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ABSTRACT

We develop an approximated method to solve analytically the equations of motion that describe mooring line dynamics in a one-
dimensional model. For the first time, we derive integral closed-form expressions to compute dynamic properties of mooring lines subject to
ocean currents and waves of arbitrary time and spatial dependence, in terms of modified Bessel functions. This is done by decomposing the
mooring line in three regions where different approximations and mathematical techniques of solution are carried out. Our analytical results
provide a robust framework to simulate and analyze extreme realistic oceanic events when data from in situ ocean observation systems are
available, regardless of the resolution or coarseness of subsurface measurements and even for long acquisition times. In order to prove the
advantages of this approach, we have processed data from two stations in the National Data Buoy Center of the National Oceanic and
Atmospheric Administration. From simulations with ocean currents data, we have gained insights into the coupling of the spatial modulation
of ocean currents with the characteristic wavelengths of elastic lines. From simulations with ocean waves data, we have defined a scheme to
analyze wave data and identify the contribution of each subset of frequency peaks to the net fluctuation of mooring line tension. This could
be useful for classification of irregular waves based on their impact on mooring line tension. The development of better tools that integrate
theoretical and experimental findings is necessary for the assessment of marine structures under the environmental conditions associated
with climate change.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0221879

I. INTRODUCTION

Mooring lines are a very important element of many oceanic
installations across the ocean and coastal areas. Despite being one of
the oldest and simplest devices for providing stability and safety to off-
shore facilities, it is still the most extended method nowadays. This is
justified by their low cost and by the flexibility and manageability of
their installation (Ma et al., 2019; Ruzzo et al., 2021; and Ja’e et al.,
2022).

Despite all the achievements of mooring lines in floating struc-
tures, one of the main disadvantages in their operation is related to
their instability under critical environmental conditions, leading to line
breakages that may put in risk the safety of an entire oceanic platform
or facility (Du et al., 2020; Cheng et al., 2021), with high economical

and even environmental costs (Sinsabvarodom et al., 2021), for
instance, when structural instability occurs in petroleum platforms
(Yang et al., 2021).

The dynamic properties of mooring lines have been studied in
the literature by computational and experimental means. Theoretical
studies are focused on the prediction of conditions that lead to
mechanical instability and high tension regions within a mooring line
(de Langre et al., 2007; Governo et al., 2023). Such computations allow
them to carry out several simulations varying key design parameters
and environmental conditions on the mooring system; this strategy
provides guidelines for an improved design of mooring lines, avoiding
conditions of difficult operation in real offshore floating structures
(Tang et al., 2022).
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Along with all the progress achieved, these studies have intrinsic
limitations. First, computational studies rely on complex, computa-
tionally expensive simulations, which limit each parametric study to a
very narrow range of each variable of interest (Hong and Shah, 2018;
Desir�e et al., 2023). In particular, the numerical simulation of mooring
lines affected by currents and waves is achievable by coupling of elastic
beam models with computational fluid dynamics simulations (Ghafari
and Dardel, 2018; Governo et al., 2023). Such simulations require very
high resolution in time discretization for convergence, making it diffi-
cult to accurately incorporate realistic currents/winds/waves interac-
tion. The accurate simulation of the intricate frequency spectrum of
irregular waves, encompassing multiple frequency bands spread along
a wide range of values, is very challenging for any computational tool
(Matha et al., 2011; Fu et al., 2019; and Subbulakshmi et al., 2022).

In this direction, experimental models and studies have shed light
on a better description and characterization of realistic currents and
waves (Barrera et al., 2019; Tang et al., 2022). This experimental mea-
surements provide useful data that can be used to complement theoret-
ical studies and, in many cases, to validate approximated theoretical
models (Azcona et al., 2017; Shun-Han Yang et al., 2020). Still, the
scaling laws that allow for an extrapolation from in-lab studies to real-
istic ocean-scale mooring systems are a current challenge.

The aforementioned challenges are even more important when
simulations or experiments of mooring lines seek to incorporate realis-
tic in situ ocean measurements. First, because the realistic conditions
are difficult to reproduce or extrapolate from experimental measure-
ments, given the limited size of laboratory equipment and facilities
(Aranha and Pinto, 2001; Kuehl and Sheremet, 2014). Second, because
realistic ocean data involve many time and spatial scales, which
increase computational cost and challenge numerical stability and
validity of simulations. These limitations are particularly relevant to
study anomalous ocean events, which is the current challenge to be
solved in the design and adaptation of oceanic infrastructure to face
climate change (Grare et al., 2013; Janssen and Janssen, 2019; and
Shrira and Almelah, 2020).

In the context of complex dynamical systems, analytical methods
emerge as an alternative because they can offer qualitative physical
insights and computations for a much lower cost and without numeri-
cal limitations and artifacts, inherent to even the most sophisticated
numerical methods for complex dynamic systems, based mostly on
Finite-Element Methods. Analytical methods have been used scarcely,
mostly to find simplified expressions that are developed for limit
asymptotic conditions related to time-scales separation or related to
small deformations; nonetheless, these expressions are very useful to
validate and verify newly developed models or numerical schemes of
solution, since even the most sophisticated model must accomplish
certain limit cases and bounds. In such regard, analytical solutions
allow for a robust validation of models (Zurigat et al., 2010; Ramadan
et al., 2017; and Torres-Herrera and Corvera Poir�e, 2021).

Typical assumptions employed to find analytical solutions of
complex dynamic systems rely on the separation between two scales,
namely, fast and slow dynamic variables, in such a way that external
environmental conditions drive the mooring line affecting one time-
scale more than the other (Bernitsas and Garza-Rios, 1998; Aranha
and Pinto, 2001; and Hong and Shah, 2018). However, it has been
demonstrated that such assumptions are not accomplished for moor-
ing lines under some extreme or challenging conditions, such as in

deep waters (Ali et al., 2020). A general framework is necessary to
study mooring lines dynamics by analytical techniques that can be
used in a wide range of physical conditions, which do not rely on the
separation of time or spatial scales and do not lead to spurious anoma-
lous results when employed under extreme conditions. Such a robust
framework allows for the implementation of realistic ocean dynamics
measurements and conditions with confidence.

In this work, we propose an approximated method to solve ana-
lytically the equations of motion, namely, the vibration equations as
typically called in the context of structural engineering, which describe
mooring line dynamics. We have employed a linearized model that still
conveys the main physical features of mooring line dynamics, since it
has been previously validated against three-dimensional numerical
computations and also against experimental data (Aranha and Pinto,
2001). The presented analytical results are used to incorporate ocean
current and wave dynamics taken from two stations in the National
Data Bouy System, which are located very close to one another and
allow us to get complementary information. Finally, we test and dis-
cuss the capabilities and potential of our theoretical framework for
analysis of complex ocean events.

