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ABSTRACT

Directional distribution is believed to have a significant impact on the statistical characteristics in multi-directional sea states. In real sea states,
short-crested waves are discrete not only in frequency but also in direction. For the former one, they are well explained in unidirectional mode,
but for the latter one, they are not. In this paper, the kurtosis of short-crested waves with equivalent energy is first discussed. Unimodal-spec-
trum-multi-direction sea states and bimodal-spectrum-multi-direction sea states are simulated for a long time in a numerical wave basin based
on the high-order spectral method. In the equivalent sea-swell sea state, the spatial evolution of kurtosis becomes more inhomogeneous, along
with the maximum value of kurtosis being larger and the area where the maximum value occurs wider in the configuration with a crossing angle
b¼ 40� than that with b¼ 0�, while little variations in swell-dominated and wind-sea-dominated states. A positive linear correlation between
wavelet group steepness and kurtosis is obtained in a unimodal sea state, but not applied to a crossing sea state characterized by a bimodal spec-
trum. The exceedance probability of wave height and wave crest distribution at maximum kurtosis is also given. These findings can help predict
the probability of extreme waves occurring, guiding the selection of ocean engineering sites to avoid extreme configurations.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0160775

I. INTRODUCTION

Kurtosis, defined as the fourth moment of the free surface eleva-
tion, is introduced as an indication of extreme events.1,2 In the real sea
state, oceanic waves are featured with multi-directional character-
istics,3–5 which are proven to have a great effect on wave evolution.6,7

For a narrower directional spectrum, nonlinear modulation instability
plays a dominant role, while as the directional distribution widens, res-
onance dominates causing a redistribution of the energy spectrum.
However, in most previous literature, ocean waves were simplified to
be unidirectional8–10 to determine the conservative thresholds of the
extreme configuration, leaving out the significant role of directional
distribution. Therefore, investigating nonlinear statistics such as kurto-
sis in multi-directional sea states is quite essential for promoting the
prediction of extreme wave occurrence in practical engineering.

Great efforts have been advanced in the statistical property of
unidirectional waves. According to the linear theory, the propagation
of surface gravity waves was regarded as a Gaussian process.11 Under
the assumption of a narrow band, the wave height was twice the
envelop amplitude. The wave height distribution obeyed the Rayleigh
distribution, and so did the crest distribution.12 The linear theory was
successfully applied to some given circumstances, such as the dissipa-
tion of swell wave,13 abrupt depth transfer,14 the attenuation due to an
inextensible cover,15 and so on. However, linear theory cannot accu-
rately capture the changes in free surface elevation and wave disper-
sion due to high-order harmonic interactions, which is crucial for the
nonlinear statistical characteristics. The nonlinear theory was conse-
quently put forward. Modulation instability, also known as third-order
interactions, was found to affect the tail of the exceedance probability
of wave height distribution.16 Later, a ratio between the wave steepness
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and the relative spectral bandwidth named Benjamin–Feir Index (BFI)
was proposed to measure the strength of third-order interactions.17 A
sequence of research showed that Rayleigh distribution underesti-
mated the statistical tail of the exceedance probability for the wave
configuration with a larger BFI. The larger the BFI, the greater the
deviation from the Rayleigh distribution.2 Kurtosis was further proven
to be relevant to the nonlinear correction to large wave height distribu-
tion.18 By introducing kurtosis as a correction to the Rayleigh distribu-
tion, the modified Edgeworth–Rayleigh distribution (MER) came up.19

Although the hypothesis of the weakly nonlinear model was narrow-
banded, MER distribution was widely approved in dealing with some
extreme waves. Li and Li20 developed a semi-analytical approach to
describe the weakly nonlinear broad-banded multi-directional water
waves, promoting the accuracy of large wave predictions.

Directional distribution has been proven to transform the physi-
cal mechanism in the process of water wave evolution.21–23 The impact
of the directional distribution cannot be ignored. In a multi-
directional sea state under unimodal configuration, it was mathemati-
cally deduced that narrower direction distribution was prone to
triggering much more extreme waves.24 Onorato et al.25 experimen-
tally simulated unimodal waves considering directional distribution
width ranging from 0� to 630�. The occurrence probability of large
waves was observed to be close to the second-order wave theory.
Except for the most commonly studied unimodal sea state, bimodal
spectral sea state has also attracted more attention.26,27 The well-
known extreme event “New Year Wave”28 as well as the catastrophic
accident of Louis Majesty29 was theoretically proved to occur in the
mixed system by reconstructing the wave field. Onorato et al.30

