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ABSTRACT

In the field of fluid mechanics, dimensionality reduction (DR) is widely used for feature extraction and information simplification of high-
dimensional spatiotemporal data. It is well known that nonlinear DR techniques outperform linear methods, and this conclusion may have
reached a consensus in the field of fluid mechanics. However, this conclusion is derived from an incomplete evaluation of the DR techniques.
In this paper, we propose a more comprehensive evaluation system for DR methods and compare and evaluate the performance differences
of three DR methods: principal component analysis (PCA), isometric mapping (isomap), and independent component analysis (ICA), when
applied to cavitation flow fields. The numerical results of the cavitation flow are obtained by solving the compressible homogeneous mixture
model. First, three different error metrics are used to comprehensively evaluate reconstruction errors. Isomap significantly improves the pres-
ervation of nonlinear information and retains the most information with the fewest modes. Second, Pearson correlation can be used to mea-
sure the overall structural characteristics of the data, while dynamic time warping cannot. PCA performs the best in preserving the overall
data characteristics. In addition, based on the uniform sampling-based K-means clustering proposed in this paper, it becomes possible to
evaluate the local structural characteristics of the data using clustering similarity. PCA still demonstrates better capability in preserving local
data structures. Finally, flow patterns are used to evaluate the recognition performance of flow features. PCA focuses more on identifying the
major information in the flow field, while isomap emphasizes identifying more nonlinear information. ICA can mathematically obtain more
meaningful independent patterns. In conclusion, each DR algorithm has its own strengths and limitations. Improving evaluation methods to
help select the most suitable DR algorithm is more meaningful.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0161471

I. INTRODUCTION

With the rapid development in the field of fluid mechanics, dealing
with large-scale high-dimensional spatiotemporal data from experi-
ments and computational fluid dynamics (CFD) has become a reality

Currently, linear DR methods are popular in CFD. Linear DR
methods are employed to extract important features or patterns from
flow fields and provide a low-dimensional representation of the data.
This has emerged as a subfield known as data-driven modal analysis.”
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that fluid mechanics researchers must face." * Dimensionality reduction
(DR) is an essential tool in machine learning, aiming to transform high-
dimensional data into lower-dimensional representations.” © In the field
of fluid mechanics, DR is widely utilized for feature extraction and infor-
mation simplification.” The DR process can be classified into two major
categories: linear methods and nonlinear methods.

Modal analysis has achieved extensive success in the field of fluid
mechanics and has been applied to flow visualization,” turbulence
analysis,'’ and the reconstruction of sparse flow data.'' Modal decom-
position methods have played a crucial role in understanding
high-dimensional, nonlinear, and complex fluid phenomena.'”
However, they fail to capture the highly nonlinear characteristics of
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fluid dynamics. Additionally, commonly used modal decomposition
methods are invasive, requiring modifications to the data during the
DR process, such as feature selection, feature extraction, or feature
transformation. This inevitably leads to information loss, and as the
data volume increases, the proportion of information loss also
increases.

Nonlinear DR methods have a relatively short history but have
gained popularity in recent years. Nonlinear methods can capture the
nonlinear relationships between data points.'” It is worth noting that
deep learning has been applied in this field. A series of powerful non-
linear DR tools based on autoencoders (AEs) have been developed,
aiming to learn the nonlinear low-dimensional representations of
high-dimensional data.'*'” However, although deep learning has
shown promising results in standard benchmark problems, it comes
with high computational costs and limited interpretability for complex
fluid problems.” In addition to deep learning, manifold learning meth-
ods are also applicable for nonlinear dimensionality reduction.
Manifold learning is a noninvasive DR technique designed to reveal
the low-dimensional structure hidden in high-dimensional data while
preserving the structure’s similarity. The inherent preservation of
structural similarity in manifold learning provides higher interpretabil-
ity compared to AEs. Among manifold learning techniques, isomap
can be considered the most popular, which uses neighborhood or
graph-based techniques to find a low-dimensional representation of
high-dimensional data.'® Additionally, techniques such as kernel prin-
cipal component analysis (KPCA),"” local linear embedding (LLE),"*
and Laplacian eigenmaps (LEM)'” are also gaining popularity in the
fluid dynamics community. It is important to note that, unlike linear
DR and AEs, most manifold learning algorithms for DR are non-
invertible, meaning they cannot be mapped back to the original space.
This issue will be discussed later.

A comprehensive comparison and evaluation of various DR
methods are of great significance for their application in fluid mechan-
ics. Recently, Csala et al.”’ provided a comprehensive analysis of these
methods, focusing on their qualitative (mode patterns) and quantita-
tive (reconstruction error) discussions. Mode patterns focus on the
interpretability of the reduced flow field features, while reconstruction
error focuses on the loss of information in the reduced flow field.
These two criteria are considered as a consensus in the field of fluid
mechanics. However, when we review the original intention of DR, a
good method should be able to preserve the structural characteristics
of the original data while reducing its dimensionality and retain as
much important information as possible. The preservation of the orig-
inal data structure is often overlooked. The comparison of reconstruc-
tion errors alone is not accurate for evaluating DR methods.

In the field of fluid dynamics, complex nonlinear DR algorithms
are frequently applied to standard benchmark problems, such as flow
around a cylinder.”' However, understanding linear and nonlinear DR
methods is more relevant for complex flow field problems. Cavitation
is a complex flow phenomenon involving interactions between phase
change and vortical structures.”” Typical cavitation refers to the phe-
nomenon where, in a liquid, local pressure drops below the liquid’s
saturation vapor pressure due to a sudden increase in liquid flow
velocity or a sudden decrease in pressure, leading to the formation of
bubbles inside the liquid.”*** These bubbles grow and rupture in high-
speed liquid flow, causing liquid vibration and damage. Cavitation
phenomena are widely present in fields such as ships, liquid pumps,
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and hydropower generation, seriously affecting the normal operation
and service life of equipment.””*® Therefore, cavitation research has
always been of great concern. Using linear DR methods to simplify
cavitation flow fields and obtain flow field modes is popular and helps
to gain a deeper understanding of cavitation phenomena. However,
the application of nonlinear DR algorithms to cavitation flow fields
has been rarely studied.

