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ABSTRACT

State-to-state simulations of nonequilibrium flow in nozzles are made for a range of reservoir conditions and geometries. The geometry of
the converging section and throat has little influence on the thermochemistry of the flow. Higher reservoir pressure and temperature both
drive the thermochemistry toward equilibrium. For reservoir temperatures of 1500, 4000, and 7000 K, the flow property that has the largest
departure from equilibrium is the N, vibrational temperature, the O mass fraction, and the N mass fraction, respectively. Even at the lowest
reservoir pressure, these departures from equilibrium are only 14%, 8%, and 2% for the 1500, 4000, and 7000 K reservoirs, respectively.
The differences in these flow properties at the throat between the nonequilibrium and equilibrium simulations are maintained throughout
in the nonequilibrium simulations of the diverging section. Applying the simplification of equilibrium flow in the converging section and
around the throat yields almost no observable errors in the vibrational population distributions in the diverging section. The simplification is
recommended for most practical intents and purposes, and the current work provides important quantitative information to make informed

judgments when applying it.

© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0106554

I. INTRODUCTION

The de Laval nozzle is an important component of hypersonic
wind tunnels. The numerical simulations of these nozzle flows are
often required for flow characterization,' test condition design,’
and nozzle design purposes.” Such simulations are usually con-
ducted through the governing flow equations coupled with ther-
mochemical nonequilibrium models, which is essential even under
low enthalpy conditions where vibrational excitation is present
but no chemical reactions take place. However, the use of ther-
mochemical nonequilibrium models significantly increases the
computational cost, especially when using the high-fidelity state-to-
state (StS) nonequilibrium model.” As a result, a simplification for
numerical convenience is often made where thermochemical equi-
librium, “EQ,” flow is assumed in the converging section and around
the throat, allowing the thermochemical nonequilibrium simulation
to be performed only for the diverging section (for example, see Refs.
3, 6,and 7).

The aforementioned simplification reduces the computational
domain of the nonequilibrium simulation, resulting in computa-
tional savings. Apart from this obvious advantage, the simplification

also reduces the computational domain to a purely supersonic
flowfield, which allows for a straightforward steady-state analysis
where the space-marching® or method of characteristics’ tech-
niques can be used to directly solve for the steady state solution.
Steady-state analysis is computationally more efficient at solv-
ing for the steady state flowfield than time-dependent analysis
(time-marching techniques), which usually has to be used if the sub-
sonic portion (converging section) of the flowfield is included in the
nonequilibrium simulation due to the strong downstream influence,
singularity near the nozzle throat, and unknown mass flow rate.”'’
For example, space-marching has been shown to be orders of magni-
tude faster than time-marching,'' "’ The use of steady-state analysis
is therefore crucial when performing computationally expensive
tasks such as nozzle design or StS nozzle simulations. In particular,
multi-dimensional StS nozzle simulations, which are computation-
ally too expensive to perform, could be made more practical with the
use of steady-state analysis, which would consequently require the
use of the aforesaid simplification. A further benefit of the simplifica-
tion is that it allows for a nozzle flow simulation without needing to
know the geometric profile of the converging section because equi-
librium flows depend only on the area ratio. Since the profile of the
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converging section is often not well documented, especially for noz-
zles on older wind tunnels, this benefit can be particularly desirable
for practical purposes.

However, the validity of this useful simplification is yet to be
systematically assessed and characterized for a range of nozzle con-
ditions and geometries relevant to hypersonic wind tunnels. Thus,
the current work addresses this important issue because, due to the
numerous advantages, it is desirable to use the simplification when-
ever possible. In this paper, the thermochemical nonequilibrium in
the converging section of the de Laval nozzle is examined in detail
numerically using the high-fidelity StS model. For comparisons,
frozen (calorically perfect gas, “PG”) and equilibrium computations,
as well as nonequilibrium computations using the conventional two-
temperature (2T) model, are also performed. The entire range of
conditions relevant to hypersonic wind tunnels is tested. Different
nozzle geometries (converging angle and throat curvature) are inves-
tigated as well. The influence on the flow in the diverging section is
characterized by the different conditions in the converging section,
and the appropriateness of assuming equilibrium flow in the con-
verging section and around the throat for conducting de Laval nozzle
simulations is analyzed.

