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ABSTRACT

We apply a coarse-graining technique to understand the efficiency of scale-to-scale transport of energy and enstrophy in a quasi-two-dimen-
sional weakly turbulent periodic flow. The investigated periodic flow resembles the propagation of a monochromatic tide in a tidal channel,
connected to open sea through an inlet. The interaction of the periodic flow with the inlet mouth generates vortical structures in a wide spec-
trum of scales, and recently, how the corresponding energy and enstrophy fluxes change their signs depending on the tidal phase has been
shown. In the present study, we are interested to extend the analysis to the efficiency of the nonlinear transfer rates by analyzing the geomet-
ric alignment between the turbulent stresses and the strain rates for the energy, and the vorticity stress and large-scale vorticity gradient for
the enstrophy. Our results suggest that, depending on the phase of the period, energy is efficiently transferred to larger scales (inverse cas-
cade) in a finite range of scales, whereas the observed direct energy cascade for very small and very large scales is much less efficient.
Enstrophy shows similar behaviors in terms of transitions between direct and inverse cascading; however, all transfers seem to be relatively
inefficient.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0142848

I. INTRODUCTION

Understanding the energy processes associated with turbulent
flows is still a challenging topic that attracts great interest. Turbulence
is characterized by a continuum spectrum of flow scales that nonli-
nearly interact. Classically, the energy transfer among the flow scales is
thought of as a cascading process from the wavenumber where energy
is injected into wavenumbers where energy is dissipated. The direct
cascade is described by the Kolmogorov�5/3 power law in the inertial
range. However, the existence of several energy and enstrophy cas-
cades have been shown starting from experimental measurements or
numerical simulations, especially for two-dimensional or quasi-two-
dimensional turbulent flows.1 Moreover, flow inhomogeneities, coher-
ent vortices, and two-dimensionality proved to force different scales,
and, in some cases, different power laws can be detected, depending
on the range of wavenumbers considered.1 Coherent structures are
indeed able to control the overall energy transfers as recently reported
by Thiesset and Danaila.2 Restricting our attention to 2D dimensional
or quasi-2D dimensional turbulence, the two relevant global inviscid
invariants are the kinetic energy and the enstrophy, the budget of

which can be regulated by several concurring processes that ultimately
can be expressed in terms of direct or inverse cascades. Turbulent
energy fluxes can be associated with the action of stresses, arising from
the exchange of momentum between scales owing to the nonlinearity
in the Navier–Stokes equations, against the rate of strain. Similarly,
enstrophy transfer rates are governed by “stresses” and vorticity gra-
dients. The study of the energy and enstrophy fluxes in two-
dimensional turbulence has received great attention, taking advantages
of new frameworks that allow for a scale-to-scale analysis, namely
coarse-graining techniques.3–5 Coarse-graining methods, which is dif-
ferent from spectral methods in Fourier space, retain the energy/
enstrophy transfers in space and can be applied to inhomogeneous
flows.3,4,6–9 Successful applications of coarse-graining methods are
found in several studies of turbulent or turbulent-like flows in two-
dimensional applications.9–18 Most of the cited works focused on the
description and interpretation of the nonlinear energy and enstrophy
fluxes in relatively idealized systems, e.g., flows of thin layers or
numerical simulations of 3D homogeneous turbulence. The physical
mechanisms behind the energy and enstrophy cascades in the context
of inverse energy cascades have been suggested in two important
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contributions,10,11 and the proposed interpretation have been proved
several times since then. Relevant for the present analysis is the intro-
duction of the concept of energy efficiency discussed by Fang and
Ouellette,9 where the authors considered the conditional statistics of
the alignment of the stress and the strain rate. In particular, the effi-
ciency of the nonlinear fluxes was defined as the cosine of twice the
angle between the eigenvectors corresponding to the highest eigen-
value of the (deviatoric) stress and strain rate. They concluded that
advection tends to disrupt the delicate geometric balance that is
required to transfer energy from scale to scale, causing a reduction in
the efficiency of the turbulent cascade. They suggested that a careful
investigation of the efficiency of the energy transfer should comple-
ment the analysis of the signs of the nonlinear fluxes, which, by them-
selves, cannot provide a clear indication of whether the cascade
processes efficiently occur or not.

The application of the above theories on energy and enstrophy
cascading in geophysical contexts poses several challenges, most of
them related to the large scales of the domain involved, the simulta-
neous presence of different forcing of the dynamics (tides, waves, wind
current, baroclinic currents), and the complex geometry. However,
estimating the energy budget and fluxes in ocean is of paramount
importance, and several studies related to this can be found in the
recent literature.5,19–23 Most of the studies pertain to energy budget in
open ocean, where both direct and inverse cascades have been identi-
fied depending on the local characteristics of the flow. However, much
less has been done in coastal areas, where tidal flows can dominate.24

In fact, high energy tidal currents, interacting with coastlines, generally
induce the development of quasi-2D coastal tidal vortices, the impor-
tance of which for momentum, mass, and energy transport is well rec-
ognized.25–32 Moreover, coastal areas are characterized by the most
energetic currents induced by different forcing sources, such as tides
and waves. Moreover, the interaction of these currents with complex
shorelines (headlands, islands, tidal inlets, and coastal bays) triggers
the generation of vortical structures at several scales. Due to the shal-
lowness of the coastal areas, the flow can be safely regarded as quasi-
two-dimensional, and the typical macro-vortices can be regarded as
two-dimensional flow structures.33,34 Several studies have been
devoted to understand the importance of tidal pumping and tidal
macro-vortices as a primary agent of dispersion.35,36 However, the
influence of tidal induced macro-vortices on energy and enstrophy
cascades has been less investigated, and it is the main focus of the pre-
sent analysis. In recent contributions,37–39 the authors performed a
series of experiments on a large tidal flume, varying the forcing tidal
wave. Time resolved high-resolution velocity fields were measured
using particle image velocimetry. Coarse-graining method was applied
to quasi-2D velocity fields revealing a variety of energy/enstrophy cas-
cading scenarios depending on the tidal phase. Both inverse and direct
energy/enstrophy cascades were observed and associated with vortex
merging and thinning,11,12 and the predominance of straining has
been recalled10 especially in the ebb phase of the tide.

