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ABSTRACT

The second mode is of general interest in hypersonic boundary layer flows due to its underlying responsibilities for transition to turbulence.
However, a long-term debate exists on the detailed energy sources that sustain the modal exponential growth. Currently, three influential
energy-based approaches appear to show different significant energy sources due to dissimilar mathematical formulations, including the
momentum potential theory, the inviscid Lagrangian energy analysis, and the relative phase analysis. In this study, these three fundamental
approaches are employed and examined in conjunction with direct numerical simulations. The purpose is to seek a possible unified explana-
tion of the source terms that dominate the exponential evolution of the second mode. In the considered Mach 6 flow state, all three
approaches consistently point to the same local energy amplification route driven by two pronounced source terms: the dilatation term in the
near-wall region and the Reynolds thermal stress term or heat exchange term across the outer layer region, depending on the selection of the
specific energy norm. The mathematical forms of the corresponding sources are derived or discussed explicitly. Theoretical and simulation
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results provide a unified understanding of the local energy amplification mechanisms of the second mode.
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I. INTRODUCTION

One of the main challenges to the careful design of hypersonic
vehicles is the prediction of the laminar-turbulent boundary layer
transition, which results in a considerably high aerothermal load and
friction drag." Since the intensity of freestream turbulence in a flight
environment is relatively weak, transitions tend to arise from the expo-
nential amplification of unstable modes in hypersonic boundary layers.
The Mack second mode,” which behaves as acoustic rays trapped
between the wall and the relative sonic line,”” is the dominant linear
instability in hypersonic boundary layers when the Mach number
exceeds a threshold value. The modal synchronization mechanism, ini-
tially proposed by Fedorov et al,* © and verified by Ma and Zhong' ~
using DN, is generally recognized as the receptive origin of the second
mode. The fast and slow modes in the vicinity of the leading edge,
whose phase speeds asymptotically approach those of the freestream
fast and slow acoustic waves, respectively, synchronize and give rise to
a new branch of the discrete spectrum. The second mode is thus
excited through the intermodal interaction. In addition, the second
mode can also be generated through disturbances inside the entropy

layer for blunted models,'’'* which shows a different synchronization

mechanism. Although the receptivity of the second mode is well estab-
lished, the growth mechanism, or how to sustain the local exponential
growth from an energy-based perspective, still requires convincing
explanations.

The energy source and the associated growth mechanism of the
second mode have been discussed, starting from various types of stabil-
ity or energy equation systems. Based on an inviscid Lagrangian for-
mulation, Kuehl'* examined the acoustic impedance of the second
mode in the wall-normal direction. The impedance for the second
mode was found to peak close to the sonic line. As a result, an acoustic
impedance well that can sustain the second-mode wave resonation is
formed between the sonic line and the wall. The energy required to
keep the resonant standing waves in place was believed to be supplied
by thermoacoustic Reynolds stress and thermodynamic effort. The
importance of the thermodynamic effort was also reported in experi-
mental investigation'>'® on the second mode. Similar to the generation
of acoustic waves depending upon the phase of the resonance process
in Rijke tube,'” the second mode behaves as trapped waves between
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the relative sonic line and the wall. Therefore, the phase distribution of
the source terms may play a vital role in sustaining the growth of the
second mode. Tian and Wen'® performed a relative phase analysis
based on the rate of change of perturbations and the source terms to
reveal the growth mechanisms of the second-mode instability. They
concluded that the change of fluctuating internal energy is sustained
by the advection of perturbed thermal energy in the vicinity of the crit-
ical layer and by the dilatation fluctuation near the wall. Recently,
Chen et al."” extended the employment of relative phase theory to the
other boundary-layer instabilities and achieved a satisfactory consis-
tency with Kuehl’s theory.