Il. METHODOLOGY

An StS model, described in detail in Refs. 5 and 14, is used in
the current work. Five species—N3, O,, N, O, and NO—are con-
sidered. There are 61 bound vibrational levels for N, 46 for O,,
and 48 for NO, all obtained from the STELLAR database.'” Only
the ground electronic state is considered for all species, which is
valid since Refs. 16-18 showed that under even higher temperature
conditions (T ~ 9000 K), ionization and electronic excitation do not
play a major role in the thermochemistry of the flow. Along with the
vibration-vibration-translation (VVT) and vibration-translation
(VT) reactions, the N,, O,, and NO dissociation/recombination
reactions and the two Zel'dovich reactions are modeled. The reac-
tions modeled are summarized in Tables I and 11, where “i” and “f”
refer to the initial and final vibrational quantum numbers, respec-
tively. The state-specific rates used originate from a combination of
Forced Harmonic Oscillator (FHO) theory,"” quasi-classical trajec-
tory (QCT) calculations,” and the classic Landau-Teller (LT) model
in the StS form.'® The forward and backward rates are related by

scitation.org/journal/adv

TABLE . Inelastic reactions considered in this work, where M € {NO, O, N}.

No. Reaction Model References
1 N2(i1) + Na(iz) <> Na(f1) + Na(f2) FHO 14
2 Oz(i]) + Oz(iz) Ad Oz(fl) + Oz(fz) FHO 14
3 Oz(il) + Nz(iz) <> Oz(fl) + Nz(fz) FHO 14
4 NO(i) + N; <> NO(f) + N, FHO 15
5 NO() + Oz <> NO(f) + O, FHO 15
6 NO@i) + M < NO(f) + M LT 18 and 28
7 N2(i) + N < Ny (f) + N QCT 29
8 0,(1) + 0 < O5(f) + O QCT 20
9 Na(i) + O < Na(f) + O LT 1528
10 0,(1) + N <> 02() + N LT 18 and 28
11 N> (i) + NO < N»(f) + NO LT 18 and 28
12 0,(i) + NO < O,(f) + NO LT 18 and 28

where p is the mass density, u is the flow velocity, A is the nozzle
cross-sectional area, p is the pressure, hy is the total specific enthalpy,
c is the mass fraction, w is the mass production rate, and the sub-
script i is the species index. Because the above-mentioned equations
are steady-state ones, time does not appear as a variable, so the equa-
tions form an ordinary differential equations (ODE) system. The
quasi-one-dimensional model is adequate for revealing basic ther-
mochemical nonequilibrium effects, as demonstrated exemplarily in
Refs. 1, 5, 6, and 21-25, by capturing the competition between the
flow time and the thermochemical time (analogous to the Damkoh-
ler number analysis). The quasi-one-dimensional model assumes
that the flow properties are radially uniform at all axial locations
along the nozzle. Even if this assumption is violated, which could
be for extremely large convergent/divergent angles, the quasi-one-
dimensional model will still give a good representative (radially
averaged) result and be qualitatively correct because the funda-
mental flow conservation principles are still obeyed without any

TABLE II. Dissociation/recombination and exchange reactions considered in this
work, where M € {NO, O, N}.

detailed balance using the partition functions. Equilibration between No. Reaction Model References
translational and rotational modes is assumed. -

Due to the computational cost, coupling of a full StS model 1 Nao(i) + Nz <> 2N + N; FHO 15
(unrestricted multi-quantum transitions) with a multi-dimensional 2 01(i) + 02 < 20 + O, FHO 15
flow solver is currently impractical for carrying out a parametric 3 Na(i) + Oz <> 2N + O, FHO 15
study involving an air mixture (N2:0.78 and 0:0.22 mole frac- 4 02() + N2 © 20 + Nz FHO 15
tions), and thus, the inviscid nonequilibrium nozzle flow in this 5 Ny (i) + N < 3N QCT 29
work is modeled based on the quasi-one-dimensional steady Euler 6 0:(i) + 0 < 30 QCT 20
equations,‘;’m 7 N2(i) + O < 2N+ O Reaction 5 28

dpuA 8 0:(i)) + N+ 20+N Reaction 6 28
o 9 9 N, (i) + NO < 2N + NO Reaction 1 28
dp du 10 0,(i) + NO « 20 + NO Reaction 4 28
— +pu— =0, 11 NO@l)+N; N+O+N; FHO 15
de oy (1) 12 NO®@)+O0;«<N+O0+0; FHO 15
L% =0, 13 NO@l) +M < N+O+M (Reaction 11) x 20 28
dx 14 N+ O« NO® +N QCT 30
dei Wi _ 15  03(i) + N < NO(f) + O QCT 31
dx  pu
AIP Advances 12, 085320 (2022); doi: 10.1063/5.0106554 12, 085320-2
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compromise.” " Thus, this model is sufficient for the intents and
purposes of the current work.