II. MODEL

This work departs from the linearized model developed by
Aranha and Pinto (2001). In this model, it is studied an elastic line sub-
ject to a viscous drag force caused by the surrounding ocean currents,
where torsional and flexural rigidity effects are neglected; then, it is
assumed that the deformation field depends only on one spatial coor-
dinate, namely, the axial coordinate. With these assumptions, the
model considers that the mooring line dynamics can be computed as a
sum of two contributions: first, a static contribution given by the classi-
cal catenary equations in the absence of ocean waves and currents; sec-
ond, a dynamic contribution that describes the deviation of transversal
displacement, longitudinal displacement, local tension, and angle of
the mooring line, measured with respect to the static configuration.
Afterward, small deformation considerations allow one to compute the
dynamic properties as linear partial differential equations with spatial-
dependent coefficients given in terms of parameters associated with
the static configuration. In such a way, the dynamic contribution of
mooring line displacements, tension, and angle are affected by the
static configuration and by the presence of ocean currents and an oscil-
lation exerted at the top of the mooring line by ocean waves. The sys-
tem is depicted in Fig. 1, and further mathematical details involved in
the derivation of the model are found in Triantafyllou (1982) and
Aranha et al. (1993).

A. Governing equations

The model is given by the following set of equations for the
dynamic variables, namely, the dynamic longitudinal displacement
uðs; tÞ, dynamic transversal displacement vðs; tÞ, dynamic tension
TDðs; tÞ, and dynamic angle uðs; tÞ (Aranha and Pinto, 2001),

m
@2u
@t2

¼ @TD

@s
� T

dh
ds

u; (1)

ðmþmaÞ @
2v

@t2
¼ �kd

@v
@t

� Vcðs; tÞ
� �

þ dh
ds

TD þ T
@u
@s

þ u
dT
ds

;

(2)
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TD ¼ EA
@u
@s

� dh
ds

v

� �
; (3)

u ¼ @v
@s

þ dh
ds

u; (4)

where s is the axial coordinate along the deformed mooring line, t is
the time, m is the mooring line mass per unit length, ma is the added
mass per unit length, kd is the drag coefficient, Vcðs; tÞ is the current
velocity field of ocean current acting on the mooring line, hðsÞ is the
angle formed between the local tangent of mooring line and the hori-
zontal axes at the initial equilibrium configuration, whereas its deriva-
tive dh

ds ðsÞ corresponds to the local curvature of the mooring line at
static equilibrium configuration, TðsÞ is the local tension at the equilib-
rium configuration. Finally, E is the elastic Young’s modulus of the
material that constitutes the mooring line and A is the cross-sectional
area of the mooring line.

Then, we rewrite Eqs. (1)–(4) in terms of dimensionless
parameters

~t �xct; ~s � s
L
; ~T � T

EA
; ~m � m

mþma
; ~k � kdLffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

EAðmþmaÞ
p ;

~u � u
L
; ~v � v

L
; ~TD � TD

EA
; ~Vc � Vc

xcL
; xc � 1

L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EA

mþma

r
;

(5)

where L stands for length of the portion of mooring line that is
detached from the seabed. With this adimensionalization, the follow-
ing set of equations is obtained:

~m
@2~u

@~t2
¼ @~TD

@~s
� ~T

dh
d~s

u; (6)

@2~v

@~t2
¼ �~k

@~v

@~t
� ~Vcð~s;~tÞ

� �
þ dh

d~s
~TD þ ~T

@u
@~s

þ u
d~T
d~s

; (7)

~TD ¼ @~u
@~s

� dh
d~s

~v; (8)

u ¼ @~v
@~s

þ dh
d~s

~u: (9)

From Eqs. (6)–(9), a useful approach is to perform Fourier trans-
form in time in order to obtain the following expressions:

�~x2 ~mû ¼ dT̂D

d~s
� ~T

dh
d~s

û; (10)

�~x2v̂ ¼ �~k �i~xv̂ � V̂ cð~s; ~xÞ
� �

þ dh
d~s

T̂ D þ ~T
dû
d~s

þ û
d~T
d~s

; (11)

T̂ D ¼ dû
d~s

� dh
d~s

v̂; (12)

û ¼ dv̂
d~s

þ dh
d~s

û; (13)

where ûð~s; ~xÞ, v̂ð~s; ~xÞ, T̂ Dð~s; ~xÞ, and ûð~s; ~xÞ denote the Fourier
transform of their respective dimensionless quantities in time domain
(A double superscript notation, for instance, ~̂u , is omitted here for sim-
plicity of notation).

As a consequence of the linearization, this model overlooks
details about the tension field along the radial coordinate of the moor-
ing line, and it only focuses on the local changes along the axial one.
However, this level of detail is still sufficient to get an adequate picture
of the dynamic motion and tension of the mooring line. Nonetheless,
this model has been proved successfully with experimental data, show-
ing a considerable range, where its results match well with the ones of
complex simulations with ORCAFlex and even a wider range in which
the qualitative trend between ORCAFlex and this model is still fol-
lowed, while the relative error reaches values around 10–20% (Aranha
and Pinto, 2001).

B. Boundary conditions and incorporation of ocean
wave dynamics

Boundary conditions for the bottom part of mooring line account
for the portion of line that is attached to the seabed by pinned and rol-
ler supports. In consequence, there are points where axial and trans-
versal displacements vanish, as follows:

û ~s ¼ � l
L

� �
¼ 0; (14)

v̂ ~s ¼ 0ð Þ ¼ 0: (15)

The aforementioned boundary conditions correspond completely
with the ones employed by Aranha and Pinto (2001). However, our
boundary conditions for the top part of mooring line differ signifi-
cantly from theirs. In the work done by Aranha and Pinto (2001), they
considered that the top part of mooring line was moving in a single-
frequency mode of amplitude and phase already imposed by an exter-
nal actuator. However, in this work, we have extended the model to
consider explicitly the role of dynamics of ocean waves acting on the

FIG. 1. Description of the system. The mooring line consists of an elastic tube that
moves departing from a static catenary configuration, described by the transversal
displacement vðs; tÞ and the axial displacement, uðs; tÞ around equilibrium position.
The mooring line is surrounded by an oceanic current, characterized by a time- and
space-dependent flow velocity profile Vcðs; tÞ.
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floating structure. Our results allow us to compute the actual ampli-
tude and phase of the floating structure motion in response to an arbi-
trary time-dependent wave.

The boundary conditions at the attachment point of the mooring
line and the floating structure are given by the force balance between
the buoyant force and the mooring tension. In particular, buoyant
force is caused by changes in the water level affected by the waves,
whereas changes in mooring tension at the attachment point are given
by the dynamic term of tension, TD (see lower right panel of Fig. 1).
For consistency between the floating structure considerations and the
model of mooring line, the dynamics of the floating structure departs
from an equilibrium position and considers moderate vertical displace-
ment of the floating structure, such as the submersed region has a con-
stant cross-sectional area or with a small dependence on vertical
coordinate. Since we are considering a flat floating structure with high
base-to-height ratio, we can assume neglection of the influence of air
currents and precession motion (Huguet et al., 2020). In such a way,
we only need to account for the measured data of changes in local sea
level as a function of time in order to compute accurately the buoyant
forces. In these conditions, the force balance of the floating structure
affected by waves is presented as follows:

mb
d2yb
dt2

¼ �ðqb � qwÞAbg ywðtÞ � ybðtÞð Þ

� Kdb
dyb
dt

� dyw
dt

� �
� TDðs ¼ L; tÞ sin htop; (16)

where ywðtÞ stands for the sea level measured with respect to the
equilibrium position of the structure, yb stands for the position of
the floating structure measured with respect to its equilibrium point,
and Kdb stands for the drag coefficient of the floating structure in
water. In addition, mb is the floating structure mass, qw and qb are
water and platform density, respectively, Ab is the platform base
area, and g is the gravity constant. Finally, htop corresponds to the
angle of mooring line evaluated at the attachment point, namely,
s ¼ L, at any time. In principle, such angle is computed as htop
¼ hðs ¼ LÞ þ uðs ¼ L; tÞ. However, in the model employed for
mooring line dynamics, it is assumed that the dynamic angle uðs; tÞ
is smaller than the static angle hðsÞ, so we approximate htop
� hðs ¼ LÞ in this work.

