — 1). Hence, (3.20) holds for 1/(a - 1) < g < oo.
From (3.7) with £ =0, p =2/(a - 1) and q = oo, we have

t a+l
2D~ < Coa [ (0= % Ip()Hp()] 2, s

atl _ 3(a=1)

t
< CoaCipgemny [ (1) 5575 ds- sup ™5 (3]} .

Because -1 < — &1 3(‘;;1)

<0and-1< - <0, from (3.22) with g = 4/(a — 1) we obtain

4.3 2 2 a—11 a—-1 3-a —1+1L
”PZ(t)HL”" < 16a CO,acz/(a—l)C4/(a—1)B ( i ,&)B( 2’ o )t a, (3.23)
Because of the definitions of B(-,-) and C, by (3.2), from (3.22) and (3.23), there exits Cy (independent of g) big enough such that
Co —1+1 L(1+1) 1 4
t < —t ) £g< >
lp2(t)lae < = O L
and C
lp2(£) 1= < 2" e, 0<t<T
For4/(a—-1) = s < q < oo, we could use the interpolation to obtain
. . Co -
Ipa(t) s < 2O pa ) [ < 27420, (3.24)
Combining (3.21) and (3.24) gives (3.20) for Cp large enough.
Step 2. In this step, we are going to prove p(t) € H*/(R) forany 0 < £ <a—1,1/(a—1) < g < oo, and
_1-4t4 (1+ ) 1
lp(t) ] ea < ct' et , [S9< 00 0<t<T. (3.25)
o —
Because of (3.19), we only need to show (3.25) for p,.
From (3.7) with p = ¢, we have
¢ fine
lp2(D)lggea = A p2(8) 1 < /0 |A"0xGa (-t = 5) * (p(s)Hp(s)) 12 ds
¢ s
< ¢ [ (=97 Jp(s)Hp(s) |1 ds
< C/ (t—s) 22D s sup sZ*i(Zﬁ)HP(S) [
0<s<T
Forany 1/(a—1) < q < oo, we have -2 + (2 + é) > —1. Hence, for 0 < £ < & — 1, we have
t b 0 1 (141
lo2(O)lgea < C [ (=975 570 2 gs < i (), (3.26)
0
From (3.7) with g = oo, we have
¢ fine
lea()lgem = NP2l < [ IADGu(1 =) # (p(5)Hp(s)) i ds
t _erl_ 1
<C [ (=9 E () Hp(s) |y ds
t +1_ 1 1 1 1
< Cf (tfs)f%fﬁsfzﬁ(“ )ds sups ;(2+;)HP(S)”izp.
0 0<s<
Hence, for 0 < £ < & — 1 and p < oo big enough, we have —% - P—a > —land (3.25) holds for g = oo.
Step 3. In this step, we are going to prove that if p(t) € H*(R) for any > 0 and 5 < ¢ < oo satisfying
lp(8) s < G2 043), (327)
J. Math. Phys. 64, 091506 (2023); doi: 10.1063/5.0151230 64, 091506-13

Published under an exclusive license by AIP Publishing

02:62:€0 20z Atenuer g0


https://pubs.aip.org/aip/jmp

Journal of ARTICLE . —
Mathematical Physics pubs.aip.org/aip/jmp

we have p(t) € H**%1(R) and
_Bre 1
1p(0) | yseea < CE 55 72 (55), <g<oo, 0<i<T. (3.28)

Since (3.19), we only need to show that p, (x, t) satisfies (3.28). Notice that AP(Hp(s)) = H(APp(s)) and hence for 1/(a—1) < q < oo,

| AP (Hp(s)) |l r = [H(APp(s))

This implies Hp € HP4(R) for 1/(a — 1) < q < oo. By the Sobolev embedding for g big enough, we know Hp(s) € L (R). Therefore,

1 < [AFp(s) s < oo

p(s), Hp(s) e HP(R) n L™ (R).
From fractional Leibniz inequality (see, for instance Ref. 21), we have
1A% (p(s)Hp()) s < C(IA"p() o [Hp2(5) ]2 + A Hpa(s) s p2(5) |1 ) (329)

for
[ T R
q ql qz q3 q49 15 PRI B )

Combining (3.20), (3.27), and (3.29) gives
o) HP(S) 50 = 1A o () Hp(s)) ] < €272 (3, (330
From (3.6), (3.7), and (3.30), the following holds for 1/(a — 1) < g < oo
|48 pa(8) 15
< [IADGaC =) 5 (A o) (N s ds [ 1A DGt =) 5 (p(5)Hp(5)) s
< (s TG Db oy mp() s s+ € [ (19 0Dy a9 s
<Cf (t-s) © % w(Gmp) gt (e ds+Cf (t—s)’MH*I("i){“i(”ﬁ)ds

1

O S G e G BRCTr e e G PR C )

Choose & = t/2 and we obtain the estimate for p, (x, t).

Step 4. Notice that the Bessel potential space H** (R) is not the same as Sobolev space W>. Hence we give the details of the proof
of (3.17) in this step. We only need to estimate p, (), and the estimate for p, (¢) can be obtained by Lemma 3.1. By the same method as for
(3.30), we also have

9% (p(s)Hp(s) |1 < Ct 25+ (1), (3.31)
From (3.6), (3.7), and (3.31), the following holds for 1/(a—1) < p < coand 1 < n < oo:
10%p2 () =
t n g n+1

< [ 100GaCt =) 12PN = ds s [ 117 Gt =) # (p(5)Hp(5)) 1=

t 1 1 § n_1 1
<c [(e- 9 D) I ds+ € [ (0= D () Hp() 1 ds

0

t 1 1 n, 1 1 8 1 1
st; (t—s)f?(lﬁ)s727;+3(2+5)ds+ C/ (t-s 77(” )572+?(2+5)ds
SC(t_8)1—§(1+;ﬁ)8—2—5+§(2+1{) L C(t-0 —;—;(1+ )8—1+i(2+1{).

Choose 8 = t/2 and we obtain the estimate for p, (x,t).