deduced a coupled nonlinear Schr€odinger (CNLS) equation consider-
ing the same wave train crossed and found that there were larger
regions and larger growth rates of instability in coupled systems, which
was also found by Gr€onlund et al.31 Regev et al.32 pointed out that a
weak swell across into a wind-sea system at a right angle can promote
extreme wave occurrence. Followed by this, Gramstad and Trulsen33

also conducted the statistics of a wind-sea system perturbed by a weak
swell oriented at various angles and observed that the addition of a
swell system enhanced the instability of the wind-sea system slightly.
The kurtosis was to be found to increase in the crossed sea state at a
crossing angle between 40� and 60�.34

In real sea states, surface gravity waves are discrete not only in
frequency but also in direction. For the former one, they are well
explained in unidirectional mode, but for the latter one, they are not.
Furthermore, the sea states with equal significant wave height or with
the same wind-sea system have been extensively summarized, but the
sea states with equivalent energy but different energy distributions are
not studied. The influence of directional distribution and energy distri-
bution in crossing bimodal sea states on nonlinear statistics is still
unknown. Therefore, two types of spectral configurations in multi-
directional sea state are going to be numerically simulated and the cor-
responding effect will be explored in this study. The novelties of our
work are three-folded. First, the spatial evolution of kurtosis in cross-
ing sea states is first investigated. The influence of the crossing angle
on kurtosis variation is associated with energy distribution. Second,
the relation of wave group steepness based on wavelet transform and
kurtosis in a multi-directional sea state is summarized. Third, two
dominant indexes of extreme events, the exceedance probability of
wave height distribution and wave crest distribution, are compared at

maximum kurtosis rather than at the present position in different
configurations.

The rest of the paper is arranged as follows. Section II describes
the multi-directional sea state. The numerical model based on the
high-order spectral (HOS) method is established in Sec. III, also with
the introduction of analytical parameters used. Nonlinear statistical
characteristics in unimodal sea state and crossing sea state are analyzed
in Sec. IV.

II. MULTI-DIRECTIONAL SEA STATE

Waves are directionally spread in the real sea state, whereas
multi-directional features are usually ignored and simplified as unidi-
rectional in most previous literature. In this study, two types of multi-
directional configurations under the assumption of equivalent energy
are going to be investigated: unimodal-spectrum-multi-direction sea
state (also abbreviated to unimodal sea state in the following context)
and bimodal-spectrum-multi-direction sea state (also abbreviated to
crossing sea state).

A. Wave boundary condition

The expected free surface elevation gexpected (x, y, t) of multi-
directional waves at position (x, y) in a given sea state can be expressed
as

gexpectedðx;y; tÞ¼
XNf

i¼1

XNh

j¼1

aij cos kijðxcoshjþ y sinhjÞ�2pfijtþuij
� �

;

(1)

where Nf and Nh are the total number of the division in the prescribed
spectral range [fL, fH] and the directional range [hmin, hmax], respec-
tively. hj denotes the included angle between the main wave direction
h0 and the x axis, defining the counterclockwise direction as positive.
uij represents the initial random phase uniformly distributed within
the range of [0, 2p]. fij and kij are the frequency and wavenumber of
the ith spectral and jth directional wave components, respectively. To
avoid the waves reoccurring periodically, the division method in the
spectral and directional range is used as follows:

fij ¼ f 0i �
1
2
Df þ ð j� 1þ RANijÞDf =Nh

Df ¼ ðfH � fLÞ=Nf ; f 0i ¼ fL þ ði� 1ÞDf ;
(2)

hj ¼ hmin þ ð j� 1ÞDh
Dh ¼ ðhmax � hminÞ=Nh;

(3)

where RANij is a random number uniformly distributed in the range
of [0, 1].

Wave amplitude aij can be calculated by

aij ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2S fij; hj
� �

DfDh
q

; (4)

in which the directional spectrum S( f,h) is defined as the product of
the frequency spectrum S( f ) and the directional distribution function
G(h),

S fij; hj
� � ¼ S fij

� �
G hj
� �

: (5)
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B. Frequency spectrum

Frequency spectrum S( f ) proposed by Ochi and Hubble,35 which
can represent the mixed sea state composed of swell and wind-sea, is
adopted in this study

S fð Þ¼ 1
4

X
j

4kjþ1
4

� �kj

C kj
� � fpj

f

	 
4kj Hsj
2

f
exp �4kjþ1

4

fpj
f

	 
4
" #

j¼ 1; 2;

(6)

where j¼ 1, 2 represent the low-frequency and high-frequency parts,
respectively, which in turn correspond to the swell and wind-sea in the
mixed system, respectively. C is the gamma function. Each part has
three parameters, respectively, i.e., the significant wave height Hs, the
spectral peak angular frequency xp (¼2pfp), and the peak enhance-
ment factor k.