Then, we consider that the vertical motion of floating structure
is equal to the displacement of mooring line at the attachment point,
as

uðs ¼ L; tÞ ¼ ybðtÞ sin htop; (17)

vðs ¼ L; tÞ ¼ ybðtÞ cos htop; (18)

and substitution of force balance in Eq. (16) into the equality of float-
ing and mooring displacement in Eqs. (17) and (18), leads to the fol-
lowing expressions for the boundary conditions in Fourier domain
and in dimensionless variables:

ûð~s ¼ 1; ~xÞ ¼ ŷwð~xÞQ sin htop þ
EA
L

sin 2htop

�Kb þ i~xxcKdb þ ~x2x2
cmb

� dû
d~s

ð~s ¼ 1; ~xÞ � dh
d~s

ð~s ¼ 1Þv̂ð~s ¼ 1; ~xÞ
� �

; (19)

v̂ð~s ¼ 1; ~xÞ ¼ ŷwð~xÞQ cos htop þ
EA
L

sin htop cos htop

�Kb þ i~xxcKdb þ ~x2x2
cmb

� dû
d~s

ð~s ¼ 1; ~xÞ � dh
d~s

ð~s ¼ 1Þv̂ð~s ¼ 1; ~xÞ
� �

; (20)

where ŷw is the Fourier transform in time of dimensionless water sea
level ~yw, defined as

~yw � yw
L
; (21)

while parameters Kb and Q are defined as

Kb � qw � qbð ÞAbg ; Q � �Kb þ i~xxcKdb

�Kb þ i~xxcKdb þ ~x2x2
cmb

; (22)

where ŷwð~xÞ stands for the Fourier transform in time of the dynamic
level of sea water.

III. ANALYTICAL SOLUTION

In order to solve Eqs. (10)–(13) by analytical means, we consider
that mooring line is split into three regions, where different physical
approximations and considerations can be done. This is an important
requirement to achieve an analytical solution in each region; then by
considerations of continuity in the displacement and deformation
fields of the mooring line, the solution of all the regions is coupled. It is
important to point out that the definition of such regions allows us to
obtain a complete solution for the mooring dynamics, which is both
accurate and physically consistent for all ranges of values of the physi-
cal parameters. To the best of our knowledge, such a comprehensive
and robust treatment has not been developed for the modeling and
simulation of mooring systems. The details of such procedure are
explained as follows. The three regions necessary to solve mooring line
dynamics are mathematically defined as

~uð~s;~tÞ ¼
~uIð~s;~tÞ if � l

L
� ~s < 0;

~uIIð~s;~tÞ if 0 � ~s < sth;

~uIIIð~s;~tÞ if sth � ~s � 1;

8>>><
>>>:

(23)

~vð~s;~tÞ ¼
~vIð~s;~tÞ if � l

L
� ~s < 0;

~vIIð~s;~tÞ if 0 � ~s < sth;

vIIIðs; tÞ if sth � s � 1;

8>>><
>>>:

(24)

where sth denotes the transition value between regions II and III. A
clear understanding of its physical meaning and the difference between
regions II and III will be provided in Sec. III C, while its importance
for the accuracy of the analytical solution will be detailed in Sec. IV.
Equivalent expressions to Eqs. (23) and (24) can be defined in Fourier
domain; they are omitted here for the sake of economy in space.

A. Solution for the first region

The first region is the portion of mooring line, of length l, that is
attached to the seabed in such a way that it cannot develop transversal
motion but only longitudinal stretching. Under these conditions, ocean
flow velocity goes parallel to the mooring line so Vc ¼ 0, while the
terms ~T ð~sÞ and dh

d~s ð~sÞ are given by the following expressions:
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~T ð~sÞ ¼ H
EA

; for � l
L
� ~s � 0; (25)

dh
d~s

ð~sÞ ¼ 0; for � l
L
� ~s � 0; (26)

where H denotes the horizontal component of static tension, which is
independent of coordinate ~s. Then, the equations of motion (6)–(9)
for the region I, in terms of the variables u ! uI , v ! vI , T̂ D ! T̂ D;I ,
and û ! ûI , are given as follows:

�~x2 ~mûI ¼ dT̂D;I

d~s
; (27)

v̂I ¼ 0; (28)

T̂ D;I ¼ dûI

d~s
; (29)

ûI ¼ 0: (30)

In order to find the solution for uIð~s; ~xÞ, Eqs. (27) and (29) can
be combined in a single equation as

d2ûI

d~s2
þ ~m ~x2ûI ¼ 0: (31)

Equation (31) is a linear homogeneous second-order differential
equation, whose solution is given by

ûIð~s; ~xÞ ¼ B1 cos ~s ~x
ffiffiffiffiffi
~m

p� �
þ B2 sin ~s ~x

ffiffiffiffiffi
~m

p� �
; (32)

where B1 and B2 denote the coefficients to be computed when
accounting for boundary conditions, which will be detailed later.

B. Solution for the second region

For the second and third regions, the static parameters dh
d~s ð~sÞ and

~T ð~sÞ are computed departing from the catenary differential equation,
as presented in Irvine and Caughey (1974), as follows:

~T ð~sÞ ¼ H
EA

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ mgL~s

H

� �2
s

; for 0 � ~s � 1; (33)

dh
d~s

ð~sÞ ¼ mgL
H

1

1þ mgL~s
H

� �2

0
B@

1
CA; for 0 � ~s � 1: (34)

The second region is the detached portion of mooring line that is
close to the seabed. For this region, we consider that the spatial varia-
tion of static parameters ~T ð~sÞ and dh

d~s ð~sÞ is negligible in comparison
with the spatial derivatives of mooring displacement. This is justified
by analyzing the behavior of ~T ð~sÞ and dh

d~s ð~sÞ in Eqs. (33) and (34) for
small values of ~s. In simple terms, this means that we approximate
static tension and curvature of mooring line as a first-order Taylor
expansion around ~s ¼ 0 in Eqs. (33) and (34). Since both ~T ð~sÞ and
dh
d~s ð~sÞ are even functions of~s, first-order coefficient vanishes, leading to

~T ð~sÞ � H
EA

þOð~s2Þ; for 0 � ~s � sth; (35)

dh
d~s

ð~sÞ � mgL
H

þOð~s2Þ; for 0 � ~s � sth: (36)

In consequence, when expressions of ~T ð~sÞ and dh
d~s ð~sÞ in Eqs. (48)

and (35) are substituted into Eqs. (10)–(13), the following simplifica-
tion is obtained:

�~x2 ~mûII ¼ dT̂D;II

d~s
� ecûII ; (37)

�~x2v̂II ¼ �~k �i~x~vII � V̂ cð~s; ~xÞ
� �

þ cT̂ D;II þ e
dûII

d~s
; (38)

T̂ D;II ¼ dûII

d~s
� cv̂II ; (39)