Step 5. In thls step, we are going to show the regularity of time for the mild solution p. First, let us prove p € C((0, T]; H*I(R)) for any
6>0andq > ;. Forany ¢ > s > 0, we have

p(t) = Ga(t =5) *p(s) = fst@cGa(-,t— 1) * (p(7)Hp(7))dr.
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Therefore,
lp(t) = p(s) o

¢ (3.32)
< 1Galat =) #p(5) = p(5)lgs + [ 1Gu(et =)+ Ou(p(E)HP()) sl

The first term in the right hand side of (3.32) goes to zero as |s — | — 0, because the solution of fractional heat equation is continuous at the
initial data p(s) in H%I(R). For the second term in (3.32), due to (3.6) for £ = 0, we have the following estimate:

[Ga(rt = 1) % Bulp(x)Hp(x)) s < Cllp(r) Hp(x) | osa.

From Step 3, we know that [ p(7)|| 4o+ is uniformly bounded for 7 € (s, ). Therefore, the second term in the right hand side of (3.32) also
goes to zero as |t — s| — 0.
Next, we improve the time regularity. Choose an arbitrary o € (0, T') and set the new initial data

po := p(to).

With this new initial data, we have a mild solution

p(t) =p(t+ty), te[0,T—t],
which satisfies .
p(x,1) = G- t) * po — /0. OxGu(-t —s) * (p(s)Hp(s))ds. (3.33)

Notice that for f € L(R), because G4 (-, t) * f is the solution of fractional heat equation u; = —vA“u with initial data f, the following holds:
Ga(nt) % f - f = ffotm“ca(-,s) « fds (3.34)
Combining (3.33) and (3.34) yields
[ loap() - 0up () () Jan
- f NG ) % pud - f t f " VAT [BcGa( 7~ 5) * (p(s) Hp(s)) Jdsdr
- [[opoHp(0)dr
=Gty +po—po) = [ [ A [OGu (7= 5) # () HP(5)) Jdnds
- [ opoHp(0)dr
= Galat) # o= [ [0.Gu(1=9)  (P(5)Hp(s))ds ~ o

which implies

t
[ 1) - 0up(m)HA() dr = (1) = o (3.35)
Because dx(pHp) € C([0, T - to]; H*(R)), V6> 0, q > -L we have

pe C([0,T - t]; H¥(R)), VO>0. (3.36)

Since fy is chosen arbitrarily, the time regularity is obtained.
Step 6. In this step, we are going to show the nonnegativity of solutions.

Consider a sequence of smooth positive functions p,,, such that p,, — p, in Lo (R) as n — c0. By (A6) forp = ﬁ andg = ﬁ, we have

IGa(>t) * pon = Ga(-5t) * pollx; = 0, 1= oo.

Recall Theorem 3.1. For a small enough, there exists (a uniform) T' > 0 such that (3.10) holds for all n € N, i.e,,

a=1
sup £ |Ga( 1) * poul, 2, <a.
0<t<T

02:62:€0 20z Atenuer g0
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Hence, Theorem 3.1 gives a sequence of solutions p, € X7 with initial data p,, in a uniform time interval [0, T]. Due to Ref. 24, Lemma 2.7,
we also have p, > 0. Similarly to (3.14), we obtain

lpn = pllxr < [Ga(:t) * pon = Ga(- 1) * pollx, + Callpn = pllxr» (3.37)

which implies

1
Ca [Ga (- t) * pon — Ga (- £) * pox, = 0, n— oo (3.38)

n—pllx, <
lpn = pllxe < 1=

Because p,, p € C([0, T];Lﬁ (R)), we have ||p.(t) _P(t)HLﬁ — 0asn— oo forany 0 <t < T. Since p, (t) > 0, we obtain p(¢) > 0 for a.e.
x € R. Since p(t) € C*(R) for t > 0, we obtain p(x,t) > 0 for all x € R.
This is the end of the proof. o

To prove the spatial analyticity of mild solutions, we need to obtain more explicit estimate for the constant in (3.17). We are going to
generalize the method used in Refs. 16 and 31 for the case of fractional diffusion. First, let us introduce a useful lemma about an estimate for
multiplication of sequences, which was proved by Kahane,'” Lemma 2.1. The original lemma is for multi-index, and here we only need to use
the following one dimensional version for integers.

Lemma 3.2. Let § > % Then there exists a positive constant A depending only on § such that
> (]f)j’"‘s(k—j)"*f*‘S <MY, vkeN.
o<j<k

Here, we use 0OF = 1 forany p € R.

We have the following more explicit estimate for (3.17):

Theorem 3.3 (Spatial Analyticity). Let p(t) be a mild solution given in Theorem 3.2. Then

108p() ey < K" 572000 wneN, 0<rsT (3.39)
for some constant K independent of n and ﬁ < g < oo. Consequently, p(-, t) is spatial analytic for 0 < t < T.

Proof. Let n € N. Notice that we only need to prove (3.39) for n big enough. We use induction to prove this. Assume that there exist
constants K (independent of q) and & > 1 such that

107 p(8) e < K™= 572 0%0) gcpar (3.40)

holds for any 5 < g < 00 and m < n. Then, we prove that (3.40) also holds for m = n. The cases for g = o0 and q = _1; follow easily after we
obtain the results for - < g < 0.
Due to the regularity results Theorem 3.2, we only need to show (3.40) for n large enough. We have

t
H&?P(f)llvfﬁHafpl(t)HLHfo |050xGa (-t = s) * (p(s)Hp(s)) [ 1o ds
1o m) ot
2;(1 fmflf
t

o 100Gl = 5) % (p(5)Hp(s)) 1 ds

n

O 0,Ga(+t = 5) * (Dp(5) L Hp(s)) | ds

™

<|188p1 ()] 1o +

-3

02:62:€0 20z Atenuer g0

(3.41)
t n . .
> ( - )Haxca(~, = 5) + (O1p(s)0 T Hp(s)) s s
"ff1<j<n ]
t
b [ 10:Gaat =) # [p(LHp(s) + OLp(s) Hip()] 1 ds
= :A1 +A2 +A3 +A4 +A5.
Letp:=2+1-1(1+ é) Next, we are going to estimate A; respectively, 1 <i < 5. From (3.19), choose K big enough and we have
Ay =821 (6) | 1r < Cpantt ™ < HR" 200" (3.42)
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For A;, we use (3.7) for 15 < p < q to obtain

my
n

= n—m nomoy g —”‘—”‘—am m j m—j
o 3 om0 [ S (000 o) s
m=2 j

n j=1
where we choose p close enough to g such thata := 1 (1 + 117 - %) < 1. Using Holder’s inequality (for 11) = i + ﬁ), (3.1), (3.40), and Lemma 3.2,
we obtain
U R A m—j m—28 _m—8 —M_b
j |0zp(s)0:™ "Hp(s) | r < CopK™ F'm™ s
=1