To enhance the understanding of the application of DR in fluid
dynamics and overcome its challenges, this paper extensively com-
pares and evaluates the performance differences of three DR methods
applied to the unsteady cavity flow around a 3D hydrofoil. The rest of
this paper is organized as follows: Sec. II introduces the methods used
in this study and outlines the detailed information of the dataset.
Section III analyzes the different DR methods from three aspects:
reconstruction error of the flow field, preservation of data structure,
and features of flow field modes. Finally, Section IV summarizes the
work and presents the main conclusions of this paper.

Il. METHOD AND DATA SET
A. Dimensionality reduction method

In this section, we introduce three DR algorithms, including two
linear methods and one nonlinear method, which are discussed in this
article. These algorithms are briefly outlined in this paper, and more
detailed descriptions can be found in the references.”” ** For cavitation
flow phenomena, the velocity of the flow field reflects most of the flow
characteristics of cavitation, so it is used as the object of DR. The goal
of all DR methods is to reduce the temporal dimension of the data,
which captures the underlying coherent structures and flow features of
the fluid, thereby facilitating physical understanding and interpreta-
tion. The Scikit-learn Python library’" is used for implementing DR
methods.

1. Principal component analysis (PCA)

PCA is an orthogonal linear transformation method that trans-
forms high-dimensional raw data into a set of low-dimensional
orthogonal variables, known as principal components or PCs.”’ To
perform PCA, first, the raw data matrix X € RV*M is obtained by
extracting data from the flow field, which includes N snapshots of M
positions in the flow field. The objective of PCA is to find a set of
orthonormal eigenvectors that capture the maximum variance of the
data. This is achieved by computing the covariance matrix C. The
covariance matrix C is as follows:

1
n—1

C=

XTX. (1)

The eigenvectors and eigenvalues of C are then calculated using singu-
lar value decomposition (SVD) to obtain the principal components
and their corresponding temporal coefficients

c=uxvT. (2)

From the definition of singular value decomposition, each column of
U corresponds to a PCA dimension, and each row of V contains the
corresponding temporal coefficients. The size of the matrix X is
M x N, and the non-zero elements on the diagonal correspond to the
singular values of the discrete matrix Y. The importance of each mode
is given by its associated singular value.
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2. Independent component analysis (ICA)

ICA is a method that separates a multivariate signal into indepen-
dent, non-Gaussian components. PCA determines principal compo-
nents by finding directions of maximal variance through sorting
eigenvectors according to their corresponding eigenvalues in descend-
ing order. However, this method has limitations in dealing with non-
Gaussian distributed data since variance alone may not capture the
primary directions. As a complement to PCA, independent compo-
nent analysis (ICA) extracts statistically independent components
from non-Gaussian data, providing additional practicality. Therefore,
PCA and ICA are complementary linear DR methods. ICA is actually
an optimization problem that obtains independent components
through optimization criteria and algorithms. ICA not only eliminates
correlations among variables but also extracts statistically independent
components.”’ This method has been widely used in fields such as
speech signals, image signals, and electroencephalographic signals, but
research on its application in fluid mechanics is lacking.

ICA aims to separate source signals from observed data X m.

Given m source signals Sy = [s1(¢),52(£), ..., 5, (f)] and a mixing
matrix A, that combines them
Xnxm = AuxnSnxw- (3)

The goal of ICA processing is to find a linear transformation
matrix W that separates the observed signals X(t) as much as possible,
without knowing the source signals S(t) or the mixing matrix A.

Each separated signal can be expressed as

yj(t) = ijlxl(t)uj = 172a e 1y (4)
i=1

where wj; are separation coefficients. The corresponding blind separa-
tion model is

y(t) = WX(t) = WAS(1), 5)

where y(t) = [y1(£), 72(t), ..., ya(t)]" is a matrix composed of n sepa-
rated signals, called the mixing matrix.

Independence is the criterion for separating source signals. Fast
independent component analysis (FastICA) is a commonly used fast
optimization iterative algorithm for ICA.™ It uses the maximization of
non-Gaussianity as the objective function to measure independence.
The negative entropy J(x) is defined as

J(x) = H (Xgamax ) — H(x). (6)

The calculation of negative entropy is complex, so an approximation
J(y) is used to find it

1) o (E{G()} ~ E{G)})

where H(x) represents the entropy of the pre-whitened data x, while
H (xgamax) represents the entropy of the maximally non-Gaussian pro-
jection of x. G(y) represents an approximation of negative entropy for
a variable y, while G(v) represents an approximation of negative
entropy for a variable v that is orthogonal to y.

Specifically, the FastICA algorithm maximizes the non-
Gaussianity of the rotated components of pre-whitened data through
fixed-point iterations. The iterations are as follows:

2
)

@)

pubs.aip.org/aip/pof

(1+ )W = E(xg(W"x)) + aW, (8)

where x is the pre-whitened data, g is any non-quadratic function, E is
the expectation, and o is a small positive constant.

3. Isometric mapping (isomap)

Isomap is a nonlinear DR algorithm that seeks to preserve the
intrinsic geometric structure of high-dimensional data in a low-
dimensional space.”” The basic idea behind isomap is to construct a
weighted graph that approximates the geodesic distances between data
points in the high-dimensional space and then embed this graph in a
lower-dimensional space while preserving the pairwise distances as
much as possible.” The isomap algorithm can be summarized as
follows:

(1) Constructing the neighborhood graph G: given a set of sample
points x(i =1,2,..., N), we can construct a neighborhood
graph G based on the following criteria:

Euclidean distance threshold &: if the Euclidean distance d(i, )
between two sample points i and j is less than or equal to a
specified threshold ¢, we consider them adjacent and connect
nodes i and j with an edge. The weight of the edge is set to the
Euclidean distance d(i, ).

k-nearest neighbors: if sample points i and j are each other’s k-
nearest neighbors, we consider them adjacent and connect
nodes i and j with an edge. The weight of the edge is set to the
Euclidean distance d(i, ).