ûII ¼
dv̂II
d~s

þ cûII ; (40)

where the constant parameters c � mgL
H and e � H

EA are defined.
Equations (37)–(40) are a system of coupled linear non-homogeneous
first-order differential equations, whose solution is carried by decou-
pling the equations using the formalism of differential operators. First
step is to rewrite such equations in a matrix form, as follows:

d
d~s

uII
uII
TD;II

uII

0
BBBB@

1
CCCCA ¼

0 c 1 0

�c 0 0 1

�~m ~x2 0 0 ec

0 � ~x
e

~x þ i~k
� �

� c
e

0

0
BBBBB@

1
CCCCCA

uII
uII
TD;II

uII

0
BBBB@

1
CCCCA

þ

0

0

0

�
~k
e
V̂ cð~s; ~xÞ

0
BBBBB@

1
CCCCCA: (41)

Eigenvalues of Eq. (41) are given in terms of the roots of the
determinant equation detðM � kIÞ ¼ 0, whereM denotes the charac-
teristic matrix associated with Eq. (41). Computation of the determi-
nant equation is presented as follows:

ek4 þ 2ec2 þ i~k ~x þ ~x2ð1þ ~meÞ
� �

k2

þ c2 � ~xði~k þ ~xÞ
� �

ec2 � ~m ~x2
� �

¼ 0: (42)

Thus, the roots of the characteristic polynomial in Eq. (42), i.e.,
the eigenvalues, are of the form

k1 ¼ i
ffiffiffiffiffiffiffiffiffiffiffi
aþ b

p
k2 ¼ �i

ffiffiffiffiffiffiffiffiffiffiffi
aþ b

p
k3 ¼ i

ffiffiffiffiffiffiffiffiffiffiffi
a� b

p
k4 ¼ �i

ffiffiffiffiffiffiffiffiffiffiffi
a� b

p
:

(43)

Afterward, the corresponding eigenvectors are computed, in
order to obtain the homogeneous solution for variables ûII , v̂II , T̂ D;II ,
and uII as a linear combination of terms of the form ekj~s . Finally, the
method of variation of parameters is carried out to compute the inde-
pendent term of the solution. The complete solution for ûð~s; ~xÞ and
v̂ð~s; ~xÞ is presented as follows:
ûIIð~s; ~xÞ

¼ ð1þ eÞc ffiffiffiffiffiffiffiffiffiffi
aþ b

p

�ðaþ bÞþ ~m ~x2þ ec2
C1 cos ~s

ffiffiffiffiffiffiffiffiffiffi
aþ b

p� �
�C2 sin ~s

ffiffiffiffiffiffiffiffiffiffi
aþ b

p� �� �

þ ð1þ eÞc ffiffiffiffiffiffiffiffiffiffi
a� b

p

�ða� bÞþ ~m ~x2 þ ec2
C3 cos ~s

ffiffiffiffiffiffiffiffiffiffi
a� b

p� �
�C4 sin ~s

ffiffiffiffiffiffiffiffiffiffi
a� b

p� �� �

þ
~kcð1þ eÞ

2be

ð~s
0
V̂ cð~s0; ~xÞ cos ð~s�~s0Þ

ffiffiffiffiffiffiffiffiffiffi
aþ b

p� ��
�cos

�
ð~s�~s 0Þ

ffiffiffiffiffiffiffiffiffiffi
a� b

p ��
d~s0; (44)
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v̂IIð~s; ~xÞ ¼ C1 cos ~s
ffiffiffiffiffiffiffiffiffiffiffi
aþ b

p� �
þ C2 sin ~s

ffiffiffiffiffiffiffiffiffiffiffi
aþ b

p� �
þ C3 cos ~s

ffiffiffiffiffiffiffiffiffiffiffi
a� b

p� �
þ C4 sin ~s

ffiffiffiffiffiffiffiffiffiffiffi
a� b

p� �
þ

~k
2be

��c2eþ ~m ~x2 � ðaþ bÞffiffiffiffiffiffiffiffiffiffiffi
aþ b

p

�
ð~s
0

~Vcð~s 0; ~xÞ sin ð~s �~s0Þ
ffiffiffiffiffiffiffiffiffiffiffi
aþ b

p� �
d~s 0

� �c2eþ ~m ~x2 � ða� bÞffiffiffiffiffiffiffiffiffiffiffi
a� b

p

�
ð~s
0

~Vcð~s 0; ~xÞ sin ð~s �~s0Þ
ffiffiffiffiffiffiffiffiffiffiffi
a� b

p� �
d~s 0
�
; (45)

where the coefficients C1, C2, C3, and C4 are constants to be computed
accounting for the boundary conditions. Such conditions will be
detailed later, along with the conditions for the constants B1 and B2

encountered previously for the solution of region I.

C. Solution for the third region

The third region is the portion of mooring line where the static
tension has reached a linear dependence on axial coordinate, so the
approximation as a constant parameter no longer holds. In those con-
ditions, the first step is to substitute u and ~TD from Eqs. (12) and (13)
into Eqs. (10) and (11), leading to the following expressions:

d2û

d~s2
þ ~m ~x2 � ~T

dh
d~s

� �2
 !

û � 1þ ~Tð Þ dh
d~s

dv̂
d~s

� d2h

d~s2
v̂ ¼ 0; (46)

1þ ~Tð Þ dh
d~s

dû
d~s

þ ~T
d2h

d~s2
þ d~T

d~s
dh
d~s

� �
û þ ~T

d2v̂

d~s2
þ d~T

d~s
dv̂
d~s

þ ~x2 þ i~x~k � dh
d~s

� �2
 !

v̂ ¼ �~kV̂ cð~s; ~xÞ: (47)

Equations (46) and (47) were obtained without loss of generality
and still apply both to regions II and III. From this point, in region III,
the value of coordinate~s is smaller but close to unit, and the parameter
c � mgL

H is much larger than unit. With these considerations, it is possi-
ble to consider both c � 1 and c~s � 1. This is helpful to approximate
curvature dh

d~s ð~sÞ in Eq. (34) and static tension ~T ð~sÞ in Eq. (33), along
with their first derivative, as follows:

dh
d~s

ð~sÞ ¼ c

1þ c2~s2
� 1

c~s2
for c~s � 1; (48)

d2h

d~s2
ð~sÞ ¼ � 2c3~s

1þ c2~s2
� �2 � � 2

c~s3
for c~s � 1; (49)

~T ð~sÞ ¼ e
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ c2~s2

q
� ec~s for c~s � 1; (50)

d~T
d~s

ð~sÞ ¼ ec2~sffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ c2~s2

p � ec for c~s � 1: (51)

It is important to point out that the approximation carried out in
Eqs. (48)–(51) leads to a divergence in ~s ¼ 0. This situation is not a
problem in our theoretical framework, since the proposed solution in
three regions involves another approximation in the surroundings of
~s ¼ 0 (already presented in Sec. IIIB). Hence, the existence of region

II guarantees the absence of any divergence and requires to state the
condition sth > 0 in order to achieve mathematical and physical con-
sistency in the proposed analytical solution.

