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ABSTRACT

Using a generalized framework that consists of evolution of the solution to the Camassa—Holm equation and its energy measure, we establish
the global-in-time orbital stability of peakons with respect to the perturbed (energy) conservative solutions to the Camassa—Holm equation.
In particular, we extend the H 1-s‘[ability result obtained by Constantin and Strauss [Commun. Pure Appl. Math. 53(5), 603-610 (2000)]
globally-in-time even after the perturbed solutions experience wave breaking. In addition, our result also shows that the singular part of the
energy measure of the perturbed solutions will remain stable for all times.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0110552

. INTRODUCTION

In this paper, we study the global-in-time orbital stability of peakons of the Camassa-Holm equation on the whole real line R. For any x,
t € R, the Camassa—-Holm equation is given by
Ur + Uty + Px = 0, (1.1)

where u = u(x, t) is the unknown function. Here, the function P := P(x, t) is a nonlocal source term given by

P(x,t) = ;[w (uz + uz")](x t) = %fﬂ{{(;’(x—y)(u2 - %)(%f)d%

" is the fundamental solution to the Helmholtz operator I — Ox,. Equation (1.1) is an integrable system that has a bi-

where 1¢(x) = %e_l h
Hamiltonian structure and infinitely many conservation laws.”"” It is used to model the propagation of unidirectional shallow water waves
over a flat bottom.”"” Similar to the Korteweg-de Vries (KdV) equation, Eq. (1.1) has a special class of soliton solutions known as peakons,
which are in the form
—|x—ct|
cp(x—ct) =ce ,
where ¢ € R is any nonzero constant. We are going to study the global-in-time orbital stability of these peakons. To illustrate our results
clearly, let us first introduce the results of (energy) conservative solutions, as well as previous results of the stability of peakons.
For any initial data & € H°(R) with s > 3/2, the Camassa-Holm equation has a unique solution in u € C([0, T]; H’(R)) for some T > 0,
and for these solutions, the following two quantities are conserved:”"”*

E(u):fR(ueruﬁ)dx and F(u):/R(u3+uu,2()dx. (1.2)
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It was then proved in Ref. 12 that if the initial datum & € H'(R) satisfies & — i1 € M. (R), the Camassa-Holm equation has a unique global-
in-time solution u € C([0, 00); H' (R)) with E(u) and F(u) conserved. Here, M. (IR) stands for the set of all finite positive Radon measures
on R. On the other hand, even for smooth initial data, the solutions to the Camassa—Holm equation might blow up in finite time,®7 10112
and at the blow-up time, the solution u remains continuous, while its derivative u, tends to negative infinity. This blow-up phenomenon is
known as the wave breaking in the literature. Before the perturbed solution u experiences wave breaking, the orbital stability of peakons was
proved by Constantin and Strauss in Ref. 13 based on a very clever use of the two conserved quantities E(u) and F(u) defined by (1.2). Indeed,
it was commented in Ref. 13 (Sec. 3) that their stability result is applicable only up to the wave breaking time of the perturbed solution u, as at
the blow-up time, there might be some “energy loss” in the sense that the energy E(u) defined by (1.2) is strictly smaller than the initial one,
and the perturbed solution u(-,t) is not continuous in H' (R) at the blow-up time (see Refs. 3, 4, and 18 for instance). Therefore, the stability
results in Ref. 13 cannot be used beyond the wave breaking time of the perturbed solution u.

However, the peakons exist globally, and for any initial data i € H'(R), the solutions u(-,¢) can be extended globally-in-time and
uniquely after the wave breaking time in a conservative way so that the solution u(-,t) € H'(R) for all ¢ € R and the energy E(u) is con-
served for a.e. t € R; see Refs. 3, 4, and 18 for instance. Moreover, the energy E(u) is strictly dissipative at some zero measure set of time ¢.
Hence, the natural question is do we still have the orbital stability of peakons with respect to these global conservative solutions for all time
t, especially after the wave breaking time. As mentioned in Refs. 14 and 22 for instance, this still remains to be an open question since these
conservative solutions fail to be continuous in H' (R) at the aforementioned zero measure set of time t. The aim of this paper is to provide an
affirmative answer to this question by using a generalized framework of the Camassa-Holm equation.