By applying these criteria, we can obtain an adjacency graph G
that represents the relationships between all the sample points.

(2) Estimating the geodesic distance matrix: in isomap, since it is
challenging to accurately obtain the geodesic distance on the
manifold structure, we approximate it by using the shortest
path on the neighborhood graph G. The geodesic distance
matrix is initialized as d,(i,j). For each sample point I= 1,2,
...;N (where N is the number of sample points), we calculate
the updated geodesic distance matrix D, = {d_(i,j) } using the
following formula:

da(i,j) = min{d(i,j),d.(i,I) + d(I,j)}. ©)

Here, d.(i,I) represents the sum of distances between sample
points i and I, and d(I, j) represents the distance between sam-
ple points I and j. If sample points i and j are connected by an
edge in the neighborhood graph G, then d,(i, ) is set to d(i, ).
Otherwise, it is set to infinity. By iteratively applying this for-
mula for all pairs of sample points, we can obtain the updated
geodesic distance matrix D,, which approximates the geodesic
distances on the manifold structure.

(3) Obtain low-dimensional embedding: apply the multi-
dimensional scaling (MDS) technique’ to the geodesic distance
matrix D,, set 7(Dy) = — @, where H is the centering matrix
H, = {6 — 1/N}, S is the square matrix of distances S = {D?}.
Use matrix analysis to obtain all eigenvalues and eigenvectors
of matrix t(D,), sort them in descending order of eigenvalues,
select the first d eigenvalues 4, 45, ..., 44 and eigenvectors and
combine them into a matrix U = (uy, uy,...,uq). Then, the
final d-dimensional embedding result is
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Y = daig(i%l,i%z, zd) U*. (10)

B. Evaluation method

In the field of fluid mechanics, the conventional evaluation methods
for various DR methods have only focused on the interpretability of
the flow field features and the reconstruction error. This approach is
inaccurate. Therefore, this article proposes to supplement the evalua-
tion method by considering the preservation of the structural charac-
teristics of the original data. This aspect is crucial in assessing the
quality of DR methods for fluid mechanics applications, especially
when analyzing and utilizing flow fields.

1. Data reconstruction

Maximizing the preservation of original data information is cru-
cial in data DR. This often requires the use of data reconstruction
methods to assess the loss of data by reconstructing the reduced data
back into the original high-dimensional space. For linear DR methods,
the reconstructed high-dimensional data can be obtained by multiply-
ing the low-dimensional data with the linear transformation matrix
obtained during the dimensionality reduction process. However, for
nonlinear DR methods, the data reconstruction process is more intri-
cate due to their nonlinear characteristics. In this case, the reconstruc-
tion method is based on the nearest neighbor reconstruction method.
Specifically, for each point in the low-dimensional data, the k nearest
neighbors in the high-dimensional space are found, and then the data
are reconstructed using these nearest neighbors. This approach is
widely used.”””* ** Specifically, for each point y; € R" in the low-
dimensional space, we find its k nearest neighbors y; in the high-
dimensional space. Then, the reconstruction weights w; can be
obtained by minimizing the following objective function:

k
Yi — Z Winij
j=1

k
> wy=1 (12)
=1

The above optimization problem can be solved, and the regularization
parameter /4 can be used to handle singularity issues. Once the weights
wj; are obtained, the original data point x; € R" can be approximated as

k
X; & Zw,-jxj. (13)
=1

min
Wij

2
; (11)
2

Finally, the reconstructed data matrix X, can be obtained as
X, = WX, (14)

where W is the weight matrix with elements w;; and X is the matrix of
k nearest neighbors in the high-dimensional space.

2. Reconstruction error

Three DR algorithms, whether linear or nonlinear, aim to con-
struct a low-dimensional embedding Y to capture the most important
flow features and map back to the original high-dimensional space
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while minimizing reconstruction error. To evaluate the reconstruction
error of DR algorithms, this study uses three different error criteria for
different perspectives of analysis. The first is the relative reconstruction
error based on the Frobenius norm &,
X - X
ST(Xa Xr) :7W7 (15)
I X[k
where X, is the reconstructed X from the r-dimensional latent space.
This error measure is widely used in the field of fluid mechanics.”’
This error integrates time and spatial errors into one value, which
facilitates the evaluation of algorithm hyperparameters and the visuali-
zation of parameter effects. The second is the standard reconstruction
error &
X —X,|
&(X, Xy) =——. 16
S ( ) V) ‘X| ( )

This error can visualize the differences in the spatial values of the flow
field at each time step. Finally, the root mean square error (RMSE)
integrates the time errors of each spatial point into one value, enabling
visualization and analysis of differences

RMSE(X, X,) = /(X — X,)*/N. (17)

3. Pearson correlation

Pearson correlation is a measure of linear correlation between
two sequences.”” Pearson correlation only considers the trend similar-
ity between two sequences. The first step in constructing Pearson cor-
relation is to compute the covariance between the two sequences,
which is then divided by the square root of the product of their
sequences. The Pearson correlation pyy is defined as follows:

Cov(X,Y)  E((X - EX)(Y — EY)) (18)

P X0VDY)  /DX)\/D(Y)

where pyy is a dimensionless variable that ranges between —1 and
+1. A positive value indicates a positive correlation, while a negative
value indicates a negative correlation, and its value is an indicator of
the strength and direction of the correlation. Cov(X, Y) represents the
covariance between X and Y. Covariance measures how the variables
vary together. D(X) represents the variance of X. Variance measures
the spread or dispersion of the variable X. D(Y) represents the vari-
ance of Y. Variance measures the spread or dispersion of the variable
Y. E((X — EX)(Y — EY)) represents the expectation or expected
value of the product of the standardized deviations of X and Y. The
standardized deviation of a variable is obtained by subtracting its
mean (E(X) or E(Y)) and dividing by the square root of its variance.

