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ABSTRACT

The coexistence of stationary G€ortler and crossflow instabilities in boundary layers covering incompressible to hypersonic regimes is
investigated by varying the local sweep angle, pressure gradient, wall curvature, and wall temperature using linear stability analysis. The
results show that increasing the local sweep angle under a fixed concave curvature in incompressible boundary layers leads to the appearance
of two unstable modes at certain sweep angles, which is conventionally known as the “changeover” regime between the crossflow and G€ortler
modes. This study identifies a synchronization between the two modes under this condition, which is similar to multiple G€ortler modes and
thus referred to as G€ortler–crossflow modes. Three scenarios are presented to describe the possible development of these modal instabilities.
In addition, increasing the concave curvature destabilizes the instability, while introducing a pressure gradient stabilizes the instability and
results in a shrinkage of the unstable band of the spanwise wavenumber, as reported in the literature. In supersonic and hypersonic
boundary layers, synchronization can occur near specific sweep angles and under cold wall conditions in supersonic boundary layers. As
Mach number increases, the synchronization regime shifts toward lower sweep angles and wall temperature, in which the former reflects a
decline in crossflow strength relative to G€ortler instability, while the latter indicates the influence of thermal effects on synchronization. In
hypersonic boundary layers, the crossflow instability is insignificant compared with the G€ortler instability. No synchronization is identified
under various parameter changes, and the first G€ortler–crossflow mode dominates across the entire spanwise wavenumber ranges.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0160098

I. INTRODUCTION

In the context of boundary layer transition, crossflow (CF) and
G€ortler (G) instabilities have been investigated separately for decades,
subject to different geometric formulations.1–4 Crossflow instability
arises in the three-dimensional (3D) boundary layers on swept bodies,
manifested as streamwise corotating vortices. Both the sweep angle
and pressure gradient contribute to the generation of crossflow insta-
bility,5–9 and the flow streamline is highly curved near the leading-
edge region if these parameters are nonzero. A crossflow component
along the curved streamline is developed,7 with the maximum cross-
flow velocity typically reaching 3% of the streamwise velocity at the
boundary layer edge, as observed in wind tunnel and flight tests.6,10

On the other hand, G€ortler instability is observed in boundary layers
over concave surfaces in the form of streamwise counterrotating vorti-
ces, arising from the imbalance between the wall-normal pressure gra-
dient and the centrifugal forces. However, in certain flows, such as the
laminar flow control (LFC) design of supercritical wings, which
have concave regions on their surfaces under sweep conditions, or
the hypersonic flow engine inlet, where concave structure and

three-dimensionality are common, both crossflow and G€ortler insta-
bility may coexist.11 Given these scenarios, further investigation is
required to determine which of these two vortex instabilities is more
important, particularly in compressible boundary layer regimes.

In incompressible flow regimes, both theoretical and experimen-
tal works on the effect of crossflow on G€ortler vortices have been
extensively investigated. In terms of experiments, Kobayashi and
Izumi12 utilized hot-wire anemometry to examine the transition on a
cone surface around the axis of symmetry with constant angular speed
in still fluid. Five cones of varying angles were used. The experiment
revealed that increasing the cone-half angle beyond 30� results in a
change from pairs of counterrotating G€ortler vortices to corotating
crossflow vortices in flow visualization. Kohama13 observed a similar
transformation when studying the flow structure of a supercritical
LFC wing (NASA#998A) with a concave–convex structure at the lead-
ing edge region, with the sweep angle increasing from 0� to 47�.
Bippes14 experimentally investigated the transition process on a cylin-
drical wing with concave and convex profile segments and discovered
that early nonlinear development occurs on the former segments,
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unlike the process with pure crossflow instability. The “changeover”
from the G€ortler vortex to the crossflow vortex or vice versa has thus
been identified.

In addition, theoretical and numerical efforts have been dedicated
to these problems. Hall15 studied a flow over an infinitely long swept
cylinder using asymptotic analysis and concluded that the G€ortler vor-
tices are stabilized by the crossflow and eventually disappear under
large sweep angles. Collier and Malik16 addressed the transformation
of the G€ortler instability to crossflow instability with increasing sweep
angle based on the Orr–Sommerfeld approach and compared it with
Kohama’s work.13 Their results demonstrated that the concave surface
curvature destabilizes the crossflow instability. Bassom and Hall17 fur-
ther investigated the relationship between G€ortler and crossflow vorti-
ces based on an incompressible Falkner–Skan–Cooke (FSC) profile,
finding that G€ortler vortices do not exist at swept wing angles exceed-
ing 20�. The incompressible FSC flow18 was frequently adopted in
related analyses, such as the works of Blackaby and Choudhari,19

Itoh,20 Otto and Denier,21 Zurigat and Malik,11 and Le Cunff and
Zebib.22 Local curvature with a quasiparallel flow assumption was
assumed in the local stability analysis or parabolized stability equations
(PSE) on G€ortler instability, while this approximation is applicable at a
large G€ortler number.23 In particular, Zurigat and Malik11 conducted
a parametric study using viscous analysis on sweep angle, pressure gra-
dient, and wall curvature parameters, indicating that the transition
from G€ortler to crossflow instabilities depends on these three parame-
ters. In other words, the G€ortler instability may still exist at a large
sweep angle, provided that the pressure gradient is sufficiently small.
The changeover from G€ortler to crossflow instability is described by
the crossflow Reynolds number. More recently, Groot et al.24 investi-
gated the linear stability mechanism on the bottom surfaces of an
X207.LS airfoil computed from a boundary layer solver and revealed
that the G€ortler instability dominates at a 0� sweep angle, while the
crossflow instability emerges if the sweep angle exceeds 20�.

Although the impact of crossflow on G€ortler instability in incom-
pressible flow regimes has been explored in previous literature, limited

work has been conducted in compressible flow regimes. Furthermore,
there is a scenario wherein both crossflow and G€ortler instabilities are
activated and manifested as two spatial growth rate peaks in stability
analysis [e.g., Fig. 1(d) in the work of Zurigat and Malik11]; however, no
further explanation of this unique condition has been given. This paper
conducts a parametric study on the variation in stationary crossflow
and G€ortler instabilities based on the individual changes in local sweep
angle K, pressure gradientm (for incompressible boundary layers only),
wall curvature j¼�1/R (R: radius of curvature) and wall temperature
(for compressible boundary layers only) under various Mach number
regimes (i.e.,M¼ 0.0001, 1.5, 3.0, 4.5, 6.0, 8.0, and 10.0). Figure 1 show
3D sketches of the velocity profile in a boundary layer with crossflow
and curvature. A compressible Falkner–Skan–Cooke (FSC) base flow
with local self-similarity is adopted, which has been recently proposed
and utilized by Liu25–27 in studying crossflow instability over a flat plate.
This generalized FSC profile can be reduced to a two-dimensional (2D)
Blasius profile (with zero curvature and sweep angle) and an incom-
pressible FSC profile (M¼ 0.0001) under specific conditions, making it
highly appropriate for the current study. Linear stability analysis (LST)
is employed with the given base flow input. In this study, it is assumed
that the radius of curvature is much greater than the boundary layer
thickness, and thus including the local curvature term in perturbation
equations (in LST) is sufficient to study the G€ortler instability.