Starting from the above analysis, we focus on the efficiency of the
transfer rates. In fact, the computation of the nonlinear fluxes using
the coarse-graining techniques has been shown to be accurate not only
for determining the sign of the fluxes but also for computing the effi-
ciency of the process.9,15 Following a similar analysis as described in
the cited contributions, we intend to investigate the efficiency of the
multiple cascading observed in the experiments discussed in De Leo

and Stocchino.37 The present contribution represents the first study
dedicated to the analysis of the energy and enstrophy efficiency trans-
port of coastal tidal flows.

II. MATERIAL AND METHODS
A. The experimental dataset

In the present analysis, we used the 2D velocity dataset measured
during a series of experiments discussed in detail by De Leo and
Stocchino.37 Herein, we briefly recall the main characteristics of the
large-scale experimental flume, the forcing tidal wave, and the measur-
ing technique.

The flume consisted of two main parts: a compound tidal channel
(23m long) and a rectangular basin representing the open sea (about
6m long). The basin is connected to the tidal channel through an inlet
composed of two vertical barriers with dimension lw ¼ 0.86m and a
net entrance width of wi ¼ 0.7m. The geometry of the tidal channel
was designed to reproduce a compound cross section, composed of a
deep main channel and wide lateral tidal flats. The flow generated by a
volume wave generator, placed at the extreme end of the basin, was
forced to enter the channel through the tidal inlet. The main channel
longitudinal slope is equal to 0.255%. The outer basin is 6m long and
2.20m wide (wb), with a maximum depth equal to hb ¼ 0.5m and a
horizontal bottom. The mean water elevation referred to as the bottom
of the channel at the channel inlet (D0) has been maintained constant
and equal to 0.36m during all experiments. The surface of the entire
experimental apparatus is finished in concrete and the estimated
Ch�ezy conductance coefficient C is about 10m1/2/s. To provide an
oscillating water level, a tidal generator system (oscillating cylinder)
has been installed at the end of the rectangular basin. The cylinder is
remotely controlled using a digital signal acquisition/generation sys-
tem, and it provides a time law signal of the kind as follows:

g ¼ a sin ðxtÞ; (1)

where t is the time, g is the free surface elevation, a is the tidal ampli-
tude, and x ¼ 2p=T is the tidal angular frequency, T being the tidal
period. A sketch of the apparatus is given in Fig. 1.

The present case of periodic flows is intended to mimic realistic
tidal wave conditions. To this end, we decided to follow Toffolon
et al.40 for the main parameters governing the hydrodynamics of
monochromatic tidal waves. In particular, the friction parameter (v) is
known to play an important role and it is defined as

v ¼ �
Lg

2pC2D0
; with Lg ¼ T

ffiffiffiffiffiffiffiffi
gD0

p
; (2)

where D0 is the mean flow depth, and Lg is the inviscid tidal wave-
length. We designed the present experiments preserving the friction
parameter v, i.e., selecting appropriate values of the tidal waves (ampli-
tude and period) to reproduce realistic values of the friction parameter.
Moreover, the Froude number, defined as Fr ¼ U=

ffiffiffiffiffiffiffiffi
gD0
p

, with g as
the gravity acceleration, is naturally preserved between the real world
and the laboratory model for a prescribed value of v. Table I reports
the main experimental parameters.

During each experiment, the water level and surface velocities
have been measured. In particular, free surface elevation was moni-
tored using four ultrasound gauges placed at a distance of 0, 4.75, 14.3,
and 25m from the tidal wave maker.
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Time resolved high-resolution surface velocity fields uðx; tÞ
¼ ðuðx; tÞ; vðx; tÞÞ were measured using particle image velocimetry
(PIV) and constitutes the dataset for the present analysis. Lighting was
produced using eight 500W white light halogen lamps. The channel
water surface was densely and uniformly seeded by polyethylene par-
ticles (dimension of about 3mm) used as PIV tracers. PIV acquisitions
were recorded employing four high-resolution GigaEthernet digital
camera (Teledyne Dalsa Genie Nano C1280, resolution 1280� 1024
pixels). Cameras were fixed on rigid supports placed at an elevation of
2.5m from the bottom of the channel, pointing downward, as shown
in Fig. 1. Based on the camera arrangement, the field of view (FoV) for
the velocity measurements was positioned to cover an area of about
3.5� 2.5 m2. In the top panel of Fig. 1, the area of measurements is
indicated with a red rectangle. We covered the entire width of the
channel, and the dimension in the longitudinal direction was enough
to register the most important processes around the inlet. The PIV

acquisition frame rate was set equal to 20 fps. For each set of parame-
ters (T and �), we repeated the experiments ten times for a single
period. The images from the four digital cameras have been binarized
and then merged to obtain single panoramic images of the entire FoV
for each temporal instant before the PIV analysis. Based on this config-
uration, the smallest scale resolved was around 2 cm. For the present
analysis, the dynamic range of the PIV, defined as the ratio of the max-
imum to the minimum resolvable displacement,41,42 was wide enough
to resolve the velocity scales at hand. In fact, different from the stan-
dard PIV based on the analysis of two frames separated by a short laser
pulse, we continuously recorded the particle displacement with a fre-
quency high enough to sufficiently capture the fastest flows. After,
optimizing the image stride, the PIV processing was adapted to
increase the dynamic range.