4. Dynamic time warping

Dynamic time warping (DTW) is a method used to compare
the similarity between two sequences.”’ By aligning two sequences
to find the best match between them, DTW calculates their
similarity, with smaller values indicating greater similarity.
DTW considers mainly the numerical similarity between two
sequences. Suppose we have two single-dimensional sequences
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x(i),i=1,2,...,mand y(j),j = 1,2, ..., n, and construct the dis-
tance matrix D. D is defined as

d(m,1) d(m,?2) d(m,n)

p=| 5 s (19)
d2,1) d(2,2) d(2,n)
d(1,1) d(1,2) d(1,n)

where d(i,j) = (x(i) — y(j))* is the Euclidean distance between every
two data points. The DTW distance is the sum of the accumulated dis-
tances along the optimal path r(i,j). The optimal path must satisfy
three constraints: boundary, continuity, and monotonicity, which
means the path must start at d(1, 1) and end at d(m, n), and cannot
cross or backtrack on any matches. Mathematically, the DTW distance
can be expressed as

r(i,j) = d(i,j) + min{r(i — 1,j — 1) (20)
T"(i— 17j)7r(iaj_ 1)} (21)
DTW = minr(m, n). (22)

5. K-means clustering based on uniform sampling

This article proposes a method for identifying the micro-
structural features of data using clustering. Clustering can divide data
into different categories based on their characteristics, and different
clusters represent the micro-structural features of the data. If high-
dimensional data and low-dimensional data have similar micro-
structural features, their clustering results will also be similar.

The K-means algorithm is a classic clustering algorithm; how-
ever, it is very sensitive to the selection of initial centroids, and differ-
ent initial centroids may lead to different clustering results.”" The
default method for selecting initial centroids in the K-means algorithm
is random selection. The K-means algorithm is a classic clustering
algorithm, but it is highly sensitive to the initial selection of centroids.
Different initial centroids can lead to different clustering results. The
default method for selecting initial centroids in the K-means algorithm
is random selection. Modifications to the initial centroids can result in
a series of improved versions of the K-means algorithm designed
for specific purposes. In recent work, Wang et al** proposed an
enhanced version of the K-means algorithm called time series
K-means (TK-means), which improves the definition of initial cent-
roids by considering the temporal continuity of clustering results
across different snapshots under the first-order Markov assumption.

In this article, we propose to use uniform sampling to select ini-
tial centroids. This ensures that the initial conditions for clustering
high-dimensional and low-dimensional data are the same, resulting in
comparable evaluation results. This method can be called the uniform
sampling-based K-means algorithm (UsK-means). The specific proce-
dure of the UsK-means algorithm is explained as follows:

a) Use uniform sampling to obtain the initial centroids of the
data.

b) For each data point, calculate its Euclidean distance to each
centroid and assign it to the closest cluster.

c) For each cluster, re-calculate its centroid by taking the mean
coordinates of all data points in the cluster.
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d) TIterate the above steps until the stopping criteria are met, such
as reaching the specified maximum number of iterations or
the objective function is below a predetermined threshold. The
objective function is the sum of squared Euclidean distances
between data points and their nearest centroid (SSE)

SSE(p.c) =y llpi — g, (23)

where p; is the location of a data point, ¢; is the nearest center of mass
of the data point, and ||p; — ;| is the Euclidean distance.

6. Clustering similarity measures

Cluster similarity metrics are used to measure the similarity or dis-
tance between high-dimensional and low-dimensional clustering
results. In this paper, we adopt three different cluster similarity met-
rics: Fowlkes—Mallows index (FMI),"’ normalized mutual information
(NMI),"* and adjusted Rand index (ARI)."

FMI measures the degree of matching between clustering results
and true class labels, where a larger value indicates a better match. It is
calculated by converting clustering results and true labels into two sets,
and computing the ratio of the intersection size to the union size of
these two sets. The formula for FMI is as follows:

FMI = Tr (24)
V(Tp + Fp)(Tp + Ty),

where T is the true positive, implying that the actual positive samples
are correctly predicted as a positive samples. Ty is the true negative,
meaning that the actual negative samples are correctly predicted as a
negative example. Fp is false positive, meaning that the actual negative
samples are mis-predicted as a positive sample. Fy is false negative,
meaning that the actual positive samples are mis-predicted as a nega-
tive sample.

NMI takes into account both the matching degree between clus-
tering results and true labels and their information entropy. It is calcu-
lated by converting clustering results and true labels into two
probability distributions, computing their mutual information, and
then dividing the result by the sum of the entropies of clustering
results and true labels. The formula for NMI is as follows:

1(X,Y)

NMI = ——rl
H(X)H(Y),

(25)

where X, Y is the result of two clusters. I(X,Y) denotes the mutual
information between X and Y, and H(X) and H(Y) denote the
entropy of X and Y, respectively. The value of NMI is in the range of
[0, 1], and the larger the value, the more information is shared with
the real results, i.e., the better the clustering effect.

ARI not only considers the matching degree between clustering
results and true labels but also takes into account the matching degree
between random clustering results and true labels. It is calculated by
converting clustering results and true labels into two sets, computing
their Rand index, subtracting the expected value of the random Rand
index, and then dividing the result by the difference between the maxi-
mum and expected values of the random Rand index. The formula for
ARI is as follows:
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Rl — TP + TN 26)
" TP+ FP+ TN +FN’
ART — — R BRI , (27)
max(RI) — E[RI]]

where E[RI] is the expected value of the Rand index under the null
hypothesis of random cluster assignments.

