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ABSTRACT

The flow near the stagnation streamline of a blunt body is often attracted and analyzed by using the approximation of local similarity, which
reduces the equations of motion to a system of ordinary differential equations. To efficiently calculate the stagnation-streamline parameters in
hypersonic magnetohydrodynamic (MHD) flows, an improved quasi-one-dimensional model for MHD flows is developed in the present paper.
The Lorentz force is first incorporated into the original dimensionally reduced Navier–Stokes equations to compensate for its effect. Detailed
comparisons about the shock standoff distance and the stagnation point heat flux are conducted with the two-dimensional Navier–Stokes calcu-
lations for flows around the orbital reentry experiment model, including gas flows in thermochemical nonequilibrium under different magnetic
field strengths. Results show that the shock curvature should be considered in the quasi-one-dimensional model to prevent accuracy reduction
due to the deviation from the local similarity assumption, particularly for hypersonic MHD flows, where the shock standoff distance will
increase with larger magnetic strength. Then, the shock curvature parameter is introduced to compensate for the shock curvature effect. A good
agreement between the improved quasi-one-dimensional and the two-dimensional full-field simulations is achieved, indicating that the pro-
posed model enables an efficient and reliable evaluation of stagnation-streamline quantities under hypersonic MHD flows.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0138366

I. INTRODUCTION

Magnetohydrodynamics (MHD) is the study of the magnetic prop-
erties and behavior of electrically conducting fluids, which plays an
important role in several branches of physics, such as solar physics.
Researchers started to take note of the potential of MHD for aerodynam-
ics in the late 1950s and early 1960s,1–3 in principle to utilize magnetic
fields to control and optimize the flowfield of the vehicle. Considerable
attention has also been paid to the hypersonic flows with the ionization
of the air since then. When a vehicle travels through the atmosphere at
high-enough speeds, a strong bow shock forms around the vehicle fore-
body which compresses the freestream to very high temperatures. Given
the ionization and consequent electrical conductivity associated with air
at such high temperatures, it is natural to consider electromagnetic con-
trol for this class of flows, herein called MHD flow control.

As an active thermal protection technique for hypersonic
flight vehicles, MHD has attracted intense interest due to recent

improvements in electromagnetic technology and superconductors. In
MHD flow control, applying a magnetic field to weakly ionized plasma
flow around a reentry vehicle induces electric currents in the shock
layer. The interaction between the electric current and the magnetic
field generates the Lorenz force, which decelerates the plasma flow in
the shock layer. Consequently, the shock layer is expanded and the
convective heat flux to the vehicle is mitigated via MHD flow control.
The feasibility of applying magnetic technologies to hypersonic
vehicles and propulsion systems has already been preliminary proved
through some experiments and numerical simulations.2–5 However,
due to the complexity of MHD technology, its research is still in the
exploratory stage, and many fundamental issues remain to be
addressed. Experimental methods are critical for the development of
MHD flow control. Due to the high enthalpy required to ensure that
the test flow has adequate conductivity, only certain wind tunnels
worldwide can be used for these experiments.3,6–11 Moreover, the
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presence of the electromagnetic field also results in substantial difficul-
ties in performing flow diagnostics. Hence, current research on MHD
flow control primarily focus on numerical simulations, including for-
mulating different numerical schemes for solving the MHD equa-
tions12–14 and evaluating the MHD effect for different magnetic fields
and flight trajectories.15,16

Flow field analysis around the nose tip and leading edge of hyper-
sonic vehicles has attracted the most interest because the largest heat
flux occurs in these regions. Thus, this is the primary focus of the cur-
rent work. Evaluating the effectiveness of MHD flow control is typi-
cally conducted by applying a magnetic field and investigating the heat
flux mitigation at the stagnation points. However, the calculation of
the stagnation streamline flow in hypersonic flows around spheres and
cylinders requires solving the governing equations with two indepen-
dent spatial variables. The computational domain must be extended at
least beyond the boundaries of the subsonic region of the shock layer.
Although this is not particularly difficult, it is rather time-consuming
and not suitable for parametric studies. On the other hand, the com-
putational time can be significantly reduced if only the flow equations
at the stagnation streamline are solved.

Several researchers have attempted to solve the flow field along the
stagnation streamline of a blunt body in supersonic and hypersonic flows
without a magnetic field. Additional equations or estimations are added
to close the equations by estimating the momentum equation in the cir-
cumferential direction.17–22 One typical approach among them, called
dimensionally reduced Navier–Stokes equations (DRNSE), is based on
the local similarity in the stagnation streamline region.23 Klomfass and
M€uller24 first used modern computational fluid dynamics algorithms to
solve the conservative form of the DRNSE approximated by Kao.23

William et al.25 adopted the shock-capturing method to solve the
DRNSE along the stagnation streamline of a sphere. The results showed
that the shock standoff distance at the stagnation point predicted by the
dimensionally reduced 1D equations was about 10% shorter than that
obtained by the original 2D/axisymmetric equations. A similar result
was observed by Klomfass and M€uller.24 Lee26 proposed a boundary
condition based on the shock wave angle in the vicinity of the stagnation
streamline and the correlation with the shock shape. This method
improved the accuracy of predicting the shock standoff distance.
Nevertheless, the quasi-one-dimensional Navier–Stokes equations for
hypersonic MHD flows have yet to be very extensively researched.

This study proposes a quasi-one-dimensional model to predict the
flow along the stagnation line in hypersonic MHD flows. The DRNSE is
solved by applying the finite difference method. The Lorentz force is first
added to the DRNSE, and the shock curvature parameter is incorporated
to improve the method’s accuracy. Numerical computations assuming a
low magnetic Reynolds number are conducted for hypersonic flow over
the orbital reentry experiment (OREX) model. The DRNSE is validated
by a detailed comparison with the two-dimensional flow calculations
using the same physical models. The proposed high-efficiency model
can be used to investigate the overall quantitative behavior of physical–
chemical phenomena in hypersonic MHD flows.