B. Coarse-grain method for nonlinear energy
and enstrophy transfer rates

The approach we used in the present study for analyzing the spa-
tial and temporal variability of the nonlinear energy and enstrophy
fluxes is based on the so-called coarse-graining technique, first intro-
duced in turbulence flow studies in the framework of large eddy simu-
lation.3 The main idea is to build low-pass spectral filtered velocity
fields by convolving the flow fields with a filter function GlðxÞ with a
cutoff length l. Thus, flow scales smaller than l are suppressed and
larger scales are preserved. Different filtered fields are then obtained as
a function of the cutoff length l.6–9,13–16 Several choices have been

FIG. 1. Sketch of the experimental setup.
The area of measurements of PIV is
shown as a red rectangle in the plan view
of the experimental channel (top figure).

TABLE I. Experimental forcing tide parameters.

exp.HR � T (s) Lg (m) Re v Fr

01HR 0.0325 180 195.3 16 850 0.12 0.04
02HR 0.0308 160 173.6 21 500 0.11 0.05
03HR 0.0225 130 141.0 24 800 0.065 0.07
04HR 0.0217 100 108.5 31 600 0.033 0.08
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proposed for the filter function GlðxÞ, such as top-hat or Gaussian fil-
ter among others, all characterized by a fast decay in space.16 For the
present analysis, we used a top-hat filter of the following kind:

GlðxÞ ¼
1 x < l;
0 otherwise:

�
(3)

The coarse-grained equation for the mean kinetic energy at the
scale l, EðlÞ is then obtained in the following form:8,43

@EðlÞ

@t
þ @J

ðlÞ
i

@xi
¼ �PðlÞ � � @u

ðlÞ
i

@xj

@uðlÞi
@xj
� ajuðlÞj2; (4)

where J synthetically collects all transport terms, PðlÞ is the new term
arising from the coarse-graining, the second term on the right hand
side is the energy dissipation, and the last term represents the large-
scale dissipation due to friction. J only acts to redistribute the energy
in space, and it is not involved in the transfer of energy across scales.

The nonlinear energy flux PðlÞ is responsible for the redistribu-
tion of energy across scales and appears in the equation for mean
kinetic energy at the scale l (EðlÞ), and it is defined as follows:

PðlÞðx; y; tÞ ¼ �sðlÞij ðx; y; tÞS
ðlÞ
ij ðx; y; tÞ; (5)

where sðlÞij ¼ ðuiujÞ
ðlÞ � uðlÞi uðlÞj is the residual stress tensor, and

SðlÞij ¼ 1=2ð@uðlÞi =@xj þ @u
ðlÞ
j =@xiÞ is the filtered rate of strain.11,12,15

The term PðlÞ links the filtered small scales and the resolved large flow
scale. In particular, PðlÞ > 0 implies energy transfer to smaller scales
and, conversely, PðlÞ < 0 denotes energy transfer toward larger scales.

A similar decomposition can be applied to the enstrophy budget
leading to the definition of the coarse-grained enstrophy flux as
follows:16

ZðlÞðx; y; tÞ ¼ �rðlÞi ðx; y; tÞ
@xðlÞðx; y; tÞ

@xi
; (6)

where xðlÞ is the vorticity (in this case, the out-of-plane component),
and rðlÞi ¼ ðuixÞ

ðlÞ � uðlÞi xðlÞ is the vorticity stress. The same sign
convention holds for the enstrophy fluxes ZðlÞ.

Crucial for the present analysis is the fact that Eq. (5) expresses
PðlÞ as the inner product between the residual stress and the filtered
rate of strain,12,44 and this allows for rewriting PðlÞ as

PðlÞ ¼ �2kðlÞs kðlÞS cos ð2HPÞ; (7)

where kðlÞs is the maximum eigenvalue of the deviatoric part of

sðlÞij ; kðlÞS is the maximum eigenvalue of rate of strain tensor, and HP is
the angle between the corresponding eigenvectors. Following the same
approach, the enstrophy flux can be computed in terms of the product
between the moduli of the vorticity stress jrðlÞj and of the vorticity gra-
dient j$xðlÞj, and the angle between the vectors HZ (Refs. 9 and 15) as

ZðlÞ ¼ �jrðlÞjj$xðlÞj cos ðHZÞ: (8)

Equation (7) shows how the transfer is linked to the alignment
between the eigenframes of sðlÞij and SðlÞij . The term cos ð2HPÞ describes
the efficiency of the energy transfers through the different flow scales,
providing an estimate of the fraction of the turbulent stress that

works against the large-scale strain.9,15,45 A perfect misalignment
(HP ¼ p=4) between stress and strain prevents the energy transfers,
leading to a zero efficiency. The energy transfer has the maximum effi-
ciency for HP ¼ p=2 toward the small scales (the stress aligns per-
fectly with the compressive strain-rate eigenvector) and for HP ¼ 0
toward the larger scales (perfect alignment). The discriminant value of
HZ is p=2, but similar considerations can be provided.

The computation of the energy and enstrophy fluxes, both using
the original definitions, Eqs. (5) and (6), and the decomposition
expressed as Eqs. (7) and (8), has been performed as in the study by
De Leo and Stocchino37 for the boundary treatment and the computa-
tion of the time and space averages.

In fact, care must be taken to avoid spurious effects owing to the
finite size of the domain and the possible interaction with the largest
separation adopted for the filtering functions. For the present study,
we have started from the discussion presented in Rivera et al.16 and
Aluie et al.5 regarding the treatment of boundaries. As known, the
errors might arise at Kernel sizes larger than the domain size. In the
present study, the domain has very different dimensions along the two
axes, i.e., the longitudinal size of the tidal channel is about ten times its
width. Among the strategies discussed in the cited works, we followed
the approach suggested in Aluie et al.5 that coupled with the top-hat
filter, more localized in space compared to the Gaussian, allowed for
producing reliable estimates of the fluxes up to a non-dimensional
scale l=lw around 4. For larger separations, the quality of the results
rapidly decreased.