C. Cavitation flow data sets

The study focuses on the cavitation flow around an NACA66
hydrofoil and generates the dataset required for the DR algorithm.
The NACAG66 hydrofoil has been extensively studied experimentally
by Leroux et al.”® and is considered a classic benchmark example for
cavitation flow research.”**’

1. Numerical setup

In this study, a three-dimensional unsteady cloud cavitation flow
around the hydrofoil is simulated using the compressible Navier—
Stokes equations based on a homogeneous multiphase flow model.
The momentum equation is solved using a second-order upwind
scheme with second-order temporal discretization. Turbulence is
modeled using the Reynolds-averaged Navier—Stokes shear stress
transport (RANS SST) k- model,”” while the Schnerr—Sauer model is
used to describe the cavitation process.48 The volume of fluid (VOF)
method is used to capture the interface between different phases.”’
Numerical simulations are conducted using the Star-CCM+ flow
solver. The sketch of the computational domain and boundary condi-
tions are shown in Fig. 1(a). The chord length of the NACA66 hydro-
foil is C=0.15m, and the angle of attack is 6°. To be consistent with
the experimental setup,” the entire computational domain has a
length of 8C and a height of 1.28C. To reduce the required computa-
tional resources, the span of the computational domain is set to 0.3C,
which is a widely used technique for simulating cavitation flows.”’ The
leading edge of the hydrofoil is located 2C away from the inlet of the
computational domain, and the trailing edge is 5C away from the out-
let. The inlet and outlet boundary conditions are set to velocity inlet
and pressure outlet, respectively. The upper and lower walls of the

1.28C Velocity Inlet ~—— Wall Pressure Outlet
Ay=1mm Snapshot
Ax=1mm
) 2C 6C L

(@

()

FIG. 1. (a) Sketch of the computational domain and boundary conditions. (b)
Three-dimensional mesh around the hydrofoil.
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computational domain and the surface of the hydrofoil are set to non-
slip walls, while all other boundaries of the computational domain are
set to symmetric planes. The initial temperature is set to 298K, the
inlet velocity is set to 5.33m/s, and the cavitation number is set to
1.25. The details of the three-dimensional mesh around the hydrofoil
are shown in Fig. 1(b). A structured mesh is generated using ICEM.
The mesh independence study of the model can be found in the paper
by Wang et al,”' and the final mesh consists of approximately
4.54 x 10° mesh elements, selected to balance computational accuracy
and efficiency. The time step is At=2.5 x 10>, which ensures that
the maximum Courant number in the flow field remains below 0.8,
which ensures the stability of the numerical simulations.”’ The maxi-
mum number of iterations per time step is limited to 20. In this study,
we focus on the flow around the hydrofoil, so the sampling area of the
flow field snapshots is concentrated around the hydrofoil attachment.
Its size is n, x n,=500 x 125, with a sampling point spacing of
1 mm.

2. Numerical method validation studies

To validate the numerical method, Fig. 2 shows a comparison
between the simulated and experimental shapes of the cavity repre-
sented by the iso-surface of water volume fraction equal to 0.8. The
selection of water volume fraction is typically based on the balance
between the clarity of visualizing and the accuracy of cavity morphol-
ogy. Higher water volume fractions are generally advantageous for
achieving a clearer visualization of the details of small-scale cavities.
Therefore, an iso-surface with a water volume fraction of 0.8 is used to
represent the morphology of the cavities. The results indicate that the
shape of the cavity exhibits a regular periodic variation. The numerical
results capture well the characteristics of each stage of the unsteady
cavitation in the experimental visualization, including the growth and
breakage of the sheet cavity, as well as the subsequent generation and
downstream movement of the cloud cavity. The numerical simulation
results are in good agreement with the experimental results.

Pressure fluctuations display the unsteady flow characteristics of
the flow field. To validate the unsteady evolution feature of the numer-
ical method, Fig. 3(a) compares the simulated pressure fluctuations
with the experimental results of Leroux et al."® The pressure monitor-
ing point is located in the middle of the suction surface of the hydrofoil
(X/C=0.7), consistent with the experimental conditions. The agree-
ment between numerical and experimental data indicates that the
numerical simulation accurately captures the unsteady evolution pro-
cess of the cavitation flow field around the hydrofoil. Figure 3(b)
shows the power spectral density (PSD) of the pressure fluctuation
process obtained after a fast FFT transformation as a function of fre-
quency. The numerical simulation result (3.82 Hz) is in good agree-
ment with the experimental result (3.625 Hz) within the error range.

lll. RESULTS AND DISCUSSION

This study compares and evaluates the performance differences
of three DR methods (PCA, ICA, isomap) applied to unsteady cavity
flows around a three-dimensional hydrofoil. First, the reconstructed
flow field and reconstruction error are compared to evaluate the ability
of the three methods to preserve flow field information. In addition,
the correlation and clustering similarity before and after DR are com-
pared to evaluate the ability of the three methods to preserve data
structure features. Finally, the obtained temporal modes after DR are
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FIG. 2. Comparison of cavity shapes between (a) experimental results*® and (b) numerical predictions.

compared to evaluate the ability of the three methods to extract under-
lying coherent structures and flow characteristics.

A. Comparison of reconstruction error

The dimension of the low-dimensional embedding space is a
common parameter in DR algorithms, and this study uses a default
setting of ten dimensions to enable a fair comparison of different
methods. Linear DR methods are simple and do not require hyper-
parameter selection. However, for the nonlinear isomap algorithm, the
only free parameter is k, which represents the number of nearest
neighbors between data points. If k is too small, the data may be
divided into many disconnected regions, and the manifold structure
may not be fully reflected, failing to reveal the true dimensionality of
the data and leading to inaccurate DR results. If k is too large, unre-
lated data points may be included in the neighborhood, and the influ-
ence of noise data may increase, thereby affecting the accuracy of DR
results. In this study, the value of k is determined by the relative recon-
struction error, ie., the “inflection point” where the relative recon-
struction error and k-value curve show a significant decrease.