J

for0<b:=2-1(2+ 11)) < 1. Therefore, choose K big enough and we have
= n—m Mg m-28_ m—0 i Mg M}
A<y Gl (n=m) = CypK™ " m (t—s5)" « s« ds
m=2 ot

nl —m — % —_h-m_ —_m_
<SEHCRK"™S (n=m) @ 'm0 [ T (1-1)T T T e

m=2 n
T TR s R
a i an n—m m—1
_ t_‘MCZ Kn—28 ni:l T’IH mm—é’(; ) %H?.
i m=2 m—1
We claim that for n big enough we have
n—1 s 1 2+b s
Z n'm™ (7) <n"°. (3.43)
m=2 m—1
See the proof of (3.43) in Appendix C. Hence
Ay < TFCK" 0, (3.44)

For A3 and A4 in (3.41), choose K big enough and we have

n
} /
0

- n | —1_g 1-b]
u no“+a n _ “-a_1-b
<tHCyCrgn .[0 1% b[(l 7) T ] dr (3.45)

D0.Ga(t = 5) * (p(YHP(5)) |12 ds < £ CoyCln™™ [ 7 (1= 1) " e
0

- P | 1o\a* 25 ne
S CyClan™— b(1 + 1) n’ T < HC,K 0,
- —

When 7 big enough, it holds that

1 u
Ay < CzpCo,az‘fﬂK”*Z‘Sn"*sfﬁ1 (1- T)furffbd'r

1 1 2+b 1 1-a (346)
< ——CypCout K" ?n"? (1 + —) ' (7) <M CpK" 0,
1-a n-1 n
Next, we separate the proof for three cases to detal with As.
Case1:2/(a—1) < g <4/(a—1).In this case, set p = q/2 > 1/(a — 1). By Holder inequality and (3.1), there holds
18%p(s)Hp(s) + p(s)OiHp(s) | 1» < 2Cq[[ 0z p(s) 1 lp(5) [ o-
Denote
Bu(t) := sup s [9¢p(s) | -
0<s<t
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We have the following estimate for As when # big enough:

As = [ 10:Gulat =) » [00p(5)Hp(s) + p(5)LHp()] s ds

n

t
< Coa fn;lt(t =) [9kp(s)Hp(s) + p(s)OcHp(s) | » ds

n

t
<2C,CoCoq f (£ =)™l p(s) o ds
n=ly

1 n
< 2CqC0C0,at7#/4 (1- 1) dr - By(1)

1 g-*—h 1 1-a C
SZCqCOCO,,xt_”(l + ) (f) Bu(t) < —Lt7"B,(t),
n-1 n nz

where Cy is given in (3.20), and we used
2+b
ZC()C(),,,,(I + anl)a

l-a

nz

<1

for n large enough (due to a < 1). Notice that Cy, = C4. Combining the above estimates yields

10815 < (A + As + As + Ag + As) < 4CK" P+ S9 B, (1),

n:?2

(3.47)

Since 2/(a - 1) < g < 4/(a - 1), by definition (3.2), Cy is uniformly bounded. Therefore, for 1, K large enough, the above inequality implies

Ba(t) < KOPK"n"?,
Case2:1/(a—1) < q<2/(a—1).In this case, let p = 1/(a — 1). Then, we have
05 Hp(s) + p()OLHP(5) 15 < 2Cap| () o p(5) o
< 2C)CopK PR 05,

where we used Case 1 for L (R) with 2p = 2/(« - 1), and Cy is given in (3.20). Then As can be estimated as follows:

As = f;tHaXGa(» t=s) * [p(s)Hp(s) + p(s)07Hp(s)][ 12 ds

< Co,a/;t(t —5) " 0:p(s)Hp(s) + p(s)Ox Hp(s)||r ds
<2CoCoaCopK K" "n"™? fn;tlt(t —s5) % = ds

- ZCOCO'“C2PK76/2Kn76n"76t7y f;ll (1-1)“r + bdr
< 2C0Co,aC2pK_6/2K"_5n”—5t—M(1 N ;)3”’ ( 1 )l—a‘

n-1 n
Because a < 1, by 2p = 2/(a — 1) and definition (3.2) of Cy, for n big enough, we have
1 2+b 1\
ZCOCO,aCZP(lﬂ- 7) (*) <1,
n-1 n
which implies

As < KPR 0ym0p#,

Combining (3.42), (3.44)-(3.46), and (3.48), we obtain

5
108p(1) s < 37 Ai < 4C3p K" 20" 04 4 KPR n" 0 < K" 0n" 0t

i=1

(3.48)
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Case 3: a%l < g < oo, In this case, let p = 2/(a — 1). Then with the same manner as Case 2, we could prove the results by using Case 1 for
L?(R) with 2p = 4/(a - 1).

From the above proof, we see that only the information of C, for 2/(a — 1) < q < 4/(a — 1) was used, where C; has a uniform bound.
Hence the constant K is independent of g. O

C. Maximum principle in L°P(R) (p > 1) and global extension

In this subsection, we are going to finish the Proof of Theorem 1.2 by extending the solutions in Theorem 3.3 globally. We have the
following maximum principle results:

Lemma 3.3. Let p be a nonnegative strong solution to (1.1). For p > 1, we have

ey < lp() iy t>s>0. (3.49)

Proof. For p =1, we have
I = llpolls > 0.

For p > 1, we have

pdtfpp(x, f)dx = fpp Orpdx = fpp Ox(pHp)dx — fpp vA”"pdx. (3.50)

For the first term in the right-hand side of (3.50), we have
- [¢ @@Hm&=4—ff@ﬁme

P [ D000 g

_p- //(PP(JU) P"(y>t))(P(x>t) LZDIN
ey

<0.

For the second term in the right-hand side of (3.50), we have

_v[Rpp-lAapdxz_g[R/R(p"’l(x,t)—P"’l(y,t))(P(xJ)—p(y,t))dydxgo_

|x_y‘1+rx

Combining the above two inequalities and (3.50), we obtain (3.49). ]

Theorem 3.4. Assumel <a<2and0<pg € Lo (R). Then, the local mild solution p given by Theorem 3.1 can be extended globally.