In the StS model, each vibrational state is considered a pseudo-
species. This means that there is no vibrational rate equation and
each pseudo-species has a constant vibrational energy correspond-
ing to its vibrational state. In addition, the StS model does not
work with vibrational temperatures. Nevertheless, a representative
average vibrational temperature for a molecule AB, Tv,4p, can be
obtained by solving the following equation:™' "

max (AB) Eap,
Vmax (AB) PABv z\t:o EABV exp(_kR;fAE)
——Eag, = Venax (AB) Fuy | @
5 pas s exp(- )

where v is a vibrational level of AB, E is the energy of a vibrational
level, and kg is the Boltzmann constant. The reaction processes con-
sidered in this study include AB(i1) + CD(i2) - AB(fi) + CD(f2)
VVT transitions (molecule-molecule), AB(i;) + M € {atoms or
molecules} — AB(f;) + M VT transitions, AB(i;) + M € {atoms
or moleculess - A + B + M vibration-dissociation (VD) reac-
tions, and AB(i1) + O/N < NO(f) + N/O exchange reactions. Here,
AB and CD represent molecular species while A and B represent
atomic species. Considering a molecular species AB € {N;, O} at
a vibrational level ij, the resulting species production rate can be
written generally as””*

Wab(i) = MAB[{WAB@[)}VVT +{Wabii) by

+ {WAB(iI)}VD + {WAB(h)}Ex]’ ®
where

iy max f1,max f2max

{WAB(iI)}VVT = Z Z Z kvvr(f1, f2 = i1, i2)
=0 f1=0 f,=0
fi#i

xXp Xy, = kyvr(inia = f1, f2) X Xi,  (4)
for the molecule-molecule interactions and
Sfrmax
{WAB(il)}VT =3 > kvr(fi,M - iy, M)X ¢ Xn — kyr
M f,=0
fi1#i

x (i, M = f1, M)Xi, Xm (5)

for the molecule-atom interactions and the molecule-molecule
interactions, where VVT reactions are not considered, and

{WAB(i1)}VD = %:kVD(A,B,M - il,M)XAXBXM

—kVD(il,M - A,B>M)Xi1XM (6)

for the dissociation/recombination reactions and

ARTICLE scitation.org/journall/adv

fimax
{Was(i) oy = fz_% kex(NO(f),N/O — i1, O/N)Xno( 1) Xny/o

— kex (i1, O/N - NO(f),N/O)X;, Xo/n (7)

for the NO exchange reactions. Here, M is the molar mass, k is
the reaction rate coefficient (calculated from the FHO, QCT,
or LT model depending on the reaction, as stated in Tables I and II),
and X is the molar concentration. From these, one can easily derive
the species production rate for N, O, and NO(i,).

The solution of Eq. (1) for thermochemical nonequilibrium de
Laval nozzle flows is carried out using the methodology in Refs.
36-38, where space marching integration (integration over x) is
made using the Crank-Nicolson method, starting from the initial
reservoir condition and marching downstream from one point to
the next. Based on Ref. 36, the space-marching step size, dx.1, at a
particular step s + 1 is governed by the following condition:

d.x:+1 = 1072 min(des), (8)
|gs+1 — g4

where g € {p, p, T, u, ¢;} and min() is the minimum in the set of val-
ues. As discussed by Ref. 36, the step size of these nonequilibrium
space-marching solutions is restricted by numerical stability consid-
eration, which is perhaps a bit different from the time-dependent
solutions where the distance between spatial points is restricted by
discretization error consideration. This is because, as mentioned
in Ref. 10, the step size necessary to maintain stability in space-
marching is usually much smaller than what is necessary for appro-
priate spatial discretization, and this will be demonstrated later in
Sec. 111

A saddle-point singularity will be encountered during the
above-mentioned space marching process. Based on Refs. 10 and
39, Eq. (1) can be combined together with the equation of state and
rearranged to give

dar %(ERTZi% - Zihiwi) - E%T% u?
di = > E_ (9)
x ¢, — &R

T w2 —RT’

where T is the temperature, ¢, is the frozen specific heat at constant
pressure, h is the specific enthalpy, R is the specific gas constant of
the mixture, R is the universal gas constant, and 1 = puA. When
u reaches the frozen speed of sound, ay, which occurs slightly down-

stream of the throat in a nonfrozen nozzle flow, "> u = V(yRT),
where y is the frozen heat capacity ratio. In turn, & = y/(y — 1),
and the denominator in Eq. (9) goes to zero, which implies that the
numerator must also go to zero for dT/dx # —oo. This condition is
used to iteratively determine the unknown mass flow rate, s, for a
given nozzle geometry and reservoir condition.