In the simulation of different sea states to investigate the impact
of spectral distribution on the nonlinear effect in multi-directional sea
states, the total wave energy remains unchanged, which is weighed by
the mean zero-crossing period Tz. It is fixed at 0.80 s in the following
study. This characteristic period of the mixed system is defined asffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

H2
s1 þ H2

s2

H2
s1=T

2
z1 þ H2

s2=T
2
z2

s
¼ Tz; (7)

Tz1 ¼ 2p

ffiffiffiffiffiffiffiffi
m01

m21

r
Tz2 ¼ 2p

ffiffiffiffiffiffiffiffi
m02

m22

r
; (8)

where m0 and m2 are the zero- and second-order spectral moments,
respectively.

C. Directional distribution function

Assuming the main wave direction of the simulated waves as h0,
the directional distribution function G(h) is adopted as the method
proposed by Longuet-Higgins et al.,36 defined as

GðhÞ ¼
cos2s

h� h0
2

	 

XNh

1

cos2s
h� h0

2

	 
 ; (9)

where s is the directional spreading parameter.
The variation of the directional distribution function G(h) with

directional spreading parameters s under the assumption of the main
wave direction h0 equal to 0 is given in Fig. 1.

The directional distribution width is consequently defined as the
standard deviation of the spreading distribution rh to measure the
directional distribution of multi-directional waves, induced as37

rh ¼
ðp

2

�p
2

G f ; hð Þ h� h0ð Þ2dh
( )1

2

: (10)

The relation of the wave directional distribution width rh with
the directional spreading parameter s is illustrated in Fig. 2. As s
increases, rh decreases. For small values of s, the directional distribu-
tion width decreases rapidly. However, when the value of s is larger
than 300, rh changes little. At present, the change in s cannot

reflect the change in directional distribution width. Therefore, in our
following study, the directional spreading parameter s is replaced by
the directional distribution width rh to describe the directional
distribution.

D. Multi-directional sea state

Two types of multi-directional configurations under the assump-
tion of equivalent energy are going to be investigated: unimodal-spec-
trum-multi-direction sea state and bimodal-spectrum-multi-direction
sea state.

Table I lists the detailed wave parameters of multi-directional
configuration, from unimodal sea states to crossing sea states. In
unimodal sea states [Table I(a)], three cases considering different
directional distribution widths are tested for reference, in which BFI
denotes the deep-water Benjamin–Feir Index (calculated according to
Ref. 17). In crossing sea states [Table I(b)], the value of intermodal

FIG. 1. Variation of the directional distribution function with directional spreading
parameters.

FIG. 2. Variation of the wave directional distribution width with the directional
spreading parameter.
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distance [ID¼ (fp2� fp1)/(fp2þ fp1)
38] is fixed to 0.10, but the value of

sea-swell energy ratio (SSER¼m0wind-sea/m0swell
38) is variable, corre-

sponding to sea-swell energy equivalent (Case E), swell-dominated
(case AK), and wind-sea-dominated configuration (Case AO), to
investigate the effect of energy distribution on nonlinear statistics. The
swell (low-frequency) system with s¼ 75 meets the wind-wave (high-
frequency) system with s¼ 25 at three different crossing angles b
(¼jh01� h02j, h01 and h02 represent the main wave direction of the
swell system and the wind-wave system, respectively).

Concerning the information of wave components, the total num-
ber of the division in the spectral and directional range is consistent
with Nf¼ 200 and Nh¼ 100, and the prescribed spectral and direc-
tional range is taken as [fL, fH]¼ [0.2, 3.0Hz] and [hmin, hmax]
¼ [�90�, 90�].

Figures 3 and 4 show the directional spectra of multi-directional
configuration, including the unimodal sea states and the crossing sea
states, illustrating the energy distribution of each wave component in
directional (along the circular arc direction) and in spectral (along the
radial direction) range.