In order to fully understand the energy production and transfer
of the second mode, the physical-based feature extraction method”’ is
useful to provide new insights.”'”” For a uniform base flow field,
Kovasznay” decomposed the fluctuation into three components, i.e.,
vortical, acoustic, and thermal (or entropic) ones. When it comes to a
non-uniform baseflow, the gradients of velocity and temperature con-
tribute to the coupling between all three of Kovasznay’s modes. This
feature renders it hard to extend the application of Kovasznay’s
decomposition to the problem in hypersonic boundary layers with
strong mean flow gradients. The momentum potential theory (MPT)
proposed by Doak’™*”” overcomes the restriction in Kovasznay’s
approach for a general time-stationary flow. The MPT has been
employed in explaining the generation process of sound waves for a
cold Mach 1.3 jet flow, where the shear layer growth and breakdown
process are adequately captured by its vortical component.”® Recently,
Unnikrishnan and Gaitonde”” utilized MPT to decompose the second
mode into its vortical, acoustic, and entropic components. The three
components were observed to interact with the base flow in a well-
described manner. The entropic component was recognized to be the
most likely part of the energy source term for acoustic perturbation
growth. The discovery made by Unnikrishnan and Gaitonde is instruc-
tive. Subsequently, Long et al.”**" derived a more explicit formulation
of Doak’s energy budget equation, which briefly contained the interac-
tion terms among the three MPT components. The effects of various
source terms on each energy flux were shown explicitly, and how vari-
ous MPT components transferred energy was displayed. The positive
acoustic source transferred from the vortical component was found to
be the most pronounced near the critical layer. The outward transport
of the acoustic component was also observed to be linked with the
“sound radiation” of the supersonic mode. Although MPT has shed
new insights into the boundary layer instability problem, confusion
still exists due to the complicated formulation of this approach. For
example, the pressure dilatation term, which was proved to be impor-
tant by RPA and Lagrangian approaches, as well as experimental
results, is not easily found in the governing equation of MPT. This
makes MPT disconnected from other well-established methods.
Improved explanations may be given by further analysis.

Remarkable progress has been made through the analysis of clas-
sical acoustic energy,' " the relative phase analysis in the perspective of
resonance, '’ and the feature extraction approach of momentum
potential theory.”” However, existing theories have not yet reached a
consensus owing to differences in the specific form of governing equa-
tions. Despite the fact that Chen et al.'” reported consistencies between
the relative phase analysis and the thermoacoustic interpretation, the
MPT was not included and thus disconnected from the existing frame-
work. Therefore, a more comprehensive and self-consistent
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explanation of the energy source responsible for the second-mode
growth is required and necessary. In the present study, the source term
effects, which are related to the local destabilization of the second
mode, are theoretically analyzed with direct numerical simulations.
Comparative studies on the source terms from three influential theo-
retical approaches are conducted, and the connection of these
approaches is discussed in detail. Eventually, a unified explanation of
significant energy sources for the local amplification of the second
mode is deduced. This paper incorporates the MPT tool into the
energy-based theoretical framework. Furthermore, the detailed deriva-
tion of the Lagrangian equations to include the heat exchange effect is
provided for the first time, which facilitates complete considerations
from energy perspectives.

The remainder of the paper is organized as follows: Section II
describes the three energy analysis methods and simulation strategies
of the DNS. Section I1I presents the base flow and the evolution of the
second-mode instability. The dominant energy source terms of the sec-
ond mode are derived or identified for three energy analysis methods.
Section IV describes a consistent energy-based framework of amplifi-
cation mechanisms for the second mode. Section V gives concluding
remarks.

Il. METHODOLOGY
A. Revisit of three energy analysis methods
1. Relative phase analysis

Relative phase analysis (RPA) employed here is originally utilized
to interpret how acoustic waves are generated in the Rijke tube
through a resonance process.]7 Similar to that, the second mode dem-
onstrates the reflective acoustic nature and behaves as compression
and expansion waves between the relative sonic line and the wall. To
identify the pronounced sources and explain the growth mechanisms
of the second mode, Tian and Wen'® employed RPA to study the local
phase discrepancy between the rate of change of fluctuations and
right-hand-side source terms. Since the two-dimensional second mode
is more energetic than the three-dimensional one, the former is consid-
ered in our study. In linear stability analysis, which neglects the effects
of non-parallel and nonlinear terms, the quantities are decomposed
into the time-averaged terms ¢ and disturbed quantities ¢’
Furthermore, the disturbance term can be written as the form of trav-
eling waves,

db=¢+¢, ¢ =™+, (1)