Finally, the study of energy cascades classically relies on standard
methods based on Fourier analysis.19,22,46 On the one hand, Fourier
spectral analysis provides important results in term of energy spectra;
on the other hand, it has a limited applicability to quasi-homogeneous
regions with simple boundary conditions, and the technique typically
needs some kind of special treatment at the boundaries. Since the
application of Fourier analysis requires homogeneity of the flow fields,
for the present analysis, we preferred to apply coarse-graining that, in
turn, correctly retains the non-homogeneous character of the nonlin-
ear transfers.

C. On the applicability of the shallow water hypothesis

Equation (4) is strictly valid for two-dimensional incompressible
turbulence, and its extension to the three dimensional case has been
recently discussed by Ballouz and Ouellette.44

Turbulent flows are in general always three dimensional.
However, as discussed in several reviews dedicated to two-dimensional
turbulent flows, the dimension of the problem can be reduced by con-
straining the development of the flow in one spatial direction. To this
end, imposing a geometric anisotropy among the three dimension
and, in particular, strongly reducing the flow in one of the three direc-
tion is an efficient way to produce a two-dimensional or quasi-2D tur-
bulent flow.47–49

Thus, the so-called shallow water approximation is usually
assumed to be valid in many geophysical flows, based on the large-
scale separation between the vertical and horizontal dimensions, i.e.,
the ratio d between the typical vertical length scale (water depth, D0)
and the typical horizontal length scale (L) is much less than unity. In
fact, starting from the 3D Reynolds equation
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q
dui
dt
¼ qfi �

@P
@xi
þ l

@2ui
@x2j
�
@ qhv0iv0ji
� �
@xj

; (9)

we focus the discussion on the relative importance of the terms in the
vertical component

@w
@t
þ u

@w
@x
þ v

@w
@y
þ w

@w
@z

¼ 1
q
@P
@z
þ g cos h� @hw

0u0i
@x

� @hw
0v0i

@y
� @hw

0w0i
@z

: (10)

We set U0 as the typical velocity scale for u and v, and DU0 for
their variations, which is at most of the order of U0. The continuity
equation shows that the vertical velocity is of order OðdDU0Þ, which is
much smaller than DU0. The momentum equation along the vertical
direction can be simplified into the hydrostatic pressure distribution
provided that two conditions are satisfied. First, the non-dimensional
group F2

r d
2 must be less than 1, with Fr being a typical Froude num-

ber. The latter implies that the convective terms in the vertical
momentum equation are negligible with respect to the gravitational
term. Second, the non-dimensional group F2

r d=C, where C is a Ch�ezy
coefficient assuming a closure of the turbulent stress in terms of an
eddy viscosity, must be less than 10, i.e., the gravitational term is much
greater than the divergence of the Reynolds stresses.

For the present experiments, the ratio between the typical vertical
length scale (water depth) and the typical horizontal length scale
(channel width) is about d ¼ 10�2. Based on the length and velocity
scales of the experiments, the two non-dimensional groups are of the
order of about 10�5. Thus, we expect that the resulting velocity fields
are substantially two-dimensional, with residual three dimensional
effects limited to small regions close to the channel bottom or around
the edges of the tidal inlet. In this case, Eq. (4) can be considered valid
for the present investigation, similar to many other studies regarding
shallow layers of fluids.9,13–16

III. RESULTS AND DISCUSSION
A. The periodic flow fields

The description of the flow under investigation has been pro-
vided in recent contribution by the authors, both in terms of Eulerian
and Lagrangian properties, and we refer to these contributions for the
details.37–39 Herein, we briefly summarize the main features that will
help the discussion of the present results. The volume wave, generated
by the periodic oscillation of the tidal generator, propagates toward the
tidal channel with a wavelength Lg much longer of the channel length.
The resulting flow remains relatively regular until it interacts with the
tidal inlet during the flood phase, i.e., when the mean flow intrudes in
the tidal channel directed to the positive x. As soon as the almost uni-
form flow approaches with the lateral thin barriers, vortex shedding is
observed from the tips of the two plates. A series of small-scale vortices
are continuously emitted during the flood phase and tend to merge in
a larger recirculating structure that, ultimately, occupies the entire lat-
eral flat at the peak of the flood. Nicolau del Roure et al.25 already
described the entrainment of small-scale vortices in the main vortical
structure, and De Leo et al.38 reinterpreted this process in terms of
Lagrangian-averaged vorticity deviation (LAVD)50 and finite time
Lyapunov exponent dynamics.51–54

Particularly relevant for the present study is the Lagrangian-
averaged vorticity deviation (LAVD), defined as51

LAVDðt1; t0; x0Þ ¼
ðt1
t0

jxðxðs; x0Þ; sÞ � �xjds; (11)

where �x is the spatial mean of vorticity.
The inversion of the mean flow during the ebb phase of the tidal