In unimodal sea states (Fig. 3), the wave energy mainly focused
in the spectral range of 0.7–1.0Hz is symmetrically distributed on

both sides of the main wave direction. As the directional distribution
narrows, the wave energy becomes more concentrated in the main
wave direction. Until rh¼ 4.0�, the wave energy is concentrated in a
quite narrow width, approaching the status of the unidirectional sea
state. In crossing sea states (Fig. 4), when the two systems with concen-
trated energy meet at different crossing angles, the directional distribu-
tion widths of the mixed sea states are variable. With the increase in
the crossing angles b, the directional distribution becomes wider, along
with the concentrated wave energy deviated from 0� to620�.

III. NUMERICAL SETUP AND ANALYTICAL
PARAMETERS
A. Numerical model

The numerical wave basin employed in the following analysis is
illustrated in Fig. 5. It includes a wavemaker and three absorbing
zones. Limited to the effective simulation area [a triangle shown in Fig.
5(a)] influenced by the directional distribution of the expected waves,
the numerical domain is assumed as 130m long and 200m wide to
ensure sufficient wave evolution. The origin of the coordinate is set
at the wavemaker center, with the x axis along the centerline of
the numerical wave basin and the y axis along the wavemaker.

TABLE I. Detailed parameters of two types of multi-directional wave configuration (h¼ 4 m).

(a) Unimodal sea state

Case fp (Hz) Hs (m) BFI¼ ffiffiffi
2

p
e=ð2Df =fpÞ s rh (�) h0 (�)

Case unimodal 0.8 0.0469 0.6 10, 75, 400 25, 9.3, 4.0 0

(b) Crossing sea state (ID¼ 0.10)

Case fp (Hz) Hs (m) SSER s b¼ jh01� h02j (�)
Case E 0.90 0.0212 1.00 75 0, 20, 40

1.09 0.0212 25
Case AK 0.98 0.0287 0.09 75

1.20 0.0087 25
Case AO 0.85 0.0141 3.66 75

1.04 0.0265 25

FIG. 3. Directional spectra of the unimodal sea states considering various directional distribution widths.
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The water depth is 4.0m. A sequence of wave gauges (represented as
solid dots) is arranged in the wave field to record the free surface eleva-
tions, shown in Fig. 5(b). The wave gauges are arranged every 5m along
the centerline (i.e., Y0) and the parallel distanced 20 and 40m from the
centerline both in upper and lower sides (i.e., Y620 and Y640), and every
10m along the parallel distanced 10 and 30m from the centerline both

in upper and lower sides (i.e., Y610 and Y630). An array of wave gauges
is involved to verify the input directional spectrum.

The high-order spectral (HOS) method is used to solve the
numerical model for higher efficiency in three-dimensional simulation
with full nonlinearity persisted. Based on the potential flow theory, the
numerical method introducing the non-periodic boundary condition

FIG. 4. Directional spectra of the crossing sea states considering various crossing angles.
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can be solved with the velocity potential being split into the sum of two-
folded potential. The free-surface spectral potential component Uf can
be solved by the original HOS method in which the velocity potential is
written in a perturbation series up to an arbitrary order, and the pre-
scribed non-periodic component Uw can be expressed as another set of
specific basis functions. More supplementary details of the numerical
solution can be referred to Refs. 39 and 40 and the Appendix.

Convergence analysis of the HOS numerical model conducted in
Ref. 40 proposes that the number of points per peak wavelength can be
adopted as 30, the time step is 1/100 of the wave period, and the order
of the HOSmethod is 5. These discretizations will be used in the coming
numerical simulation. As in the method adopted before, ten random
seeds different from each other are to be chosen for more universal
results (the convergence analysis concerning the random seed can be
referred to Fig. 4 in Ref. 41), and at least 5000 waves are ensured to be
effectively collected by all gauges in each wave configuration.

B. Model validation

The numerical model based on the HOS method has been vali-
dated byWang et al.40 and Ducrozet et al.42 Here, the input conditions
for multi-directional waves need additional verification by comparing
them with the theoretical values. Figures 6 and 7 give the comparison
of wave spectra S( f ) and direction distributions G(h). The numerically
simulated results using the HOS method at 10m away from the wave-
maker are in good agreement with the theoretical values in various
multi-directional sea states, proving that the HOS numerical wave

basin established in this study can be adapted to accurately simulate
multi-directional waves.

C. Analytical parameters

Nonlinear statistical parameters are commonly used to reveal the
non-Gaussian characteristics of the sea states. The parameters ana-
lyzed later are to be introduced as follows.