where ¢ is [u,v, T, p]T,qAb represents the corresponding complex
eigenfunctions, u, v, T, and p denote the streamwise velocity, wall-
normal velocity, temperature, and pressure, respectively, and the
superscript ‘T” denotes the transpose. In addition, ¢ is the time, o is the
streamwise wavenumber, o is the angular frequency, x and y are
Cartesian coordinates in streamwise and wall-normal directions,
respectively, and c.c. denotes complex conjugate. Note that in the spa-
tial analysis, o is a complex number whose imaginary part corresponds
to the spatial growth rate, while w is a real number. The solution of the
disturbance can be either extracted from downstream DNS data or
provided by the linear stability theory (LST), where an eigenvalue
problem is solved by our well-validated in-house LST code.” " In this
paper, the DNS data are mainly used for RPA, which serves to confirm
the LST results by Tian and Wen."®
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Generally, for the second mode under adiabatic wall condition,
the magnitude of the eigenfunction of temperature fluctuation is
observed to be significantly larger than that of velocity fluctuation, as
reported by Erlebacher and Hussaini.” Therefore, in the relative phase
analysis, the change of internal energy perturbation is of interest. The
reduced dimensionless linearized internal energy equation obtained by
Tian and Wen'® is employed. For reading convenience, it is rewritten
in the dimensional form as

—_——— S - —
G Gy Gy
_dTv dv k(y —1)d*T
——d—:—(/—l)(lau+d—y)+ 3 F y (2)
P, P, Py

where G; and G, represent the advection and the time rate change of
internal energy perturbation, respectively, and three source terms are
denoted as Py, P,, and Ps, corresponding to wall-normal transport of
internal energy (related to Reynolds thermal stress), dilatation fluctua-
tion, and thermal conduction, respectively. In addition, x denotes the
coefficient of heat conduction, and & represents the residual term
which is negligible. In RPA, the source terms which demonstrate an
approaching phase with the left-hand-side term of the governing equa-
tion positively contribute to the growth of perturbation energy.

2. Momentum potential theory

In the framework of MPT, the flow field is assumed to be time-
stationary.”*”” Under this condition, any physic quantity can be
expressed as the sum of the time-averaged quantity and the fluctuating
quantity. The fluctuating momentum density, m’ = (pu)’, is split into
its vortical, acoustic, and thermal components, where u is a velocity
vector. Consequently, the momentum density fluctuation m’ can be
written as the sum of the vortical component m, the acoustic compo-
nent m',, and the thermal component m’;

m' = mly + m, + m. (3)

Vortical component mj is solenoidal, isobaric, and isentropic.
Acoustic component m7/, represents the irrotational and isentropic part
of m’, which is related to the pressure fluctuation p’. Thermal compo-
nent m’. represents the irrotational and isobaric part of m’, which is
related to the entropy fluctuation s’ in the flow field. The explicit
expressions of the three components can be found in Ref. 28. Consider
the conservation equation of the momentum fluctuation,
!

00% +VH = o/, (4)
where H’' denotes the total fluctuating enthalpy (TFE) per unit mass
and o is the “acceleration” vector,

!

5 !
1_ =
H = (u?—i-cpT), o = (—qu+TVs+;V~S)7 ®)
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p/ as/
ROt
where s denotes the entropy and R represents the gas constant. The
above equation can also be written as

(6)

d(pu)H' n d(pv)'H'
Ox oy
p'os
— (il + il i) + B @)

The left-hand side of Eq. (7) represents the transport of TFE by
momentum density fluctuations. The first three terms of the right-
hand side term represent the source terms due to interactions between
o/ and different MPT components. The last term on the right-hand
side represents the source term due to the thermal diffusion process.
To connect the MPT with the growth rate of the second mode, Eq. (7)
is integrated in the y direction. According to Ref. 29, we have

d(pu)'H'/0x = —20;(pu)'H' and denote f;m (pu)'H'dy as Q..
Since the integral of d(pv)'H' /8y in the y direction is zero, eventually
we may obtain the growth rate of the second mode contributed by dif-
ferent source terms,

—0; = 0g+ 04+ o7 + 0. (8)
Here,
+o0 +o0
J —mlyo dy J —m o dy
0 0
op="—"—""—"7"", Op =,
? 2Q, ! 2Q, ©)
+00 +oop/—85/
J —m'po dy J ——dy
R Ot
o= " s b RO
2Q; 2Q;