Substitution of the approximated coefficients ~T , d~T
d~s ,

dh
d~s , and

d2h
d~s2

shown in Eqs. (48)–(51) into Eqs. (46) and (47) leads to the following
result:

d2û

d~s2
þ ~m ~x2 � e

c~s3

� �
û � 1

c~s2
þ e
~s

� �
dv̂
d~s

þ 2

c~s3
v̂ ¼ 0; (52)

1

c~s2
þ e
~s

� �
dû
d~s

� e

~s2
û þ ec~s

d2v̂

d~s2
þ ec

dv̂
d~s

þ ~x2 þ i~x~k � 1

c2~s4

� �
v̂

¼ �~kV̂ cð~s; ~xÞ: (53)

Finally, since we are working under the assumption of large val-
ues of c, it is possible to consider as well that the terms proportional to
1
c are negligible in comparison with the ones proportional to c0, and at
the same time, the terms proportional to c0 are negligible in compari-
son with the ones proportional to c1. With this assumption, we are tak-
ing the leading terms, i.e., the terms with highest-order powers of c in
Eqs. (52) and (53), and the following set of equations is obtained:

d2ûIII

d~s2
þ ~m ~x2ûIII � e

~s
dv̂III
d~s

¼ 0; (54)

ec~s
d2v̂III
d~s2

þ ec
dv̂III
d~s

þ ~x2 þ i~x~k
� �

v̂III ¼ �~kV̂ cð~s; ~xÞ: (55)

It is noticeable that Eq. (55) only depends on v̂III and not on ûIII , so it
can be solved first. This equation is a non-homogeneous second-order
differential equation with variable coefficients. In order to compute the
analytical solution for the homogeneous differential equation associ-
ated with Eq. (55), the following change of variable is defined:

x �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 4~s
ec

~x2 þ i~x~k
� �s

; (56)

which transforms the homogeneous equation associated with Eq. (55)
into the following expression:

x2
d2v̂III
dx2

þ x
dv̂III
dx

� x2v̂III ¼ 0: (57)

Equation (57) corresponds to the modified Bessel differential equation
for the case of order n ¼ 0. Thus, the homogeneous part is given in
terms of the zeroth order modified Bessel functions of the first and sec-
ond kind, denoted by I0ðxÞ and K0ðxÞ, respectively. Subsequently, the
solution of the non-homogeneous part is carried out by variation of
parameters. The complete solution for v̂IIIð~s; ~xÞ is presented as
follows:

v̂IIIð~s; ~xÞ¼ E1I0
ffiffiffiffiffi
a~s

p
þE2K0

ffiffiffiffiffi
a~s

p
þ2~k
ec

ð~s
sth

sin ð~s�~s0Þ~x
ffiffiffiffiffi
~m

p� �

�
ð~s 0
sth

V̂ cð~s 00; ~xÞ I1
ffiffiffiffiffiffi
a~s 0

p
K0

ffiffiffiffiffiffiffi
a~s00

p
þK1

ffiffiffiffiffiffi
a~s0

p
I0
ffiffiffiffiffiffiffi
a~s00

p� �
d~s00 d~s0;

(58)

where a � � 4
ec ð~x2 þ i~x~kÞ. To the best of our knowledge, this is the

first time that the role of modified Bessel functions is explored in the
dynamics of mooring systems.
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Then, the solution for v̂III is substituted from Eq. (58) into
Eq. (54). After such substitution, the equation can be solved as a non-
homogeneous second-order linear differential equation for ûIII , as
follows:

ûIIIð~s; ~xÞ¼ e

2~x
ffiffiffiffiffi
~m

p
ð~s
sth

ffiffiffiffiffiffiffiffiffi
a

ð~s0Þ3
r

sin ð~s�~s0Þ~x
ffiffiffiffiffi
~m

p� �
� E1 I1

ffiffiffiffiffiffi
a~s 0

p
�E2K1

ffiffiffiffiffiffi
a~s0

p� �
d~s 0 þE3 sin ~s ~x

ffiffiffiffiffi
~m

p� �
þE4 cos ~s ~x

ffiffiffiffiffi
~m

p� �
�

~k

~xc
ffiffiffiffiffi
~m

p
ð~s
sth

ffiffiffiffiffiffiffiffiffi
a

ð~s 0Þ3
r

sin ð~s�~s0Þ~x
ffiffiffiffiffi
~m

p� �

�
ð~s 0
sth

V̂ cð~s00; ~xÞ I1
ffiffiffiffiffiffi
a~s 0

p
K0

ffiffiffiffiffiffiffi
a~s 00

p
þK1

ffiffiffiffiffiffi
a~s 0

p
I0
ffiffiffiffiffiffiffi
a~s 00

p� �
d~s00 d~s 0;

(59)

where the constants E1, E2, E3, and E4 are to be computed when
boundary conditions are solved, along with the constants B1, B2, C1,
C2, C3, and C4, that were obtained during the solution of regions I
and II.

For the solution of all the aforementioned coefficients, it is neces-
sary to include boundary conditions of continuity of displacement and
tension fields in the transition point between regions I and II, denoted
by ~s ¼ 0, and the transition point between regions II and III, denoted
by~s ¼ sth. Such conditions are presented as follows:

ûIð~s ¼ 0; ~xÞ ¼ ûIIð~s ¼ 0; ~xÞ; (60)

dûI

d~s
ð~s ¼ 0; ~xÞ ¼ dûII

d~s
ð~s ¼ 0; ~xÞ; (61)

ûIIð~s ¼ sth; ~xÞ ¼ ûIIIð~s ¼ sth; ~xÞ; (62)

dûII

d~s
ð~s ¼ sth; ~xÞ ¼ dûIII

d~s
ð~s ¼ sth; ~xÞ; (63)

v̂IIð~s ¼ sth; ~xÞ ¼ v̂IIIð~s ¼ sth; ~xÞ; (64)

dv̂II
d~s

ð~s ¼ sth; ~xÞ ¼ dv̂III
d~s

ð~s ¼ sth; ~xÞ: (65)

The following step is to construct the system of algebraic equations
for the coefficients by substituting the general solutions for ûI , ûII , v̂II ,
v̂III , and ûIII encountered in Eqs. (32), (44), (45), (59), and (58) into the
boundary conditions in Eqs. (14), (15), (19), (20), and (60)–(65). The
coefficients B1, B2, C1, C2, C3, C4, E1, E2, E3, and E4 are given by the
solution of the 10� 10 system of algebraic equations just described,
which is a straightforward procedure that we omit in this work for the
sake of economy in space. A summary of the whole procedure to incor-
porate the different data in the analytical solution is shown in Fig. 2.

IV. VALIDATION

The analytical solution developed in Sec. III has been constructed
to be used in all range of physical parameters. The separation of
regions was done in order to apply different considerations in each
region and then put them together in order to obtain an expression
that works for all cases, approximately. In consequence, the next step
is the validation and appropriate choice of the parameter sth that leads
to a good agreement between the analytical approximation and an
accurate numerical solution of the model. It is important to notice that
the analytical method required a positive-defined parameter sth, which
delimits region II and region III within our theoretical treatment. By

construction, the approximations carried out to achieve an analytical
solution are only related to assumptions on the value of c for a system.
Therefore, it is expected that the free parameter sth is only a function
of c. This means that the choice of a specific value of the parameter sth
is done by looking for the best agreement between the analytical and
numerical results. In general, it is possible to carry out a fit for each
value of the parameter c, in order to find the best value of sth; in conse-
quence, the optimal sth will be slightly different for each value of c.
By trial and error, we have found that the optimal values follow
approximately a general trend, i.e., that such values are close to sth ¼ 1
for c � 4 (which implies removing region III in these conditions),
while sth ¼ 1=c for c > 4.