It is worth noting that the crossflow and G€ortler instabilities can
be manifested in either stationary or traveling forms (with oscillating
frequency). However, the possible presence of the first Mack modal
instability (or the Tollmien–Schlichting T-S mode) under such condi-
tions adds further complexity to the analysis. Therefore, this study
focuses on elucidating the coexistence of the stationary modes first,
which is fundamental in the future investigation involving the travel-
ing disturbances.

II. PROBLEM FORMULATION

A 3D boundary-layer flow over a concave surface with constant
curvature j is considered (Fig. 1). A Cartesian coordinate system with

FIG. 1. 3D sketches of the velocity profile in a boundary layer subjected to crossflow and curvature. Two perspectives are shown: (a) with the x axis out of the plane and (b)
with the z axis out of the plane, along with a top view.
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x-, y-, and z-directions is established. Additionally, a curvilinear coor-
dinate system is defined, where n is the distance along the curved sur-
face and g is the wall-normal distance from the curved surface. The
two coordinates share the same z-direction.

The baseline flow condition for this study is based on a typical
case adopted in Ma and Zhong’s work,28 and the relevant parameters
are summarized in Table I (i.e., boundary layer edge Mach number
Me, unit Reynolds number Ree and boundary layer edge temperature
Te). The study assumes an adiabatic wall condition (subscript ad)
unless otherwise specified. The characteristic length L is fixed at
0.28mm such that the local Reynolds number Re ¼ ReeL ¼ 2000.
Three normalized wall curvatures are tested in this study: j¼ 0 (no
curvature), �0.000 28 and �0.000 56. For ease of reference in the
remaining sections, the latter two values are labeled as �1jL and
�2jL, respectively, where jL ¼ 0.000 28. The corresponding G€ortler
numbers Gn�Re

ffiffiffiffiffiffiffiffiffiffi
dx=R

p
are 0, 33, and 47, respectively, where

dx ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x=Re1

p
. The latter two Gn are sufficiently large for local stabil-

ity analysis.23

A. Model base flow

In this study, a compressible FSC profile is utilized under a local
sweep.25–27 This model flow is governed by the boundary layer equa-
tions. A constant pressure gradient m is introduced such that the
Falkner–Skan velocity distribution is satisfied as follows:

Ue nFSCð Þ ¼ CnFSC
m; (1)

whereUe is the transformed velocity component along the n� direction
at the edge of the boundary layer (subscript e), nFSC is the transformed n
in the FSC profile and C is a constant. A positivem indicates a favorable
pressure gradient, while a negative m indicates an adverse pressure
gradient.

Under the local similarity assumption, the transformed boundary
layer equations can be reduced to an ordinary differential equation
(ODE) system with f 0 ¼ U=Ue; g ¼ W=We and s ¼ T=Te represent-
ing the normalized n-direction velocity, z-direction velocity and tem-
perature in the transformed FSC solution, respectively, and are
expressed as follows:

Nf 00
� �0 þ ff 00 ¼ 2m

mþ 1ð ÞS f 02 � s
� �

; (2)

Ng 0
� �0 þ fg 0 ¼ 0; (3)

N
Pr

s0
� �0

þ S� 1ð Þ N f 02
� �0� �0 þ K � 1ð ÞS N g2

� �0� �0

þ f s0 þ S� 1ð Þ f 02
� �0 þ K � 1ð ÞS g2

� �0� �
¼ 0; (4)

At gFSC ¼ 0 : f ¼ f 0 ¼ g ¼ 0; s ¼ sw isothermalð Þ or
s0 ¼ 0 adiabaticð Þ; (5)

At gFSC ! 1 : f 0 ¼ g ¼ s ¼ 1: (6)

The wall boundary conditions (subscript w) would be different for s in
the case of an isothermal wall and an adiabatic wall condition. gFSC
denotes the transformed g in the FSC profile. Pr is the Prandtl num-
ber, set as 0.72 in this study. The Chapman–Rubesin factor N
(obtained from Sutherland’s law) and parameters S and K are defined
as follows:

N ¼ ffiffiffi
s

p 1þ Ts=Te

sþ Ts=Te

� �
; (7)

S ¼ 1þ c� 1
2

M 2 cos2K

� �
; (8)

K ¼ 1þ c� 1
2

M 2

� �
=S; (9)

where Ts ¼ 110.4K, c¼ 1.4 is the specific heat ratio, and S and K are
correlated with the local sweep angle K; more details can be found in
Liu’s work.25–27 This ODE system is solved using Newton’s iteration
method. Using K, the local streamwise velocity (defined as u) and the
local crossflow velocity (defined as w) along the streamline coordinate
are expressed as follows [i.e., Fig. 1(b)]:

u gð Þ ¼ f 0 gð Þ cos 2Kþ g gð Þ sin2K; (10)

w gð Þ ¼ g gð Þ � f 0 gð Þ
	 


cos K sin K: (11)

The flow variables are nondimensionalized with the correspond-
ing edge parameters. The quantities discussed in the remaining sec-
tions are in normalized form unless otherwise specified.

The typical crossflow profiles obtained at differentM regimes are
shown in Fig. 2. The present FSC base flow is validated with the
literature.25,26

B. Linear stability analysis

Assuming that the Reynolds number is large and the boundary
layer thickness is much smaller than the radius of curvature, the LST is
constructed with the local curvature j. The corresponding Lam�e coef-
ficients are h1¼ 1 þ jg and h2¼ h3¼ 1. With the local parallel flow
assumption, the instantaneous flow U ¼ q; qu; qv;qw; qe½ �T (where
q is the density, v is the local wall-normal velocity along g, and e is the
total energy per unit mass) is discretized into a one-dimensional (1D)
steady solution (represented by an overbar) and an unsteady perturba-
tion (represented by a prime) as follows:

U n; g; z; tð Þ ¼ U gð Þ þ U 0 n; g; z; tð Þ: (12)

The governing equation of U 0 is obtained through linearization and
can be expressed in the following normal-mode form:

U 0 n; g; z; tð Þ ¼ Û gð Þ exp ianþ ibz � ixt½ � þ c:c: (13)

Û gð Þ is the eigenfunction in the wall-normal direction, a is the
streamwise wavenumber, b is the spanwise wavenumber, x is the
angular frequency and c.c. is the complex conjugate. For spatial analy-
sis, a is considered to be complex with real (subscript r) and imaginary
parts (subscript i). The spatial growth rate is denoted as�ai. An eigen-
value problem is formulated by substituting Eq. (13) into the linearized
compressible Navier–Stokes equations withU ,

AÛ ¼ ar þ iaið ÞÛ ; (14)

TABLE I. Flow parameters for the baseline case.