II. DERIVATION OF THE QUASI-ONE-DIMENSIONAL
MODEL FOR MHD FLOWS
A. Ansatz for DRNSE

The typical MHD flow pattern is shown in Fig. 1. It is consistent
with the traditional blunt flow and characterized by the free stream,

post-shock inviscid region, and boundary layer. Subscript 1 repre-
sents the properties of the free stream, subscript b represents the prop-
erties immediately after the detached bow shock, and subscript
w represents the properties at the wall to identify the flow regions
defined by the freestream and the wall. r and h are the radial and polar
coordinates of the physical space in Fig. 1, respectively. Rb is the nose
radius, U1 is the velocity of freestream, and B is the magnetic induc-
tion vector. As mentioned in Sec. I, researchers often focus only on a
local region instead of the entire flow field around a hypersonic vehicle
due to the computational complexity. It has been shown that the flow
along the stagnation streamline of a blunt body can be analyzed using
the quasi-one-dimensional Navier–Stokes equations. Therefore, it is
beneficial to develop a stagnation streamline model to conduct para-
metric studies or rapid analyses of a specific flow situation for hyper-
sonic MHD flows over blunt bodies.

The quasi-one-dimensional model is indeed derived from the
Navier–Stokes equations with MHD interaction based on the low
magnetic Reynolds number model,27 and we also try to use the entire
axisymmetric simulation to validate our quasi-one-dimensional
model. Thus, the regular nonequilibrium Navier–Stokes under the
spherical coordinate system ðr; h;uÞ for MHD flows are also shown in
Appendix A in detail, which is also validated by typical test cases in
Appendix E. In addition, the electrical conductivity model that we
apply is added in Appendix B.

The present paper aims to develop a quasi-one-dimensional
approximation for the stagnation streamline under MHD flows, where
the simplified set of equations are mainly based on the dimensionally
reduced Navier–Stokes equations (DRNSE) for hypersonic flows

FIG. 1. Schematic diagram of hypersonic MHD flow over a blunt body.
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without a magnetic field. We first introduce the strategy of the DRNSE
and then describe the modified DRNSE for hypersonic MHD flows.
Local similarity is embedded in a systematic scheme of successive
approximations by expanding the flow quantities based on the dis-
tance from the stagnation point to derive the DRNSE along the stagna-
tion streamline for symmetric flows. The symmetry of the flow field
implies that the radial velocity u, pressure p, translational–rotational
temperature T, the vibrational temperature Tv, and mass fraction of
species xs are symmetric to the axis h¼ 0. In contrast, the angular
velocity component v behaves anti-symmetric. Additionally, the
Newtonian theory provides a useful approximation for the surface
pressure in the hypersonic limit, i.e., whenMa � 1,28

pw � p1 ¼ q1U2
1 cos2h: (1)

The separation of variables technique is applied to a suitable set
of flow quantities, and it will be expanded in an asymptotic expansion.
Then, the flow variables are expanded about the axis of symmetry with
respect to sin h as below,24 and the treatment of the pressure term
refers to Eq. (1),

uðr; hÞ ¼ u1ðrÞ cos hþ u2ðrÞ cos h sin 2hþ � � � ;
vðr; hÞ ¼ v1ðrÞ sin hþ v2ðrÞ sin 3hþ � � � ;
Tðr; hÞ ¼ T1ðrÞ þ T2ðrÞ sin 2hþ � � � ;

Tvðr; hÞ ¼ Tv;1ðrÞ þ Tv;2ðrÞ sin 2hþ � � � ;
xsðr; hÞ ¼ xs;1ðrÞ þ xs;2ðrÞ sin 2hþ � � � ;

pðr; hÞ � p1 ¼ p1ðrÞ cos 2hþ p2ðrÞ cos 2h sin 2hþ � � � :

(2)

Then, only the terms corresponding to the first truncation in Eq.
(2) are preserved, and the higher order terms are ignored. Therefore,
the flow quantities can be represented as follows:

u ¼ u1ðrÞ cos h;
v ¼ v1ðrÞ sin h;
T ¼ T1ðrÞ;
Tv ¼ Tv;1ðrÞ;
xs ¼ xs;1ðrÞ;

p ¼ p1 þ p1ðrÞ cos 2h:

(3)

The origin coordinate is set at the center point of the sphere. It
then follows that the boundary conditions are expressed as follows:

Freestream r ! 1,

u1 ¼ �U1; v1 ¼ U1; p1 ¼ 0; T1 ¼ T1;

Tv;1 ¼ Tv;1; xs;1 ¼ xs;1:
(4)

Stagnation point r ! Rb,

u1 ¼ 0; v1 ¼ 0 or
@v1
@r

¼ 0; xs;1 ¼ xs;w or
@xs;1
@r

¼ 0;

@p1
@r

¼ 0; T1 ¼ Tv;1 ¼ Tw or
@T1

@r
¼ @Tv;1

@r
¼ 0:

(5)

Different wall boundary conditions, including a no-slip or slip
wall, an isothermal or adiabatic wall, and a full catalytic or noncatalytic
wall, can be chosen in the ansatz.

Notably, the above approximations are suitable for symmetric
flow problems, where an axisymmetric magnetic field distribution is

necessary to keep the flow axisymmetric. Fortunately, a dipole magnet
is axisymmetric and is frequently used. For hypersonic MHD flows,
the Lorentz force FL is also introduced with an applied magnetic field.
The interaction between the magnetic field and the azimuthal electric
current induces the Lorentz force in the shock layer, as shown in
Fig. 2, where the flowfield is obtained using the axisymmetric simula-
tion method shown in Appendix A. The results indicate that Lorentz
force decelerates the plasma flow in the shock layer and pushes the
bow shock wave away from a space vehicle,

q1U2
1A cos2h ¼ F ¼ pw � p1 þ

ðr1
rw

FL;rdr

 !
A; (6)

pw ¼ p1 þ q1U2
1 cos2h�

ðr1
rw

FL;rdr: (7)

In hypersonic flows without a magnetic field, the pressure is
expressed in Eq. (3), which originates from the Newtonian theory
approximation.28 From the Newton’s second law, the time rate of
change of momentum is equal to the force F exerted on the control
volume, and F=A is the difference of the surface pressure of the control
volume, i.e., F=A ¼ pw � p1, and A is the surface area as illustrated
in Fig. 3. For hypersonic MHD flows, the radial Lorentz force FL;r is
also acting on the fluid elements as sketched in Fig. 3, which will sub-
sequently affect the pressure on the surface. The Lorentz force is a vol-
ume force, like the centrifugal force used to correct the Newtonian
theory for a curved surface. Accordingly, the Lorentz force is incorpo-
rated into the Newtonian theory as shown in Eq. (6), where the
Lorentz force is integrated along the whole streamline from the stagna-
tion point to the far freestream part, i.e., from point 1 to point 2 as
sketched in Fig. 3. Then, the pressure at the stagnation point can be
obtained as shown in Eq. (7), where the Lorentz force is also consid-
ered to compensate for its effect. In other words, the strategy of
Lorentz force consideration in the Newtonian theory is the same as