3. Lagrangian equations

Since the second mode belongs to the family of inviscid Mack
modes, the inviscid Lagrangian framework is applicable. The inviscid
linearized N-S equation under the locally parallel-flow assumption can
be expressed by

' ,0p _(au/ 81/) -
§+V87y+ $+87 07 (10)
o o ,0u 19p’
oV o 10p'
_— Y — = 12
or T ox p oy’ (12)
83’4_7(9_5’ vE_o (13)
ot Ox dy

The relationship between the entropy fluctuation and the pres-
sure and density fluctuations is given by

where cp represents the specific heat at constant pressure, € is the vor- =g 1; - p: . (14)
ticity, and S is the viscous stress tensor. The mean transport equation P P
of the TFE due to m’ can be obtained as Substituting Eq. (14) into Eq. (13) yields
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%00 o O (P Vo Op

5o "o <ﬁ) P oy
L A (I;)-vava—p,
p p Oy

=2 ¢, —
p Ot e

where ¢, represents the specific heat at constant volume. With the par-

allel base flow assumption, Eq. (15) can be rewritten as

(15)

' _9p ,0p 1 (Gp’ _8p')
L7 IV () 1
o P Ty T @ o T ox (16)

Here, a denotes the local speed of sound. Combining Eqs. (10) and
(16) gives rise to

1 (op  _ 8p’) (8u’ o ) B
ﬁﬁz(at+u8x o tar) =0 (17)
Then, taking v//- Eq. (11) + v Eq. (12) gives

o _o\pWu+vv) ,,_ou ,0p 0

— g ) B== T e st STV SO
<8t+u6x> 3 —O—uvpay ”ax”ay (18)
Finally, combining Eqs. (17) and (18) and taking time average, we
obtain

_0 (_ud+vv  pp N\ o) opv) ,, _0u
u8x<p 2 +2pa2> Ox dy quay‘
—_———
PAE DAP RSS
(19)

The left-hand side of Eq. (19) represents the rate of change in particle
acoustic energy (PAE). The first two terms on the right-hand side rep-
resent the divergence of acoustic power (DAP), and the third term on
the right-hand side is the Reynolds shear stress (RSS). The above equa-
tion is equivalent to the formulation based on the acoustic energy
norm by Kuehl."* The difference is that RSS is now considered in the
present paper. Despite the fact that the second mode is of acoustic
nature, the effect of the heat exchange term™ should be important in
hypersonic boundary layers. However, this term is neglected in their
paper. Considering this heat exchange effect with a complete Chu’s
energy norm, we obtain

0| Wi+ p/p/ y— 1_<S/)2
Y|P 2 et P&
Chu's energy density
ap'v) oV ou poT
— ,M,M,u/wﬁlfﬁiv’g ] (20)
Ox dy dy T oy
—_— e —
DAP RSS HE

The third term on the right-hand side represents the effect of heat
exchange, noted as HE in the following analysis.

B. Direct numerical simulation

This paper investigates the hypersonic boundary layer over a flat
plate with a sharp leading edge and zero attack angle. Two-
dimensional patterns of the base flow and disturbance are concerned
since the most unstable second mode is two-dimensional. The basic

pubs.aip.org/aip/pof

state of the hypersonic boundary layer is calculated at Mach number 6
and Reynolds number 2 x 10°. The wall temperature condition is
nearly adiabatic with T,,/T = 7.04, which is the same as that by
Unnikrishnan and Gaitonde.”” In the dimensionless N-S equations,
the primitive quantities are normalized by the corresponding free-
stream quantities, except that the pressure is normalized by p. 2 . In
addition, the perfect gas model is adopted with the specific heat ratio
7 = 1.4 and Prandtl number Pr=0.72. The temperature dependence
of the dynamic viscosity is modeled by st/ = (T /T )"’

After the base flow is converged, a wall-blowing-suction actua-
tor’” is utilized to initiate the second mode. As indicated by Wang and
Zhong,™ the actuator upstream of the corresponding synchronization
point (x ~0.14m) would excite the unstable evolution of the second
mode. The fluctuation of the wall-normal mass flow rate g,, is given by

— X

Gw(x, 1) = 0P too sin <2n al

> sin (wt), x; <x <x,
X — X1

21

where x; = 0.007 16 and x, = 0.0099 m. The dimensionless angular
frequency wL/uy, is chosen to be 260 following Unnikrishnan and
Gaitonde. The corresponding dimensional physical frequency is
163.5kHz. The forcing amplitude ¢ = 0.0006 is adopted to guarantee
the linear evolution of the disturbances.