Me Ree(m
�1) Te(K)

4.5 7.2� 106 65.15
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where A is the Jacobian matrix composed of both the inviscid and vis-
cous fluxes and is expressed in terms of base flow quantities. The
detailed formulations can be found in the literature.29,30 A Cþþ
library Eigen31 is utilized to solve the eigenvalue problem with a given
x and b, and a second-order finite-difference method is used for dis-
cretization.32 The boundary conditions are consistent with those in the
compressible FSC profile [i.e., Eqs. (5) and (6)]. The LST solver has

been used by the authors to investigate the G€ortler instability in a 2D
base flow.33 A comparison between the present LST result and the lit-
erature26 in capturing the crossflow instability of a 3D FSC base flow is
shown in Fig. 3. For constructing the FSC base flow, an algebraic map-
ping is employed, ensuring that at least half of the grid points are posi-
tioned within the boundary layer (more detail can be found in Malik’s
work32) In the context of grid converging study, two cases are

FIG. 2. Variation of crossflow velocity along g under the change of (a) local sweep angle at M¼ 0.0001, m¼ 0.1, and j¼ 0, (b) wall temperature at M¼ 4.5, m¼ 0.1,
K¼ 30�, and j¼ 0, (c) pressure gradient at M¼ 4.5, K¼ 30�, j¼ 0, and Tw ¼ Tad, and (e) local sweep angle at M¼ 4.5, m¼ 0.1, j¼ 0, and Tw ¼ Tad. [(d) or (f)] The
absolute maximum crossflow velocity jwmaxj for the case of (c) [or (e)]. Profiles from Liu’s work25,26 have been included in the figures for reference.
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considered, with total grid points N¼ 250 and 300 at g-direction,
respectively, and the corresponding eigenfunctions are presented in
Fig. 3(b). Notably, the good agreement between these two cases indi-
cates that the coarser grid with N¼ 250 is sufficient for capturing the
instability, thus being adopted in the subsequent studies.
Discrepancies of at most 4.5% are observed between the results
obtained from the present LST solver and the literature, which can be
attributed to the usage of different eigenvalue solvers or discretization
method. The present LST solver has been verified.

III. RESULTS
A. Incompressible boundary layers

In this part, incompressible FSC profiles are established at
M¼ 0.0001 while keeping the other flow conditions (Ree and Te) as
specified in Table I and varying the parametersm, K, and j separately.
The LST is performed withx¼ 0, and the corresponding spatial maxi-
mum growth rates are presented in Fig. 4. It is known that the instabil-
ity is of the crossflow type if j¼ 0 and m and K are nonzero [i.e., Fig.
4(a)]. As seen, the increase in K (i.e., K¼ 10�, 30�, 50�) leads to the
destabilization of crossflow instability bounded within b¼ 1, which is
consistent with previous literature.11,26 The peak growth rate is always
at b¼ 0.35. In Fig. 4(b), when a concave curvature with j¼�2jL
denoting the occurrence of G€ortler instability is introduced in the sys-
tem, the overall instability is different from that in Fig. 4(a), and larger
b ranges (i.e., b > 1) of instability are activated. The peak growth
rate for K¼ 1� is at b¼ 1.75, while for K¼ 50�, it is at b¼ 0.45. In
Fig. 4(c), changing the parameter m (i.e., m¼�0.05, 0, 0.1, 0.2) leads
to the dominance of crossflow instability at K¼ 30� for both positive
(favorable) or negative (adverse) pressure gradients, while the instabil-
ity is solely the G€ortler type at m¼ 0 (absence of crossflow compo-
nent). Increasing the concave wall curvature (i.e., j¼ 0,�1jL,�2jL)
in Fig. 4(d) transforms the instability from crossflow to hybrid G€ortler
and crossflow type with the expansion of unstable b ranges. Regarding
the effect of crossflow on G€ortler instability, Zurigat and Malik11

suggested that there is a changeover sweep angle [i.e., K¼ 22� in
Fig. 4 b)] in which the stability is G€ortler type before this critical K,

while the instability becomes the crossflow type beyond this critical K.
In addition, the coexistence of two growth rate peaks denoting the
crossflow mode [i.e., at b¼ 0.5 for K¼ 20� in Fig. 4(b)] and the
G€ortler mode [i.e., at b¼ 1.45 for K¼ 20� in Fig. 4(b)] are recorded
near the changeover sweep angle, consistent with previous literature.11

Although the results in Fig. 4 have been reported before,11 the
origins of the unstable modes at the changeover regimes in Fig. 4(b)
remain unclear and warrant further investigation. Figure 5 presents an
eigenvalue spectrum under changes in K and j at m¼ 0.1 and
b¼ 0.5. At K¼ 0� and j¼�2jL, the instability is of the G€ortler type,
and multiple eigenvalue modes are excited by the entropy/vorticity
wave at ar ¼ 0.29,34 On the other hand, at zero curvature and K > 0�,
the instability is of the crossflow type, and only one unstable mode
(with �ai > 0) is recorded, which becomes more unstable as K
increases (see the red arrow). However, if both K and j are nonzero,
the instability exhibits multiple eigenvalue modes analogous to the
G€ortler instability34,35 at small K (i.e., K¼ 5�, 10�), while the modes
become more stable as K increases (see the black arrow), and eventu-
ally only one unstable mode is recorded at large K (i.e., K¼ 15�). This
suggests that the instability under the coexistence of G€ortler and cross-
flow instabilities (or defined as G€ortler–crossflow (GCF) instability)
may have the same origin as the G€ortler instability. The most unstable
GCF mode is attenuated as K increases at a fixed concave curvature,
analogous to the statement described in the literature11 that the cross-
flow stabilizes the G€ortler instability.

To further investigate the differences and similarities between the
G€ortler, crossflow, and GCF modes, the corresponding variation in
disturbance profiles is presented. The disturbance profiles of a typical
case of G€ortler instability with a zero sweep angle are shown in Fig. 6.
The first G€ortler mode is identified as the largest eigenvalue mode,
while the second G€ortler mode corresponds to the second largest
eigenvalue mode. The streamwise velocity disturbance profile exhibits
a single peak within the boundary layer for the first G€ortler mode and
two peaks with an inflection point denoting the abrupt gradient
changes [indicated by the corresponding square in Fig. 6(b)] for the
second G€ortler mode. Similarly, the spanwise velocity disturbance

FIG. 3. (a) Eigenvalue spectrum of the unstable mode for different base flows. M¼ 4.5, j¼ 0, Tw ¼ Tad, Re¼ 2000, x¼ 0.04, and b¼ 0.1. Circles denote the data from lit-
erature,26 crosses denote the present LST at N¼ 200, and square denotes the present LST at N¼ 300. (b) Grid convergence study of the disturbance profiles (i.e., ju0j/ju0jmax,
jw0j/ju0jmax and jT0j/ju0jmax) for a selected case, i.e., M¼ 4.5, j¼ 0, Tw ¼ Tad, Re¼ 2000, x¼ 0.04, b¼ 0.1, m¼ 0.1, and K¼ 30�.
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profile exhibits two peaks for the first G€ortler mode and three peaks
for the second G€ortler mode. Notably, the corresponding disturbance
profiles can be existed in the form of positive-negative peaks or
negative-positive peaks with inflection points near the g axis as
depicted in literature.29 For the purpose of clarity, all the disturbance
profiles in this study are presented in terms of absolute magnitudes. It
is conventionally known that the second G€ortler mode is always more
stable than the first G€ortler mode across the entire b range.35 The dis-
turbance attaches to the boundary layer wall (moves toward the wall)
as b increases for both the first and second G€ortler modes.