45000 ~ - | Numerical data (X/C = 0.7)
37500

30000
22500
15000

7500

~ = = Numerical data (X/C=0.7)
Experimental data (X/C = 0.7)

-\

Absolute Pressure/Pa
PSD/Pa’-Hz'

o (. \
L 1 1 I h 1 L | 10°

0

0.00 0.08 0.16 0.24 0.32 0.40 0.48 0.56 0.64 10° 10' 102 10°
ils //Hz
(a) (b)

FIG. 3. Comparisons of (a) experimental results*® with predicted pressure fluctua-
tions at X/C = 0.7 and (b) power spectral density (PSD) at X/(C=0.7.

Figure 4 shows the relative reconstruction error curve as a func-
tion of the number of nearest neighbors (k). The curve has a turning
point at k=20, where the relative reconstruction error is minimized,
making k=20 the default parameter for subsequent calculations in
the isomap algorithm. Furthermore, the behavior of the relative recon-
struction error changes on either side of k=20, where it rapidly
decreases for k values below 20 and gradually increases for k-values
above 20. This indicates that the influence of k-values is more signifi-
cant when they are too small because the correct manifold structure
has not been captured. Moreover, the value of k=20 is twice the
dimensionality of the selected low-dimensional space (10), indicating
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FIG. 4. The relative reconstruction error curve as the k-value changes.
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that the number of nearest neighbors used for embedding must be sig-
nificantly higher than the dimensionality of the low-dimensional space
(at least two times). This conclusion has also been found in Csala’s
research.”’

Figure 5(a) shows the relative reconstruction errors as the num-
ber of modes increases for different DR methods. It is important to
note that in the figures of this paper, “Mode” represents the first N
modes, while “Mode” refers to the Nth mode. The curves for PCA and
ICA show that the relative reconstruction error decreases logarithmi-
cally with an increasing number of modes and does not converge.
Isomap’s reconstruction error is significantly lower than that of PCA
and ICA. The curves for isomap show a rapid decrease in the relative
reconstruction error for the first three modes, followed by conver-
gence. Therefore, isomap is a better algorithm for DR purposes, as it
preserves the most information with the least number of modes. It is
worth noting that the values and trends of the relative reconstruction
error for PCA and ICA are almost the same. PCA and ICA are both
linear DR methods with different objectives in theory. PCA aims to
find the DR directions with the maximum variance, while ICA aims
find the DR directions with the data into several independent signals.
Figure 5(b) depicts the DR directions associated with the first ten
modes in PCA and ICA. In the context of linear DR, the outcome of
the reduction process is obtained by utilizing a linear transformation
matrix to convert the high-dimensional original data into a lower-
dimensional space. The eigenvectors of the linear transformation
matrix define the new coordinate system for the reduced data within
the lower-dimensional space. The orientations of the coordinate axes
symbolize the directions of the respective eigenvectors for each mode.
The first five modes have very similar DR directions, while the last five
modes have differences. However, since the first five modes contain
most of the data information, the reconstructed PCA and ICA have
similar relative reconstruction errors.

Figure 6 displays velocity and the standard reconstruction error
for different DR methods at six typical moments. The cavity region
and the wake region show a clear low velocity characteristic. The
errors of PCA and ICA mainly distribute in the cavity region and
wake region, especially with large errors on the surface of the cavity.
This is because these regions contain more nonlinear information, and
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the surface of the cavity is the interface between water vapor and
water, where the nonlinear features are stronger. Isomap error is only
present in the surface region of the cavity. Isomap, as a nonlinear DR
algorithm, greatly improves the loss of nonlinear information, espe-
cially the high preservation of nonlinear information in the wake
region.

As shown in Fig. 5, the errors of different DR methods vary with
the number of modes. Figure 7 visualizes the spatial distribution of
errors at different numbers of modes using RMSE. The errors of PCA
and ICA gradually decrease in the wake and cloud cavity regions as
the number of modes increases. The errors in the sheet cavity region
near the hydrofoil leading edge persist. Isomap’s error remains
unchanged significantly after the number of modes exceeds three, con-
sistent with the conclusion of Fig. 5. Isomap’s error is significantly
smaller than that of PCA and ICA in all regions.

B. Comparison of data structure

The relationship between the distances of data points in high-
dimensional space and those in low-dimensional space reflects the
overall characteristics of the structures of high-dimensional and low-
dimensional data. In this study, we first calculated the Euclidean dis-
tance between each point and all other points in its dimensional space,
and then took the average value to represent the distance feature of
each point. Finally, the distance feature of each point was flattened
and arranged in a distance sequence. The relationship between high-
dimensional and low-dimensional distance sequences includes similar-
ities in trend and numerical value, which are measured by Pearson
correlation and DTW, respectively.

Figure 8(a) shows the Pearson correlations between the distance
sequences of high-dimensional and low-dimensional data for different
numbers of modes. A higher Pearson correlation indicates closer trend
features. As shown in the figure, the Pearson correlations of both PCA
and ICA algorithms increase with the number of modes, while the
Pearson correlation of isomap converges after the number of modes
reaches 3. Comparing the absolute values of Pearson correlations, it
can be seen that PCA performs the best in preserving the overall data
features, followed by isomap and then ICA. This indicates that the
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FIG. 5. (a) Relative reconstruction error with a different number of modes. (b) First ten modes of PCA and ICA and their corresponding DR directions.
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FIG. 6. Velocity and standard reconstruction error for different DR methods at six typical moments.

PCA algorithm shows the best performance in preserving the overall
data structure.

Figure 8(b) shows the DTW between the high-dimensional
and low-dimensional distance sequences for different numbers of
modes. Interestingly, the DTW of PCA and ICA algorithms
decreases as the number of modes increases, indicating that the
two distance sequences become more similar. However, isomap

Modes1-3 Modes1-5

PCA-RMSE

ICA-RMSE

Isomap-RMSE

shows the opposite performance. In addition, the distribution
range of the DTW values of different DR algorithms is also note-
worthy. The DTW of PCA gradually decreases within a large
range (10-500), while that of ICA gradually decreases within a
small range (2629-2631) and that of isomap gradually increases
within a large range (600-2600). This phenomenon is worth fur-
ther investigation.