FIG. 2. Two-dimensional distribution of the Lorentz force for the parameter; orbital
reentry experiment model in Japan, Rb ¼ 1:35 m, B0 ¼ 0:5 T, and U1 ¼ 5561 m/s.
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treatment of centrifugal force corrections to Newtonian theory for
curved surfaces.28 Notably, the unit of FL;r in the following equations
is N=m3, i.e., the force per unit volume,

p ¼ p1 þ p1ðrÞ cos2h�
ðr1
r

FL;rdr: (8)

Subsequently, the approximate pressure distribution in Eq. (3)
along the stagnation line is then corrected as shown in Eq. (8). Except
for the pressure term, the other parameter distributions as shown in
Eq. (3) are kept the same.

The tangential pressure gradient in the tangential momentum
equation is expressed from Eq. (8) as follows:

@p
@h

¼ �2p1ðrÞ cos h sin h�
ðr1
r

@FL;r
@h

dr: (9)

The radial Lorentz force can be found in Eq. (A5) and is also
expressed here as below:

FL;r ¼ r �B2
huþ BhBrv

� �
; (10)

where Br and Bh are the strength of magnet field in the r and h direc-
tion, respectively. r is the electrical conductivity, which is defined in
Appendix B.

The above relations are then substituted into the two-
dimensional NS equations in spherical coordinates, which are shown
in Eq. (A1). In the resulting expressions, the terms with coefficients
sin h or higher powers of sin h can be ignored since they are small
compared to the remaining terms because h ! 0 and cos h equals to
1. This constraint produces the modified DRNSE for hypersonic
MHD flow, which is expressed formally as Eq. (11). More details on
the DRNSE for non-MHD hypersonic flows are given by Klomfass
and M€uller,24

@Q
@t

þ @F
@r

þH ¼ @Fv

@r
þHv þ SFlow þ SMHD; (11)

where t is time; Q is the vector of the conservative variables; F and H
are the inviscid flux vector; Fv and Hv are the viscous flux vector;
SFlow is the chemical source term; And SMHD is a source term associ-
ated with the MHD effects. Detailed formulas of these vectors are
shown in Appendix C.

In the above equation, the factor is also factorized in the equation
of the angular momentum to simplify the two-dimensional equations
at the stagnation line. The terms with the coefficients sin h or higher
powers of sin h are ignored. Thus, sin h will disappear directly in the
DRNSE equations without magnetic fields. However, an additional
term, FL;r=sin h, will appear in Eq. (C1) while the Lorentz force is
introduced. Although the radial Lorentz force is 0 everywhere on the
stagnation streamline when h ! 0, as also depicted in Fig. 2 under a
dipole magnetic field, the additional term FL;r= sin h cannot be ignored
directly, where both FL;r and sin h approach 0 at the stagnation line.
Thus, the influence of the Lorentz force should be considered particu-
larly when deriving the quasi-one-dimensional model for MHD flows.

B. Numerical procedures

In the present study, the same thermochemical reaction model as
the two-dimensional calculation was used for the quasi-one-dimen-
sional model. For the chemical reaction model, the following seven
chemical species, N, O, N2, O2, NO, NO

þ, and e�, were considered.
We adopted Dunn and Kang’s model,29 a finite rate chemical kinetic
model that includes 18 chemical reactions. In addition, Park’s two-
temperature model30 is employed to consider the thermal nonequilib-
rium state of gas. The transport coefficients, such as the effective
diffusion coefficient of each species, the mixture viscosity, the mixture
translational–rotational thermal conductivity, and the mixture vibra-
tional electron thermal conductivity, are evaluated using Blottner’s
curve fitting model with Wilke’s mixing rule.31,32 The vibrational-
electron-electronic energy Ev includes the vibrational and electric exci-
tation energies of atoms and molecules. The terms of the energy
exchange processes include vibrational–translational energy relaxation,
electronic-translational energy relaxation, and vibrational energy loss
due to dissociation.33–35 It is assumed that the other modes have negli-
gible effects.

In the following discussions, 1D represents the quasi-one-dimen-
sional simulation (DRNSE) for hypersonic MHD flows, and 2D repre-
sents the entire axisymmetric simulation.

The 1D simulation results were validated by comparison with the
2D simulation results; the same numerical algorithms are used for
both. The governing equations were solved using a finite difference
approach. The convective terms were approximated using the
AUSMPWþ scheme,36 and the central difference method was applied
to the viscous terms. Time integration was performed in the 1D simu-
lation by applying the Runge–Kutta method. The only difference to
the 1D simulation is that the time integration was performed using the
lower–upper symmetric Gauss–Seidel (LU-SGS) scheme37 for the 2D
simulations. The grid and related resolution study are given in
Appendix F.

C. Calculation conditions

The OREX capsule launched by Japan in 1994 (Ref. 38) is utilized
as the calculation model. Its configuration and the computational
region are shown in Fig. 4. OREX has an axisymmetric two-
dimensional shape, and its nose radius is 1.35m. Other details can be
found in Ref. 3. The freestream conditions and wall temperature are
listed in Table I. They correspond to the OREX flight conditions at
altitudes of 55.7, 59.6, and 63.6 km. The chemical composition of the

FIG. 3. Schematic diagram of Lorentz force corrections to Newtonian theory.
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freestream gas is assumed to be 79% N2 and 21% O2 by the mass frac-
tion at the respective altitude

Br ¼ B0
R3
b

2r3
cos h; Bh ¼ B0

R3
b

2r3
sin h: (12)

The externally applied magnetic field around OREX is produced
by a dipole magnet, which is frequently used in ground MHD experi-
ments or numerical simulations.10,39 The magnetic field’s distribution
uses the dipole field which was defined in Eq. (12), where Rb is the nose
radius, and B0 is the strength of the magnetic field at the stagnation
point. For the permanent magnets, the magnetic field strength is gener-
ally less than 0.8T. Thus, different magnetic fields (B0 ¼ 0–0:7T) are
selected for examining the influence of the strength of the applied mag-
netic field on the proposed MHD flow control method.