The variation in the disturbance profile for a typical crossflow
instability is provided in Fig. 7. A single peak is recorded within the
boundary layer for the streamwise velocity disturbance profile,26 and
the disturbance peak moves away from the wall as b increases.
Multiple peaks are identified in the crossflow velocity disturbance [Fig.
7(b)], and these disturbances expand beyond the boundary layer edge.

The growth rate (i.e.,�ai) and ar plotted against b in the change-
over sweep angle region (i.e., K¼ 20� and K¼ 22�) at a fixed curva-
ture are shown in Fig. 8, representing two cases of GCF instability. For
the case of K¼ 20�, the first GCF mode with a local maximum (or the
crossflow mode defined in Zurigat and Malik11) is always unstable at

FIG. 4. Spatial maximum growth rate vs spanwise wavenumber at M¼ 0.0001 and x¼ 0 under changes in the (a) local sweep angle at m¼ 0.1 and j¼ 0, (b) local sweep
angle at m¼ 0.1 and j¼�2 jL, (c) pressure gradient at K¼ 30� and j¼�2 jL, and (d) wall curvature at m¼ 0.1 and K¼ 30�.

FIG. 5. Eigenvalue spectrum under the changes in K and j at M¼ 0.0001,
m¼ 0.1, x¼ 0, and b¼ 0.5. Dashed lines connect the three largest eigenvalue
modes of the corresponding cases at j¼�2 jL. The black arrow indicates the
shift of the most unstable G€ortler or GCF mode from K¼ 0� to 15� at j¼�2 jL,
whereas the red arrow indicates the shift of the crossflow mode from K¼ 5� to 15�
at j¼ 0.
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small b values [Fig. 8(c)]. As b increases, a possible exchange between
the two eigenvalue modes is observed at approximately b¼ 1.145,
accompanied by the emergence of another local maximum (or the
G€ortler mode defined in Zurigat and Malik11) [see Fig. 8(a)]. On the
other hand, for the case of K¼ 22�, an overlapping between the two
GCF modes is found at around b¼ 1.19, and one mode is slightly
destabilized. However, its growth rate ai remains positive throughout
the range of b and is therefore considered stable.

Referring to the previous study on the Mack modal instabilities
by Ma and Zhong,28 it is postulated that the above-mentioned mode
exchange process is a result of synchronization phenomena. To clarify
this synchronization process, the first (or second) GCF mode is
defined accordingly when the modal instability consists of no (or sin-
gle) inflection point on the streamwise velocity disturbance profile at
small b [shown in Figs. 10(a) and 10(b), i.e., with an inflection point
(indicated by a square) recorded at around g¼ 2 for the second GCF
mode at b¼ 0.2]. The occurrence of synchronization is verified by
examining the streamwise and crossflow velocity disturbance profiles
at the indicated b values for the two K cases (Fig. 9). At K¼ 20�, the
striking resemblance between the two GCF disturbance profiles and
the negligible difference in ar at b¼ 1.145 [i.e., 0.05% as evaluated

from the inset of Fig. 8(c)] for the two eigenmodes strongly suggest the
presence of synchronization, which aligns with the findings in Ma and
Zhong’s work.28 Meanwhile, at K¼ 22�, the two disturbance profiles
exhibit similarity, implying a possible occurrence of synchronization.
However, a comparatively larger ar difference between the two
eigenmodes [i.e., around 6%, as evaluated from the inset of Fig. 8(d)]
indicates the absence of synchronization at this K. The changeover
regimes identified in previous work11 actually pinpoint the critical
sweep angle near the synchronization regime, at which the first GCF
mode is destabilized or stabilized, while the second GCF mode behaves
in the opposite manner.

Based on the analysis in Fig. 5, the similarities between the first
two GCF modes (i.e., Fig. 10) and the first two G€ortler modes (i.e.,
Fig. 6) are compared and identified. For the first GCF mode, the cross-
flow velocity disturbance moves away from the wall as b increases
[Fig. 10(c)], while the disturbance moves toward the wall for the sec-
ond GCF mode [Fig. 10(d)]. The analysis of the disturbance propagat-
ing direction (i.e., moving toward/away from wall) in the GCF modes
indicates that a mode exchange between the two GCF modes occurs
after b¼ 1.145 for K¼ 20� [illustrated in the inset of Fig. 8(b)], in
which the most unstable mode changes from the first GCF mode to

FIG. 6. Variation in streamwise and crossflow velocity disturbance profiles for the first G€ortler mode [(a) and (c), respectively] and the second G€ortler mode [(b) and (d),
respectively] as b increases. Squares on g axis indicate the inflection points. The dotted line denotes the boundary layer edge. M¼ 0.0001, m¼ 0.1, K¼ 0�, and j¼�2jL.
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the second GCF mode. This is regarded as a characteristic feature
after the synchronization as stated in the previous study.28 This
differs from the case of G€ortler instability, in which the disturban-
ces in both the first and second G€ortler modes move toward the

wall. Therefore, it is postulated that the introduction of crossflow
instability to the G€ortler instability changes the nature of the first
G€ortler mode, and synchronization between the modes may exists.
In addition, unlike the behavior of the second G€ortler modes

FIG. 7. Variation in the (a) streamwise velocity and (b) crossflow velocity disturbance profile for the crossflow mode as b increases. The dotted line denotes the boundary layer
edge. M¼ 0.0001, m¼ 0.1, K¼ 30�, and j¼ 0.

FIG. 8. Growth rate (or ar ) vs b for cases of (a) [or (c)] K¼ 20� and (b) [or (d)] K¼ 22� at M¼ 0.0001, m¼ 0.1, and j¼�2jL. Circles represent the largest unstable
modes at the corresponding b. The star icons in (a) and (c) indicate b¼ 0.2 (black), 0.7 (red), and 1.3 (blue), and the green rhombus icons in (a)–(d) indicate the correspond-
ing eigenmodes in Fig. 9. Dash line square in the inset of Fig. 8(c) denotes the regime for possible mode exchanges.
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FIG. 10. Variation in the streamwise velocity and crossflow velocity disturbance profiles for the first [(a) and (c), respectively] and the second [(b) and (d), respectively] GCF
modes as b increases. Square indicates the inflection point. The dotted line denotes the boundary layer edge. M¼ 0.0001, m¼ 0.1, K¼ 20�, and j¼ �2jL.