wave (mean flow directed toward the outer basin) causes the disrup-
tion of large gyres and, ultimately, the large-scale flow tends to
completely flush the macro-vortices out of the tidal channel. The
observed asymmetry between the vortex shedding at the inlet during
the flood and the ebb phase is attributed to the geometry of the chan-
nel (compound cross section) and of the basin (rectangular cross sec-
tion).39 On the contrary, the symmetry of the inlet and tidal channel
with respect to the x axis imposes a symmetry in the flow along the
transverse direction. In the present experiments, the typical Strouhal
number,25 defined as St ¼ L=UT, where L is a typical length scale
related to the vortex shedding generation set equal to lw, U is a convec-
tive velocity scale, and T is the tidal period, assumes values in a range
between 0.07 and 0.08, which is in line with previous experimental
studies25 and field applications.32 In fact, vortex shedding is observed
with a period much shorter than the tidal period. LAVD fields showed
that small coherent patches are generated at the tip of the tidal inlet
and, following them by advecting the LAVD fields, these patches tends
to produce elongated and thinned filaments immersed in the large-
scale gyres on the lateral tidal flats.38 Due to the longitudinal symmetry
of the channel, this process is identical on the two sides of the tidal
channel. A visualization of the LAVD fields computed for three tidal
periods is shown in movie 2 (Fig. 2, Multimedia view), together with
the velocity recorded in one point at the tidal inlet. From the movie,
the process of vorticity shedding at the tip of the tidal barrier appears
neatly. Periodic emissions of patches of LAVD are then convected by
the mean flow toward the tidal channel, during flood phase (when the
velocity at the inlet is positive). During ebb phase (negative velocities
at the inlet), large regions with high values of LAVD are destroyed and
transported away from the channel toward the open basin.

Finally, the observations and measurements indicate that the
large-scale gyres have horizontal dimensions about an order of magni-
tude larger than the flow depth, confirming the validity of the assump-
tions described in Sec. II C. Regarding the presence of possible
secondary flows triggered by the inlet barrier and the compound
geometry, similar to many other contexts, their role is mainly
restricted to very small scales close to the bottom corners. Considering
a free surface flow in straight uniform condition with or without a
compound geometry as 2D or quasi-2D is a standard assumption in
theoretical and experimental studies of this field.55–62

B. Spatial distribution of energy and enstrophy
transfer rates

We are now interested in studying how the periodical evolution
of the large-scale flow together with the observed generation/destruc-
tion of coherent vortical structures at different scales influence the
energy and enstrophy transfer rates among the scales. Vortex merging/
thinning is known to be responsible for a possible establishment of
an inverse energy cascade,11,12 and the presence of coherent vortices
might sustain energy cascades even for relatively low Reynolds
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numbers.2 The true potential of the coarse-grain method is to retain
the temporal and spatial distribution of the fluxes, revealing their vari-
ability in space and time. Examples of the spatial distribution of
PðlÞðxÞ and ZðlÞðxÞ computed using Eqs. (7) and (8) are shown in Fig.
3 together with the corresponding velocity fields of the most energetic
experiment (04HR). In this example, we show the results obtained for
a separation l=lw ffi 1. Contours of the swirling strength kci are
reported in the figure superimposed on the vector velocity fields.
Swirling strength is defined as the positive imaginary eigenvalue of the
local velocity gradient tensor and shows high values where there is a
strong local flow rotation, i.e., a vortex.63 In the present context, we
employed the computation of kci to help the identification of vortical
structures embedded in the flow.

Panel (a) shows an instantaneous velocity field observed at the
peak of the flood phase, i.e., corresponding to the maximum velocities
toward the tidal channel. The selected instant is representative of the
situation where coherent vertical structures are observed at different
scales, from small vortices with a typical size of a portion of lw up to
the large-scale gyres that occupy the entire lateral expansion of the
channel, see Fig. 9 of De Leo et al.38 Panels (c) and (d) report the cor-
responding computed energy and enstrophy fluxes, respectively. Both
velocity and the nonlinear flux (PðlÞðxÞ and ZðlÞðxÞ) fields appear to
be symmetrical along the y axis, and the energy fluxes show positive
(indicating a transfer to smaller l) and negative spots (indicating a
transfer to larger l). Intense negative values are observed in the prox-
imity of the inlet where the vortices are shed and then thinned,
whereas positive values are concentrated far from the inlet. In the latter
region, the flow is almost uniform, and it is not surprising that the
energy flux indicates the presence of a direct energy cascade. The
enstrophy flux shows high positive values at the inlet, whereas a

large area of negative values is observed between x¼ 1 and x¼ 1.5m,
approximately.

During the ebb phase, i.e., the flow is mainly directed from the
channel to the outer basin, see panel (b) for an example of the velocity
field; the behavior of PðlÞðxÞ and ZðlÞðxÞ is quite different from the
flood phase, see panels (d) and (f), respectively. The energy flux [panel
(d)] is almost everywhere positive with higher values around the tidal
inlet. Similarly, the enstrophy flux is dominated by positive values, and
it is stronger around the inlet.

In general, this behavior has been observed for all experiments
regardless of the forcing tidal wave with some differences related to
the intensity of the flux and the spatial distribution of the positive and
negative patches. In fact, as described in De Leo et al.,39 the pattern of
the flow structures is quite similar, varying both the amplitude and the
wavelength of the tidal waves; decreasing the wavelength of the forcing
monochromatic tide generates intense flows, and, ultimately, the
dimensions of the lateral macro-vortices increase in the longitudinal
direction.

C. Time and spatial averaged energy and enstrophy
fluxes

We now evaluate the spatiotemporal averages of the transfer
rates hPðlÞi and hZðlÞi that are usually adopted to interpret the
overall scenarios in terms of energy cascades (see Refs. 9, 45, and
64, among others). We could expect to find constant negative (pos-
itive) values of hPðlÞi in the inertial range of the inverse (direct)
energy cascade, and zero everywhere else. On the contrary, a split-
energy cascade is characterized by a positive nonlinear energy flux
for scales smaller than the injection scale and negative flux for

FIG. 2. Snapshot of the time evolution of
the LAVD fields of experiment HR04
together with the longitudinal velocity nor-
malized with the peak tidal velocity
recorded in the center of the tidal inlet.
Multimedia view: https://doi.org/10.1063/
5.0142848.1
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scales larger than the injection scale. Differently from previous
studies on turbulent-like flows (e.g., Refs. 9 and 45), we followed
the approach described in De Leo and Stocchino37 to characterize
the process during the different phase of the period. The results in
terms of spatiotemporal averaged fluxes hPðlÞi and hZðlÞi are
shown in Fig. 4 for all experiments.