As mentioned above, the energy E(u) might be strictly dissipative at the blow-up time; however, the conservations of E() and F(u) are
essential for obtaining the orbital stability of peakons in Ref. 13 before the wave breaking. Then, it is quite natural to find some substitutes of
E(u) and F(u) so that they are conserved for all time, and we can utilize them in the same way as E(u) and F(u). The strict dissipation of the
energy E(u) at the blow up time is because some of the total energy is transferred into a singular measure, which cannot be measured/detected
by the solution u itself; see Refs. 3 and 18 for instance. To describe the evolution of the total energy, we shall introduce the energy measure u(t),
which is conserved globally-in-time [i.e., u(t)(R) = u(0)(R) forall ¢ € R], and dpac = (” + u2)dx, where u,_is the absolutely continuous part
of u with respect to the Lebesgue measure; see Ref. 18 (Sec. 3). Based on this idea, the generalized framework of the Camassa—Holm equation
is described as follows: Assume that u is sufficiently smooth, such as u € ciclnCci. Differentiating Eq. (1.1) with respect to the spatial
variable x yields

Uyt + ui + Ullxx + Py = 0. (1.3)

Multiplying (1.1) by 2u and multiplying (1.3) by 2u, and then summing them up, we formally obtain the conservation equation for the energy
density,

( + )+ [u(u® +12)]x = [u(u® - 2P)]. (1.4)

To describe the evolution of the total energy, we may replace 4 + w2 in (1.4) with u(t). Then, supplementing the original Camassa~Holm
equation (1.1) with the resulting equation, the generalized framework for the Camassa—Holm equation is given by

U + Uty + Py = 0, (1.5)
(dp)e + (udp)s = [u(® - 2P)dx]s, (1.6)
dtac(t) = (1 +13) (> £)dx, (1.7)

where the function P now becomes P := ¢ % i+ ;¢ u?, and ¢(x) = ¢ Here, we understand Eq. (1.6) in the distributional sense (1.10).
The conservative solutions to the above generalized framework (1.5)-(1.7) is considered in the following space:

D= {(u,y) : ue H'(R), peMi(R), dua= (" + ui)dx} (1.8)

When the energy measure u(t) is absolutely continuous with respect to the Lebesgue measure dx, the above framework is the same
as Egs. (1.1) and (1.4). The above generalized framework is similar to the generalized framework for the Hunter-Saxton equation; see
Ref. 16 [Egs. (1.4)-(1.6)] for instance. Similar ideas were also used in other models, such as the two component Camassa-Holm equaiton,'”
the Hunter-Saxton equation,;\‘\' and the Novikov equation.” The definition of conservative solutions to the generalized framework (1.5)-(1.7)
is as follows:

Definition 1.1 (conservative solutions). For any initial datum (i1, i) € D, the pair (u(-,t), u(t)) is said to be a global-in-time conservative
solution to the generalized framework (1.5)-(1.7) subject to the initial datum (@, ) if the pair (u(-,t), u(t)) satisfies the following:

(i) wuel®(R;H'(R)) and u(-t) e H' (R) for all t ¢ R. Moreover, for any T > 0, the map t ~ u(~t) is Lipschitz continuous from [T, T)
into L*(R), and u € C(R; M+ (R)).
(i) (u(-0),1(0)) = (it, it), and du(t) = (u* + u2) (-, t)dx for a.e. t € R.
(ili) Equation (1.5) is satisfied in the weak sense: for any test function ¢ € C° (R x R),
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ugs — P(uuy + Py)dx dr = 0. (1.9)
LJ.

R

(iv) (Conservation of energy). Eq. (1.6) is satisfied in the distributional sense: for any test function ¢ € C° (R x R), the identity

fRfR(¢t+u¢x)d/4(t)dt:/Rququ(uz—ZP)dxdt (1.10)

holds.
(v) Equation (1.7) holds for all t € R.
The last condition is equivalent to say that (u(t),u(t)) € D for all times t € R.