As shown in Fig. 1, when 1 is too large, dT/dx approaches
—oo as u approaches gy slightly beyond the throat. In this case, the
denominator in Eq. (9) goes to zero before the numerator does.
Conversely, when m is too small, dT/dx approaches zero before
u reaches a;. In this case, the numerator in Eq. (9) goes to zero
before the denominator does. Based on this behavior, a bisection

AIP Advances 12, 085320 (2022); doi: 10.1063/5.0106554
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FIG. 1. Computed temperature profile for different values of i as u approaches ar.
4000 o= - © -Time-dependent an?lzlly3|s 101
3 —— Steady-state analysis
method algorithm is set up to iterate for 71, which takes around one v beem 10-09 c
to two hours using the StS model on a single 3.0 GHz Intel i7 CPU. & 3000 | 10.08 2
This procedure can be conveniently avoided if equilibrium flow is 5 ' S
assumed from the reservoir to a point slightly beyond u = ay, approx- E 10.07 ‘ﬁ
imately halving the total simulation time. This demonstrates one 0 2000 n
of the many benefits of this assumption, which are discussed ear- c 10.06 g
lier in the Introduction section. As detailed in Ref. 10, equilibrium Q o
quasi-one-dimensional nozzle calculations are straightforward, and 1000 + \ SSg T ° o-6-6-6-6-6-6-6-9 (.05
the methodology is briefly described next. SeccseccentBe-egga o oooo
To compare with nonequilibrium computations, frozen and S 096 (04
thermochemical equilibrium results are also obtained. Calculation 0 :
of the frozen results is trivial, made using the isentropic quasi-one- 0 0.5 1 1.5 2 2.5
dimensional nozzle equations with the frozen heat capacity ratio of Distance from throat, m
the reservoir. Computations of the equilibrium, “EQ,” results are b
made using the conservation of mass and energy equations together ( )
with the combined first and second laws of thermodynamics in the 7000 == w w w — 0.15
form dh = %2 for isentropic flows and the equilibrium state equation, - - © -Time-dependent analysis
which is given as heq = f(p, p)- 6000 F 4 ‘ — Steady-state analysis
< S
lll. VALIDATION STUDY g 2000 01 2
A comparison between steady-state (space-marching) and % 4000 .g
time-dependent (time-marching) results has often been used for © @
code validation studies.”’ In Ref. 10, the steady-state analysis of g— 3000 g
nonequilibrium nozzle flows detailed in Sec. II has been shown to @ s 0.05 -
2000
1000 S8 5SS
TABLE Ill. The reservoir conditions tested in this work, with the reservoir pressure, N, . . . . . 0
P, being 1 MPa for all cases. 0 05 1 15 2 25
Case To, K N and O mass fractions Distance from throat, m
1 1500 cn:0.00, ¢0:0.00 (C)
4000 en:0.00, €0:0.09 FIG. 2. Temperatures and mass fraction profile through the nominal nozzle (Fig. 3)
3 7000 cn:0.13, c0:0.23 for test cases (a) 1, (b) 2, and (c) 3 in Table Il
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agree well with the time-dependent analysis of Ref. 41, where the
unsteady quasi-one-dimensional Euler equations, given as

OpuA Op
Ox __Ag
o, ou__ ou
ox Phox T Por 10
—+ u§+ uLln(A):— 9e
Py TP o TP ok Port
861‘ W;‘ 18ci
Ox pu  udt

are solved, with e being the internal energy per unit mass and t being
the time. Further validation is presented here using the 2T model for
the conditions (in Table III) tested in the current work.

As shown in Fig. 2, the relevant results between the two types
of analysis for all test cases are essentially identical, achieving excel-
lent agreement to within 0.5%. For the time-dependent analysis, the
solution is obtained using the methodology outlined in Refs. 10,
26, and 41, where time-marching is carried out via MacCormack’s
predictor-corrector method and spatial derivatives are evaluated
using second-order central difference. A CFL number of 0.5 is used.
The spatial dimension is discretized by 375 points with clustering
at the throat, where the distance between points is at a minimum
of 0.3 mm, achieving grid independence. The same spatial region is
integrated in the steady-state analysis using more than 1000 points,
which is required in order to maintain numerical stability dur-
ing the solution. Hypersonic wind tunnel nozzles always operate
under under-expanded conditions, so the corresponding bound-
ary conditions used in the time-dependent analysis are those of
a subsonic inflow where the velocity is allowed to float and of a
supersonic outflow.”® For the steady-state analysis, no boundary
condition exists at the outflow, and the flow solution obtained cor-
responds to that of the underexpanded nozzle. The 2T model used
is Park’s*® formulation, where molecules are destroyed/created at
the average vibrational energy and dissociation/recombination reac-
tions are controlled by Tc = T®”T¢, with Ty being the vibrational
temperature. The vibrational energy conservation equation for the
time-dependent analysis is expressed as** "