In terms of the simulation program, our earlier study’ has
completely validated the finite difference method of DNS code. Under
the same considered flow conditions, excellent convergence of mesh
resolution and time step selection was demonstrated. A fifth-order
upwind compact scheme is applied to discretize the inviscid flux deriv-
atives. The sixth-order central difference method is utilized to discre-
tize the viscous terms. A third-order Runge-Kutta scheme is employed
for the time marching.

Ill. RESULTS AND ANALYSIS
A. Results of base flow and unsteady field

As shown in Fig. 1(a), the base flow solution obtained by the
DNS code is in good agreement with that of Unnikrishnan and
Gaitonde.”” Figure 1(b) provides the wall-normal gradients of mean
streamwise velocity and temperature, which respectively contribute to
the formation of Reynolds shear stress and Reynolds thermal stress,
and it is indicated that compared to the gradient of velocity, the tem-
perature gradient is more prominent with a peak near the boundary
layer. The wall pressure fluctuation is also compared with the reference
data in Fig. 2. It is shown that the disturbance undergoes exponential
growth starting from about x = 0.1 m. The consistent result presented
compared with references verified the eligibility of the computational
grid adopted. Figure 3 displays the contours of p’, T’, and p’ of DNS.
Evident amplification is observed mainly in the near-wall region and
near the critical layer. Specifically, pressure fluctuation is mainly dis-
tributed near the wall, while density and temperature fluctuations tend
to be concentrated near the critical layer (y = y.). Here, y. represents
the location of the critical layer where the nondimensional phase speed
of the second mode equals the local base streamwise velocity.
Therefore, there probably exist crucial energy sources distributed in
these two regions, which are responsible for the growth of perturbation
energy of the second modes.
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FIG. 1. Mean flow solution of (a) streamwise velocity and (b) temperature at x = 0.18 m compared with Ref. 27.
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FIG. 2. Instantaneous pressure fluctuations along the wall compared with Ref. 27.

B. Results of relative phase analysis

Instantaneous DNS data are first transformed into the frequency
domain via Fourier transform. For the disturbed result with a period, a
temporal fast Fourier transform (FFT) analysis is performed to split
the disturbances into harmonic components,

¢ (x,y,t) = {b(x,y)e*i“” + c.c. (22)

Here, ten periods of the harmonic signal are used for FFT. Thus, the
second-mode (fixed) frequency is 10 times the resolved lowest fre-
quency. Meanwhile, the second-mode (single) frequency is 1/8 the
Nyquist frequency, which enables the extraction of the desired second-
mode component. This setup is sufficient for this simple single-
frequency-disturbance case. Subsequently, the amplitude and phase
profiles of the terms in Eq. (2) are obtained for the actuator frequency
and are depicted in Figs. 4 and 5. Figure 4 indicates that the phase dis-
crepancy between the time rate of change (G;) and the advection (G,)
of the internal energy fluctuation nearly remains to be 7, and their
amplitudes peak near the critical layer. The antiphase relationship
between G; and G, cancels each other, which results in a small-
amplitude total energy growth. In terms of the relative phase, Fig. 5
demonstrates that the Reynolds-thermal-stress-related term P; and the

dilatational term P, are in phase with the left-hand-side G in the near
wall region (between the wall and y = 0.3y,) and in the outer layer
(between y = 0.3y, and y = y.), respectively. Consequently, the main
energy sources that sustain the second-mode growth are the dilatation
effect (P,) in the near wall region and the Reynolds thermal stress
effect (P;) in the outer layer. The distribution of amplitude and phase
is consistent with that of Tian and Wen'” obtained by LST. Therefore,
the nonparallel effect is negligible in the phase analysis with regard to
the second mode.