Analytical results are validated against a numerical solution com-
puted via Wolfram Mathematica utilities. For validation, we study the
dynamics in case where there is a mono-modal wave of the form
ywðtÞ
L ¼ Uweixt and no ocean current, i.e., Vcðs; tÞ ¼ 0. Then, we can

compute the dynamic response of the mooring line for a vast range of
frequencies, in order to demonstrate that our analytical expressions are
accurate for all ranges of values of the parameters of the model. This is
an important condition for the following sections, where real ocean
measurements of a wide range of frequencies are incorporated in the
computations. The results of such validation are shown in two figures,
Figs. 3 and 4.

In particular, it is important to show that our results are accurate
when compared to the numerical solution for different values of the
parameter c. This is the most important parameter to verify, since our
analytical treatment is based on assumptions made over c. By construc-
tion, our method should be very accurate when c is considerably smaller
than unit, and also when c is considerably larger than unit; however, we
expect less accuracy for moderate values of c, on the order of unit. This is
verified by the good agreement in the spatial profile of dynamic tension
computed by a numerical solution and by our analytical solution, both
for c < 1 [see Figs. 3(a) and 3(b)] as for c > 1 [see Figs. 3(e) and 3(f)].

In addition, Fig. 4 summarizes the good agreement between
numerical and analytical computations of dynamic tension at the
upper edge, for extensive simulations encompassing a wide range of
frequencies and physical parameters. The accuracy of dynamic tension
at the upper edge is important because it is the quantity that directly
impacts in the prediction of stability of the floating structure, and also
because most of the plots in figure. Figure 3 show that, despite moder-
ate, the most significant deviation from exact and analytical tension in
the spatial profile usually occurs close to the upper edge; thus, compu-
tation of the frequency spectrum at such position is adequate for the
assessment of the largest error expected from our analytical results.

In summary, the analytical method is useful for all the ranges of
the parameters employed in the model, which demonstrates the
robustness of the analytical approach proposed in this work. This is
particularly important to apply this solution in the study of ocean data,
where it is required that the results work fine for the many spatial and
time scales involved in the data. Such condition is related to the agree-
ment between the analytical and the numerical solution for small and
large values of the dimensionless frequency, x=xc.

V. ANALYSIS OF IN SITU OCEAN DYNAMICS
MEASUREMENTS: DISENTANGLING THE MULTI-SCALE
CONTRIBUTIONS

The model used in this work has been adapted to account for
waves and ocean current data measured and stored by the National
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Data Buoy System (Crout, 2022). Wave data used in this work corre-
spond to the station 44005, while the ocean current date corresponds
to the station 44032, located at Gulf of Maine, 78NM East of
Portsmouth, NH, USA. Records were processed, setting the begin of
simulation time as t ¼ 0 on January 1st, 2022 at 0:00 h, local time
(Data are processed with a technique that loses information of low fre-
quency tidal waves).

In order to process and analyze these data, it is remarkable that
dynamic tension, as defined in Eq. (3), can be decomposed in one
term related to waves and another related to the ocean current.
These terms are independent to one another, as exemplified below
for the specific case of dynamic tension T̂ D at the upper edge of
mooring line, attached to the floating structure, which has the follow-
ing form:

T̂ Dð~s ¼ 1; ~xÞ ¼ Rw ŷw þ
X2
i¼1

Rc;i

ð1
0
V̂ cð~s 0; ~xÞGið~s0; ~xÞd~s0: (66)

This result is of relevance for processing and analysis of measurements
of ocean waves and ocean currents separately, which is useful from a
practical point of view. However, this is not in contradiction with the
fact that ocean waves and currents are physically related, as has been
extensively evidenced by several models on such currents/waves inter-
action (Longuet-Higgins and Stewart, 1962; Ardhuin et al., 2008; and
Umesh and Behera, 2020). In fact, any specific form of the interaction
between ocean waves and currents can be tested by direct substitution
of such relationship in the solution presented in this work. In conse-
quence, the following study of ocean currents and waves will be carried
out separately, providing useful results that can be employed and

FIG. 2. Summary of the procedure to carry out the analytical solution by incorporation of all the physical parameters and measurements involved and the corresponding equa-
tions to carry out the treatment developed in this work.
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extrapolated to all kind of ocean measurements regardless of the
specific form of the currents/waves interaction.

The impact of ocean currents in the dynamic tension of mooring
lines not only depends on the magnitude of ocean flow velocity but also
depends strongly on the coupling between the spatial modulation of
ocean current and the elastic wave response contained in terms
Gið~s0; ~xÞ, which turns out to be sin

ffiffiffiffiffiffiffiffiffiffiffi
a6 b

p
~s0

� �
and cos

ffiffiffiffiffiffiffiffiffiffiffi
a6 b

p
~s0

� �
in

the region II, whereas it turns out to be I0
ffiffiffiffiffiffi
a~s 0

p
and K0

ffiffiffiffiffiffi
a~s 0

p
in the

region III. In simple terms, this means that a certain modulation of flow
velocity could enhance or suppress the impact of ocean currents beyond
the magnitude of the average flow velocity, since both determine the
magnitude of integrals in Eq. (66). This is depicted in Figs. 5(b) and
5(d), for four representative frequencies. A framework to account for
the change of spatial profile in ocean current could be useful to extend
the recent findings on complex ocean events observed recently by
experimental and theoretical studies (Shrira and Almelah, 2020).

For the study of wave dynamics, the analytical solution in this
work provides a tool to analyze specific components of wave dynamics,
both in time and in frequency domain. An inspection of Fig. 6(a) clearly
exhibits that the dynamics of waves involves many characteristic fre-
quencies, which are coupled harmonically with three different separa-
tions. The classification of the spectrum in regions is depicted in
Fig. 6(a). Despite the location of each set of peaks is clear in frequency
domain, their contribution to the net tension at each time is not evident.
Moreover, it is of interest to explore whether they have an impact on
the dynamics of the mooring line at all times or only at specific events.

In order to carry out such analysis, the linearity of the analytical
solution is fundamental because it allows one to compute the mooring
line tension for each of those regions independently, both in frequency
and in time domain; then, the net dynamic tension in time domain
will be the sum of all the contributions. The components of dynamic
tension are depicted in Figs. 6(a) and 6(b). It is noticed that none of

FIG. 3. Comparison of spatial profiles for the validation of analytical solution. Dynamic tension is computed for (a) c ¼ 0:5 and ~x ¼ 1; (b) c ¼ 80 and ~x ¼ 1; (c) c ¼ 0:5
and ~x ¼ 5; (d) c ¼ 80 and ~x ¼ 5; (e) c ¼ 0:5 and ~x ¼ 20; and (f) c ¼ 80 and ~x ¼ 20. The following physical parameters were used in all the calculations: ~k ¼ 10:0,
~m ¼ 0:8,~l ¼ 0:2, e ¼ 3:0, Kb ¼ 1:0� EA sin h0=L, Kdb ¼ 2:0� EA sin h0=ðxcLÞ, and mb ¼ 5:0� EA sin h0=ðx2

cLÞ.
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these components is negligible in net dynamic tension; moreover, each
component has different roles in the global response at specific times
and events. The low-frequency region of ocean waves spectrum (blue
zone) has a very homogeneous contribution to the dynamic tension in

time domain in the time frame plotted [see Fig. 6(b)]. The middle-
frequency region (green zone) is the main contribution for the
high-amplitude events in lapses 120–135 s and 165–178 s, while the
high-frequency region (black zone) is the main contribution to

FIG. 4. Validation of analytical solution under difficult conditions of simulation. Global comparison of tension at the attachment with the platform for many frequencies of excita-
tion, considering (a) c ¼ 0:01, (b) c ¼ 1, (c) c ¼ 10, and (d) c ¼ 100. The following physical parameters were used in all the calculations: ~k ¼ 10:0, ~m ¼ 0:8, ~l ¼ 0:2,
e ¼ 3:0, Kb ¼ 1:0� EA sin h0=L, Kdb ¼ 2:0� EA sin h0=ðxcLÞ, and mb ¼ 5:0� EA sin h0=ðx2

cLÞ.