Modes1-10

FIG. 7. Spatial distribution of RMSE at
different numbers of modes for different
DR methods.
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FIG. 8. (a) Pearson correlations between
the distance sequences of high-dimensional
and low-dimensional data for different num-
bers of modes. (b) DTW between the high-
dimensional and low-dimensional distance

sequences for different numbers of modes.
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When we project high-dimensional data into a low-dimensional
space, sometimes there may be changes in the distances between
points in the space. The relationship between the distances among the
points in the low-dimensional space and those in the original high-
dimensional space depends on the DR technique used and the charac-
teristics of the data itself. In some cases, the distances among the
points in the low-dimensional space may reflect those in the original
high-dimensional space, which is often observed in linear DR techni-
ques. PCA is a linear transformation method that can preserve the
principal variance direction of the dataset, and the Euclidean distance
among the points in the low-dimensional space can typically reflect
that in the original high-dimensional space. Although ICA is also a lin-
ear DR technique, it relies on a nonlinear transformation of the matrix,
achieved through the mixing and unmixing matrices of independent
components. Thus, due to the nonlinear transformation, the positions
of the reduced data points in the space may deviate greatly from those
of the original data points. In the case of the isomap algorithm, it is a
manifold learning technique. Isomap constructs the connections
among data points by calculating the geodesic distance between each
pair of data points in the high-dimensional space and then maps the
high-dimensional data to the low-dimensional space using a method
similar to MDS. The geodesic distance in the isomap method is mea-
sured along the curve path of the data manifold in the high-
dimensional space, rather than the Euclidean distance in a straight
line. Therefore, in the low-dimensional space after DR, the neighbor-
ing data points measured by the Euclidean distance may be closer,
while the distance between distant data points may be stretched, lead-
ing to a large difference in the distances between the points in the
reduced space and those in the original high-dimensional space.
However, this does not necessarily mean that the DR effect of isomap
is poor. The evaluation of a DR algorithm needs to be considered
comprehensively.

Based on the above discussions, we can use Pearson correlation
to measure the overall structure of the data, which is not influenced by

the numerical values of the distances among points but considers the
global change characteristics. We cannot use DTW to measure the
overall structure of the data because we cannot use the numerical val-
ues of the distances among points to measure the overall structure of
the data at a deep level.

In Fig. 8, we evaluated the differences in the overall structure of
data among different DR algorithms. In this section, we propose the
UsK-means method to identify the micro-structural features of data
through clustering. The uniform sampling method used in this algo-
rithm ensures comparability between clustering results. Three cluster-
ing evaluation metrics are used to measure the similarity between
clustering results and further evaluate the similarity of micro-
structural features of data. Although these metrics have different prin-
ciples, their goals are the same: the larger the value, the more similar
the clustering results. Since the number of clusters is an unknown
parameter for clustering algorithms, we use the three clustering simi-
larity metrics to search for the optimal number of clusters. Figure 9
shows the FMI, NMI, and ARI of three DR algorithms under different
numbers of clusters. The patterns of change in the three clustering
similarity metrics are similar, and they reach a convergence state after
150 clusters. Therefore, we choose 150 as the default number of
clusters.

Figure 10 shows the FMI, NMI, and ARI of the three DR algo-
rithms under different numbers of modalities. The three clustering
similarity metrics exhibit similar patterns as the number of modalities
increases. As the number of modalities increases, the information con-
tained in the reduced space gradually increases and approaches that of
the original high-dimensional space, leading to an increase in cluster-
ing similarity. PCA still demonstrates better capability of preserving
local data structure, followed by isomap, and finally ICA. It is notewor-
thy that the clustering similarity between PCA and isomap is almost
identical for the first three modalities. However, for modalities beyond
three, the clustering similarity of isomap converges, while that of PCA
continues to increase.
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FIG. 9. Clustering similarity of three DR algorithms under different numbers of clusters: (a) NMI, (b) FMI, and (b) ARI.

Figure 11 displays the spatial distribution of clustering results of
different DR methods under different modal numbers. The local struc-
tural features of data are visualized in the flow field space using differ-
ent colors to represent different clusters. However, we chose a gradient
color bar as the color mode, as it is not feasible to visualize 150 differ-
ent colors, which would make the visualization less interpretable. This
compromise solution can still roughly convey the differences in local
structural features of data. The reference clustering results are obtained
from the original high-dimensional space. With the increase in modal
numbers, the clustering results of PCA and ICA gradually become
more reasonable and approach the reference results. Isomap reaches a
convergence state in the clustering results after the first three modali-
ties, and there is no significant change in the clustering results with the
increase in modal numbers. Obviously, the clustering results of PCA
are the closest to the reference results, followed by isomap, and then
by ICA. It is worth noting that the clustering results of isomap are
smoother, perhaps because this algorithm is based on nearest neigh-
bors and therefore merges features that are close in space.

C. Comparison of flow mode

In fluid mechanics, DR is used to reduce the time dimension of
data and obtain a low-dimensional representation that captures the
underlying coherent structures and flow features of the fluid, providing a

better understanding of the essence of fluid motion. This is one of the
main reasons why modal decomposition techniques such as PCA proper
orthogonal decomposition (POD) are popular in fluid mechanics.

To understand the meaning of different modes after DR, the con-
tribution of each mode is usually ranked, as it allows us to obtain the
percentage of information that each mode represents for the original
flow field. Various statistical indicators such as variance explained
ratio, chi-square value, and mutual information are commonly used
for contribution ranking. Among them, variance ratio is the most
commonly used ranking indicator and has been used in combination
with PCA. In this paper, it is also applied to the ranking task of ICA
and isomap. Figure 12 shows the variance ratio of different modes
under different DR methods. PCA and isomap exhibit the same distri-
bution pattern, with mode 1 having the highest variance ratio. The
higher the mode number, the less important. It is worth noting that
the variance ratio of ICA is the same for each mode. This is because
the data may be uniformly distributed across all dimensions. In this
case, there is no major direction of change, and all dimensions are
equally important in explaining the data variation.