C. Results of momentum potential theory

Based on the DNS data, the MPT is employed to analyze the
distribution of energy sources and the contribution to the growth
rate via the decomposition in Eq. (8). The computational domain
has a size of 0.2 x 0.05 m”. Near the upper boundary, the magni-
tude of the three components of MPT is found to decay to less than
107° times the maxima in the local streamwise profile. The sponge
layer is also used next to the outflow boundary to minimize the
reflection of disturbances.”” Precursor numerical simulation with
extended computation domain shows no visible difference in terms
of the MPT decomposition results. Figure 6 provides the amplitude
distribution of the acoustic component and its flux lines, which
suggests a waveguide behavior with regard to energy transport. The
waveguide behavior is most clearly manifested in the acoustic com-
ponent, displaying alternating monopoles along an essentially hori-
zontal line at approximately the height of the critical layer. As a
result, acoustic fluctuations are basically “locked” between the wall
and the critical layer. These findings are consistent with the overall
feature of the Mack mode.””

Based on Eq. (8) in Sec. II, the growth rate of the second mode
arises from different source terms, as shown in Fig. 7. It is found that
the peak position of the diffusion-related growth rate o, coincides with
the synchronization point, in the vicinity of which the second mode is
generated. Thus, the diffusion term is quite significant to the second-
mode energy growth. However, the diffusion term has never been
explicitly linked with the terms in either the conventional energy bud-
get or the linear stability equation, which possess more clear physical
meanings. In other words, the role of the diffusion term is not clarified
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FIG. 3. Contours of pressure (top), temperature (middle), and density (bottom) fluctuations. Dashed line marks the location of the critical layer (y = y,).
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FIG. 7. Growth rate of the second mode contributed by different MPT source terms.
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from the usual viewpoint. In this paper, the relation between the diffu-
sion term and the second mode growth mechanism is elucidated. As
shown in Appendix, the expression of the thermal diffusion term can
be decomposed into
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+L%w.u’+L%w.a. (23)
y—1p y—1p

Ts Ty

In Eq. (23), the term %1 P’V -, noted as T}, refers to the dilatation
effect, while /_il?p/ip/ is noted as T, represents the work done on
the mean divergence by the thermodynamic fluctuations. With the
parallel base flow assumption, T3 can be rewritten as

i F7dN . 9 p(dT
L};Vﬁ-u’ :LQ (—p)v’ =__7 I; — v, (24)
y)—1p y—1p \dy 7= 1T \ dy

which contributes to the energy transported by the wall-normal
velocity fluctuation. This term is referred to as the Reynolds ther-
mal stress term in MPT, and the effect of Reynolds thermal stress

is represented by P; in RPA. For the fourth term, Ty can be split
into

Fo o g a9y y aldl
Lgvp/.ﬁ :Li I ip’ . (25)
y—1p y—1p° Ox y—1T" Ox

Ty Tu Ty

The profiles of the terms in Eq. (25) are depicted in Fig. 8(a), where
x=0.16 m falls in the unstable second-mode region. It is indicated
that Ty equals Ty, approximately. Note that the advection of perturba-
tion of internal energy (G;) in RPA is contained in Ty,. Specially, G,
corresponds to (%/T)OT’ /Ox in real number space, whereas the pro-
duction of Ty, results from time average of (#/T)OT'/Ox and pres-
sure fluctuation. However, the advection of perturbation of internal
energy should be on the left-hand side of the energy equation and
treated as a generated term. Its value is mainly distributed near the crit-
ical layer, perfectly canceled by the time rate of change of the internal
energy term (G), as shown in Fig. 3. Therefore, to compare the result
of MPT with that of RPA, this T, term is not treated as the source
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FIG. 8. Distribution of (a) Ty, T4, and T4 and (b) Ty, T, and T3 decomposed from the thermal diffusion term of MPT at x=0.16 m. Dashed line marks y =y, and dash-
dotted line marks y = 0.3y.
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term. Further analysis will be performed on the other source terms,
ie., Tl, Tz, and T3.