The existence and uniqueness of conservative solutions (u, y) in the sense of Definition 1.1 with initial datum (i, #) € D has been
obtained based on the characteristics method; see Refs. 2, 3, and 18 for example. Our main result for stability of peakons is as follows:

Theorem 1.1. Let 0 < € < 1 and ¢ > 0 be any given constants, and the initial data (i1, i) € D, where the space D was defined in (1.8) above,
satisfy

2 8
i (R - 21<C— £ ,
R

where ¢(x) = e™ and i, is the singular part of the initial energy measure ji. If (u, ) is the conservative solution to the generalized framework
(1.5)-(1.7) of the Camassa-Holm equation subject to the initial datum (i, i) in the sense of Definition 1.1, then for any t € R, we have

us()(R) + [u(- 1) = ep(- = &(1)) [ 1 < &,

where p (t) is the singular part of the energy measure u(t), and the spatial location £(t) € R is any point where the function u(-,t) attains its
maximum.

Since the Camassa-Holm equation (1.1) is invariant under the transformation: u(x, t) = —u(—x, t), one can obtain similar results for the
anti-peakon cases, i.e., ¢ < 0. Compared with previous results for the stability of peakons, our result shows the following novelties:

(i) The orbital stability of peakons in the H'(R) norm is obtained for all times ¢, so it applies even after the wave breaking time of the
perturbed solution u.

(i) Our results give the estimates for u and y (t) together; in particular, the singular part u (t) of the energy measure will also remain stable
for all times ¢.

The rest of this paper is organized as follows: In Sec. 11, we will introduce the characteristics method for this generalized framework and
present an equivalent semi-linear system. Using the energy measure g, we will then define the extensions of E(u) and F(u) in the generalized
framework; see (2.8). In addition, we will also show that these extensions are actually conserved for all times. The main result for stability of
peakons will be proved in Sec. I1I by utilizing these two conserved quantities.

Il. GENERALIZED FRAMEWORK AND CONSERVATIVE QUANTITIES
A. Generalized framework and system of a-variable

The existence and uniqueness of conservative solutions (u, y) in the sense of Definition 1.1 with initial datum (i, #) € D has been
obtained in Refs. 2, 3, and 18. The idea is to use the characteristics method to transfer the Camassa—Holm equation into a semilinear system.
Following the ideas in Ref. 18, we briefly introduce the semilinear system below. For any initial data (i, i) € D, define the function X via

x(a) + (=00, %(a))) < a < %() + t((—00, X(a)]) 2.1)

for every a € R. The use of the a-variable transfers the initial energy measure j into another measure with the density function 1 - %’ in
L'(R), namely, di = x#[(1 - %)da]. Here, the symbol # stands for push-forward of a measure, i.e., for any Lebesgue measurable set A c R,
we have ji(A) = fk,l(A)(l - %")(«)da. This function & := %(a) is Lipschitz continuous with a Lipschitz constant bounded by 1; see Ref. 16,
Proposition 2.1, for instance. Consider the characteristics y(a,t) satisfying y,(a,t) = u(y(a,t),t). Then, the nonlocal source term P and its
derivative in a-coordinate are in the following forms:

P(y(at),t) = i fR ePE OO E, 6,1y 1+ 1 ((6, 1), £)yp(6,1)]d6 22)
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and .
P(y(a1),1) =~ fR sgn(a - 0)e VYN0, 1) + 12 (3(6,1), 1) ye(6, 1) ]d6, (2.3)

where H(a, t) = [ S’t) (u* + u2)dx is the cumulative energy distribution in a-coordinate. Then, the semilinear system of ordinary differential
equations is given by {see Ref. 18 [Eq. (2.10)] and details in Ref. 18 [Sec. 2.1]}

@) =ul@n.0. y(w0) = 5(a), e
SUO@0.0) = PO@0.0, u(y(®0).0) = il5(a)) 03
%H((x,t) = (= 2uP)(y(a, 1), 1), H(a,0) = a—x(a). (2.6)

For any initial datum (@, i) € D, the global solutions (y(a, t), u(y(a,t),t), H(a, t)) to this system, namely, Egs. (2.4)-(2.6), was obtained in
Ref. 18.