FIG. 9. Variation in the streamwise velocity and crossflow velocity disturbance profiles for the corresponding eigenmodes indicated in (a) the inset of Figs. 8(c) and 8(b) the
inset of Fig. 8(d). The dotted line denotes the boundary layer edge.
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described in the literature,35 the second GCF mode may take on
the dominant role of instability over the first GCF mode as b
increases near the changeover sweep angle region [Fig. 8(a)].
Limited similarity between the GCF and crossflow modes is identi-
fied by comparison with the crossflow velocity disturbance profiles
in Fig. 7 (crossflow instability) and Fig. 10 (GCF instability).

Drawing on insights from previous studies on Mack modal insta-
bilities and the current LST results, three criteria for identifying the
synchronization regime between the GCF modes are outlined as
below: (1) the differences in ar between the two eigenmodes should be
sufficiently small; (2) the disturbance profiles (or mode shape struc-
ture) of the two eigenmodes should exhibit significant similarity; and
(3) after the synchronization regime, mode exchanges can be identified
by analyzing the disturbance propagating directions of the two
eigenmodes as b increases. These criteria will be applied in the subse-
quent stability analysis.

In conclusion, evidence of synchronization occurring in the
vicinity of the changeover regime is provided in the incompressible
boundary layer. The modal instabilities observed at the changeover
regime, referred to as the GCF instability, have been compared with
the well-known crossflow and G€ortler modes. The GCF instability
exhibits characteristics that resemble multiple G€ortler modes, sugges-
ting that these combined modes may originate from the G€ortler insta-
bility. Consequently, the previous literature’s description of the
transition from crossflow to G€ortler modes at the changeover regime11

may not be entirely accurate. To provide a more appropriate represen-
tation, the term “mode exchange” regime is defined instead to charac-
terize the phenomenon of mode exchange from the first GCF mode to
the second GCF mode, typically observed after synchronization
occurs.

B. Supersonic boundary layers (M 1.5–4.5)

The supersonic boundary layers (i.e., M¼ 1.5, 3.0, and 4.5) are
examined under changes in K, j, and Tw. It is important to note that
the value of jwmaxj plays a crucial role in determining the characteris-
tics of crossflow instability. The individual impacts of increasing m
and K on the crossflow instability exhibit similarity [as shown in Figs.
2(d) and 2(f)], with the following conditions excluded: (1) m� 0 and
(2) K �Kp [whereKp denotes the corresponding sweep angle at which

the peak value of jwmaxj is attained, as defined in Liu’s work.25 For
example, Kp is at 60� in Fig. 2(f)]. In view of this, the parameter m is
fixed in the subsequent studies to avoid the redundancy, while the
influence of K is demonstrated.

The impact of K, j, and Tw on the GCF instability for the
M¼ 1.5 cases are illustrated in Fig. 11. Under a fixed curvature, the
first G€ortler/GCF mode, covering larger b ranges (b¼ 0.1–3.0), domi-
nates at small K, while synchronization occurs at K¼ 16� with the
emergence of two local maximum. Above (or below) this angle, the
first GCF mode dominates within smaller b ranges (i.e., b < 1) before
synchronization, and the second GCF mode becomes stable (or unsta-
ble) after synchronization at b > 1. The peak growth rate for K¼ 1� is
at b¼ 1.25, while for K¼ 50�, it is at b¼ 0.35. A decrease in j (corre-
sponding to an increase in concave curvature) enhances the modal
instability [i.e., Fig. 11(b)], displaying a behavior akin to the local cur-
vature effect on G€ortler instability, as reported in previous work.33

Additionally, the effect of cold wall temperature destabilizes the insta-
bility at first with a shift of local maximum to larger b value, and a syn-
chronization may potentially occur at Tw¼ 0.7, indicated by the
presence of an inflection point on the curve [i.e., Fig. 11(c)]. Further
decrease in Tw (i.e., Tw¼ 0.5) marginally stabilized the first local maxi-
mum (at around b¼ 0.6) while the mode is destabilized as b increases.
A decrease in jwmaxj (and thus the crossflow strength) is observed at
cold wall side [also evident in theM¼ 4.5 case, as shown in Fig. 2(b)],
while boundary layer thickness is thinner at wall cooling, consistent
with previous literature.36 Larger unstable b ranges are observed under
cold wall conditions or at walls with more concave curvature. Notably,
destabilization of G€ortler instability due to wall cooling has been
reported by literature33,37 before, while the crossflow instability is sta-
bilized conversely.25,38 Overall, the destabilization of GCF modes
underlines the significant manifestation of G€ortler instability charac-
teristics in wall cooling scenarios.

The growth rate (i.e., �ai) and ar vs b at the synchronization (i.
e., M¼ 1.5, m¼ 0.1, K¼ 16�, j¼�2jL and Tw¼Tad) are shown in
Figs. 12(a) and 12(b). In this scenario, the first GCF mode is dominant
at b < 0.786, while the second GCF mode rises and becomes the most
unstable mode at b> 0.786. As seen in Fig. 12(c), the disturbance pro-
files for the two eigenmodes at b¼ 0.786 [marked in the inset of Fig.
12(b)] exhibit close similarities, while the difference in ar values

FIG. 11. Spatial maximum growth rate vs spanwise wavenumber at M¼ 1.5 and x¼ 0 with the change in (a) local sweep angle at m¼ 0.1, j¼�2 jL, and Tw¼ Tad, (b)
wall curvature at m¼ 0.1, K¼ 30�, and Tw¼ Tad, and (c) wall temperature at m¼ 0.1, K¼ 30�, and j¼�2 jL. Squares in (c) indicate inflection points.
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between the two eigenmodes is remarkably small (i.e., approximately
0.12%). In addition, shifts of the corresponding streamwise velocity,
temperature, and crossflow velocity disturbance to the side of the
boundary layer edge (or wall) in Figs. 12(d)–12(f) are observed for the
first (or second) GCF mode as b increases, similar to the incompress-
ible boundary layer case (Fig. 10). These observations support the
notion of a mode exchange occurring after the synchronization at

b¼ 0.786. Another synchronization between a higher GCF mode and
the first GCF mode is identified at b > 1.0; however, those modes
remain stable and are not further discussed in this study. The criteria
defined in Sec. IIIA are satisfied in this case, confirming the existence
of synchronization atK¼ 16� for these flow conditions.

In Figs. 13(a) and 13(b), the real and imaginary eigenvalues of
the first two GCF modes are plotted against b for Tw¼ 0.7 case.