1. Kurtosis

Kurtosis, defined as the fourth moment around the mean divided
by the square of the average surface elevation variance r2, is expressed as

kurtosis ¼ h g� hgið Þ4i
r4

: (11)

2. Wave group parameters

Wave group parameters can reflect some local characteristics of
the sea states that cannot be described by wave elements or spectral
parameters. Resemble to wave steepness, wave group steepness (i.e.,
GFW/GLW) is defined as a ratio of group height factor GFW and group
length factor GLW, which are obtained based on wavelet energy his-
tory.43 This time-frequency analysis method can help capture the fre-
quency characteristics in a local range in dealing with strongly
nonlinear transient signals.

FIG. 5. Layout of numerical wave basin for multi-directional simulation (unit: m).
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The refined group height factor GFW is

GFW ¼ 1

WðtÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
Tn

ð Tn

0
WðtÞ �WðtÞ
h i2

dt

s
; (12)

where WðtÞ is the period-averaged wavelet energy history W(t). The
history of wavelet energy is expressed as

W tð Þ ¼ dDt
Cd

ð1
0

jWT s; sð Þj2
s

ds; (13)

where Cd is the reconstruction coefficient.
The group length factor GLW is redefined as

GLW ¼ 1
N

XN
i¼1

dtifpi; (14)

where N is the number of wave groups in the analyzed wave train, dti
is the time duration, and fpi is the spectral peak frequency of the ith
wave group, respectively, illustrated in Fig. 8. dtifpi approximately equal

FIG. 7. Comparison of directional distributions between measured results and theoretical values.

FIG. 6. Comparison of wave spectra between measured results and theoretical values.

FIG. 8. Time series and its wavelet energy of one wave train.
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to the wavenumber of the ith wave group, depending on the selection
of the threshold value q. Here, q is adopted as the period-averaged
wavelet energy history.

3. Exceedance probability of wave height

a. Rayleigh distribution. In a stationary, Gaussian, and extremely
narrow banded process, the wave height distribution obeys the
Rayleigh distribution12 under the assumption that the wave height is
twice the envelope amplitude

EðHÞ ¼ exp � H2

8m0

� �
; (15)

wherem0¼Hs/4 is the zero-order spectral momentum.

b. MER distribution. Introducing weakly nonlinear interaction,
the modified Edgeworth–Rayleigh distribution (MER) can predict the
wave height distribution in a narrow banded process, defined as19

EðHÞ¼ exp � H2

8m0

	 

1þ kurtosis�3ð Þ H2

384m0

H2

m0
�16

	 
� �
: (16)

FIG. 9. Local wave field of the unimodal
sea state (left: a) and crossing sea state
under sea-swell energy equivalent config-
uration (right: b) in a range of 40� 40m2.
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4. Exceedance probability of wave crest

a. Rayleigh distribution. The wave height of the Gaussian sea
state theoretically conforms to Rayleigh distribution12

EðgcÞ ¼ 1� exp �8
gc
Hs

	 
2
" #

: (17)

b. Forristall distribution. A wave crest distribution based on
second-order wave theory proposed by Forristall44 is considered to be
applied to unidirectional and multi-directional waves, expressed as

EðgcÞ ¼ 1� exp � gc
afHs

	 
bf
" #

; (18)

in which the fitting parameters af and bf can be calculated by

af ¼ 0:3536þ 0:2568S1 þ 0:0800Ur;

bf ¼ 2� 1:7912S1 � 0:5302Ur þ 0:2840U2
r ;

(19)

where S1 and Ur are the averaged wave steepness and Ursell parame-
ters, respectively. Details can be referred to Ref. 44.

IV. RESULTS AND ANALYSIS

Two types of multi-directional configurations, unimodal-spec-
trum-multi-direction sea state (abbreviated to unimodal sea state) and
bimodal-spectrum-multi-direction sea state (abbreviated to crossing
sea state), are going to analyze in this section.

A. Overview of the wave field

In the real sea state, the wave fields often appear as multi-
directional features, which are usually ignored and simplified as unidi-
rectional. Figure 9 illustrates the local steady wave fields of the unimo-
dal sea state [Fig. 9(a)] and crossing sea state [Fig. 9(b)].

In unimodal sea states [Figs. 9(a1)–9(a3)], when the directional
distribution rh¼ 25� [Fig. 9(a1)], the free surface elevations present

random, without any distinct wave crest lines. As the width of the
directional distribution decreases, the wave trains propagate much
more narrowly, along obvious wave crest lines appearing. Until
rh¼ 4.0� [Fig. 9(a3)], there are more wave crest lines and they are
almost parallel to each other, which phenomenon is quite close to a
unidirectional sea state. In crossing sea state [Figs. 9(b1)–9(b3)],
the sea-swell energy equivalent configuration is taken as an exam-
ple. In general, with the increase in the crossing angle b, the wave
crest lines become shorter and the energy of the wave trains is less
centralized, but the maximum of the wave crest seems larger when
b¼ 40�.