Remark 2.1. Let {(a,t) := y(a,t) —aand U(a, t) := u(y(a, t),t). Then, it follows from Ref. 18 (Theorem 2.8) that
((.UH) e C{(R:En[W"(R)]*),

where E= Vx H'(R) x Vand V = {f € C4(R) : fx € L*(R)}. Moreover, y,(-t) >0, Ha(~,t) > 0, and P, P, defined by (2.2) and (2.3) [as
functions of (&, t)] are in the space C(R; H' (R)); see Ref. 18 (Lemma 2.1) for details.

For any given global solution (y(a,t),u(y(a,t),t)),H(a,t)) to system (2.4)-(2.6), the corresponding global conservative solutions
(u(t),u(t)) to the generalized framework (1.5)-(1.7) will be given by u(x,t) = u(y(a,t),t) for x = y(a,t) and global energy measure p(t)
will be given by

u(t) = y(-, t)#[Ha(, t)da]. 2.7)

The uniqueness of conservative solutions was proved via characteristics methods in Ref. 2. Since the global solution
(y(a,t), u(y(a,t), 1)), H(a, t)) to (2.4)-(2.6) can immediately provide the global conservative solution (u(t),u(t)) to the generalized
framework (1.5)—-(1.7), this is equivalent to say that any (energy) conservative solution in the sense of Definition 1.1 can be represented by
the solution to (2.4)-(2.6).

B. Conservative quantities under generalized framework

As mentioned in Sec. I, the two quantities E(u) and F(u) defined in (1.2) are not conserved, in general, due to the potential wave
breaking. Under the generalized framework, for a pair (u, ) € D, the natural generalizations of E(u) and F(u) are defined by

E(u,p) =u(R) and FE(u,p) = /H;ud/,t. (2.8)

Here, the generalized quantity E indeed depends on the variable y only; however, we still use the pair (4, ) in its argument to emphasis
that E is the total energy for the generalized solution (u(t), u(t)). For a conservative solution (u, y) to the Camassa~Holm equation in the
sense of Definition 1.1, we know that the (generalized) energy E(u(t), u(t)) is conserved, namely, E(u(t), u(t)) = u(t)(R) = g(R) = E(it, )
for all t € R. This energy conservation can be easily verified by using (1.10) and the fact that y € C(R; M. (R)); for the methodology, see the
argument in Ref. 16 (Remark 1.1) for instance. Next, we are going to show the conservation of F(u(t),u(t)), which will play an essential role
for proving the orbital stability of peakons. It is worth noting that for a classical solution u, the following conservation law holds:

[u( +ul) ]+ [ (o +ud) ] + (Pu2 - Zu4 +P - P,Zc) =0. (2.9

This motivates us to consider the following lemma for weak solutions:

Lemma 2.1. Let (u, ) be a conservative solution to the generalized framework (1.5)-(1.7) subject to the initial datum (i, i) € D in the
sense of Definition 1.1. Then, for any ¢ € C° (R x R), we have

fR/R(¢t+u¢x)udy(t)dt+ /R/R(/)X(Puz7Zu4+P27P,zc)dxdt:0, (2.10)

where P = i(p*‘u+%(px~u2.
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Proof. Using (2.4) and (2.7), we can apply a change of variables and obtain