Proof. Due to Theorem 3.1, there exist a > 0, T > 0 and a unique local mild solution p to (1.1) in X7 such that

sup % Ga(-t) *po| = <a, suptw )|, = <2a
sup 5 1Gu ) %ol 2, ey <00 15 (0],
Fix 0 < tp < T, and combining Theorem 3.2 and Lemma 3.3 yields
lp(), 2 <lp(t0)ll, 2> Vs=to. (3.51)

From (3.51) and (3.6) withk=0andp=¢q = 1,weobtam

|Ga(- 1)

L Sle(@)], 25 s>t

Set

2a

%:“MML&)'
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For s € [y, T], we have
a=1
sup 17 1Gu( 1) %p(5) ], 2, < sup 15 - [p(t0)], 2, <a

0<t<Ty 0<t<Ty

Due to Theorem 3.1, we can extend our solution to s + Ty for any ¢y < s < T. Moreover, this time span T} is uniform for any s > t,. This proves
global existence. O

Remark 3.1 (The case for y > 0). When y > 0 and 1 < a < 2, the above method for y = 0 is not directly applicable. However, we believe
the solution to (1.1) is also analytic. For example, consider (1.1) with y > 0and a = 2, i.e.,

{&[) + O[p(Hp—yx)] =vAp, t>0, xeRR, (3.52)

p(x.0) = po(x), xR

Due to transformation (1.4), we have

-1
pxt) = "pl xS ),
plxt)=e p(e x 2
where p is the solution for (1.1) with y = 0 and & = 2. Hence

2yt
(n+1)yt on e’ -1 oyt
Y Byp(y, 2 ), y=e"x

Oxp(x.t) = e

By Theorem 3.3 and the above relation, we have

[02p(£) 1= = e

Because

the above estimate is compatible with (3.39) for « = 2 as y — 0, and it also implies the spatial analyticity of the solutions to (3.52).

IV. GLOBAL SPATIAL ANALYTIC SOLUTIONS FOR THE CRITICAL CASE a =1

In this section, we are going to prove the existence and uniqueness of spatial analytic solutions to the critical equation (1.1) with & = 1,
y > 0 for initial data —v < po € L'(R) n H(R) (s > 1/2). When p, > — for 0 < y < v, the spatial analytic solutions exist at least in the time
interval (0, T) for T = %ln (% — 1) (T = oo when y = 0). When p, > 0, the spatial analytic solutions exist globally and pointwise convergent
to the steady state will also be shown.

A. Well-posedness of complex Burgers equation on the upper half plane
First, we derive the complex Burgers equation from Eq. (1.1) with a = 1. For f,g € I?(R) (p > 1), the Hilbert transform has the following
properties (see e.g., Ref. 28):
H(Hf) = ~f. 0.(Hf)=Ho,f, and H(fHg+gHf) = HfHg - fg
Applying the Hilbert transform to the Eq. (1.1) yields
Oi(Hp) + HpHOyp — pOxp — yOxH(px) = vOxp.

Moreover, for g € L! (R), we have

H(xg(x))=1 yg(y) p f(y— 20 g, p /Xg(y)

02:62:€0 20z Atenuer g0

(4.1)
= xHg(x) -~ [R g()dx,
which implies
H(px) = —@ + Uux. (4.2)
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Combining the above two equations yields
Ot + udyu — pOyp — yOx(ux) = vOxp. (4.3)

Set
f=u—ip, u = Hp.
Then f gives the trace of a Holomorphic function in the upper half-plane. Combining (1.1) and (4.3) yields

O f+ fOcf—y0u(fx)=ivds f, x€R, t>0.

This corresponds to the following complex equation in C,:

O f+fO. f—y0:(fz)=0cf + fO. f —yz0. f —yf =ivO; f, t>0. (4.4)

By the linear transformation g(z,t) = f(z,t) — yz, we have

0g+80:g~y'z=0f +(f ~y2)(0:f ~y) -7’z
=0 f+f0:f —yz0: f —yf = iv(8:g +),
which is
g+ (g-iv)0.g = Y’z + ivy. (4.5)
Next, we derive the initial data for (4.5) with initial data p, for Eq. (1.1). Let py € L'(R) n H'(R) with s > 1/2 be the initial data for Eq. (1.1).

The initial data p, can be extended to a C,-holomorphic function by Hilbert transform (also called Stieltjes transform, Borel transform or
Markov function) for positive measures:

fo(2) . Mds, z=x+iyeCs. (4.6)

TJIJRZ—S

Direct calculation shows that

foly= L [E g L B et [ po(s)ds

nJrz-s nJey? + (x—s) nJry" + (x-5s)
=t Rpo(x,y) = iPpo(x,y),
where Pp,(x, y) and Rp,(x, y) are given by the convolution of p, with the Poisson kernel and the conjugate Poisson kernel given by

1 x

L
Py(x) := ;yz e and Ry(x) := gy (4.7)
Furthermore, we have
111(1)1 [Rpo(x,y) —iPpo(x, )] = Hpo(x) —ipo(x) fora.e. x € R.
y—0+
Hence, fo(x) = Hpo(x) —ipo(x) fora.e. x € R. Let
20(2) == fo(2) —yz, z=x+iyeC,. (4.8)
Then, g, is a C-holomorphic function. Consider the following Cauchy problem of the Burgers type equation in C.:
{ [Oig + (g—iv)D:gl(zt) =Yz +ivy, z=x+iyeCy, (4.9)
8(2,0) = &(2). '

Next, we prove the existence and uniqueness of C.-holomorphic solutions to (4.9) by the method of characteristics. Consider the
characteristics given by

%Z(w, t) =g(Z(w,t),t) —iv, Z(w,0)=w € Cs. (4.10)

Then,
d? d
21 = Le(Z(w,0),0) = [ + (g~ iV)0:g) (Z(w,1),) = ¥’ Z(w, 1) + vy,
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with initial date

Z(w,0) = w, gZ(w, t)‘ =go(w) —iv, weC,.
dt =0

Equation (4.10) gives the following complex trajectories:

(w + iz) cosh yt + 1(gg(w) —iv) sinh yt — i¥, y>0,
Y Y Y

Z(w,t) = (4.11)
(go(w) —iv)t+w = (fo(w) —iv)t+w, y=0.
Here, we only treat the case for y > 0 and the proof of the case y = 0 is similar. Let
Z(w,t) = Zi(x, 0, t) +iZo(x, 9, 1), w=x+iyeCy,
and we have real part:
Z1(x,y,t) = x cosh yt + 1Rpo(x,y) sinh ypt — x sinh yt
L 4.12)
=xe " + —Rpo(x,y) sinh yt,
Y
and imaginary part:
1
Zy(x,p,t) = (y+ Z) cosh yt — (pro(x,y) + X) sinh yt — y sinh yt - Y
Y Y Y Y (4.13)

VY 1 . v
=|y+— e = =Ppo(x,y) sinh yr — —.
(}/ )’) Y poley v Y

Because the initial data g (w) in (4.9) is a C,-holomorphic function, Z(w, t) given by (4.11) is C-holomorphic of w for any ¢ > 0. Next,
we give a lemma to show that for any fixed time ¢ > 0 the backward characteristics of (4.11) are well defined on the set C. This result is an
analogy of [Ref. 9, Lemma 2.2]. We have:

Lemma 4.1. Let 0< < v and —u < py € L'(R) n H'(R) with s > 1/2. Denote T = %ln(% —1) (T = oo when y=0). Then for fixed
0<to < TandfixedZ =7, +iZ, € C,, there exists a unique w = x + iy € C, such that (4.12) and (4.13) hold.

Proof. Given o > 0, denote

—
a=e’",

1
b := —sinh yt.
Y

Then (4.12) and (4.13) become
v
Zi =ax+bRpo(x,y), Z,=ay—-bPpo(x,y)—(1- a);.
Step 1. In this step, we prove that for any x € R, there exists a unique y > 0 satisfies (4.13) for Z, > 0 and 0 < to < T. Notice that

l-av 1—e 2 N 2
v+l T4

by N e h b (4.14)
Because p, € L, we know Pp,(x,y) is a bounded function on R%. By the property of Poisson kernel, we have limy— 100 Pp, (%, ¥) = 0 and
hence
lim Zz(x,y, t()) = t00,
y—>+oo

02:62:€0 20z Atenuer g0

v l-av (4.15)
ylir&Zz(x,y, to) = —bpo(x) + (a - 1); = —b[po(x) + by] 0.
Hence, for any fixed Z, > 0, there exists a point y > 0 depending on x such that
v v
Zy = a(y+ f) = bPpo(x,y) — —.
Y Y
J. Math. Phys. 64, 091506 (2023); doi: 10.1063/5.0151230 64, 091506-22

Published under an exclusive license by AIP Publishing


https://pubs.aip.org/aip/jmp

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

Next, we prove the uniqueness of y. Suppose there exist y, > y, such that
v v
Zy = ay, — bPpo(x, 1) + (a— 1); =ay, — bPpo(x,y2) + (a - 1);

Because Pp(x,y) +u = P(p, + ) (x,y) > 0, we have

yuy2 > Zafa~(1-1/a)v/y - ub/a,

and
P(po +u)(x:01) P(po +u)(x92) a

y1—2Z2fa+ (1=1/a)v]y+publa - y2—Zafa+ (1=1/a)v]y+ubla T

Because function

- y ) 1
h(y) = y—2ZyJa+ (1-1/a)v]/y+ubla y2 + (xfs)2

is a decreasing function for y > Z,/a — (1 — 1/a)v/y + ub/a, we obtain a contradiction.
Now we denote by yz, (x) > 0 the solution of (4.13) with fixed Z, > 0, t, > 0 and x € R. Hence, we obtain

a(yzz (x) + ;) - ; —Zy = bPpo(x,y7,(x)). (4.16)

Step 2. In this step, we prove there exits a unique x satisfies (4.12) for fixed Z1, Z, and to. Since py € L'(R) n H'(R) (s > 1/2), it follows
that Hpy € L (R) and therefore Rp, = PHp, is a bounded function over R%. Furthermore,

liI:gl [ax + bRpo(x,y7,(x))] = £oo. (4.17)

Hence, for any Z; € R, we can find a x € R such that
Z1 = ax + bRpo(x, yz, (x)).

To prove the uniqueness, we only have to prove the following function

q(x) = ax + bRpo(x,yz,(x))

is an increasing function. Taking derivative of (4.16) with respect to x gives

d OxPpo (%, yz,(x))

-— x) = . 4.18

%)= 40, Bpo 5,y () 419
Use (4.18) and the Cauchy-Riemann equations

axRp() = —8}/Ppo, axPpo = 8}/Rpo, (4.19)

and taking derivative of g(x) gives

d 4(x) = b(a/b + dxRpo)* + b(d:Ppy)?

A oo ey ()

To prove the increasing of g(x), it suffices to show
a/b+ OxRpo(x,y) >0 (4.20)

for any (x,y) € R% satisfying y > 0 and a(y + %) —bPpy(x,y) — ; >0, ie, a(y+ %) —bP(po +u)(x,y) - % +bu >0. We prove this by a
contradiction argument. Suppose that
a/b+ OxRpo(x0,y0) <0

for some point (xo, y9) € RZ with

02:62:€0 20z Atenuer g0

v
ayo — bP(po + ) (x0,y0) 2 (l—a); -bu>0, (4.21)
where we used (4.14) in the last inequality. Due to
2, 2
-y +s
————ds=0, y>0,
/R ( y2 + S2)2 Y

J. Math. Phys. 64, 091506 (2023); doi: 10.1063/5.0151230 64, 091506-23

Published under an exclusive license by AIP Publishing


https://pubs.aip.org/aip/jmp

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

we have

1 2 (x0—s)°
—a/b > 8xR,D0(x0,}/0) = ;AWPO(S)CIS
0

LRG0 ) 4 s

S Je[R o+ (x0—5)7 P
1 [ =y — (%0 -5)° P(po + ) (%0, y0)
>— | 4= s)+ulds = ——— 2
nJr [yé + (xO 75)2]2 [PO( ) nu] }/0
which is a contradiction with (4.21). |

From the above lemma, we know that the backward characteristics are well defined on C in the time interval (0, T'). More importantly,
for any Z € C, the initial point w must be an interior point in C,. For any t > 0, we denote the backward characteristics as:

Z'(+1):Cy » Cs.
From the uniqueness in Lemma 4.1, Z~* (-, t) is an 1-1 map.