FIG. 10. Spatial evolution of kurtosis in unimodal sea states considering various directional distribution widths.

FIG. 11. Average kurtosis along the width direction of the numerical wave basin in
unimodal sea states.
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FIG. 12. Spatial evolution of kurtosis in crossing sea states considering various crossing angles.

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 35, 087101 (2023); doi: 10.1063/5.0160775 35, 087101-10

Published under an exclusive license by AIP Publishing

 13 January 2025 03:41:42

pubs.aip.org/aip/phf


B. Spatial evolution of kurtosis

As known, kurtosis gradually increases with the wave propaga-
tion, then decreases slightly, and finally tends to be stable in a unidirec-
tional sea state.45 However, in a multi-directional sea state, the spatial
evolution of kurtosis is unclear, such as the information on the maxi-
mum kurtosis and its corresponding area. Figures 10–13 give the spa-
tial evolution of kurtosis and its average in unimodal sea state and
crossing sea state.

In a unimodal sea state (Fig. 10), the spatial evolution of kurtosis
influenced by various direction distribution widths is counted out.
With the decrease in directional distribution width, the areas where
the maximum value occurs (marked red) become wider and the maxi-
mum values of kurtosis in the wave field get larger. This means that
there is a greater occurrence probability of large wave events in the
unimodal sea state with a narrower directional distribution, due to the
stronger instability of the wave trains.

Figure 11 compares the average kurtosis along the width direc-
tion of the wave basin in unimodal sea states. In addition to the abso-
lute value [Fig. 11(a)], the relative value [Fig. 11(b)] defined as the
percentage of the deviation from the averaged kurtosisave is also
included. When rh¼ 25�, the kurtosis along the width direction is
around 2.97 except for the one valued at 3.02 on the centerline. As the
directional distribution width decreases, the greater the deviation from
the average and the more positive values. In addition, it is an interest-
ing phenomenon that the maximum of the average kurtosis mainly
appears at or near the centerline, explained by the association with the
main wave direction.

Figure 12 gives the spatial evolution of kurtosis in the crossing
sea state considering the effect of the crossing angle. Under the sea-
swell equivalent configuration [i.e., SSER¼ 1.0, Fig. 12(a)], as the
crossing angle b increases, the areas where the maximum value occurs
become wider, and the maximum values of kurtosis in the wave field
get larger, quite similar to the trend of the unimodal state. These
results are alike the discoveries of Toffoli et al.34 that the modulation
instability of the mixed system was observed to be greatly increased
when the two wave trains met at a crossing angle in the range of
40�–60�, though the objects are different, that in their study these
two wave trains were the same, but in ours, they distribute in fre-
quency domain variously. Under the swell-dominated configuration

[Fig. 12(b)], the areas where the maximum value occurs and the maxi-
mum values of kurtosis in the wave field have no obvious change with
the variation of the crossing angle b. Under the wind-sea-dominated
configuration [Fig. 12(c)], as the crossing angle b increases, the area
where the maximum value occurs decreases slightly and so does the
maximum value of kurtosis in the wave field.

Figure 13 compares the average kurtosis along the width direc-
tion of the wave basin in crossing sea states. Comparing the configura-
tion with different energy distributions, the crossing angle has
different effects on the variations of kurtosis along the width direction.
Under the sea-swell equivalent configuration [Fig. 13(a)], the larger
the crossing angle, the greater the deviations and the more the positive
relative values, reflecting that the more inhomogeneous the spatial
evolution of kurtosis and the stronger the nonlinearity of the wave
field. Moreover, the maximum of the average kurtosis appears away
from the centerline, since the main wave direction of the mixed system
deviates from the horizontal axis caused by complex nonlinear interac-
tions. Under the energy distribution asymmetric configuration, i.e.,
swell-dominated [Fig. 13(b)] or wind-sea-dominated [Fig. 13(c)], the
average kurtosis along the width direction changes a little as the cross-
ing angle varies.

FIG. 13. Average kurtosis along the width direction of the numerical wave basin in crossing sea states (left: absolute value; right: relative value).

FIG. 14. Relation between wave group steepness and kurtosis in unimodal sea
states considering various directional distribution widths.
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C. Relation between wave group steepness
and kurtosis

Wave group steepness, an important role in describing the local
features of a sea state, cannot be ignored in dealing with extreme
waves. The relations between wave group steepness GFW/GLW and
kurtosis in multi-directional sea state are investigated, shown in Figs.
14 and 15.