0 1 €,; ~ evi . 10
“_ 0y B ) =2
Ox  pu\,_n GoNO Ty u Ot

ARTICLE scitation.org/journall/adv

where e, and e,; are the specific vibrational energies of the mixture
and species i, respectively, and 7, is the vibrational relaxation time
calculated according to Park’s study.”® The vibrational energy con-
servation equation for the steady-state analysis is the same except
that the right-hand side is zero. For the results presented in Fig. 2,
the steady-state and time-dependent analyses take a few minutes
and around one to two hours, respectively, on a single 3.0 GHz Intel
i7 CPU.

Steady-state analysis is often regarded as being more accu-
rate and simpler than time-dependent analysis because the lat-
ter needs to deal with iterative convergence, where the residuals
[time derivatives in Eq. (10)] need to be eliminated via time-
marching, while the former solves directly for the solution, given
the time derivatives are equal to zero."® Consequently, along with
its superior computational efficiency, the steady-state analysis is pre-
ferred over the time-dependent analysis for the current work using
the StS model, and all results presented hereafter are calculated using
the steady-state analysis.

IV. RESULTS

Simulations are conducted for three different nozzle profiles,
shown in Fig. 3. The profiles share the same inlet and throat radii
of 70 and 15 mm, respectively, which are representative of an aver-
age size hypersonic wind tunnel.””*’ The nominal geometry has a
10° half-angle conical converging section connected smoothly
(no discontinuity of the gradient) near the throat region with a
radius of curvature of two times the throat radius. The throat radius
of curvature is generally no smaller than this in order to avoid
excessive wall heating.”””' Geometry 2 is the same as the nomi-
nal geometry except that the throat radius of curvature is ten times
the throat radius, which is generally the upper bound for hyper-
sonic wind tunnel nozzles.”> Geometry 3 is the same as the nominal
geometry except that the converging section has an 80° half-angle.
For all three geometries, the diverging section has a 6° half-angle
conical profile, which is typical of the conical nozzles used on
hypersonic wind tunnels***” (large angles are not used to avoid hav-
ing significantly diverging test flows), connected smoothly to the
corresponding throat radius of curvature.

In Ref. 50, it can be seen that the reservoir temperature, T, in
hypersonic wind tunnels ranges from around 1500 K to more than
7000 K while the reservoir pressure ranges from around 1-100 MPa.
In this paper, the results for the lower bound (1 MPa) of the reservoir
pressure are presented first (Secs. [V A and IV B), which correspond

0.06

I
> —— Geometry nominal

£ 0.04

0.02

Conical converging

Throat radius of curvature

---------- Geometry 2
Geometry 3 M

Conical diverging
| | | |

-0.3 -0.25 -0.2 -0.15

-0.1 -0.05 0 0.05 0.1

X, m

FIG. 3. Nozzle geometries considered in this work.
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to the maximum possible departure from equilibrium (lower pres-
sures decrease the molar concentrate X resulting in lower values
of the mass production rate w, as shown in Eq. (3), and drive the
solution toward the frozen bound). The influence of higher reser-
voir pressures is then quantified in Sec. IV C. Reservoir pressures
lower than 1 MPa are generally irrelevant in hypersonic wind tun-
nels due to the need for similarity in parameters matching with
the flight while testing with sub-scaled test models.”’ Three dif-
ferent reservoir temperatures are tested—1500, 4000, and 7000 K.
The reservoir is assumed to be in thermochemical equilibrium at
the reservoir pressure and temperature. At 1500 K, there is neg-
ligible chemical activity as indicated by the lack of molecular dis-
sociation, and thus, only the vibrational nonequilibrium can be
important. At 4000 K, there is negligible N, dissociation and signif-
icant O, dissociation. At 7000 K, there is significant N dissociation
and complete O, dissociation. The test conditions are summarized
in Table ITI.