FIG. 12. (a) Growth rate vs b and (b) ar vs b for a case of M¼ 1.5, m¼ 0.1, K¼ 16�, j¼�2 jL, and Tw¼ Tad. The star icons in (a) and (b) indicate b¼ 0.2 (black), 0.7
(red), and 1.0 (blue), and the green rhombus icons in (a) and (b) indicate the corresponding eigenmodes in (c). Dash line square in the inset of (b) denotes the regime for pos-
sible mode exchanges. (c) The corresponding disturbance profiles labeled by rhombus icons. The corresponding (d) streamwise velocity, (e) temperature, and (f) crossflow
velocity disturbance profiles labeled by star icons. In (c)–(f), the dotted line represents the boundary layer edge.
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The disturbance profiles of the two modes at b¼ 1.136 exhibit
remarkable similarities [Fig. 13(c)], while the difference in ar being
less than 0.003% [the inset of Fig. 13(b)]. As b increases, the crossflow
disturbances slightly shift toward the boundary edge, while the peak
disturbances consistently appear near the wall. Notably, a mode

exchange from the first GCF mode to the second GCF mode occurs
after b¼ 1.136. These findings suggest the presence of synchroniza-
tion. The clustering of the disturbance near the wall may contributed
to the thinner boundary layer thickness resulting from the cold wall
condition.

FIG. 13. (a) Growth rate vs b and (b) ar vs b for a case of M¼ 1.5, m¼ 0.1, K¼ 30�, j¼�2jL, and Tw¼ 0.7. The star icons in (a) and (b) indicate b¼ 0.2 (black), 1.0
(red), and 1.7 (blue), and the green rhombus icons in (a) and (b) indicate the corresponding eigenmodes in (c). Dash line square in the inset of (b) denotes the regime for pos-
sible mode exchanges. (c) The corresponding disturbance profiles labeled by rhombus icons. The corresponding (d) streamwise velocity, (e) temperature, and (f) crossflow
velocity disturbance profiles labeled by star icons. In (c)–(f), the dotted line represents the boundary layer edge.
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Next, cases of M¼ 3.0 are examined under changes in K, j, and
Tw, as shown in Fig. 14. The first GCF mode is enhanced with a large
b range at a small K, where the G€ortler instability dominates. Further
increasing K leads to two inflection points in the growth rate [identi-
fied in Fig. 14(a)], with b¼ 0.538 considered as the synchronization
regime at K¼ 10�. When K> 20�, only the first GCF mode is found
to be unstable at b < 1. The increase in crossflow strength (increasing
K) leads to the decrease in b range for the most unstable mode. The
peak growth rate for K¼ 1� is at b¼ 0.75, while for K¼ 50�, it is at
b¼ 0.3. Similar to the case of M¼ 1.5, the introduction of j destabil-
izes the instability, analogous to the curvature effect on the G€ortler
instability, covering larger b ranges. Cold wall temperature leads to the
destabilization of the modes and the appearance of the mode exchange
regime with two local maxima. Synchronization between the two GCF
modes occurs at Tw¼ 0.5, and further decrease in Tw leads to the sta-
bilization of first local maximum at around b¼ 0.8 and the destabili-
zation of second local maximum after an inflection point at around
b¼ 1.3. Moreover, decrease in Tw leads to the shift of peak growth
rate to larger b values.

The origins of the inflection points at K¼ 10� and the corre-
sponding eigenvalue spectrum and the disturbance profiles are pre-
sented in Fig. 15. The first inflection point, observed at approximately
b¼ 0.65 in Fig. 14(a), results from the synchronization between the
first and second GCF modes at b¼ 0.538. The second inflection point
emerges from the higher growth rate of the first GCF mode compared
with the second GCF mode at b> 1.1 when synchronization is absent.
In other words, the first GCF mode dominates at b < 0.6 and b > 1.1,
while the second GCF mode is dominant within the range of 0.6 < b
< 1.1. As K increases further, the second GCF mode becomes stable
across the entire b range. Evidence of synchronization is provided in
Fig. 15(c), where the two disturbance profiles exhibit close similarities
at b¼ 0.538 . The inset of Fig. 15(b) indicates that the difference in ar
values is around 0.015%, which is deemed sufficiently small. The pro-
files shown in Figs. 14(d)–14(f) reveal that as b increases, the distur-
bances shift toward the boundary layer edge for the first GCF mode,
while for the second GCF mode, the disturbances shift toward the
wall. In other words, the exchange of the most unstable mode is identi-
fied after the synchronization as b increases, i.e., from the first GCF
mode to the second GCF mode.

The eigenvalues across b for Tw¼ 0.5 in the M¼ 3.0 case are
shown in Figs. 16(a) and 16(b). Synchronization between the first and
second GCF modes is observed at b¼ 0.766, supported by the close
similarities between the two disturbance profiles [shown in Fig. 16(c)],
while the difference in ar is less than 0.04% [shown in the inset of Fig.
16(b)]. Mode exchanges are evident, with the crossflow disturbances
shifting toward the boundary layer edge for the first GCF mode, while
for the second GCF mode, the disturbances shift toward the wall [Fig.
16(f)]. Regarding the temperature disturbance profile [i.e., Figs. 16(c)
and 16(e)], two peaks are observed instead of one within the boundary
layer for the first GCF mode, unlike the case at the adiabatic wall tem-
perature [i.e., Figs. 15(c) and 15(e)] and the cold wall case at low Mach
number (i.e., Fig. 13). For reference, a similar case with Tw¼ 1 is pre-
sented in Fig. 17. Comparing the disturbance temperature profiles in
Fig. 17(b), it is evident that the peak near the wall rises as the wall tem-
perature decreases, while the opposite trend is observed for the peak
near the boundary layer edge. This phenomenon of temperature dis-
turbance redistribution under different wall temperatures has been
reported in the literature as well, for instance, by Liang et al. (2010)39

in the investigation of Mack modes. As previously mentioned, the wall
cooling leads to a thinner boundary layer thickness and the destabiliza-
tion of modal instabilities, i.e., G€ortler instability. It is postulated that
the occurrence of the synchronization is closely related to the destabili-
zation of the modal instability, which is manifested by the increased
temperature disturbance strength near the wall.

For the M¼ 4.5 cases (shown in Fig. 18), the increase in K
again leads to the stabilization of the GCF mode. However, unlike
the lower Mach number cases, the first GCF mode is always domi-
nant across b with no mode exchange regime. The peak growth
rate for K¼ 1� is at b¼ 0.5, while for K¼ 50�, it is at b¼ 0.25. The
closer proximity of these two peaks compared to the lower Mach
number cases suggests that the shift of the first GCF peak growth
rate across b is less sensitive to changes in K. The increase in con-
cave curvature again leads to the destabilization of the flow with
the expansion of the unstable b range, akin to the destabilization of
G€ortler instability by wall curvature. An inflection point with two
peaks is observed under cold wall conditions with Tw¼ 0.1 and
Tw¼ 1 [Fig. 18(c)], implying that a mode exchange may presents
at the cold wall condition.