No-slip, noncatalytic, and fixed wall temperature conditions are
used as the boundary conditions on the wall surface. The translatio-
nal–rotational temperature and vibrational electron temperature on
the wall surface are assumed to be in equilibrium with the wall temper-
ature, as listed in Table I.

D. Comparison of 1D and 2D results

The most prominent phenomenon in the MHD flow is the shock
standoff distance D, which increases after applying the magnet field,

and the stagnation point heat flux qw decreases. However, this study
does not focus on evaluating the effectiveness of MHD flow control;
instead, we conduct validation and improvement of the proposed
quasi-one-dimensional stagnation streamline model under MHD
flow. The shock standoff distance and stagnation point heat flux are
chosen as the key parameters for our investigations.

It is expected in the simplified 1D calculation that the flow field
properties along the stagnation streamline agree well with the results
of the entire flow field calculation, i.e., the 2D simulation in this study.
A detailed comparison between the 1D and 2D simulations is con-
ducted, and the results are shown in Table II and Fig. 5. As the mag-
netic field B0 increases from 0 to 0.7T, the shock standoff distance
increases, and the stagnation point heat flux decrease. It is shown in
Table II that the stagnation point heat flux is similar for the 1D and
2D simulations for all cases, with the largest deviation of 3.3% at
B0 ¼ 0T. Due to the simulation complexity of aerodynamic heating,
the 3.3% discrepancy is acceptable. In contrast, there are significant
differences in the shock standoff distance between the 1D and 2D sim-
ulations in all cases. The values for the 1D simulations are smaller
than the 2D simulations, about 8.4% smaller at B0 ¼ 0 T (without a
magnetic field) and 15.7% smaller at B0 ¼ 0:7 T. Therefore, the larger
the magnetic field, the larger the shock standoff distance is, and the
larger the deviation between the 1D and 2D is. William25 found that
the shock standoff distance at the stagnation point predicted by the
DRNSE was about 10% shorter than that obtained by the original 2D/
axisymmetric equations, which is in line with the results of the present
study (B0 ¼ 0T). Unfortunately, the application of a magnetic field to
the MHD flow increases this deviation. Subsequently, we are investi-
gating the underlying mechanism that leads to this deviation.

The flow properties along the stagnation streamline for the 1D
and 2D calculations are shown in Figs. 6 and 7. The objective is to
determine if the simplification term in the 1Dmodel causes deviations.
The radial coordinate is normalized using the radius of the sphere (Rb)
and the shock standoff distance (D), i.e., �r ¼ r�Rb

D . The trends of the
density, pressure, translational temperature, and radial velocity show

FIG. 4. Configuration of OREX and the calculation region.

TABLE I. Freestream conditions and wall temperature.

Case Altitude h (km) Velocity U1 (m/s) Temperature T1 (K) Pressure p1 (Pa) Wall temperature Tw (K)

1 55.7 4759.1 258.74 39.48 1571
2 59.6 5561.6 248.12 23.60 1519
3 63.6 6223.4 237.14 14.02 1413

TABLE II. Comparison of the stagnation point heat flux and shock standoff distance
between the 1D and 2D simulation for case 2.

0 T 0.3 T 0.5 T 0.7 T

D (m) 1D 0.087 0.125 0.219 0.347
2D 0.095 0.142 0.259 0.412

Deviation 8.4% 12.0% 15.4% 15.7%
qw ðkW=m2Þ 1D 254.61 226.16 211.49 201.36

2D 263.26 230.16 209.28 200.00
Deviation 3.3% 1.7% 1.1% 0.7%
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excellent agreements between the 1D and 2D calculations at all
strengths of the magnetic field. However, there are significant differ-
ences in the tangential velocity gradient along the stagnation line as
shown in Fig. 7, especially for regions close to the bow shock.
1D-shock curvature (SC) represents the improved model, which will
be discussed in detail in Sec. III. The tangential velocity gradient is

larger for the 1D than the 2D calculations for most regions between
the shock and the wall, i.e., the mass flow rate in the tangential direc-
tion is larger for the 1D than the 2D calculation, resulting in a smaller
shock standoff distance, as shown in Table II. Nevertheless, the
approximations in Eq. (3) satisfy the wall boundary conditions, espe-
cially for the pressure term which originates from the Newtonian

FIG. 5. Comparison of flow properties along the stagnation streamline between 1D and 2D under case 2: (a) Pressure and (b) temperature.

FIG. 6. Comparison of the flow properties along the stagnation streamline between the 1D and 2D simulations for case 2. (a) Density, (b) pressure, (c) translational–rotational
temperature, and (d) radial velocity.
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theory at the stagnation point. Thus, we can also observe in Fig. 7 that
the tangential velocity gradient between 1D and 2D shows excellent
agreement in the boundary layer indeed. In other words, all the prop-
erties at the edge of the boundary layer along the stagnation streamline
agree well between 1D and 2D, leading to a similar stagnation point
heat flux between them as shown in Table II.

The tangential velocity gradient is an important parameter to
determine the shock standoff distance of existing theories. Thus, the
inaccurate estimate of tangential velocity gradient in 1D will lead to
deviations of the shock standoff distance. Therefore, we explore this
phenomenon in detail below and make reasonable modifications to
the 1D model under hypersonic MHD flow to improve the accuracy
of the 1DMHD flow simulation.

III. IMPROVED 1D MODEL FORMHD FLOWS

To derive the quasi-one-dimensional MHD flows along the stag-
nation streamline, local similarity is also applied, along with the first-
order truncation of the power expansion of the flow quantities.
However, the local similarity is analogous to that of the flow field solu-
tion having full cylindrical or spherical symmetry, and the velocity for-
mula in Eq. (2) is based on the assumption that the shock wave is
concentric with the sphere model. Any deviation would lead to inaccu-
racy. Thus, the influence of the shock curvature on the 1D result
should be considered because an offset exists between the shock wave
and the concentric sphere. Figure 8 shows a schematic diagram com-
paring the shock wave and the wall close to the stagnation point region
for the 2D computation with and without a magnet field. It is observed
that the shock wave and the spherical model are not homocentric. The
further away from the axis of symmetry or the stagnation line, the
larger the deviation between the shock and the sphere wall is, even
without a magnetic field (B0 ¼ 0 T). The result by Klomfass and
M€uller24 also indicates that the deviation of the shock standoff distance
from the DRNSE increases with the decreasing Mach number or
increasing shock standoff distance (corresponding to B0 ¼ 0 T in this
study). The larger the strength of the magnetic field, the larger the
deviation between the shock wave and the sphere wall is, as indicated
in Fig. 8. Therefore, special attention should be paid to the influence of
the shock curvature on the accuracy of the 1D simulation,

u ¼ u1ðrÞ cos ðh� bÞ; v ¼ v1ðrÞ sin ðh� bÞ: (13)