A. Thermochemistry in the converging section

The translational temperature, T, in a nonequilibrium noz-
zle flow, when compared to that in a frozen and equilibrium flow,
generally provides an overview of the state of the nonequilibrium
flow within the equilibrium-frozen spectrum.”'’ Figure 4(a) shows
an example of the normalized T profiles through the converging
section. The StS and 2T nonequilibrium results are bounded by the
EQ and frozen (PG) results. The difference between these bounds
increases when getting closer toward the throat while the nonequi-
librium results depart from the EQ result. Figure 4(b) summarizes
the temperature at the throat, Tihroa, for the three test cases in
Table I1I for the nominal nozzle geometry. For case 1, the nonequi-
librium flow is in the middle of the equilibrium and frozen bounds.
As Ty increases, the nonequilibrium flow moves closer toward the
equilibrium bound relative to the frozen bound, as shown by the

1
0.95
o
= 09
|_
0.85
|—e—2T —stS EQ - - -PG

0.8

10° 10"

A/Athroat
()
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case 2 and case 3 results. This is due to the faster thermochemi-
cal rates at higher temperatures. Nevertheless, the nonequilibrium
results differ from the equilibrium results by no more than 3% in all
three test cases, and the observation of the nonequilibrium results of
case 1 lying in the middle of the frozen and equilibrium bounds is
helped by the frozen bound being so close to the equilibrium bound.
Finally, comparing the StS and 2T results, the 2T model gives results
closer to equilibrium in all three test cases. This finding for the con-
verging section of the de Laval nozzle is consistent with the finding
from earlier works on normal shock'* and purely diverging noz-
zle® flows where the 2T model was shown to consistently give faster
thermochemical relaxation.

For case 1, because no chemical reactions are present as the
reservoir temperature is not high enough to cause any significant
dissociation of the molecules (Table III), the deviation from equi-
librium as shown above in the translational temperature could only
be caused by vibrational nonequilibrium. In particular, as shown in
Fig. 5(a), it is the vibrational nonequilibrium of N,, where the N,
vibrational temperature (Ty,2) is around 14% greater than T at the
throat, which causes the deviation from equilibrium in the StS result.
For cases 2 and 3, vibrational nonequilibrium is found to be neg-
ligible, with T\/T < 1.001, and the deviation from equilibrium is
mainly caused by chemical nonequilibrium. For case 2, because
N, is hardly dissociated, it is the finite O recombination rate that
causes the deviation from equilibrium, where StS co differs by
around 8% from equilibrium at the throat, as shown in Fig. 5(b).
For case 3, O, remains completely dissociated throughout the con-
verging section even in equilibrium, so it is the finite N recombi-
nation rate that causes the small deviation from equilibrium, where
StS cx differs by only around 2% from equilibrium at the throat,
as shown in Fig. 5(c). Finally, the StS simulations indicate that
the vibrational populations of all species are Boltzmann distributed
throughout the converging section and around the throat for all
cases, as shown in Fig. 6 at the position of the throat.

0.95 ; - ——
[ [de -
B sts
2T
0.9 r[JEQ
o
=
g
£
= 0.85r
0.81
1 2 3
Case
(b)

FIG. 4. Normalized temperature profile in the converging section for case 2 is shown in (a). A summary of the results at the throat for all cases is shown in (b). All results

shown here are for the nominal geometry.
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FIG. 5. (a) Vibrational-to-translation temperature ratio for case 1, (b) normalized O
mass fraction for case 2, and (c) normalized N mass fraction for case 3. For (b)
and (c), the mass fractions are normalized with that at the reservoir. The x-axis is
in log scale.
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Now, to assess the influence of the geometry of the converging
section, the StS thermochemical nonequilibrium results are com-
pared in Fig. 7 between the three very different nozzle geometries
shown in Fig. 3. As one would expect in all three conditions, geom-
etry 3 produces the flow with the largest deviation from equilibrium
due to the large converging angle, while geometry two produces the
flow with the smallest deviation from equilibrium due to the large
throat radius of curvature. In general, it can be seen that the geom-
etry of the converging section in hypersonic wind tunnel nozzles
is not particularly influential on predicting the flow in the con-
verging section, with such different geometries altering the flow
properties by no more than 4% relative to the nominal case in all
three conditions. Instead, the choice of the thermochemistry model
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FIG. 6. Vibrational population distributions at the nozzle throat in the nominal
nozzle.

(equilibrium, frozen, or nonequilibrium) is more influential on
predicting the flow in the converging section.

B. Influence on the diverging flow

Since it is found that some observable departures from equi-
librium occur in the converging section in the StS results, it is
now of interest to compare the results from the full StS simulation,
where the StS model beginning from the reservoir is used, with the
results from the simplified StS simulation, where equilibrium flow is
assumed from the reservoir until a point slightly beyond u = ay, after
which the simulation becomes StS. In Fig. 8, negligible differences
of less than 3% are observed in T for all three cases. This means
that the differences in T at the throat of less than 3% between the
StS and EQ simulations, shown in Fig. 4(b), do not get enlarged
in the diverging section. As a result, the differences in the other
main flow properties—velocity, pressure, and density—are also neg-
ligible. More observable differences are seen in TN and co for
cases 1 and 2, respectively. As shown in Figs. 8(a) and 8(b), these
flow properties freeze shortly after the throat, and the difference in
these flow properties around the throat between the StS nonequi-
librium and thermochemical equilibrium simulations, shown in
Figs. 5(a) and 5(b), is maintained throughout the diverging section.
In case 1, Tyn2 in the diverging section is under-predicted by about
200 K (14%) in the simplified simulation. In case 2, co is under-
predicted by about 0.005 (8%). As for case 3, because the departure
from equilibrium is very small around the throat, as shown in
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Fig. 5(c), ex is under-predicted by only about 0.001 (2%) in the
simplified StS simulation.