As discussed by De Leo and Stocchino,37 for all experiments, we
observed a symmetric behavior of hPðlÞi as a function of the separa-
tion l=lw if we consider flood and ebb phase, green and blue lines,
respectively. During flood, hPðlÞi is strongly negative in a range of
scales between l=lw ffi 0:16 and l=lw ffi 2� 2:5, denoting an inverse
transfer. A small range of direct energy transfer is found for
l=lw � 0:16. An opposite scenario occurs during ebb, when the macro-
vortices are flushed-out from the channel by the reversing flow. In
fact, hPðlÞi is positive (direct energy transfer) for l=lw � 0:16. The
transition between the flood-type to the ebb-type scenario occurs
smoothly, considering hPðlÞi for all times, not shown here. The mini-
mum (maximum) value of hPðlÞi during flood (ebb) is always found
to be at a separation approximately equal to 1, and the corresponding
spatial distributions of PðlÞ are shown in Fig. 3.

Averaging over the entire period lead to a distribution of hPðlÞi
(red lines) similar to the one obtained during flood.

The spatiotemporal averaged enstrophy over the period is shown
as a black line in Fig. 4. hZðlÞi is strongly positive for l=lw � 0:16 and
negative for larger scales. The signs of hZðlÞi and hPðlÞi for the smallest
scale and the change of sign at l=lw ffi 0:16 is similar to the observation
reported in previous contributions (see Refs. 12 and 13, among others)
as a signature of an inverse energy cascade. The injection scale seems
to be l=lw ffi 0:16, a fraction of the inlet barrier, and it remains
unchanged in all experiments. Note that the observed dimensions of
the initial LAVD patches emitted during the flood phase at the tip of
the inlet compare well with the latter estimate.38 The scale at which we
observe the change in sign of hPðlÞi from negative to positive depends
on the experimental parameters and increases with decreasing period
T, or wavelength Lg, from about 2 [exp01HR, panel (a)] to about 2.5
[exp04HR, panel (d)].

Finally, we acknowledge some limitations of the present experi-
mental setup in providing information over the full range of scales. In
particular, we could not resolve the smallest scales where the energy
dissipation occurs, i.e., the Kolmogorov scales that can be estimated as

FIG. 3. Snapshots of the measured velocity fields together with the contours of the swirling strength and spatial distribution of the energy fluxes PðlÞ and enstrophy fluxes ZðlÞ

for a separation l=lw ffi 1 for experiment 04HR. (a) Velocity field at the maximum flood (t ¼ T=4); (b) velocity field at the maximum ebb (t ¼ 3T=4); (c) field of PðlÞðxÞ at
t ¼ T=4; (d) field of PðlÞðxÞ at t ¼ 3T=4; (e) field of ZðlÞðxÞ at t ¼ T=4; and (f) field of ZðlÞðxÞ at t ¼ 3T=4.
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g � L=R3=4
e (Ref. 65). In the present study, g assumes a value of about

10�4m that is too small compared to the PIV resolution (2 cm).
Moreover, the large-scale quadratic dissipation proportional to the
drag a is not resolved due to the limitation imposed by the coarse-
graining method. In fact, the dissipation due to the drag is linked to
the largest flow scale, proportional to the tidal channel length, which
cannot be computed using the convolution required by the coarse-
graining method. However, we expect that in both limits, where
l=lw ! 0 and l=lw !1, the energy transfer should tend to zero, and
the results shown in Fig. 4 seem to be in agreement with this behavior.

D. Energy and enstrophy fluxes efficiency

We now investigate the efficiency of the energy and enstrophy
transfer using Eqs. (7) and (8). What is important to discuss for under-
standing the efficiency of the process is the alignment between the
eigenframes of the deviatoric part of sðlÞij and of the strain rate SðlÞij . In
fact, we computed the angles HPðx; tÞ and HZðx; tÞ for energy and
enstrophy, respectively. However, the temporal and spatial variability
of the transfer rates require care when these angles are analyzed, since
a simple average could hide the details of the process. Following Liao
and Ouellette,14 we started computing the probability density func-
tions (PDFs) of the alignment angles over the domain of interest for
all filter scales analyzed and for all time steps within a period.

We report in Figs. 5 and 6 the results obtained for experiments
03HR and 04HR as representative for the entire set of runs. In both
figures, the panels from (a1) to (d1) refer to the flood phase of the peri-
odic flow, whereas panels (a2)–(d2) refer to the ebb phase. The PDFs
of the angles HP and HZ are shown in panels (c1) and (d1) (flood
phase) and (c2) and (d2) (ebb phase). The PDFs correspond to the dis-
tributions for two fixed separations, namely l=lw ¼ 0:16; 1:2 and for
prescribed times. Panels (a1) and (b1) report in green the family of
curves for hPðlÞi and hZðlÞi, respectively, and each line corresponds to
a different instant during the flood phase. The specific time at which
the PDFs were computed are marked with thick black and blue lines
corresponding to the t ¼ T=8 (rising flood) and t ¼ T=4 (maximum
flood). Panels (a2) and (b2) show the same quantities during the ebb
phase, and the thick lines correspond to t ¼ 3T=4 (maximum ebb)
and t ¼ 7T=8 (falling ebb). Moreover, the red diamond (l=lw ¼ 0:16)
and the black diamonds (l=lw ¼ 1:2) indicate the scale corresponding
to the PDFs of panel (c1) and (c2) for the energy angle HP and of
panel (d1) and (d2) for the enstrophy angle HZ. The PDFs of the
angles are represented in polar coordinates to help the visualization of
the distribution of the values of the angles.