B. Spatial analytic solutions to Eq. (1.1) with a =1
By Lemma 4.1, we have the following theorem which covers the results of Theorem 1.3:
Theorem 4.1. Let 0 < y < vand —u < po € L'(R) n H'(R) with s > 1/2. Denote T = iln (% —1). Then, we have

(i) The complex Burgers equation (4.9) has a unique C-holomorphic solution g(-,t) for t € (0, T), and g—;g(', t) is a holomorphic function

of z on C for any positive integer k and t > 0.
(ii) For any t >0, the trace of f(z,t) = g(z,t) + yz on the real line gives an spatial analytic solution p(x,t) > —ue” to the Eq. (1.1) with

p(x,0) = p,(x) and g—:kp(x, t) is an analytic function of x € R for any positive integer k. Moreover, the total mass |p(t)| 1 is conserved:

lp(®) ] = llpoll - (4.22)

(iii) Fory>0and p = 0, the solution g(z,t) exists globally and converges to the steady state:

tlimg(z,t) =iv—\/(yz+iv)? =2y, VzeCs,
and (1.17) in Theorem 1.3 holds.

Proof. Step 1. Proof of (i). From Lemma 4.1, we have Cy c {Z(w,t) : w € C+} and Z™'(-,t) is well defined on Cy for any fixed time
t > 0. Denote the preimage of Z(-, t) as:
2N (Cht)={weCy Z(w,t)eCTi}.

Denote 1
a(t):=e”, b(t):= - sinh yt.
Y

For (x,y) € R% and Zs(x, y,t) > 0, by the Cauchy-Riemann equations (4.19), we have

Z Z t b(t)OxR b(t)0,R
|Zw(w,t)| _ ‘a(zl’ZZ) (x’y) _ O0xZy a}’ 1 _ a( )+ ( )a Lo ( )a)’ L0
(%) nZsy OyZs ~b(t)d:Ppy  a(t) - b(t)8,Ppo
= [a(t) + b(t)8xRpo]” + [b()DxPpo]’| o) > O (4.23)

Due to (4.15) and (4.17), we obtain
|Z(w,t)] > +o0 as |w| > +oo,

which means Z(-, t) is proper (Ref. 22, Definition 6.2.2). By the Hadamard’s global inverse function theorem (Ref. 22, Theorem 6.2.8), there
exists an inverse function Z ™' (-, t) such that
Z'(4t): Ty » 271 (Ci 1)

02:62:€0 20z Atenuer g0
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is a bijection. We also know Z~ ! is C,-holomorphic since Z is C-holomorphic. Moreover, for any z € Cy, there exists w = Z ™ (z,t) € Cs.
Duetoz=Z(Z ' (zt),t) € Cy and |Zy (w, t)| # 0 [by ((4.23)], we have

BtZ(w, t)

8{Z_I(Z, t) = —m,

w=2Z"(z1).

Because of (4.11), we know g—tka (w, 1) is C4-holomorphic for any positive integer k. Hence, g—tkafl (2 t) is C4-holomorphic for any positive
integer k. From (4.11), we have

z= (Zfl(z,t) + iX) cosh yt + 1(go(Zfl(z, t)) —iv) sinh yt — iY, zeC,. (4.24)
Y Y Y
By (4.10), we obtain
g(Z(w,t),t) = %Z(w, t) +iv = (yw + iv) sinh yt + (go(w) — iv) cosh yt + iv.

Hence,
g(z,t) = yZ ' (z,t) sinh yt + go(Z~" (2,1)) cosh ypt +iv(1 - "), (4.25)

which is a C;-holomorphic solution to the complex Burgers equation (4.9) satisfying g(z,0) = g,(z). Moreover, due to the time regularity
for Z7' (2, t), we know that g—; g(z,t) is C1-holomorphic for any positive integer k and ¢ > 0.
Step 2. Proof of (ii). A C-holomorphic solution to (4.4) is given by

f(zt):=g(zt) +yz, zeCy, t>0, (4.26)

with initial data fo(z) = Rp,(x,y) — iPpy(x,y), z = x + iy € C. Combining (4.24) and (4.25), we obtain for z € C,:

2= "2 o) + L o2 (@) sinh yt + i (e~ 1),
y y

(4.27)
f@) = folZ ()"
Consider the trace of f(z,t) on the real line and define:
f(xt) = u(x,t) —ip(x,t).
Due to Lemma 4.1, for any x € R, we have 7! (x,t) =: ax + iby € C, with some positive real number by > 0. From (4.27), we have
F(x,t) = fo(ax +ibx)e” = Rpo(ax, by)e" — iPpo(ax, by)e"

Therefore,

p(x,) = Ppo(ax, bx)e" = P(po + ) (ax, by)e” — pe! > —pe”, xeR. (4.28)

Hence, p(x,t) is a spatial analytic solution of (1.1). Moreover, by the uniqueness of solutions to the characteristics equation (4.9) we know
solutions to Eq. (1.1) is unique.
Step 3. The proof of (iii) follows from the method in Ref. 30 and we put it into Appendix D. O

Remark 4.1. (1) When v = 0, the function p__ given by (1.17) becomes [Ref. 15, Eq. (2.15)]. For y = 0, we have p__ = 0.

(2) Comparing with Theorem 4.1 (Ref. 9, Theorem 4.1) and (Ref. 9, Theorem 4.8), a nature conjecture is that the |0;Hp| = blows up in
finite time when initial data satisfies p,(x0) < 0 for some xo € R. According to Ref. 15, Remark 2.1, the blow-up behavior is much more
complicated for y > 0 and v = 0 (blow-up along a curve), while the blow-up behavior for y = v = 0 is simpler (blow up along a straight
line).

02:62:€0 20z Atenuer g0

J. Math. Phys. 64, 091506 (2023); doi: 10.1063/5.0151230 64, 091506-25
Published under an exclusive license by AIP Publishing


https://pubs.aip.org/aip/jmp

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

ACKNOWLEDGMENTS

Y. Gao is supported by the National Natural Science Foundation Grant No. 12101521 of China and the Start-up fund from the Hong
Kong Polytechnic University. X. Xue is supported by the National Natural Science Foundation Grant Nos. 11731010 and 11671109 of China.

AUTHOR DECLARATIONS
Conflict of Interest

The authors have no conflicts to disclose.