Figure 13 shows the flow modes obtained using different DR
methods. Based on the comparison of the velocity field distribution
shown in Fig. 6, the distribution characteristics of PCA and isomap
modes can be observed. The distribution characteristics of the modes
are mainly reflected in the coherent structures of positive and negative
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FIG. 10. Clustering similarity of three DR algorithms under different numbers of modes: (a) NMI, (b) FMI, and (c) ARI.
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FIG. 11. Spatial distribution of clustering
results at different numbers of modes for
different DR methods.

values. In mode 1, the coherent structure of negative values mainly
represents the high-speed region of the velocity field. The negative
value region of PCA is mainly located above the hydrofoil, while that
of isomap is mainly located behind the hydrofoil. The coherent struc-
ture of positive values represents the low-speed region, which is also
the region of cavity. The positive value region of PCA is more dis-
persed, while that of isomap is more concentrated. In mode 2, the
coherent structure distribution of PCA and isomap is similar, and the
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FIG. 12. Variance ratio at different modes for different DR methods.

coherent structure of positive values represents the region of cavity.
In mode 3, there are differences in the coherent structure distribu-
tion of PCA and isomap. PCA focuses more on the sheet cavity
region above the hydrofoil, while isomap focuses more on the
cloud cavity region behind the hydrofoil. In modes 4-10, there is a
stable coherent structure at the leading edge of the hydrofoil, fol-
lowed by the alternating distribution of positive and negative
coherent structures of different scales in other regions of the
hydrofoil. As different modes contain temporal process informa-
tion, this phenomenon is considered as a stable coherent structure
and subsequent decomposition process. The coherent structure
decomposition of PCA is more concentrated in the sheet cavity
region, while that of isomap is more concentrated in the cloud cav-
ity region. Overall, PCA focuses more on the features of sheet cav-
ity, while isomap focuses more on the features of cloud cavity.
Sheet cavity occupies most stages in the entire cavity evolution
process and contains more energy and time information, which is
the goal of PCA, i.e., to retain most of the information in the flow
field. Cloud cavity represents the most complex flow process in the
entire cavity evolution process and contains more nonlinear infor-
mation. This is the reason why isomap can better retain this non-
linear information.

It is worth noting that Fig. 12 proves the equal importance of
ICA in obtaining different flow modes. This means that we cannot
rank them directly. Therefore, in comparing with the other two algo-
rithms, this paper manually sorted the modes based on the mode dis-
tribution of the other two methods. This sorting method is only for
better comparison of the three algorithms and does not have any refer-
ence value in practical applications. The mode distribution of ICA is
closer to PCA, and the conclusion is similar to that of PCA because
they are both linear DR methods. In ICA, modes are unordered.
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FIG. 13. Flow mode at different modes for different DR methods.

This makes it impossible for us to systematically analyze the similarity the modes obtained through ICA may be more meaningful in certain
between different modes through changes in mode numbering, mak- situations.

ing the physical interpretability of ICA modes lower than that of PCA.

However, an important advantage of ICA is that it can find indepen- IV. CONCLUSION
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dent components, which may be more useful than variance in some In this paper, we improve the evaluation system for DR methods
fields. Mathematically, independence is a more stringent constraint, so and comprehensively compare and evaluate the performance
Phys. Fluids 35, 073322 (2023); doi: 10.1063/5.0161471 35, 07332213
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differences of three DR methods (PCA, ICA, isomap) applied to the
unstable cavitation flow on a 3D hydrofoil. The main conclusions are
as follows:

(1) Three different error criteria are used to evaluate the recon-
struction errors of the three DR methods. The relative recon-
struction error, based on the Frobenius norm criterion, suggests
that PCA and ICA exhibit similar levels of relative reconstruc-
tion errors. Isomap is considered a superior algorithm to both
PCA and ICA, as it preserves the maximum amount of infor-
mation with the fewest number of modes. The standard recon-
struction error shows that isomap significantly improves the
loss of nonlinear information, especially in the wake flow
region. The RMSE indicates that the error of isomap is signifi-
cantly smaller than that of PCA and ICA in all flow field
regions, and the error remains constant after the number of
modes exceeds three.

(2) Pearson correlation and DTW are used to evaluate the degree
of preservation of the overall characteristics of the data struc-
ture of the three DR methods. In the process of DR, the magni-
tudes of distances between points in space may undergo
changes, which can impact the evaluation outcomes of DTW.
Pearson correlation measures the overall structure of the data,
considering global patterns of variation. It is regarded as a supe-
rior indicator for quantifying the overall characteristics of the
data. PCA performs the best in preserving the overall data char-
acteristics, followed by isomap and then ICA.

(3) Cluster similarity is used to evaluate the degree of preservation
of the local characteristics of the data structure of the three DR
methods. The UsK-means method proposed in this paper guar-
antees the comparability between the clustering results of high-
dimensional data and low-dimensional data. PCA still shows
better ability to preserve local data structure, followed by iso-
map, and then ICA. For the first three modes, the cluster simi-
larity between PCA and isomap is almost the same. For more
than three modes, the cluster similarity of isomap converges,
while that of PCA continues to increase. Isomap, based on the
nearest neighbors, merges features that are close to each other
in space.

(4) Flow modes are used to evaluate the differences in the recogni-
tion of flow characteristics of the three DR methods. PCA
focuses more on identifying the features of sheet cavities
because they occupy most of the information in the flow field.
Isomap focuses more on identifying the features of cloud cavi-
ties because the behavior of cloud cavities contains more non-
linear information. The modes in ICA cannot be sorted or
ranked, as all modes are equally important in explaining the
variations in the data. This results in a lower level of physical
interpretability for the modes obtained from ICA compared to
the modes in PCA. However, the independent modes obtained
through ICA hold greater mathematical significance.
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