In the unimodal sea state (Fig. 14), for the configuration with
fixed directional distribution width, the value of kurtosis increases as
the group steepness increases, and there is a strong linear correlation
between them. As the directional distribution width becomes nar-
rower, the linear relation is hardly affected. Hence, there is a positive
linear correlation between wave group steepness and kurtosis irrespec-
tive of the directional distribution width.

In crossing sea states (Fig. 15), although the kurtosis increases
with the increase in group steepness, the energy distribution has differ-
ent effects on the correlation between them. Under the sea-swell
energy equivalent configuration [Fig. 15(a)], the wave group steepness
and kurtosis satisfy quadratic polynomial regression relation, while
under the swell-dominated or wind-sea-dominated configuration
[Figs. 15(b) and 15(c)], there is a positive linear relation between wave
group steepness and kurtosis, but the growth rates are distinct. This
demonstrates that the relation between kurtosis and wave group steep-
ness is not static and it varies with the wave parameters of the given
sea state.

D. Exceedance probability of wave height
at maximum kurtosis

Generally, kurtosis is closely related to large waves. The larger the
kurtosis, the steeper the wave height distribution, and the greater prob-
ability of extreme waves. Figures 16 and 17 give the exceedance proba-
bility of wave height at maximum kurtosis in multi-directional sea
states, with Rayleigh distribution for reference. The MER distribution
is obtained from the unidirectional sea state under the assumption of
the equivalent energy.

In unimodal sea states (Fig. 16), it turned out as expected that
Rayleigh distribution underestimates the statistical wave height.
Furthermore, as the directional distribution becomes narrower, the

FIG. 15. Relations between wave group steepness and kurtosis in crossing sea
states considering various crossing angles.

FIG. 16. Exceedance probability of wave height at maximum kurtosis in unimodal
sea states considering various directional distribution widths.
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deviation from the Rayleigh distribution gradually increases, especially
in the range of 1.5<H/Hs< 2.0. However, statistical data are still
below the prediction obtained from MER distribution. That is, in
unimodal sea states the wave height distribution lies between the
Rayleigh distribution and MER distribution, and the narrower the
directional distribution width, the closer the statistical wave height dis-
tribution is to the MER distribution.

Similarly, the statistical wave height distributions in the crossing
sea states are also between the Rayleigh distribution and the corre-
sponding MER distribution, shown in Fig. 17. Under the sea-swell
energy equivalent configuration [Fig. 17(a)], as the crossing angle b
increases from 0� to 40�, the wave height probability distributed in the
range of 1.5<H/Hs< 2.0 changes a little and is quite close to the
Rayleigh distribution, whereas, in the range of H/Hs> 2.0, the tail of
the exceedance probability deviates from the Rayleigh distribution,
revealing the underestimation of the wave height distribution of large
wave events. Especially when b¼ 40�, the value of H/Hs can reach up
to 2.3, at which point the statistical wave height distribution is close to
the value predicted by MER distribution. Under the swell-dominated
[Fig. 17(b)] and wind-sea-dominated configuration [Fig. 17(c)], the
wave height distribution changes a little with the increase in the cross-
ing angle from 0� to 40�. It delivers the information that the crossing
angle has little effect on the statistical wave height distributions at the
maximum kurtosis position of the sea state dominated by swell or
wind-sea.

E. Exceedance probability of wave crest at maximum
kurtosis

Under the assumption of linear theory, wave crest distribution is
consistent with the wave height distribution. However, in the real sea
state, the nonlinear multi-directional waves lead to the asymmetric of
the wave crest and wave trough. Wave crest distribution should be fur-
ther studied. Figures 18 and 19 show the exceedance probability of
wave crest at maximum kurtosis in multi-directional sea states.

In unimodal sea states (Fig. 18), the Rayleigh distribution under-
estimates the statistical wave crest. The narrower the directional distri-
bution width, the greater the deviation from the Rayleigh distribution.
Yet, these statistical wave crest distributions are close to the Forristall
distribution with the second-order theory involved. It can be roughly
concluded that in a unimodal sea state, directional distribution weak-
ened the higher-order (third- and more than third-order) effect on the
wave crest so that the Forristall distribution can approximate the wave
crest distribution.

In crossing sea states (Fig. 19), except for a very small amount of
scatters exceeding the predictive distribution in the tail, the statistical

FIG. 17. Exceedance probability of wave height at maximum kurtosis in crossing
sea states considering various crossing angles.