FIG. 5. Influence of frequency and spatial dependence of ocean current flow velocity in the mooring line. Left-side plots correspond to the frequency spectrum of (a) current
velocity and (c) dynamic tension, each curve corresponds to a specific position within the mooring line. Right-side plots correspond to the spatial profiles of (b) current velocity
and (d) dynamic tension, each curve corresponds to a specific frequency. The following physical parameters were used: ~m ¼ 1:0, Vc0 ¼ 2:0 m=s, diam ¼ 0:109 m,
m ¼ 49:0 kg=m, h ¼ 100:0 m, L ¼ 150 m, l ¼ 15 m, EA ¼ 5:37� 108 N, qb ¼ 800 kg=m3, Rb ¼ 10 m, and mb ¼ 2:5� 105 kg.
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dynamic tension in time lapse 140–155 s. From the aforementioned
analysis, it is clear that the low-frequency peaks contribute significantly
to the net tension at all times; in contrast, certain anomalous events are
dominated by the middle-frequency peaks, while other anomalous
events are dominated by the high-frequency peaks. In this manner,
our analytical results could provide a framework to combine
frequency- and time-domain studies of anomalous ocean events
(Janssen and Janssen, 2019).

The analysis presented in this work can be applied directly to
most of the data acquired from basic buoys that measure ocean waves
dynamics, since the average change of sea level is the most fundamen-
tal feature recorded by such devices. In such a regard, this is a tool of
general applicability. Moreover, it can be extended to account for spe-
cialized buoys that also record vector information about the time-
dependent directionality of ocean waves. The results presented here
could be extended for that case, with two considerations. First, the
spatial dependence of sea level produces a secondary lateral oscillation
of the floating structure, that is modeled by a torque balance incorpo-
rated as a second equation in addition to the force balance in Eq. (16);
nonetheless, the torque balance is complementary with the force bal-
ance already presented, so the spatially averaged vertical motion of
the mooring line would be consistent with the results presented in
this work. Second, the lateral oscillation of the floating structure pro-
duces a complex three-dimensional mooring line motion that is not
considered in this work; however, the component in the direction of
the static deflection of mooring line plays the dominant role in the
global mooring line dynamics. In summary, the results presented in
this work are a departing point that provides the dominant and most
important features of mooring line dynamics so the incorporation of
directionality of ocean waves will expand and complement these
results.

VI. COMPUTATIONAL IMPLICATIONS IN PROCESSING
OF OCEAN CURRENTS DATA: ROLE OF DATA
INTERPOLATION

One of the major difficulties in the incorporation of real ocean
current measurements into simulation of mooring lines is related to

their low resolution. As an example, in the cases studied in this work,
the resolution is on the order of 10m. For this reason, an appropriate
strategy of data interpolation is fundamental in simulations. In all the
numerical methods of solution, the discretization of spatial coordinate
into domains or regions causes mathematical artifacts that interfere
with the complex spatial profile of ocean current velocity, and the role
of flow velocity interpolation on simulations is not evident.

In contrast with the aforementioned limitations, the analytical
solution in this work exhibits clearly and concisely the role of ocean
current interpolation in the utter dynamics of mooring lines. This is
summarized in Fig. 7.

From a mathematical point of view, it is clear by inspection of the
analytical solution that the incorporation of ocean current data
requires to compute integrals of a complex kernel multiplied by the
ocean current velocity profile. Therefore, the condition to guaranty
that no artifact is produced during such interpolation of ocean current
data only requires to guaranty that the integrals done in Eqs. (44), (45),
(58), and (59) are convergent, which is a condition easily achievable as
far as the interpolation function used is also convergent. However,
more importantly, the convergence of such integral is considerably less
challenging than the convergence of any numerical method of solution
of differential equations. This property demonstrates the robustness of
the analytical treatment carried out in this work.

From a computational point of view, Fig. 7 shows that a small
change in the interpolation technique used in current velocity profiles
has a considerable impact on the simulated dynamic tension profile. In
particular, four kinds of interpolation techniques are exemplified, two
classical methods that preserve the input points (namely, linear and
quadratic interpolation) and two methods widely used in data science
to reduce small range variation of data, in an attempt to focus on the
main qualitative trends of curves. Such techniques are the B-Spline
function and the B�ezier function. It is clear that the particular choice of
an interpolation technique leads to different values of dynamic tension
along the mooring line, despite the overall profile is preserved in all
cases.

Our results are free from artifacts caused by discretization; in con-
sequence, we expect that such a strong dependence on the choice of an

FIG. 6. Analysis of the contributions to the
dynamic tension, caused by each region
of the Fourier spectrum of wave dynam-
ics. (a) Definition of each region in fre-
quency domain, blue for low-frequency
region, green for middle-frequency region,
and black for high-frequency region. (b)
Contribution of each subset of peaks to
the tension in time domain (plotted in
blue, green, and black), along with the net
dynamic tension (red line). The physical
parameters are identical to the ones
employed in Fig. 5.
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interpolation technique will remain or even increase when more
sophisticated models are employed in the future. This constitutes a
current challenge to be faced by all the simulations that attempt to
incorporate real measurements of current ocean profiles in future sim-
ulations of mooring lines under realistic environmental conditions.
Another challenge faced by numerical methods refers to computations
involving large magnitudes of the physical parameters or for ocean
waves and currents of large amplitude. Typically, numerical methods
lead to instability when dealing with large amplitude excitations; this
concern is completely absent in our analytical results. The only con-
cern when dealing with ocean waves and currents of large amplitude is
to verify that the small amplitude vibration is still valid, which is a limi-
tation of the model employed in this work.

VII. CONCLUSION

The analytical results presented here provide a robust framework
for the computation of mooring system dynamics under realistic con-
ditions of arbitrary complexity. By the incorporation of ocean waves
and ocean currents data that spread a wide range of characteristic fre-
quencies and wavelengths, we have demonstrated that our analytical
results are capable to simulate all this range of variables and conditions
with very good accuracy and without concerns on the stability or com-
putational expense of simulations.

With such tools, we have described the qualitative role of ocean
currents and waves in the dynamic behavior of mooring systems. In
particular, the importance of the coupling between frequency and spa-
tial modulation of ocean currents is clearly exposed both in the analyti-
cal expressions and in the computations presented. In addition, we
have shown the advantages of this approach to analyze every feature
encountered in ocean waves and currents, by combining time- and
frequency-domain computations. This is particularly important for
identification and classification of oceanic events in terms of their
impact on the behavior of floating structures. Clearly, a comprehensive
effort to carry out such classification would require several transversal
studies of oceanic data, based upon the results of this work.