Author Contributions

Yu Gao: Conceptualization (equal); Methodology (equal); Writing — original draft (equal). Cong Wang: Conceptualization (equal); Formal
analysis (equal); Methodology (equal). Xiaoping Xue: Conceptualization (equal); Supervision (equal); Writing - review & editing (equal).

DATA AVAILABILITY

Data sharing is not applicable to this article as no new data were created or analyzed in this study.
APPENDIX A: PROOF OF LEMMA 3.1
Proof. For ¢ > 0, we claim that
AGo(x,t) = t*“T*'(Ak‘Ga)(t*ix, 1), AM0.Ga(x1) = f%“(A“axGa)(fix, 1) (A1)

Actually, we have
[F(AG)I(& 1) =g,

and by changing of variable 7 = t+& we obtain

NGalwt) = F LR G () = [ 1600 ag

kb4l L ol kel 1
=t ;fRe" x’7|11|kle Vi dy=t « (AkZGa)(t ax,l).

The proof for the second equality in (A1) is the same. Hence, for 1 < g < oo, we have

_ke+1 +L

|AGa( )z = £ = T [A G 1) s (A2)

and

_ ke+: 1
| A 0Ga( ) 1o = £ 51 [ A 0,Ga 1) |15, (A3)

which implies

£+1 1
1 1\ 7« "o o411
[l )| = (3) T Ga D < Gk E (A4)
I
and
) 1 1 _%-"i ¢ 421
[aaci(- )| = (5) IO DI < Cuak ™ e (A5)
L
Due to ) ) )
A¥Gy (1) = AZG“(., %) *AZGa(., E) .o *AEG‘,(.) E)
and

AkeaxGa(') 1) = AéGlx(', %) *oeee ok AzGa('; %) * AzaxGot(') %)»

by Young’s convolution inequality, we obtain (3.4) and (3.5). Combining (3.4) and Young’s inequality for convolution, we obtain (3.6) and

(3.7).

02:62:€0 20z Atenuer g0
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The proof of (3.8) follows similarly as [Ref. 7, Lemma 2.1]. Assume f, € L’(R) n LI(R) such that f, — f in I*(R). From (3.6) with

¢ =0, we have

1Gu(>8) * fulla < Cll fulla,  VneN
Hence, for g > p we obtain
tim £ (73 |Ga( ) # fulin =0, WneN.
According to (3.6) with £ = 0, we also have
£ G 1Ga (o) fu = Galot)  Fllus < Cllfn = Flir

which converges to zero independent of t > 0. This implies (3.8).

APPENDIX B: PROOF OF TIME CONTINUITY OF Sp(t) IN THEOREM 3.1

(A6)

Proof. Since the first part Gq (-, ) * p, corresponds to the solution of the fractional heat equation, it is continuous concerning ¢ in space

L (R). Hence, we only need to show the continuity of the second term

t
pr(x) = [ 0Gu(t=9) = (p(5)Hp(s))ds.
Let t > 7 > 0 and we have

Ipe(t) = (0, < | [ Gl = 9)  (p(5)Hp(5) s

[ [ 01GuCat =9 5 (OHP) = :Gule7 = 5) * (p(5)Hp(s)) s

1
La—T

1
La-1
For I;, we have

L= H A 0Ga(st = 5) % (p(s)Hp(s))ds

1 o
< Cazf/ (1 —s)_is_Tlds —0as t—> 1
T/t

=
For I, set g(x,5) := 0xGa(-, T —s) = (p(s)Hp(s)) for 0 < s < 7, and then

0:Ga(st =) + (p(s)Hp(s)) = Ga(- 1 = 7) * g(s).
We have

k= HfoTGa('J— 7) *g(s) — g(s)ds

< 16t =) g(s) - g1,y s
La—1 0

Next, we estimate the integrand || G«(-, t — 7) * g(s) — g(s) HL . For arbitrary r > 0, by Jensen’s inequality we have

1
a—1

1

IGa(t= 1) 58(9) ~g O = [| [Gulx=rt=D)lg0ns) ~gx 9| ax
SAAGa(x_y’t—T)|g(y,S)—g(x)s)‘rildydx
§AL(X,r)Ga(x_y’t—T)|g(y,5)—g(x,s)‘a%]dydx

+ /[ Ga(x=y,t=7)|lg(»s) —g(x,s)\ﬁdydx = I + Ip.
R JR\B(x,r)

1
1
a—1

=: 11 + Iz.

(B1)

(B2)
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For I, we have

! ff ( y’ )Lg()”s) g(x)5)|"‘ll dydx
R JB(x,r)
_—// Ga(z,t—l)‘g(x+z,5)_g(x’s)‘alld
RJB(0,r) zdx

02:62:€0 520z Asenuer g0

= /B(o,r) Ga(z,t — T)[R\g(x +2,5) —g(x5s) = dxdz (B3)
< / Ga(z,t - T)sup f|g(x +h,s) —g(x,s)|w%'dxdz
B(0,r) R
<sup | |g(x+hys) - g(x%,5)| = dx.
|h|<r
Notice that 0xGa(x, t) = t‘iﬁxGa(t_ix, 1). Denote
Fx) = (1=9) 5 10:Ga((r= ) # (x + 1), 1) = 0:Ga((r = 5) w1}
By the definition of g, we have
L' < R sup £ lp(s)Hp() |,
h|<r
2 1 _a1 (B4)
<Ca’(t—s) s « sup |OxGu(- + b, 1) = 0xGa( 1) 1.
|h|<r
Due to Ga(x,t) = £ G(t_ix, 1), we obtain
b= [ [ Galr=pt=1)lg(ns) ~glxs) T dydx
R JR\B(x,r)
< fR/R\B o,r/(z-T)i)Ga(Z’ 1)|g(x +(t- T)"‘Z,S) —g(x,s)|=1 dzdx (B5)
<2|g(s)]“7} / Gu(z,1)dz.
CCLEA ICICY
From (A3), we know | 0xGu(- 1) |1 = ts [|0xGa(-,1)| 1. By Young’s convolution inequality, we obtain
lg(), 2 <10:Gast=5) |2 [p()Hp(s) [, 1 (56)
<Ca’(1- s)ﬁs .
Combining (B1)-(B6), we obtain
L < f [Ga(t—1) *g(s) —g(s)| Lk ds< / (Iy + 1) 'ds
<Ca/ T—5 Rs wdssu OGa(-+h,1) — 0xGu(+ 1) |1
(t-9)" P |0xGa (- ) = 0xGa( 1) 57)
a—1
+Ca2/ Tos)TEs T ds f 1\ Ga(z,1)dz .
0 (r=3) ( R\B(o,r/(:-r)z) (1) )
By Ref. 6, Lemma 4.3, letting t — 7 first and then » — 0, we have I, — 0. O
APPENDIX C: PROOF OF (3.43)
Proof of (3.43). We prove (3.43) for n big enough. Notice that
n
=— b-1
p=_ta+
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n—1 1 b n-1 1 24b
Z np.mm—:i( )”‘ _ Z mm—&( )“ n§+u+b—1
m=2 m-—1 m=2 m-—1
S (ﬂ)m( n )% 1 Lrarb-lem=2
\n m-1) m®(m-1)°
Because there exists some constant M independent of # such that
m m m m m
G G) =) G) =) =m
n m-—1 n m-—1 m-—1
we have
n—1 1 2+b n—1 1
n”mmis( )”‘ < MZ S+a+b—1+m-2
m=2 m—1 i md(m-1)°
_ Mnn—ﬁnil 5 1 ; n—(n—m)(l—i)+a+b—l+6
mea m°(m—1)
+b-1+0 +b-1+8
_ Mnnfé Z t;lu - nf(nfm)(lfi) " :;la - nf(nfm)(lfi)
2<m<y m (m - 1) J<m<n—1 m (m - 1)