The vibrational population distribution in the diverging section 2000 |
is also assessed, and the result is shown in Fig. 9. In all cases, the pop-

10.08

ulation has a non-Boltzmann distribution, which is consistent with 0.06
prior StS studies on nozzle flows. In cases 2 and 3, the vibrational lev- 0 ‘ . ‘
els attain a population distribution in the shape of 4, where a near 0 0.5 1 1.5

“plateau” region forms around the intermediate levels. Caused by
anharmonicity and coupling between the StS thermal and chemical
kinetic processes,("32 this trend is commonly observed in nonequi- (C)
librium expanding flows as shown numerically®”"*>***>** and
experimentally.””” Sometimes, a small peak is formed on the right
(higher level) side of the plateau region due to population inver-
sion, as seen in NO and O; in case 3 in the current work and in

Distance from throat, m

FIG. 8. Translational temperature profiles and vibrational temperature or mass
fraction profiles through the nominal nozzle for (a) case 1, (b) case 2, and
(c) case 3.
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Refs. 6, 21, 22, 24, 53, and 54. Despite the non-Boltzmann distribu-
tion, application of the simplified nozzle simulation yields almost no
observable difference in the vibrational population distribution. This
is expected because the population distributions are still Boltzmann
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distributed near the throat, as shown in Fig. 6, and only becomes
non-Boltzmann distributed further downstream in the diverging
section.

C. Influence of reservoir pressure

The results presented so far all correspond to a reservoir pres-
sure of 1 MPa, which is the lower bound of the range of reservoir
pressures operated in hypersonic wind tunnels, and correspond to
the maximum departure from equilibrium. As shown in Fig. 8, while
1 MPa is already enough to have essential equilibrium flow in the
converging section and around the throat for case 3, more observ-
able departures from equilibrium are found in cases 1 and 2. Thus, it
is now of interest to present some results at higher reservoir pres-
sures at the same reservoir temperatures of these two cases. The
results are shown in Fig. 10, comparing the full StS and simplified
StS simulations.

As shown in Fig. 10(a) for Ty = 1500 K, compared with the
resultin Fig. 8(a), increasing the reservoir pressure from 1 to 10 MPa
reduces the difference in Ty, between the full StS and simplified
StS simulations from 200 K (14%) to about 70 K (5%). Further
increasing the reservoir pressure to 100 MPa effectively eliminates
any difference in Ty N2 between the full StS and simplified StS simu-
lations. For T = 4000 K, as shown Fig. 10(b), increasing the reservoir
pressure from 1 to 10 MPa effectively eliminates the difference in
co between the full StS and simplified StS simulations present in the
lower pressure. In addition, increasing the reservoir pressure, which
helps inhibit molecular dissociation, decreases the atomic mass frac-
tion throughout the flow, as shown in Fig. 10(b), and this reduces
the overall influence of thermochemistry on the flow.

V. RECOMMENDATIONS

Overall, applying the simplification of equilibrium flow in the
converging section and around the throat leads to only small or neg-
ligible errors on the nozzle flow under relevant hypersonic wind
tunnel conditions, as shown using the StS model. The simplification

—Full StS - = =Simplified StS| |

0.08
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\
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<_)O
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FIG. 10. (a) N, vibrational temperature profiles for Ty = 1500 K (case 1) and (b) O mass fraction profiles for T = 4000 K (case 2).
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works particularly well at higher reservoir pressure and tempera-
ture. It would also work better on 2T simulations as the 2T results
have closer agreement with equilibrium, as shown in Figs. 4 and 5.
The geometry of the converging section and throat has little influ-
ence on the thermochemistry of the flow, as shown in Fig. 7, where a
significantly larger converging angle or significantly smaller throat
radius of curvature is needed to only marginally (<4%) increase
the departure from equilibrium. Consequently, application of the
simplification can be recommended for most practical intents and
purposes, including quasi-one-dimensional parametric studies such
as the wind tunnel operating condition mapping in Ref. 2, due to the
savings in computation.