A/R(¢t+u¢x)udy(t)dt:fRfR%qb(y(a,t),t)u(y(a,t),t)Ha(tx,t)docdt

q (2.11)
= —ff¢(y(vc»t)»t)d—[u(y(oc, t),t)Ho(a t)[dardt,
RJR t
where we integrated by parts in the last equality. It follows from Ref. 18 (Lemma 2.4) that for a.e. (a, t) € R?,
0 0,3
EH‘X(“) t) = a(u 2uP)(y(a,t),t). (2.12)
Combining (2.6) and (2.12) yields that for a.e. (a, t) € R?,
0 9 3
0@ 1), ) Ha(@ )] = ~Puy(@ ), OHa( 1) + u((@0,0) o (" = 20P) (1@ 1), 1)
30 0
= P O (1) + [ (0 £),8)] - 20y 0, ) [(uP) ({0 £), )]
4 0o Ou
Using the above identity, we can re-write (2.11) as follows:
[ [+ upuduttnar = [ [ (@) 0Py (@), ) Ha(w t)dardt
3074 0
- [ [o0t@n.0(5 5aln' e n.0] - 2u(r(@ 0,05 LwP) (@ 0).0)] Jdad
- 34 52 2
- fR/Rqs(y(a, £), )Py (y( 1), £) Ha(at, £)dac lt + /RfR¢X(4u Pu )dxdt . /R/quu Podxdt  (213)
Comparing (2.13) with (2.10), we only need to show
2 2 _ 2
- fRqusx(p ~P2)dxdt = /RfR¢(y(a, £),0)Pe(y(a, 1), ) Ha(a, t)dacdt + fR/R(pu P, dxdt. (2.14)
It follows from part (ii) of Definition 1.1 that du(t) = (4 + t2) (-, t)dx for a.e. t. At these times ¢, we have
L _ 1 R L NI
(o) = 4 [t 5 [0y = [otey(st+ % Jmnas
which implies
2
(P Pu) (1) = (u2 + %)(x, £).
Hence,
2 2 _ 2 2
—fRfbex(P - Py)dxdt = /Afm‘/”‘(P PY)dxdt
2
- _ - 2, W
- /Afqust(P Pu)dxdt fA/qusPX(u +2 )(x, £)dx dt
_ 2 2, 2
- fAngbu Podxdt+ fAngbe(u +d)dxdt
_ 2
- fRquﬁu Podxdt+ fA/Rgb(y(oc, 1), )Pe(y(a, 1), ) Ha(a, t)da dt
_ 2
- fRngbu Podxdt+ /RquS(y(oc, 1), )Pe(y(, 1), ) Ha(a t)dadt. (2.15)
This verifies (2.14) and, hence, completes the proof of (2.10). |
J. Math. Phys. 63, 121503 (2022); doi: 10.1063/5.0110552 63, 121503-5
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Using Lemma 2.1, we have the following lemma for conservation of F:

Lemma 2.2. Let (u, ) be a conservative solution to the generalized framework (1.5)-(1.7) subject to the initial datum (i, i) € D in the
sense of Definition 1.1. Then, F(u,y) is conserved, namely, F(u(t),u(t)) = F(it, i) forall t € R.

The Proof of Lemma 2.2 basically follows from (2.10) and shares some similarity with Ref. 16, Remark 1.1. For the sake of
self-containedness, we will provide the details here.

Proof. Without loss of generality, let us consider any arbitrary time ¢ > 0; the case for t < 0 will be basically similar, so we will leave this
to interested readers. We choose non-negative smooth functions y,(s) and g,(x) for e > 0 and R > 0, where y,(s) =0fors< —eands >t + .
x.(s) =1forse (0,t), x.(s) > 0 forse (—&0), and y;(s) <0forse (t¢+¢). The function g, satisfies g,(x) = 1 for |x| < R, g,(x) = 0 for |x|
> 2R, and |g1'; (x)| < 2. Finally, let ¢(x, t) = x,(t)g(x), and substituting this ¢ into Eq. (2.10), we obtain

.[R/H;{X;(s)gR(x)u(x,s)d/,t(s)ds+ [RAXE(s)gé(x)uz(x,s)d,u(s)ds
v [ faogke(pe - Sut o P - ) dxds =

Passing to the limit as R — oo yields
L) [utssdutsyds+ [H) [utwduas=o (2.16)

It is worth noting that
| [ X [[uns)duas-Fai| | [ 46 [uoduas— [ () [atxdas
< [ [uts)auts) - [atx)da

) = ) Ju(s)
=1 (S) + Iz(S).