The above analysis has shown the existence of an angle b between
the tangential velocity direction and the surface of the detached shock
wave. The variable b can be determined by the shock angle a and the
polar coordinate h, i.e., b ¼ aþ h� p

2, as shown in Fig. 9. This will
lead to the less applicable of the original local similarity. Thus, a modi-
fied velocity component description along the stagnation streamline is
shown in Eq. (13) where the influence of the shock curvature has been
incorporated in Eq. (3) to improve the accuracy of the first-order
truncation,

pb ¼ p1
1� c
c

þ 2c
cþ 1

M2
1 cos2ðh� bÞ

� �
: (14)

Similarly, the approximate pressure is also shown below. The
relation of the oblique portion of the shock is expressed in Eq. (14).

FIG. 7. The comparisons of the tangential velocity gradient for case 2.

FIG. 8. Comparison of the shock wave surface and the wall. The shock wave sur-
faces are obtained from the 2D results for case 2.

FIG. 9. Schematic diagram of the shock curvature parameter.
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Combined with the surface pressure given by the Newtonian theory,
the pressure at the stagnation line is defined as follows:

p ¼ p1 þ p1ðrÞ cos2ðh� bÞ �
ðr1
r

FL;rdr: (15)

Since the angle b is always 0 at the stagnation streamline, it is only a
function of h, i.e., b ¼ bðhÞ.

After adding the shock curvature parameter, the components of
the inviscid flux H, the viscous flux vectors Hv, and the source term
SMHD in Eq. (11) are obtained again, and these specific equations are
shown in Eq. (D1) in Appendix D.

For a stagnation streamline with h ¼ b ¼ 0, the incorporation of
b has a negligible influence on the value of u, p, T, Tv, and xs; however,
it affects the first-order derivative of v. Meanwhile, we add a new
dependent variable @b

@h to the governing equations. The boundary con-
ditions for this variable are as below.

Stagnation point r¼Rb,

@b
@h

¼ 0: (16)

Bow shock r ¼ Rb þ D,

@b
@h

¼ @b
@h

� �
b
: (17)

Thus, the value of the shock curvature parameter @b
@h in the shock

layer is between 0 and ð@b@hÞb. A value of ð@b@hÞb ¼ 0 indicates a perfectly
circular shock wave shape at the stagnation point of the sphere as in
the original local similarity. This value was also determined to be a
constant value for the whole reactive flow regime by Belouaggadia
et al.,20 which also improved the accuracy of the numerical solutions
for hypersonic flow without a magnetic field. In the present study, the
approximation of this parameter between the shock wave and the
body is assumed to be linear,

@b
@h

¼ ar þ b (18)

here, the coefficients a and b can be derived from the above boundary
conditions Eqs. (16) and (17), and Eq. (18) is then shown as below:

@b
@h

¼ @b
@h

� �
b

r
D
� @b

@h

� �
b

Rb

D
: (19)

Thus, the value of the shock curvature parameter ð@b@hÞb at the
shock layer along the stagnation streamline must be determined. Since
the 1D model is a simplification of the 2D equations, we also deduce
the variable ð@b

@hÞb from the 2D results and this value is equal to

ð@b@hÞb ¼ 1� @v
@h at the position after the detached shock wave. The rela-

tionship between the shock curvature parameter and the non-
dimensional shock standoff distance of several 2D calculations is
shown in Fig. 10. Twelve estimates were obtained for three attitude
heights to determine the flow conditions, and the calculation condi-
tions are displayed in Table I. As shown in Fig. 10, the larger the shock
standoff distance, the larger the shock curvature parameter is, which
agrees with the trend shown in Fig. 8. Unfortunately, the larger the
shock curvature parameter, the more the offset of the bow shock devi-
ates from a concentric sphere. Subsequently, a fitting correlation based

on these calculation results is obtained, and the expression is shown in

Eq. (20). The variable ð@b@hÞb is only dependent on the shock stand-off
distance D and radius of the sphere Rb. It can be used to determine the

boundary condition of ð@b@hÞb in the improved 1D model

@b
@h

� �
b
¼ 0:5127

D
Rb

þ 0:0633: (20)

Notably, although Eq. (20) is deduced from the 2D simulations,
it is no longer necessary to run additional 2D simulations in the
follow-up actual application of this equation, where the shock stand-
off distance D in this equation can be obtained directly from 1D simu-
lations. Since the issue that we are concerned with is a steady-state
problem, this value tends to be constant as the calculation iterates.
Finally, the newly added dependent variable @b

@h in Eq. (19) can be
obtained by the results of Eq. (20). Moreover, Eq. (20) is an approxi-
mate formula, and the shock stand-off distance can also be obtained
by some theoretical models in advance, as shown in Ref. 40.

Additionally, although the above correlation is based on the
hypersonic MHD flow, the method is generic and may be applied to
other hypersonic flows (B0 ¼ 0 T in the present study).

IV. RESULTS AND DISCUSSION

The results with the consideration of the shock curvature param-
eter are discussed first. These results are referred to as 1D-SC for short.
As shown in Fig. 7, it is apparent that the consideration of the shock
curvature parameter solves the problem discussed in Sec. II. After
making this correction, the tangential velocity gradient shows a rea-
sonable agreement between the 1D-SC and 2D.

The comparisons of the stagnation point heat flux and shock
standoff distance between the 1D-SC and 2D are shown in Table III
and Fig. 11. Table III indicates that the consideration of the shock cur-
vature parameter has a negligible influence on predicting the stagna-
tion point heat flux. The largest deviation between 1D-SC and 2D is
about 3.8%, whereas this value is 3.3% for the 1D results. However, the
shock standoff distances of the 1D-SC are significantly improved for

FIG. 10. The relationship between the shock curvature parameter ð@b
@hÞb and the

dimensionless shock standoff distance. Twelve estimate points are calculated under
three cases in Table I, and the magnetic fields are 0, 0.3, 0.5, and 0.7 T.
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all cases. The deviation is within 3.5% for all cases, whereas a deviation
of 15.7% existed for the 1D simulation at B0 ¼ 0:7T.