FIG. 14. Spatial maximum growth rate vs spanwise wavenumber at M¼ 3.0 and x¼ 0 with the change in (a) local sweep angle at m¼ 0.1, j¼�2 jL, and Tw¼ Tad, (b)
wall curvature at m¼ 0.1, K¼ 30�, and Tw¼ Tad, and (c) wall temperature at m¼ 0.1, K¼ 30�, and j¼�2 jL. Squares in (a) and (c) indicate the inflection points.
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The eigenvalue spectrum vs b for Tw¼ 0.1 is shown in Fig. 19,
and synchronization of the first and second GCF modes is identified
by the close similarities between the two disturbance profiles at
b¼ 0.668 [Fig. 19(c)] with a difference in ar at approximately
0.04% [inset of Fig. 19(b)]. Similar to the cold wall case at M¼ 3.0

[i.e., Figs. 16(c) and 16(e)], the temperature disturbance profile for the
first GCF mode in Figs. 19(c) and 19(e) consists of two peaks, showing
that the natures of the GCF modes are altered at the cold wall temper-
ature while the flow is destabilized, and thus, synchronization between
the first and second GCF modes becomes possible.

FIG. 15. (a) Growth rate vs b and (b) ar vs b for a case of M¼ 3.0, m¼ 0.1, K¼ 10�, j¼�2 jL, and Tw¼ Tad. The star icons in (a) and (b) indicate b¼ 0.2 (black), 0.7
(red), and 1.3 (blue), and the green rhombus icons in (a) and (b) indicate the corresponding eigenmodes in (c). Solid Magenta lines in (a) represent the inflection points indi-
cated in Fig. 14(a). Dash line square in the inset of (b) denotes the regime for possible mode exchanges. (c) The corresponding disturbance profiles labeled by rhombus icons.
The corresponding (d) streamwise velocity, (e) temperature, and (f) crossflow velocity disturbance profiles labeled by star icons. In (c)–(f), the dotted line represents the bound-
ary layer edge.
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To summarize, synchronization between the first and second
GCF modes may occur under cold wall conditions or at a moderate
sweep angle defined as the mode exchange regime in supersonic
boundary layers. An unstable first GCF mode is always present,
while the second GCF mode becomes more stable as the Mach

number increases. The shift of the peak growth rate for the first
GCF mode across b becomes less sensitive to changes in K in the
higher Mach number cases, indicating that both the most unstable
G€ortler and crossflow instability in high-speed boundary layers
become indistinguishable. Notably, the synchronization regime

FIG. 16. (a) Growth rate vs b and (b) ar vs b for a case of M¼ 3.0, m¼ 0.1, K¼ 30�, j¼�2jL, and Tw¼ 0.5. The star icons in (a) and (b) indicate b¼ 0.2 (black), 0.7
(red), and 1.3 (blue), and the green rhombus icons in (a) and (b) indicate the corresponding eigenmodes in (c). Dash line square in the inset of (b) denotes the regime for pos-
sible mode exchanges. (c) The corresponding disturbance profiles labeled by rhombus icons. The corresponding (d) streamwise velocity, (e) temperature, and (f) crossflow
velocity disturbance profiles labeled by star icons. In (c)–(f), the dotted line represents the boundary layer edge.
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shifts to lower K values as Mach number increases (i.e., from
Ksyn ¼ 20� at M¼ 0.0001 to Ksyn ¼ 10� at M¼ 3.0, where Ksyn

denotes the sweep angle at which synchronization occurs). At
M¼ 4.5, only the features of multiple G€ortler modes are retained
with no synchronization, suggesting a weakened crossflow effect in
competition with the G€ortler modes in the supersonic regime.
Analogous to the case of incompressible boundary layers, the dis-
turbance moves away from the wall as b increases for the first GCF
mode, while it is vice versa for the second GCF mode. Under the
change of wall temperature, the synchronization regime shifts to
the cold wall side as the Mach number increases (transitioning
from Tw¼ 0.7 at M¼ 1.5 to Tw¼ 0.1 at M¼ 4.5). This implies that
the destabilization of second GCF mode at cold wall conditions
becomes more unattainable with increasing Mach numbers. This
could be attributed to the increase in thermal effect at the synchro-
nization regime as the Mach number increases. To illustrate, in the
context of synchronization at a cold wall, the peak temperature
disturbance near the wall is approximately 0.7 for M¼ 3.0

[as depicted in Fig. 16(c)], while the corresponding value is around
1.4 forM¼ 4.5 [as illustrated in Fig. 19(c)].

C. Hypersonic boundary layers (M 6–10)

Finally, this subsection examines the GCF instability in hyper-
sonic boundary layers. From M¼ 6.0 to 10.0 (shown in Figs. 20–22),
the instability is stabilized at large K, destabilized at increased concave
curvature and marginally destabilized at cold walls. Multiple unstable
GCF modes are captured even at large K [i.e., multiple unstable modes
are recorded for K¼ 50� in Figs. 20(a), 21(a), and 22(a), however,
only the maximum growth rate is shown], unlike the incompressible/
supersonic boundary layer cases. The presence of multiple unstable
modes under different K resembles the characteristics of G€ortler insta-
bility. This similarity suggests that hypersonic boundary layers with
fixed curvature and swept angle are less sensitive to crossflow instabil-
ity, while the characteristic of G€ortler instability is mostly retained.
Furthermore, synchronization between the first and second GCF

FIG. 17. (a) Growth rate vs b for a case of M¼ 3.0, m¼ 0.1, K¼ 30�, j¼�2jL, and Tw¼ 1.0. The star icons indicate b¼ 0.2 (black), 0.7 (red), and 1.3 (blue). (b) The
corresponding temperature disturbance profiles for Tw¼ 0.5 [extracted from Fig. 16(e)] and Tw¼ 1.0 cases. g is scaled with d, where d denotes the g position at 99.9% of ue
for the specific flow conditions (i.e., boundary layer edge).

FIG. 18. Spatial maximum growth rate vs spanwise wavenumber at M¼ 4.5 and x¼ 0 with the change in (a) local sweep angle at m¼ 0.1, j¼�2 jL, and Tw¼ Tad, (b)
wall curvature at m¼ 0.1, K¼ 30�, and Tw¼ Tad, and (c) wall temperature at m¼ 0.1, K¼ 30�, and j¼�2 jL.
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modes is absent in these high Mach number regimes. The first GCF
mode is always the dominant mode across b. The instability becomes
much more unstable across larger b ranges if the role of concave cur-
vature becomes dominant over the crossflow [i.e., in Figs. 20(b), 21(b),
and 22(b), the crossflow mode with zero curvature is unstable at
b < 0.4, while the unstable b ranges expands beyond b¼ 1 once the

concave curvature is included]. The strength of the crossflow instabil-
ity at zero curvature and a fixed sweep angle is relatively weak (i.e.,
maximum �ai 	 0.001) compared to the cases involving curvature
(i.e., maximum �ai 	 0.008). This observation suggests that the
impact of crossflow instability on hypersonic boundary layers is lim-
ited in comparison with the impact of G€ortler instability.