ds

and

< +

| [ue9)duo) - [ada Jadu - [[at)d

Since y € C(R; M+ (R)), we have I,(s) = 0 as s — 0. For the first term I;, we use the fact that the solutions u(-,¢) is continuous [see
Ref. 18 (Theorem 4.2 and Proposition 5.2 for instance)] in time in the space L™ (R) and conclude that I1(s) — 0 as s > 0. This shows

that fixﬁ(s)fRu(x,s)dy(s)ds — E(it, 1) as e — 0*. On the other hand, one can also verify that fttﬂ)(;(f)fRu(x,s)dy(s)ds - —F(u(t),u(t))
as € = 0" in a similar manner, and hence, passing to the limit € — 0% in (2.16) yields F(u(t),u(t)) = E(i, j1). Since the time ¢ is arbitrarily
chosen, this completes the proof. O

Remark 2.2 (a formal proof). Ignoring the regularity issue, one could formally prove the conservation of F more directly as follows:

%F(u,y) - %fku(y((x, £), ) Ha( o, t)dex

- -prx(y(a, £), ) Ha(ot, £)dax + fR[3u3ux—2u(uP)x](y(rx, 1), )ya(a t)da
- -prx(y(a, £), ) Ha(ot, t)der + %fkaau‘*(y(a,t),t)dm fRa,x[Lﬁ(y(a, £),0)]P(y(a 1), t)da
. fm Pe(y(a 1), £)Ha(at, {)da - /R W (7(e 1), £) Py (y(ts ), £)ya(t, £) et 2.17)

Now, using (2.3), we have

Shwn) = [ [ sana- 00N Hy(0,1) 41 (46,0, )30(0,0)]
x [Ha(a, t) + 1° (y(a 1), ) ya (o, t) |dac dB = 0.

However, the regularity of weak solutions seems not enough for taking the time derivative under the integral sign in the second line of (2.17).
This is the main reason why we had to use the “integral form” of this computation in the rigorous Proof of Lemma 2.2.
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I1l. STABILITY OF PEAKONS

We will follow the ideas in Ref. 13 to show the stability of one peakon under the generalized framework introduced in Sec. II; in particular,

we will have to control the singular part of the energy measure. More precisely, we have the following lemma:
Lemma 3.1. Let c be a positive constant and (u, ) € D. Then,

(i) foranyéeR,
E(u, ) - E(cp) = us(R) + [u = co(- = &) |7 + 4c(u(£) - c);

(i) let M := maxyer u(x), then
1) < ME(u, 1) - §M3.
In addition, if there exists a constant 0 < 8 < min{c/30,\/2} such that us(R) + |u — co||? < 8% /2, then
(iii)
|E(u, ) — E(co)| < 4cd and |E(u,u) — F(cp)| < 868

(iv)
|M - ¢| < V6c6.

(3.1)

(3.2)

Compared with Lemmas 1-4 in Ref. 13, the key point is that our energy E(u,u) and F(u, ) are defined for all time ¢ and are both
conserved, and hence, the estimates can be applied for all time ¢. Moreover, our estimates contain the singular part y;(R), and this improves
the estimates in Lemmas 1-4 in Ref. 13. It is worth noting that in (3.2), we use the coefficients 4 and 8 for convenience, although they are not
optimal according to the proof below. One could also improve the coefficient % in 0 < 8 < min{c/30,v/2}, but we will not pursue this here.

These technical details will be left for interested readers.

Proof. (i) It follows from the definition of E that
E(u,p) - E(c) = us(R) + E(u) - E(cp).
A direct differentiation yields that ¢ _(x) = ¢(x) for x < 0and ¢, (x) = —¢(x) for x > 0, so we have
Ju=cq(- = ) = E(u) + E(eq(- = £)) = 2¢ [u(x)p(x - Hdx = 2¢ [ u(x)gu(x - Edx
=E(u) + E(cp(--¢)) - 2chu(x)(p(x —&)dx
- ZC[iux(x)¢(x -&dx+ ZC/Ewux(x)(p(x - &)dx