FIG. 18. Exceedance probability of wave crest at maximum kurtosis in unimodal
sea states considering various directional distribution widths.
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wave crest distribution can be predicted by the Forristall distribution,
which is similar to the observation in the unimodal sea state. Contrary
to the phenomenon of wave height distribution, there are some larger
wave crests under the swell-dominated [Fig. 19(b)] and wind-sea-

dominated [Fig. 19(c)] configuration. It reflects that crossing sea state
is a more complex undergoing with strong nonlinearity. Delimiting
the extreme wave occurrence only by the wave height distribution is
inaccurate, manifesting the urgent need that the wave crest distribu-
tion is essential when it comes to the crossing sea state.

V. CONCLUSIONS

Unimodal-spectrum-multi-direction sea states and bimodal-
spectrum-multi-direction sea states are simulated in a numerical wave
basin based on the high-order spectral (HOS) method. The influences
of the directional distribution and energy distribution on nonlinear
statistics are studied in crossing sea states, along with those in unimo-
dal sea states for reference. The main conclusions are as follows:

(1) The spatial evolutions of kurtosis in a three-dimensional field are
first given. In sea-swell energy equivalent sea state, the larger the
crossing angle, the more inhomogeneous the spatial evolution of
kurtosis, the larger the maximum values of kurtosis, and the more
the maximum value occurs. When the energy distribution is asym-
metric, i.e., swell-dominated or wind-sea-dominated state, the
crossing angle has little effect on the spatial evolutions of kurtosis.

(2) A positive linear correlation is observed between wave group
steepness and kurtosis in unimodal sea state, while not available
in crossing sea state characterized by bimodal spectrum.

(3) The threshold of the exceedance probability of wave height dis-
tributions in multi-direction sea states is the MER prediction,
which is obtained from the unidirectional configuration assum-
ing equivalent energy.

(4) The Forristall distribution based on second-order theory can
roughly estimate the wave crest distribution in multi-
directional sea states irrespective of the spectral type.

(5) Crossing sea state is a more complex undergoing. To estimate
the probability of extreme wave occurrence, both wave height
distribution and wave crest distribution are certainly essential.
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APPENDIX: HOS METHOD

Based on the potential flow theory, the fluid is assumed to be
incompressible, inviscid, and irrotational. The velocity potential
U(x, z, t) inside the two-dimensional domain at a preset position (x,
z) satisfies the Laplace equation

r2U x; y; z; tð Þ ¼ 0; (A1)

in which r¼ (@/@x, @/@y, @/@z).
In the advanced HOS model,46 the velocity potential U(x, y, z,

t) can be solved as a sum of the free surface spectral potential Uf
s(x,

y, t) and the additional velocity potential Uadd (x, y, z, t),
42

gt ¼ 1þ jrxgj2
� �

Us
f

� �
z
þ Uaddð Þz �rx Us

f þ Uadd
� � � rxg

z ¼ g x; y; tð Þ; (A2)
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f

� �
t
¼ �gg� 1

2
rxU
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f
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1þ jrxgj
2

� �
Us

f

� �
z

h i2 � Uaddð Þt

� rxU
s
f

� � � rxUaddð Þ � 1
2

rxUaddð Þ2 � 1
2

Uaddð Þz
� �2

z ¼ g x; y; tð Þ: (A3)

Accordingly, the free surface spectral potential Uf
s(x, y, t) satis-

fies the Laplace equation, the free surface boundary conditions, and
the bottom condition, and the additional velocity potential Uadd (x,
y, z, t) satisfies the Laplace equation, the wave-maker boundary
condition, and the bottom condition.

The convergence analysis is carried out with the parameters:
Nz¼Nx/4, M¼ 5, and the result of the convergence analysis with
respect to the number of points per peak wavelength NLp is repre-
sented in Fig. 20. The figure displays two lines representing the con-
vergence rates of 2 and 3 as a reference. Considering the numerical
simulation of the unidirectional irregular wave trains, the overall
error is about 5% with 30 points per corresponding peak wave-
length. This value of NLp¼ 30 is chosen as a converged parameter
for the rest of the study. It ensures the accuracy of the numerical
simulation as well as a fast solution. A similar convergence analysis
has been conducted for the discretization in time (time step Dt) as
well as the order of nonlinearity of the method M. The final numer-
ical configuration is NLp¼ 30, Tp/Dt¼ 100, and M¼ 5.
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