We start discussing the results for experiment 03HR (Fig. 5).
During the flood phase [panels (a1)–(d1)], we can observe that for
small scales, where hPðlÞi0 indicating a direct energy transfer toward

FIG. 4. Time and spatial-averaged hPðlÞi and hZðlÞi for all experiments: (a) experiment 01HR; (b) experiment 02HR; (c) experiment 03HR; and (d) experiment 04HR. The
energy fluxes were computed for the flood phase (green line), ebb phase (blue line), and the entire period (red line). The enstrophy transfer rate only averaging over the entire
period (black line).
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the smaller scales, the PDF of HP shows a strong peak around 45�, the
angle at which the stress and the strain rate are perfectly misaligned,
see panel (c1). The PDFs do not show any other strong peak, and this
means that for these scale, during the flood phase, direct energy trans-
fer occurs with an extremely low efficiency over the entire domain.

For larger scales, we selected the time when the flux is almost mini-
mum [blue line of panel (a1)]. In this case, the PDF shows the stron-
gest peak for HP ffi 5� that corresponds to an efficiency cos ð2HPÞ
ffi 0:98. Similar results in terms of efficiency are found for the enstro-
phy fluxes, the PDF of HZ for small-scale enstrophy transfer peaked

FIG. 5. (a1) hPðlÞi curves during the flood phase for all time steps (green lines). Blue and black lines indicate two instants, and the corresponding diamonds indicate two
selected scales l=lw for the PDFs of HP shown in panel (c1); (b1) hZðlÞi curves during the flood phase for all time steps (green lines). Blue and black lines indicate two
instants, and the corresponding diamonds indicate two selected scales l=lw for the PDFs of HZ shown in panel (d1). Panels (a2)–(d2) are same as panels (a1)–(d1) during the
ebb phase. Data from experiment 03HR (� ¼ 0:0225 and Lg ¼ 141m).
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around the value of 90�. i.e., inefficient transfer. Higher efficiency is
found for larger separations, where the enstrophy tends to go toward
the larger scales. The ebb phase, panels (a2)–(d2), is characterized by
an almost symmetrical behavior compared to the flood phase, as
already shown in Fig. 4. The PDF of the alignment angle HP again
peaked around 45� for small scales and, contrary to the flood, shows
peak for angles greater than 45� (direct energy cascade). Enstrophy
seems to be quite inefficiently transferred for small scales, having peaks

around 90�, whereas at larger scales, the PDF shows a broader distri-
bution with the highest peak for HZ ffi 105�. Meanwhile, a large part
of the domain exhibits values for the angleHZ between 5� and 55�.

The results for experiment 04HR are shown in Fig. 6. From
experiment 03HR to 04HR, the forcing tidal wave has been modified
shortening the period and, thus, the wavelength Lg. Qualitatively, the
efficiency in the energy transfer remains unchanged compared to
experiment 03HR. In fact, small scales are again characterized by an

FIG. 6. See caption of Fig. 5. Data from experiment 04HR (� ¼ 0:0217 and Lg ¼ 108:5 m).
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inefficient transfer, being HP ffi 45�, see panel (c1) and (d1) of Fig. 6.
The major differences are found for the PDFs of HZ. Regarding the
alignment angle for the enstrophy HZ of experiments 04HR, panels
(d1) and (d2), the differences between flood and ebb are remarkable,
except for the scales below unity. In fact, the latter are always charac-
terized by an inefficient transfer since the PDFs present a peak around
90�, implying an efficiency around zero, similar to all other experi-
ments. On the contrary, the most pronounced peak during flood is for
values around 16�, with a secondary smaller peak for an angle around
165�. In this case, most of the flow domain exhibits a relatively high
efficiency transfer to the larger scales. Different from experiment
03HR, we can observe that during the ebb, also scales larger than one
show a very narrow distribution for angles slightly higher than 90�.
Thus, the direct transfer toward a smaller scale is inefficient for the
entire range of separations.

The PDFs in all cases show more than one peak, different from
previous observations,12,15 where the PDFs showed a Gaussian-like
distribution. However, the turbulent flow fields of the present case
turned out to be strongly inhomogeneous, with the existence of vorti-
cal structures not uniformly distributed in space, immersed in a large
straining flow with periodic characteristics. This inhomogeneity is
responsible for producing non-uniform spatial distributions of PðlÞ

and ZðlÞ, and, eventually, multiple peaks in the PDFs of the alignment
between stress and shear rate. Moreover, the periodicity of the flow in
response to a variable forcing of slow period is reflected in the period-
icity of the transfer rates processes. The time dependence of the align-
ment angles were recognized to be an important aspect also in other
contexts.9

Comparing the results obtained for experiments 03HR and
04HR, the tidal period and, consequently, the inviscid wavelength Lg
decreases. The distributions of the alignment angles both for energy
and enstrophy show a variability in terms of intensities and locations

of the main peaks. A major difference can be observed during the ebb
phase, where a shorter wavelength (experiment 04HR) tends to pro-
duce a narrower distribution of HZ around a value of about 95�, see
panel (d2) of Figs. 5 and 6. Regarding the energy, the distribution for
l=lw ¼ 1:2 becomes more bimodal in the case of experiment 04HR
with two clear peaks. On the contrary, the distributions for the smallest
scale shown (l=lw ¼ 0:16) remains more similar, with the only excep-
tion of the ebb phase, where, again, the shorter wavelength produces a
narrower distribution.

We conclude our analysis considering the overall results in term
of the most probable values for the alignments angles HP and HZ and
the corresponding efficiency, namely cos ð2HPÞ and cos ðHZÞ, to
describe the main process over a single period. To take into account
the variability of the PDFs, for each time, we selected the angle to the
highest peak of the PDFs for each scale l=lw and then averaging over
the tidal period. The results for all experiments are shown in Fig. 7,
where the distribution of the angles HP and HZ over the l=lw are
shown in panels (a) and (b), respectively, and the corresponding effi-
ciency on panels (c) and (d).