FIG. 19. Growth rate vs b and (b) ar vs b for a case of M¼ 4.5, m¼ 0.1, K¼ 30�, j¼�2 jL, and Tw¼ 0.1. The star icons in (a) and (b) indicate b¼ 0.2 (black), 0.7 (red),
and 1.3 (blue), and the green rhombus icons in (a) and (b) indicate the corresponding eigenmodes in (c). Dash line square in the inset of (b) denotes the regime for possible
mode exchanges. (c) The corresponding disturbance profiles labeled by rhombus icons. The corresponding (d) streamwise velocity, (e) temperature, and (f) crossflow velocity
disturbance profiles labeled by star icons. In (c)–(f), the dotted line represents the boundary layer edge.
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FIG. 20. Spatial maximum growth rate vs spanwise wavenumber at M¼ 6.0 and x¼ 0 with the change in (a) local sweep angle at m¼ 0.1, j¼�2 jL, and Tw¼ Tad, (b)
wall curvature at m¼ 0.1, K¼ 30�, and Tw¼ Tad, and (c) wall temperature at m¼ 0.1, K¼ 30�, and j¼�2 jL. Square in (c) indicates the inflection point.

FIG. 21. Spatial maximum growth rate vs spanwise wavenumber at M¼ 8.0 and x¼ 0 with the change in (a) local sweep angle at m¼ 0.1, j¼�2 jL, and Tw¼ Tad, (b)
wall curvature at m¼ 0.1, K¼ 30�, and Tw¼ Tad, and (c) wall temperature at m¼ 0.1, K¼ 30�, and j¼�2 jL.

FIG. 22. Spatial maximum growth rate vs spanwise wavenumber at M¼ 10.0 and x¼ 0 with the change in (a) local sweep angle at m¼ 0.1, j¼�2jL, and Tw¼ Tad, (b)
wall curvature at m¼ 0.1, K¼ 30�, and Tw¼ Tad, and (c) wall temperature at m¼ 0.1, K¼ 30�, and j¼�2 jL.
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Figures 20(c), 21(c), and 22(c) demonstrate that the extremely cold
wall with Tw¼ 0.1 destabilizes the peak GCF mode, while further
increases in Tw over Tad have an insignificant effect on the GCF insta-
bility. Notably, in the case of M¼ 6 case with Tw¼ 0.1 [as illustrated
in Fig. 20(c)], an inflection point is observed. However, upon closer
examination, the disturbance profiles near this point are found to be
substantially different (not shown), indicating the absence of synchro-
nization between the modes.

In conclusion, the G€ortler instability is always dominant over the
crossflow instability in hypersonic boundary layers. Thus, no synchro-
nization is observed, and the characteristics of multiple G€ortler modes
are retained in the overall GCF instability. The crossflow instability
can be considered as the extension of the G€ortler instability from a 2D
base flow to a 3D one at hypersonic regime, analogous to the concept
given in Liu’s work26 on the effect of crossflow to the first Mack mode
(or T-S mode) in such high Mach number regime.

IV. CONCLUSIONS

In this study, the coexistence of steady G€ortler and crossflow
instability covering the incompressible to hypersonic boundary layers
was investigated by varying the local sweep angle, pressure gradient,
wall curvature and wall temperature. Modal growth of the compress-
ible FSC base flows was identified using the LST.

In incompressible boundary layers, increasing the local sweep
angle under a fixed concave curvature leads to the appearance of two
unstable modes near a certain sweep angle. These modes are conven-
tionally regarded as the crossflow mode and the G€ortler mode.
Previous literature has suggested that a changeover between G€ortler
and crossflow instability occurs. However, this study shows that the
corresponding disturbance profiles obtained differ from those of solely
the crossflow or G€ortler mode. Instead, the appearance of the two
unstable modes at the changeover regime can be attributed to the syn-
chronization of the two G€ortler–crossflow (GCF) modes, which share
characteristics similar to multiple G€ortler modes. The definition of the
changeover regime appears to be inappropriate. To avoid the ambigu-
ity, the mode exchange regime is defined accordingly in which the
most unstable mode exchanges from the first GCF mode to the second
GCF mode after the synchronization. Three scenarios are presented to
summarize the possible development of GCF instability:

(1) When the G€ortler instability dominates over the crossflow
instability (i.e., at a fixed curvature and small local sweep
angles), the first GCF mode is always unstable across a large
spanwise wavenumber range. The second GCF mode is always
more stable than the first GCF mode, analogous to the G€ortler
instability.

(2) When both the crossflow and G€ortler instabilities are important
(i.e., at a fixed curvature, near the mode exchange sweep angle),
synchronization between the first and second GCF modes
occurs. The maximum growth rate of the unstable first GCF
mode shifts to smaller spanwise wavenumbers, and the unstable
second GCF mode arises after synchronization.

(3) When the crossflow instability dominates over the G€ortler
instability (i.e., at a fixed curvature and large local sweep
angles), the unstable first GCF mode has a local maximum
within small spanwise wavenumber ranges. The second GCF
mode is always stable, even after synchronization with the first
GCF mode.

The effect of curvature destabilizes the instability, and the intro-
duction of a pressure gradient stabilizes the instability, thus validating
the findings in previous literature.

Supersonic boundary layer regimes with M¼ 1.5, 3.0, and 4.5
were tested with individual changes in the local sweep angle, wall cur-
vature and wall temperature. Similar to incompressible boundary
layers, increasing the local sweep angle at fixed curvature shifted the
local maximum growth rate to smaller spanwise wavenumbers, and
both increasing concave wall curvature and decreasing wall tempera-
ture destabilized the instability. Synchronization of the two GCF
modes was observed under two conditions: (1) a change in local sweep
angle atM¼ 1.5 and 3.0 and (2) cold wall temperature atM¼ 1.5, 3.0,
and 4.5. The second GCF mode may become unstable after synchroni-
zation, analogous to the incompressible boundary layer cases. Shifts of
synchronization regime to lower sweep angle and cold wall side are
observed as Mach number increases. The former signifies a weakened
crossflow compared with the G€ortler instability with increasing Mach
number, while the latter implies that the synchronization closely
related to the thermal content in compressible flows.

Finally, the study investigated the hypersonic boundary layers at
M¼ 6.0, 8.0, and 10.0. The overall trend of destabilization under
changes in the local sweep angle, wall curvature and wall temperature
were found to be identical to the supersonic boundary layer cases.
However, in the hypersonic boundary layers, the first GCF mode
always played the dominant role across b, and no synchronization was
observed. The crossflow instability has a limited impact on the overall
GCF instability.

This study reveals that the instabilities resulting from the G€ortler
and crossflow effects exhibit behaviors akin to the multiple modes
observed in the G€ortler instability. Although these findings are based
on local stability assumptions, they shed light on the genesis of such
instabilities in boundary layers at various Mach number regimes.
More interpretation on the GCF modes can be revealed through
numerical simulations in the future. Subsequent investigations can
delve into the intricacies of the coexistence of all three modal instabil-
ities including the first Mack mode under the influence of traveling
disturbances, allowing for a comprehensive exploration in the next
step.
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