Our results rely on the assumptions of the model employed,
which considers an initial equilibrium configuration that can be arbi-
trarily deformed; then, the dynamics is studied under the assumption
that the amplitude of mooring line motion only deviates moderately
from equilibrium. In practical terms, our results will provide quantita-
tive and qualitative useful prediction of the dynamics of mooring sys-
tems even if the initial catenary configuration exhibits a large
deformation, as far as the vibration is of low to moderate magnitude;
however, the model will present a significant error for mooring line
vibration of large magnitude, and our analytical results inherit the
same limitations. Furthermore, other studies on the non-modal

FIG. 7. Influence of interpolation technique for processing of ocean current data. The spatial profile for four representative frequencies are presented, which correspond to a
period of 200 h (a) and (c), 12 h (b) and (d) that correspond to the maxima of ocean current spectrum, 4 h (e) and (g), and 2.2 h (f) and (h). For each frequency, the spatial pro-
file of both the flow velocity and dynamic tension is plotted. The physical parameters are identical to the ones employed in Fig. 5.
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dynamics of mooring lines affected by vortex-induced motion are rele-
vant and complementary to this analytical study.

Despite these limitations, qualitative trends such as the arising of
resonances and the magnitude of dynamic tension will remain in good
agreement with experiments at conditions of small amplitude oscilla-
tions. Moreover, our analytical expressions produce simulations where
realistic environmental conditions can be implemented and analyzed
with confidence, and they can be contrasted against more sophisticated
simulations for the detection of spurious numerical artifacts. Those
artifacts can be found in sophisticated numerical simulations under
challenging or extreme conditions, but they are intrinsically absent in
our analytical framework. Additionally, our insights could facilitate
subsequent analysis and reduce the computational expense of more
sophisticated simulations, by focusing on specific features unveiled
with our analytical tools. In all cases, our results have the perspective
to be used as a validation and departing point for more sophisticated
simulations.

The robustness of our analytical results is of special interest for
future applications toward the optimization of operation and design
parameters of offshore floating structures. Optimization of simulated
complex systems is a current task in all areas of science and engineer-
ing, given its computational cost; our results are useful in that regard
because they allow us to compute derivatives of any target property in
terms of all the physical parameters presented in the simulations, with
a minimal computational time and without further refining and verifi-
cation, as occurs when computing numerical derivatives by discretiza-
tion approaches. This reduces the computational time of each
optimization step and opens a wider gamma of faster and more robust
methods of solution that are not typically available when dealing with
complex systems (Dinh et al., 2016; Audet et al., 2017; and Larson
et al., 2019). Analytical results combined with optimization techniques
offer a panorama for better tools for improved design and performance
of floating structures.

An improved description and understanding of ocean phenom-
ena, in terms of their impact in marine structures, could be useful for
the assessment of extreme environmental conditions. Specially, the
results in this work exemplify the role of ocean current modulation
and the multi-scale nature of ocean waves, as observed in in situ mea-
surements. This is a present and future challenge for the assessment of
marine structures under the environmental conditions produced by
climate change.
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NOMENCLATURE

List of symbols and notation

A cross-sectional area of mooring line, in m2

Ab cross-sectional area of cylindrical floating structure, in m2

a parameter related to wave modulation, dimensionless
b parameter related to wave modulation, dimensionless
B1 integration constant for solution of region I, dimensionless
B2 integration constant for solution of region I, dimensionless
C1 integration constant for solution of region II, dimensionless
C2 integration constant for solution of region II, dimensionless
C3 integration constant for solution of region II, dimensionless
C4 integration constant for solution of region II,

dimensionless
E Young’s modulus, in Pa
E1 integration constant for solution of region III, dimensionless
E2 integration constant for solution of region III, dimensionless
E3 integration constant for solution of region III, dimensionless
E4 integration constant for solution of region III, dimensionless
g gravitational acceleration, in m � s�2

H horizontal component of static tension of mooring line, in N
I0 modified zeroth-order Bessel function of the first kind,

dimensionless
I1 modified first-order Bessel function of the first kind,

dimensionless
K0 modified zeroth-order Bessel function of the second kind,

dimensionless
K1 modified first-order Bessel function of the second kind,

dimensionless
Kb constant of buoyant force acting on floating structure, in

N �m�1

Kdb drag coefficient of floating structure, in N � s �m�1

~k dimensionless drag coefficient of mooring line
kd drag coefficient of mooring line, in N � s �m�2

L length of detached portion of mooring line, in m
l length of mooring line portion attached to seabed, in m

M characteristic matrix associated to solution in region I,
dimensionless

m mass-per-unit-length of mooring line, in kg �m�1

ma added mass-per-unit-length of mooring line, in kg �m�1

mb mass of cylindrical floating structure, in kg
~m dimensionless mass-per-unit-length of mooring line
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Q parameter related to wave/floating structure interaction,
dimensionless

Rw effective amplitude of dynamic tension at top of mooring
line caused by waves, dimensionless

Rc;i effective amplitude of dynamic tension at top of mooring
line caused by interaction of ocean current with i-th modula-
tion of mooring line, dimensionless

s spatial coordinate tangential to the mooring line at equilib-
rium, in m

~s dimensionless spatial coordinate tangential to the mooring
line at equilibrium

sth threshold value of axial coordinate for transition between
region II and region III, dimensionless

~s0 integration variable associated to dimensionless spatial coor-
dinate, dimensionless

t time, in s
~t dimensionless time
T static tension along the mooring line in equilibrium, in N
~T dimensionless static tension along the mooring line
Td dynamic tension along the mooring line, in N
~Td dimensionless dynamic tension along the mooring line

T̂ d Fourier transform in time of dimensionless dynamic tension,
dimensionless

u axial mooring line displacement, in m
~u dimensionless axial mooring line displacement
û Fourier transform in time of dimensionless axial mooring

line displacement, dimensionless
~uI axial mooring line displacement at region I, dimensionless
~uII axial mooring line displacement at region II, dimensionless
~uIII axial mooring line displacement at region III, dimensionless
Uw dimensionless amplitude of mono-modal wave,

dimensionless
v transversal mooring line displacement, in m
~v dimensionless transversal mooring line displacement
v̂ Fourier transform in time of dimensionless transversal moor-

ing line displacement, dimensionless
~vI transversal mooring line displacement at region I,

dimensionless
~vII transversal mooring line displacement at region II,

dimensionless
~vIII transversal mooring line displacement at region III,

dimensionless
Vc ocean current flow velocity, in m � s�1

~Vc dimensionless ocean current flow velocity, dimensionless
V̂ c Fourier transform in time of dimensionless ocean current

flow velocity, dimensionless
yb vertical displacement of floating structure, in m
yw vertical displacement of ocean waves, in m
ŷw Fourier transform in time of dimensionless vertical displace-

ment of ocean waves, dimensionless
a parameter related to wave modulation, dimensionless
c effective length of mooring line, dimensionless
e dimensionless static tension, dimensionless
h static contact angle along the mooring line in equilibrium, in

rad
htop static contact angle at the attachment point with the floating

structure, in rad

k eigenvalue, dimensionless
qw density of water, in kg �m�3

qw density of cylindrical floating structure, in kg �m�3

u dynamic angle, in rad
xc characteristic frequency, in rad � s�1

~x dimensionless frequency
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