In addition to the above comparison between 1D, 1D-SC, and
2D for case 2, detailed comparisons are also conducted for the other
two cases (case 1 and case 3), as shown in Figs. 12, 13, and Table IV.
Figures 12 and 13 show the comparison of the flow properties along
the stagnation streamline between 1D-SC and 2D for case 1
(h¼ 55.7 km) and case 3 (h¼ 63.6 km), respectively. The trends of the
pressure and translational temperature show an excellent agreement
between 1D-SC and 2D for all strengths of the magnetic field. The
shock standoff distance and the stagnation point heat flux for 1D-SC
and 2D are listed in Table IV. The deviation for the shock standoff dis-
tance is within 2.8% for case 1 and case 3, and the deviation for the
stagnation point heat flux is within 4.3%. Thus, the proposed 1D-SC
method has been validated by the 2D calculation, indicating that the
method provides accurate results of the stagnation streamline proper-
ties in hypersonic MHD flows.

Finally, we briefly explain the efficiency of the proposed quasi-
one-dimensional calculation, which is another primary objective for
the hypersonic MHD flow simulation. The central processing unit
(CPU) times are approximately 120 h for the 2D simulations in all
cases on a recent personal computer, employing the message passing
interface (MPI) implementation with eight processors, whereas only

60 h are required for the quasi-one-dimensional simulations with one
processor. Thus, the proposed quasi-one-dimensional method agrees
well with the 2D calculations and has high efficiency.

V. CONCLUSION

This work proposed a quasi-one-dimensional model based on
the DRNSE to obtain the stagnation streamline properties of a blunt
body in hypersonic MHD flows. The Lorentz force term was incorpo-
rated into the stagnation streamline model. The proposed model was
validated by comparing it with the 2D Navier–Stokes calculations for
flows around the OREX model. The original model without the shock
curvature correction gives a deviation of the shock standoff distance
by about 8.4% at B0 ¼ 0 T (without a magnetic field), and by 5.7% at
B0 ¼ 0:7T. The larger the magnetic field, the larger the shock standoff
distance was, and the larger the deviation was. Furthermore, the shock
curvature parameter was incorporated into the model, and an

TABLE III. Stagnation point heat flux and shock standoff distance for case 2.

0 T 0.3 T 0.5 T 0.7 T

D (m) 1D-SC 0.092 0.137 0.250 0.4155
2D 0.095 0.142 0.259 0.412

Deviation 3.2% 3.5% 3.5% 0.8%
qw (kW=m2) 1D-SC 253.16 223.75 210.59 199.94

2D 263.26 230.16 209.28 200.00
Deviation 3.8% 2.8% 0.6% 0.1%

FIG. 11. Comparison of the translational–rotational temperature along the stagna-
tion streamline for case 2.

FIG. 12. Comparison of the flow properties along the stagnation streamline between the 1D-SC and 2D simulations for case 1: (a) Pressure and (b) translational–rotational
temperature.
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approximate expression deduced from the 2D calculation results
was obtained. The results showed that the improved quasi-one-
dimensional model significantly improved the prediction accuracy
of the shock standoff distance; the deviation was within 3.5% for all
cases. In addition, the model has high efficiency to obtain the stag-
nation streamline properties and provides reasonable results,
including the stagnation point heat flux. Since the shock curvature
parameter approximation is generic, it can be used in the original
DRNSE method for hypersonic flows without the applied magnetic
field.
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APPENDIX A: NONEQUILIBRIUM NAVIER–STOKES
EQUATIONS FOR MHD FLOWS

The compressible Navier–Stokes equation with MHD interac-
tion terms based on the low magnetic Reynolds number model,
which consists of chemical species, momentum, total energy, and

FIG. 13. Comparison of the flow properties along the stagnation streamline between the 1D-SC and 2D simulations for case 3. (a) Pressure and (b) translational–rotational
temperature.

TABLE IV. Stagnation point heat flux and shock standoff distance for case 1 and case 3.

Case 1, h¼ 55.7 km Case 3, h¼ 63.6 km

0 T 0.3 T 0.5 T 0 T 0.3 T 0.5 T

D (m) 1D-SC 0.103 0.118 0.154 0.082 0.173 0.372
2D 0.106 0.120 0.155 0.083 0.178 0.367

Deviation 2.8% 1.7% 0.6% 1.2% 2.8% 1.4%
qw (kW=m2) 1D-SC 197.26 184.70 172.51 273.23 234.76 217.36

2D 205.15 192.92 176.02 283.96 235.34 218.07
Deviation 3.8% 4.3% 2.0% 3.8% 0.2% 0.3%
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vibrational-electronic-electron energy conservation equations, are
used as the governing equations for gas dynamics. Generally, the
ionized air produced during hypersonic flow is a poor electrical
conductor, and the magnetic field induced by the plasma current is
much smaller than the applied magnetic field and diffuses rapidly.
Thus, the induced magnetic field is ignored, and a low magnetic
Reynolds number is assumed in the present study. Therefore, the
governing equations in spherical coordinates ðr; h;uÞ for rotation-
ally symmetric flow are defined as follows:

@Q
@t

þ @F
@r

þ 1
r
@G
@h

þH ¼ @Fv

@r
þ 1

r
@Gv

@h
þHv þ SFlow þ SMHD:

(A1)

The vectors in Eq. (A1) are displayed as below:

Q ¼

qs
qu

qv

Et

Ev

2
66666664

3
77777775
; F ¼

qsu

qu2 þ p

quv

ðEt þ pÞu
Evu

2
66666664

3
77777775
; G ¼

qsv

quv

qv2 þ p

ðEt þ pÞv
Evv

2
66666664

3
77777775
;

Fv ¼

jDr;s

srr

srh

qr þ srruþ srhv

qv;r

2
66666664

3
77777775
;

H ¼

2
r
qsuþ cot h

r
qsv

2
r
qu2 þ cot h

r
quv � 1

r
qv2

3
r
quv þ cot h

r
qv2

2
r
ðEt þ pÞuþ cot h

r
ðEt þ pÞv

2
r
Evuþ cot h

r
Evv

2
6666666666666664

3
7777777777777775

;