Regarding the energy transfer, panels (a) and (c), we can observe
that the energy transfer rates for most of the scales is quite inefficient,
being the alignment angle in a surrounding of 45�. Only in a range of
scales between 1 and 3, the energy efficiency cos ð2HPÞ assumes val-
ues up to 0.5. This might indicate that over a full period, the inverse
energy transfer toward the larger scale is the dominant energy process,
whereas the direct energy transfer observed for scale larger than 3 in
Fig. 4 is almost inefficient. On the contrary, the overall enstrophy
transfer [panels (b) and (d)] is inefficient almost for the entire range of
scales.

The physical processes that led to the transition between the cas-
cades observed during the flood and ebb phases were linked to the vor-
tex thinning and strain dominance, respectively.10,11,37,66 During the

FIG. 7. (a) Mean alignment angles HP as a function of the scales; (b) mean alignment angles HZ as a function of the scales; (c) mean efficiency cos ð2HPÞ as a function of
the scales; and (d) mean efficiency cos ð2HZÞ as a function of the scales.
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flood phase, the interaction between the vortices shed by the tidal inlet
and the mean shear flow deforms the vorticity patches, following the
vortex thinning process described in Chen et al.11

The vortex thinning process during the flood phase in the present
experiments is clearly observed from the evolution of LAVD patches
as shown in movie 8 (Fig. 8, Multimedia view). The video shows how
selected contours of LAVD, identified at the beginning of the flood
phase, are advected by the mean flow following the procedure
described in Haller et al.50 During the flood, it appears clearly how the
LAVD patched tend to shrink along the compressive direction, ulti-
mately leading to a vortex thinning as described in Ref. 11.

On the contrary, the ebb phase is mainly dominated by straining
flow region typically associated with a direct energy cascade.

We are aware that the mechanisms introduced by Chen et al.11

and Xiao et al.12 do not necessarily imply the presence of coherent vor-
tices, but rather the thinning mechanism is linked to deformation of
the vorticity fields due to large-scale strain. The computation and
advection of LAVD fields do indeed suggest the presence of a similar
mechanism. Moreover, relevant for the present discussion could be the
role of flow inhomogeneity and/or the presence of coherent flow struc-
tures as a possible mechanism for sustaining energy transfers through
the flow scales even for Reynolds numbers much lower than the ones
required by the Kolmogorov’s theory.67–69 It is reasonable to argue
that in the present case, both mechanisms play a role in the establish-
ment of the observed direct and indirect energy cascade.

Regarding the efficiency of the processes, the present results are
slightly different from previous studies. The overall efficiency of the
energy transfers where an inverse energy cascade is observed, e.g., in
the study by Fang and Ouellette,9 has been found to be quite weak for
the entire range of scales, though slightly higher where there is net
inverse energy transfer. An established view of the overall energy cas-
cade in turbulence describes the process as a result of a weak asymme-
try between locally strong forward and inverse transfer events.11,43

Fang and Ouellette9 ascribed the low efficiency to the effect of advec-
tion that interferes with the delicate process of alignments between
stress and strain. In the present case, the large-scale advection is a peri-
odical flow that, however, seems to not generate misalignment

between the stress and the strain rate. In the present case, the direct
energy part of the process is indeed rather inefficient, HP is almost
always 45�, i.e., the angle at which the stress and the strain rate are per-
fectly misaligned. However, the efficiency is quite high in the range of
scale where the overall process is dominated by an inverse energy cas-
cade. A comprehensive analysis of the evolution of the vortical struc-
ture of the present tidal flows showed the details of the vortex
shedding and the consequent thinning process.38 The LAVD field evo-
lution showed how the initial vortex remained embedded in a coherent
strain field long enough for the thinning process to occur, and, thus,
governing an efficient inverse energy cascade.

IV. CONCLUSIONS

We reported the results obtained from a detailed analysis of
energy and enstrophy transfer rates associated with a case of periodic
flows, which are of considerable importance in the field of geophysical
fluid dynamics. Periodical flows were generated in a large-scale tidal
flume, and time resolved high-resolution velocity fields were measured
using particle image velocimetry. We applied a coarse-grain technique
that is considered one of the most powerful frameworks to understand
the energy and enstrophy transfers among the different flow scales.
The results suggested that the energy and enstrophy fluxes maintained
a strong variability in space and time. Depending on the phase of the
periodical flow, the energy/enstrophy processes could exhibit both
direct and inverse energy cascades. Transitions appear smooth in time
between the different scenarios, with no abrupt changes. From a physi-
cal standpoint, the inverse energy cascade was associated with the vor-
tex shedding at the inlet and the subsequent thinning and merging
into larger vortical structures. The overall process on a single period
showed multiple energy and enstrophy cascades depending on the
range of scales considered. The computation of the alignment angle
between the eigenframes of the stress and large-scale strain rate indi-
cated that the most efficient process was the inverse energy cascade
from the injection scale to a scale comparable with the lager vortical
structures. The process was found to be inefficient for every scale
where a direct cascade occurred. Enstrophy transfers seem to be, on
average, much less efficient compared to the energy transfers. Finally,
the results of the present study represent a step forward in understand-
ing the energy processes that occur in geophysical flows, typical of the
coastal areas and estuarine environment, where the interaction
between the tidal current (one of the main agents of transport) inter-
acts with the complex geometry of the shores. Tides are often well
described by a dominant harmonic, typically the lunar semi-diurnal,
and, in this sense, our results are relevant although the tidal wave has
been represented with a single harmonic. Future investigations will be
devoted to studying the interaction of the tidal current with a uniform
flow representing a possible river input.
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