To explore which term plays a dominant role in contributing to
the growth of the second mode, the distribution of different source
terms obtained from the diffusion term of MPT is of importance, as
depicted in Fig. 8(b). The pronounced dilatation effect near the wall is
successfully reproduced by the subterm T of the thermal diffusion in
MPT, which also shares some similarities in the significance of near-
wall dilatation in the wind tunnel experiment.” The energy trans-
ported by the wall-normal velocity fluctuation is evident in the outer
region between y = 0.3y, and y = y,, which resembles the distribution
in Fig. 5(a). The peak near the critical layer is not evident in Fig. 8(b).
To conclude, the significance of the dilatation effect is ultimately
detected in the MPT framework, while that of the thermal stress effect
is partly found. The remaining thermal stress effect may be originated
from the terms op, g4, and o7 in Eq. (8), which are not easily shown
in an explicit way. However, these observations do not contradict the
existing knowledge because the acoustic energy amplification of the
second mode due to the near-wall mechanism has been ultimately
manifested in the thermal diffusion term.

D. Results of Lagrangian analysis

Based on the data of DNS, the time-averaged quantities of source
terms in Eq. (20) are depicted in Fig. 9(a). It is indicated that in the
near wall region, the dominant source term that destabilizes the second
mode is observed to be the DAP. The RSS term keeps nearly a constant
positive value inside the boundary layer, indicating a moderate destabi-
lization effect on the second mode. However, the positive contribution
of the RSS term is nearly canceled by DAP in the outer region. Near
the critical layer, the heat exchange (HE) term shows a pronounced
peak, indicating a substantial positive contribution to the growth of
Chu’s energy. The moderate distribution of RSS and distinguished role
of HE may result from the diverse profile of wall-normal gradients of
streamwise velocity and temperature, as shown in Fig. 1(b). The wall-
normal gradient of mean temperature, which is crucial for the
Reynolds thermal stress in RPA and the thermal diffusion term in
MPT, is closely related to the heat exchange term in the Lagrangian
equation.
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To further identify the dominant source term in the near wall
region, the divergence acoustic energy term is further decomposed
into two terms,

V-(pu) =pV o +Vp o . (26)
—_—— —  ~——
DAP D ND

Here, p'V - o’ is the pressure dilatation term (D), which also repre-
sents the transport of the velocity fluctuation by the pressure fluctua-
tion. This term vanishes in the incompressible limit with V- #' =0
and becomes important due to compressibility. By contrast, Vp' - ¢ is
a non-dilatation term (ND), which exists in the incompressible flow.
Figure 9(b) depicts the distribution of different source terms decom-
posed from DAP at a location after the synchronization point. The
result shows that the value of the non-dilatation term equals zero on
the wall and is always less than the dilatation term. Therefore, the pres-
sure dilatation effect is dominant near the wall, while the non-
dilatation one is lesser. This dilatation term eventually results in the
amplification of acoustic energy of the second mode, which is consis-
tent with the above RPA and MPT analyses.

IV. CONSISTENT ENERGY-BASED FRAMEWORK
OF AMPLIFICATION MECHANISMS FOR THE SECOND
MODE

A unified indicator I is defined to evaluate the contribution of the
significant source terms quantitatively for the three energy source anal-
ysis methods mentioned above. In RPA, the indicator is defined as

I =exp [—20|(©r — ©1)/0O]], (27)

where © is the phase, and the subscripts L and R denote the left-hand-
side and right-hand-side terms. When the two phases are close, the
indicator value approaches unity. Otherwise, the value approaches
zero. The distributions of the indicator I for significant source terms in
RPA, i.e., the Reynolds thermal stress (P;) and dilatation term (P,) are
shown in Fig. 10(a). The dominance of dilatation in the near wall
region and Reynolds thermal stress near the critical layer is prominent
as the I indicators approach 1.0 in the corresponding region, respec-
tively. In the MPT and Lagrangian approaches, the indicator I is
defined as the ratio of each source term to the sum of source terms. As
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FIG. 9. Distribution of (a) DAP and RRS in Eq. (20) and (b) D and ND in Eq. (26) at x=0.16 m. Dashed line marks y = y, and dash-dotted line marks y = 0.3y..
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shown in Fig. 10(b), I indicators of the dilatation term and the RTS
term in MPT approach 1.0 in the near wall region and outer layer,
respectively. Also, Fig. 10(c) indicates the I indicators of DAP (dilata-
tion-related term) and HE term in Lagrangian equation approach 1.0
in the near wall region and near the critical layer, respectively. Due to
the sum of T}, T, and T; approaches 0 around the critical layer, the I
indicators are not valid in this region and, therefore, not shown.
Through the above analyses, a unified explanation of the energy
source for the amplified second mode over hypersonic boundary layers
is proposed. Figure 11 explicitly shows the dominant energy source
terms that drive the amplification of the second mode based on the
three fundamental approaches, including RPA based on the internal
energy fluctuation, MPT based on the transport of TFE, and
Lagrangian equation based on Chu’s energy density. Basically, RPA
examines the phase coherence between the rate-of-change term and
the source term, while MPT and Lagrangian equation starts from the
analysis of time-averaged source terms. Through a detailed decompo-
sition and comparison of the source terms, it is found that all three
approaches point to the source terms with essentially the same physical
meanings. In the near-wall region below the relative sonic line, the
responsible energy source is the dilatation effect, manifested as
—(y — 1)(iz@i 4 dv/dy) in RPA and —p'(9u' /Ox + 0v' /Dy) in MPT
and Lagrangian equations. The critical role of the dilatation term in
the energy transport near the wall was also reported in the flow-ther-
modynamics interactions analysis by Sharama and Girimaji using