Hv ¼

2
r
jDr;s þ cot h

r
jDh;s

2
r
srr þ cot h

r
srh � 1

r
shh � 1

r
suu

3
r
srh þ cot h

r
shh � cot h

r
suu

2
r
ðsrruþ srhv þ qrÞ þ cot h

r
ðsrhuþ shhv þ qhÞ

2
r
qv;r þ cot h

r
qv;h

2
6666666666666664

3
7777777777777775

;

SFlow ¼

xs

0

0

0

Sv

2
66666664

3
77777775
; Gv ¼

jDh;s

srh

shh

qr þ shhv þ srhu

qv;h

2
66666664

3
77777775
;

(A2)

where Q is the vector of the conservative variables. F; G, and H are
the inviscid flux vector; Fv; Gv, and Hv are the viscous flux vector;
SFlow is the chemical source term. t is time; r and h are the radial
and polar coordinates of the physical space in Eq. (A1), respec-
tively. Compared to the standard conservation equations without a
magnetic field, only a source term associated with the MHD effects
is added in the above equation, i.e., SMHD as shown in the
equation:

SMHD ¼

0

ðJ � BÞr
ðJ � BÞh
J � E
J � J
r

2
6666666664

3
7777777775
; (A3)

where J � B is the Lorentz force in the momentum equation, and J�J
r

is the Joule dissipation term in the vibrational-electronic-electron
energy equation. r is the electrical conductivity. J is the electric cur-
rent density vector; E is the electric strength vector; and B is the
magnetic induction vector. The current density J is calculated by
the generalized Ohm’s law,

J ¼ rðE þ U � BÞ: (A4)

Although some studies have been carried out on the Hall
effect of hypersonic MHD flow, there are still great uncertainties
in the influence of the qualitative/quantitative law of the Hall
effect.41 To simplify the equations and achieve a high-efficiency
one-dimensional model for MHD flows, we assume an axisym-
metric two-dimensional electromagnetic field and ignore the Hall
and ion slip in the present paper like most scholars. Thus, the
electric field E in Eq. (A3) is zero. Consequently, the electric cur-
rent density has only the azimuthal (u) component, which is writ-
ten as follows:

Ju ¼ rðuBh � vBrÞ: (A5)

Since we are dealing with rotationally symmetric problems, we
can assume that w¼ 0, Bu ¼ 0, and @

@u ¼ 0. Therefore, SMHD can be
simplified as follows:

SMHD ¼

0

�rBhðuBh � vBrÞ
rBrðuBh � vBrÞ

0
J � J
r

2
6666666664

3
7777777775
: (A6)

In the above equations, the total mass density q and the total
specific energy Et are given by

q ¼
X
s

qs; Et ¼ qeþ qU2=2; (A7)

where qs and jD;s represent the density and the diffusion fluxes of
species s, respectively. u and v are the velocity components in the r
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and h directions, respectively. Ev is the vibrational energy. qr,
qh; qv;r , and qv;h are the total heat flux and vibrational heat flux in
the r and h direction, respectively. xs and Sv represent the mass pro-
duction rate of species s and the mass production rate of the vibra-
tional energy, respectively. The expressions of these variables are
available in Refs. 34 and 42. The elements of the stress tensor are
obtained from Ref. 24.

APPENDIX B: ELECTRICAL CONDUCTIVITY

The electrical conductivity is required to calculate the current
density from the generalized Ohm’s law. Here, the electrical con-
ductivity was estimated based on the common relationship using
the cross-sectional integral for electrons, as defined in the following
equation:

r ¼ nee2

me

X
s6¼e

vme;s
: (B1)

The effective energy exchange collision frequency vme;s of electrons
with the other chemical species s is calculated using the following
equation:

vme;s ¼

4
3
rme;sns

ffiffiffiffiffiffiffiffiffiffiffiffiffi
8kbTe

pme
;

s
s ¼ ions;

6p
e2

12pe0kbTe

� �2

� ln 12p
e0kb
e2

� �1:5
ffiffiffiffiffiffi
T3
e

ne

s2
4

3
5

�ns

ffiffiffiffiffiffiffiffiffiffiffiffiffi
8kbTe

pme
;

r
s 6¼ ions;

8>>>>>>>>>>>><
>>>>>>>>>>>>:

(B2)

where rme;s represents the effective energy exchange cross section of
the electrons with the neutral species and is computed using the
curve fitting method presented in Ref. 34. kb and e0 are the
Boltzmann constant and vacuum dielectric constant, respectively.
Here e, me, ne, and ns are the electron charge, electron mass, elec-
tron number density, and the number density of the chemical spe-
cies s, respectively. The electron temperature Te is equal to the
vibrational temperature Tv according to Park’s two-temperature
model used in the present study.

APPENDIX C: VECTORS IN THE QUASI-ONE-
DIMENSIONAL EQUATION

The vector Q; F; H; Fv; Hv; SFlow, and SMHD can be derived
from Eqs. (3), (9) and (A2), which are written as follows:

Q ¼

qs
qu1
qv1
Et
Ev

2
6666664

3
7777775
; F ¼

qsu1
qu21 þ p1 þ p1

qu1v1
ðEt þ p1 þ p1Þu1

Evu1

2
6666664

3
7777775
; Fv ¼

jDr;s
�srr
�srh

qr þ �srru1
qv;r

2
6666664

3
7777775
;

SMHD ¼

0
�rBhðu1 cos hBh � v1 sin hBrÞ
rBrðu1 cos hBh � v1 sin hBrÞ

sin h
0

J � J
r

2
666666664

3
777777775
;

H ¼

2
r
qs u1 þ v1ð Þ

2
r
q u21 þ u1v1
� �

3
r
q v21 þ u1v1
� �� 2

r
p1 � 1

r sin h

ðr1
r

@FL;r
@h

dr

2
r
Et þ p1 þ p1ð Þ u1 þ v1ð Þ

2
r
Ev u1 þ v1ð Þ

2
666666666666664

3
777777777777775

;

Hv ¼

2
r
jDr;s

2
r

�srr þ �srh � 1
2
�shh � 1

2
�suu

� �
3
r
�srh � 1

r
�shh

2
r
qr þ �srru1 þ �srhu1 þ �shhv1ð Þ

2
r
qv;r

2
666666666666664

3
777777777777775

; SFlow ¼

xs

0
0
0
Sv

2
666664

3
777775;

(C1)

where the stress tensors srr ; srh; shh; suu were changed into
�srr ; �srh; �shh; �suu as follows:

�srr ¼ srr
cos h

¼ l
4
3
@u1
@r

� 4
3
u1
r
� 4
3
v1
r

� �
;

�srh ¼ srh
sin h

¼ l � v1
r
� @v1

@r
� u1

r

� �
;

�shh ¼ �suu ¼ shh
cos h

¼ l � 2
3
@v1
@r

þ 2
3
u1
r
þ 2
3
v1
r

� � (C2)

here, l is the mixture viscosity coefficient.