Although not directly demonstrated in the current work, which
focused on quasi-one-dimensional flows, the full computational
benefit of the simplification will be realized when performing two-
dimensional nozzle simulations with a steady-state analysis. As
shown in Refs. 11-13, for two-dimensional flows, steady-state anal-
ysis is orders of magnitude faster than time-dependent analysis,
which is usually used for two-dimensional simulations if the sub-
sonic portion (converging section) of the flowfield is included in
the simulation. If a simplification is made where a quasi-one-
dimensional equilibrium flow is assumed from the reservoir to
a point slightly beyond the frozen speed of sound and the flow
properties at this said point is used as the inflow for a two-
dimensional nonequilibrium nozzle simulation using a steady-state
analysis (space-marching or the method of characteristics), orders of
magnitude improvements in computational efficiency over nonequi-
librium time-dependent analysis can be expected. Such improve-
ments are highly desired for computationally expensive tasks such
as nozzle design and StS simulations. Since the results in this paper
demonstrate equilibrium flow in the converging section and around
the throat, credence is given to the two-dimensional nozzle design
methods that implement this simplification, such as Ref. 3, and
their usage is recommended. In addition, in light of the result in
Fig. 9 showing that applying the simplification yields almost no
observable differences in the vibrational population distribution,
implementation of the StS model in two-dimensional axisymmetric
steady-state nozzle analysis with the simplification is recommended
as a future work. Although two-dimensional StS nozzle simulations
have been demonstrated in Ref. 59 with a time-dependent analysis,
that work used a simplified StS model (single-quantum transitions
only) and simulated just a small-scale (~0.1 m length, 65 x 47 cells)
nozzle with only a pure nitrogen mixture. Hence, the steady-state
analysis with the simplification, due to its greater computational
efficiency, could permit two-dimensional simulations for real-scale
wind tunnel nozzles with an air mixture while using higher-fidelity
StS models.

Finally, the above-mentioned simplification, where quasi-one-
dimensional equilibrium flow analysis is used to determine the
supersonic inflow conditions used to start a two-dimensional nozzle
simulation, assumes a radially uniform inflow condition. Signifi-
cant two-dimensional effects on the inviscid flow in the converging
section and around the throat could invalidate this assumption,
leading to an inaccurate two-dimensional nozzle simulation. This
may be seen in nozzles with a large converging angle. In this case,
an equilibrium two-dimensional time-dependent analysis should
be used instead to obtain the correct nonuniform inflow condi-
tion for the nonequilibrium steady-state analysis of the rest of

ARTICLE scitation.org/journall/adv

the nozzle (diverging section), which would still result in signifi-
cant computational savings when performing nozzle design tasks
or StS simulations. Thus, being able to assume equilibrium flow in
the converging section and around the throat is beneficial in any
case.

VI. CONCLUSIONS

Quasi-one-dimensional StS simulations of inviscid nonequilib-
rium flow in de Laval nozzles are made. The flow is essentially in
equilibrium in the converging section under most conditions rele-
vant to hypersonic wind tunnels, which may be unsurprising given
the high number densities and low velocities present. Nevertheless,
the current work confirms this result scientifically and systemati-
cally. The geometry of the converging section and throat has little
influence on the thermochemistry of the flow, needing a signifi-
cantly larger converging angle or significantly smaller throat radius
of curvature to only marginally increase the departure from equi-
librium. Higher reservoir pressure and temperature both drive the
thermochemistry toward equilibrium. For reservoir temperatures
of 1500, 4000, and 7000 K, the flow property that has the largest
departure from equilibrium is the N, vibrational temperature, the
O mass fraction, and the N mass fraction, respectively. Even at the
lower bound of the range of reservoir pressures operated in hyper-
sonic wind tunnels (1 MPa), departures from equilibrium of only
14% in the N, vibrational temperature, 8% in the O mass frac-
tion, and 2% in the N mass fraction are observed for test cases 1,
2, and 3, respectively. Because these flow properties freeze shortly
after the throat, the differences in these flow properties at the throat
between the nonequilibrium and equilibrium simulations are main-
tained throughout in the nonequilibrium simulations of the diverg-
ing section. Applying the simplification of equilibrium flow in the
converging section and around the throat is recommended for most
practical intents and purposes. Because the vibrational population
distributions are Boltzmann distributed throughout the converging
section and around the throat, applying this simplification yields
almost no observable errors in the vibrational population distri-
butions in the diverging section, which become non-Boltzmann
distributed downstream. Thus, implementation of the StS model in
two-dimensional axisymmetric space-marching and/or the method
of characteristics algorithms for two-dimensional StS nozzle simula-
tions is recommended as a future work. The current work provides
important quantitative information for engineers and researchers to
make informed judgments about applying the simplification.
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