= E(u) — E(cp) — 4cu(&) +4c”. (3.3)
Combining the above two identities, we obtain the desired result.
(i) It follows from Ref. 13, Lemma 2 that for any u € H'(R), the quantities E(u) and F(u) defined by (1.2) satisfy
2
F(u) < ME(u) - §M3, M= m%xu(x);
then, for any (u,u) € D, we have
~ 2,3 - 2,3
Fluup) = [ udpic+ F(u) < Mo (R) + ME(u) - M = ME(u.p) - S0
R
(iii) Due to the hypothesis s (R) + ||u — cg[ 7 < 87/2 < 1, we also have
1/2
ps" " (R) + Ju = cofn <6, (3.4)
and by Morrey’s inequality,
1 1 )
ufre < —=|ullm < —=(|co|m +98) =c+ —. 3.5
lule \/EII Iz \/z(ll @l +9) 7 (3.5)
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A direct computation yields | cg||; = v/2¢. Since & < ¢/2 and (3.4), we have

|E(u, ) - E(c)| = |us(R) + E(ut) - E(c)| < ps(R) + (el = [ eqlls) (el + [0

2
< us(R) + (2v/2¢ + 8) [ - colm < % +8(2/3¢ + 6) < 4cd,

and by Holder’s inequality,

|F(u, ) = F(cp)| < fR udys| +

s( ),uS(IR)+
< (c+—)?+

/R o[2(u = cp)ce + 2(ux — cpx ) cpx |dx

|[F(u) - F(co)|

/(u—ap)(u +ul)dx + /ap(u +up -9t - Cgt)dx

Ooﬁl‘m

[ u=cp)” +1i)ax+ [ epl(u—cp)’ + (e - cg)Jdx

&

2
<(er 55) 5+ tucolimBw + eplim L= cplh + 2lepli = colum ol

It follows from (3.4) that |u — ¢ 1~ < % [u—co|m < % and E(u) = |u3p < (V2¢ + 8)*. Furthermore, a direct computation yields
= V/2¢, s0 we finally have

|F(u,u) — F(cp)| < (c+ \(/S_)(SZ \/_(25 +2V2c8+ 8 )+c— +268V/2¢ < 868,

(iv) A direct calculation yields that

E(cp) =2¢ and F(cg) = §c3. (3.6)

Since (3.6) and 8 < ¢/30, using (3.1) and (3.2), we have

L Fwp) o
E(u,y) 2
Define
Qy) =y - %yﬁ(w) + %F(u,ﬂ)
and

Q) =y = SyE(cg) + SF(cp).

Then, it follows from part (ii) that

Q(M) <o. (3.7)

Furthermore, using (3.6), we also have

Q(y) = (y-0)’(y+20).
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Hence, using (3.7) and part (iii), we finally have

(M= (M +26) = Qo(M) = QM) + > M(E(u 1) ~ E(e9)) = 5 (F(up) = F(c9)

3 3
< EM <4c6 + > 8626 = 6¢(M +2¢)0,
which implies [M — ¢| < v/6¢0.

Using Lemma 3.1, we can immediately show our main result, namely, Theorem 1.1, for the stability of peakons as follows:

4

Proof of Theorem 1.1. Let § := m and M; := maxyer #(t,x) for any t € R. Using Lemma 3.1 and the fact that u(&(¢),t) = My, we

have, for any t € R,

us()(R) + [u(1) = ep(- = &) i < |E(u(1),u(t)) ~ E(cg)| + 4clM; —
= |E(it,2) = E(cg)| + 4c|M; - ]

4 4
ce / ce 2
<4c——— +4c\/6c— <€
64(1+¢)* 64(1+¢)*

O

Remark 3.1. Let (u, y) be a conservative solution to the generalized framework (1.5)-(1.7) of the Camassa-Holm equation subject to
the initial data (i, #z dx), which means that the initial energy measure j does not contain any singular part. If

&2 c 8
- 2
Io-colin < 5 s |
then for any ¢ € R, we obviously have
s(D)(R) + [u( 1) = co(- = E() |1 < €

because of Theorem 1.1, where &(t) € R is any point where the function u(-, t) attains its maximum. In particular, we know that for the usual
H'(R) initial data, the stability of the peakon holds even after wave breaking. This extends the stability results of Constantin and Strauss'®
globally-in-time.
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