APPENDIX D: VECTORS IN THE IMPROVED
QUASI-ONE-DIMENSIONAL EQUATION

The components of the inviscid flux H, the viscous flux vectors
Hv, and the source term SMHD in Eq. (11) are corrected from Eqs.
(13), (15) and (C1), which are shown as follows:

H¼

2
r
qsu1þ

2
r

1�@b
@h

� �
qsv1

2
r
qu21þ

2
r
q 1�@b

@h

� �
u1v1

3
r
q u1v1þ v1

2
� �

�2
r

1�@b
@h

� �
p1� 1

r sinðh�bÞ
ðr1
r

@FL;r
@h

dr

2
r
ðEt þp1þp1Þu1þ2

r
1�@b

@h

� �
ðEt þp1þp1Þv1

2
r
Evu1þ2

r
Ev 1�@b

@h

� �
v1

2
666666666666666664

3
777777777777777775

;
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Hv ¼

2
r
jDr;s

2
r
�srr þ 2

r
1� @b

@h

� �
�srh � 1

r
�shh � 1

r
�suu

3
r
�srh � 1

r
1� @b

@h

� �
�shh

2
r
qr þ 2

r
�srru1 þ 2

r
1� @b

@h

� �
�srhu1

þ 2
r

1� @b
@h

� �
�shhv1

2
r
qv;r

2
66666666666666666666664

3
77777777777777777777775

;

SMHD ¼

0

�rBhðu1 cos ðh� bÞBh � v1 sin ðh� bÞBrÞ
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APPENDIX E: VALIDATION TESTS FOR
TWO-DIMENSIONAL MHDMODEL

To show the utility of the two-dimensional MHD model for
solving laminar, hypersonic MHD flows, we performed extensive
verification and validation.

1. Theory solution for shock standoff distance

The model is first reduced to its inviscid Euler equivalent,
closed with an ideal gas equation of state for comparison with the
validation test cases in the literature.5 This validation test for a
hypersonic MHD system under low magnetic Reynolds number
assumption is the theoretical test proposed by Poggie and
Gaitonde.5 It has also been replicated subsequently by Damevin and
Hoffmann,43 and Fujino et al.44 The corresponding dimensional
conditions are a sphere of 10mm radius. The freestream tempera-
ture is 100K, where the velocity and static pressure are 1002.25m/s
and 2290.85 Pa, respectively. The magnetic field is a static imposed
dipole field as shown in Eq. (12). The MHD effect is shown to
increase shock standoff distance with increased magnetic interac-
tion parameter defined as follows:

Q ¼ rB2
0Rb

q1U1
; (E1)

where r is taken to be a constant conductivity of r¼ 300 S/m in the
post-shock region. For hypersonic MHD flows, the magnetic inter-
action parameter Q, rather than the Mach number or Reynolds
number commonly used in fluid dynamics, is frequently used to
estimate the MHD effect. Q represents the relationship between the
Lorentz force and the Fluid inertial force, as shown in Eq. (E1).
MHD effects become significant for Q > 1.

Variation of the shock stand-off distance with Q is shown in
Fig. 14, which exhibits excellent agreement with literature results
and theory.

2. Hypersonic cylinder experiments

The high enthalpy flow past a cylinder performed in HEG45 is
also chosen to validate our thermochemical nonequilibrium model.
The specific total enthalpy of the freestream amounts to 13.4MJ/kg
and the flow conditions are given as M¼ 8.78, T¼ 694K and
P¼ 687 Pa, and the diameter of the cylinder is 90mm. The isother-
mal and fully catalytic wall boundary conditions are adopted for the
cylinder surface with Tw¼ 300K. Figure 15 exhibits the comparison
of the measured and numerical surface heat flux, which shows that
the two-dimensional numerical code used in this paper can predict
the surface heat flux accurately considering the thermal and chemi-
cal nonequilibrium effects.

FIG. 14. Comparison of shock standoff distance for this work vs previous studies
for Q ¼ 0� 6.

FIG. 15. Comparison of the measured and numerical result of surface heat flux
distribution.
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APPENDIX F: GRID INDEPENDENCE STUDY

The surface heat flux and the shock standoff distance are the key
parameters to study in the MHD flow around a blunt body, and the
sensitivity of these two parameters to the grid scale is different. A grid
convergence study for the 2D calculation is conducted to calculate the
shock standoff distance using the numerical methods with three dif-
ferent grid resolutions (151� 61, 251� 61, and 351� 61 grid points,
where the first numbers represent the grid nodes along the radial
coordinate). The simulations are performed for case 2. We observed a
negligible difference in the pressure on the stagnation line or the
shock standoff distance between the three grid resolutions, as shown
in Fig. 16(a). Thus, the mesh size of 251� 61 is employed for the 2D
computation. The surface heat flux is often more sensitive to the grid
scale, especially near the wall surface. As a rule of thumb for predict-
ing the surface heat flux, various computational scientists have stated
the importance of the wall cell Reynolds number,46

Rew ¼ qwawDx
lw

; (F1)

where Dx is the size of the first cell next to the wall. lw and aw are
the mixture viscosity coefficient and the sound speed at the wall.
Zones near the wall are incorporated with clustered points and Rew
is changed with different grid resolutions next to the wall. As shown
in Fig. 16(b), there was a negligible difference in the wall heat flux
for the three wall cell Reynolds number. The same grid scale along
the radial coordinate is chosen both for the 1D and 2D calculations
in the following analysis, which also facilitates comparing the results.
Finally, 251 grid nodes are used along the radial coordinate, where
Rew ¼ 2:7 and the first cell size next to the wall is 1 �10�5 m.
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