= Mn"°(I) + ).

1

To prove (3.43), it suffices to prove I < 5+ and I, < 5%~ for n big enough. For simplicity, we assume 7 to be an even number. For I, we have

= 2M = 2M
a+b—1+6 a+b—1+0
n —(n-m)(1-1) a+b—1+6 —(n-m)(1-1) 2n
h= 2 " SenTT o R =y
2<mgs M (m-1) 28ms n2i o«
For I, we have
+b—1+46 §+b_a+b—1+0
n* —(n-m)(1-1) 2" —(n-m)(1-
L= YT i s T8 o\b
J<m<n—1 m (m - 1) J<ms<n-1 n (n—2)
§+b_a+b—1
< 2°"n - n—(n—m)(lfj: ]
(”_2) J<ms<n-1
For n big enough, we have
1 2
I G
2 em<n—1 no«

and hence

APPENDIX D: PROOF OF THEOREM 4.1 (iii)

Proof of Theorem 4.1 (iii). To prove the convergence result (iii). Recall formula (4.27). For fixed z € C,, denote

e "2 (2, t) = z(t) + izi(2).

Next, we prove that z,(t) + izi(¢) converges to a point w = z," +iz;" € Cy as t > oo. To this end, we first prove |z,(t)| and z;(¢) are all

bounded from above and below uniformly in time ¢.
Because

fo(Z7(2,1)) = Rpo ("2 (1), €"zi(1)) = iPpo ("2 (1), € zi(1)),
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by (4.27), we have

inh
z= Zr(t) + Rp()(eytzr(t),eytzi(t))&ylL

(D1)
inh yt -
+ il:zi(t) —Ppo(&"ze(t), " zi(t)) T 4 Ve - 1)].
Y Y
Due to —Ppo(eytzr(t),eytzi(t))ﬂyw + %(efyt —1) <0, we have
zi(t) > 3(z) > 0.
Moreover, we have

sinh yt v

3(2) = zi(t) = Ppo(e"z (1), €"zi(1)) -
() - e"z;(t) ageSmhyt vy
_Zl(t) fn{ezytz,-z(t) + (eytZr(t)—S)ZPO( )d y + y( i 1)
a1 eZytz,(t) Voo
SIONE fmm e e D)
2400 gy 57D

which implies

z(t) <3(2) +1/3/2y - g(e-yf ~1).

Hence, zi(t) is bounded as

0<3(2) <zi(t) <3(2) +1/\/2y - i(e—yt _1).

Next, we prove
sup |z, (t)| < +oo.
>0

We prove this by a contradiction argument. If there exists #, — oo such that z,(¢,) — oo, then by the dominated convergence theorem we
have

hyt, 1 (&2 (ts) —5)po(s) sinh yt

Rpo (€ 2z (), €"" zi(tn sin ynsz A dx 250
po( (ta), (t:)) mJrenz(t,) + ("2 (tn) — 5)* Y

as n goes to co. By (D 1), we obtain a contradiction that

R(2) = 22(6n) + Roo ("2 (£), € zi(1)) P, o

Since |z,(t)| and zi(t) are bounded, there exist t, — co and two constant z,” , z;* > 0 such that
Zr(tn) - Zr* > Zi(tn) - Zi* > M — oo,

For any s € R, we have
*
. zZ,
5 sinh yt, > ——F———, n— .

2(z" ) +2(5" )

t”z,(tn) —s
&t 2(tn) + ("2 (tn) = s)

Then, by the dominated convergence theorem we have

inh yt,
lim Rpo(e""z(t4), € zi(ts)) snh Yt

R 22 (1) + (20 (tn) — 5)

*
r

1 ez (ty) s
=L f ds sinh yt,
yr[ninc;lo ZPO(S) s smh y
1 z

T oyn(z Yz )
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Similarly, we have

) sinh yt, 1 z*
lim Ppo (" z:(ts), e zi(¢ = ! .
> 00 P ( 7( ”) 1( ”)) y 2))7_[ (zix- )2 + (er— )2
Letw :=z" +iz" . Then,lett = t, in (D1) and sending n — oo gives
z” —iz" v 1 v
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We obtain a unique solution in C; (with positive imaginary part):
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Hence, we have
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By (4.27) and using the dominated convergence theorem again, we have
f(&1) = fo(Z7 (2 1))e"
2yt 29t
ez (t) —s . e zi(t
- [ O (s [ O G

2 (t) + [z (t) 5] 22 (t) + [z () - 5]
* Kk
z, —iz; 1 . . \2
-~ = — =ynz+ivi—\/(ynz +ivn)" - 2ym, t— oo.
(Zi* )2 + (Zr* )2 w y (y ) )’

Let z = x + iy, y > 0, and the imaginary part be given by
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w V2
Consider the trace on the real line x € R and y = 0, and we obtain
p(x.1) = 3(f(5.)) = pou (), £ oo

For v = 0, it is the same as in Ref. 15, Eq. (2.15). For y = 0, we have p__ = 0. ]
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