S

Helmholtz decomposition.” In the outer layer, both PRA and MPT
report significance of the Reynolds thermal stress, which manifests as
—(dT /dy)¥/T in RPA and (dT /dy)p'v'/T in MPT. The dominant
source term near the critical layer in the Lagrangian equation is found
to be the heat exchange term, which is not considered in Kuehl’s
thermoacoustic interpretation. The expression of the HE term
—(dT /dy)v's'p/T also indicates the importance of the mean tempera-
ture gradient.

Furthermore, the Reynolds shear stress term, which appears as
—u/v'p(0u/0y) in Lagrangian equations, appears to be nearly con-
stant and moderate in the outer layer. According to the relative phase
analysis of Tian and Wen'® based on linear stability theory, the RSS
term is essential in the streamwise transport of kinetic energy fluctua-
tion of the second mode. Regarding MPT, the RSS term is probably
implicitly included in the source term due to the interaction between
momentum density fluctuation (m’) and fluctuation acceleration term
(o) instead of the analyzed thermal diffusion term, since the diffusion
term does not contain the mean shear 9 /0y.

V. CONCLUSIONS

By performing theoretical analysis and numerical simula-
tion, the growth mechanism of the second mode across a hyper-
sonic flat-plate boundary layer is examined. The energy source
terms that drive the amplification of the second mode are inves-
tigated using three influential fundamental approaches,
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including the relative phase analysis based on internal energy
analysis, the momentum potential theory based on the transport
of total fluctuating enthalpy, and the Lagrangian equations
based on Chu’s energy density. Comparative studies on the
source terms from three influential theoretical approaches are
conducted, and the connection of these approaches is discussed
and clarified in detail. The detailed derivation of the Lagrangian
equations to include the heat exchange effect is provided for the
first time, which facilitates more complete considerations from
energy perspectives. Meanwhile, a unified indicator is defined to
evaluate the contribution of the significant source terms
quantitatively.

The main finding of this paper is that the three popular funda-
mental approaches reach an agreement on the energy amplification
mechanism of the Mack second mode. The explicit expression of each
energy source is derived, and despite the mathematical form differ-
ences, the physical meanings behind them are consistent. Generally,
the dilatation effect due to compressibility is responsible for the acous-
tic energy production near the wall, while the base temperature gradi-
ent is of significance in the wall-normal transport of internal energy in
an outer region of the boundary layer. Moreover, this study focused on
the second-mode instability under the adiabatic wall condition.
Whether momentum potential theory can be extended to other forms
of instabilities in the identification of significant source terms merits
further investigation.
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APPENDIX: DERIVATION OF EQ. (23)

The decomposition of the instantaneous quantity gives

p=p+p, u=u+u. (A1)

ARTICLE pubs.aip.org/aip/pof

By substituting the above equation into the continuity equation,
subtracting the base flow equation and dropping the nonlinear
terms, it yields

6/
a_pt+ﬁv.u’+Vﬁ~u’+p’V~ﬁ+Vp"ﬁ=0- (A2)
Therefore,
pPos palp r POy
—— = yv— —Cp— | = — = 9 A3
Rot  Rot\“p 7 7= 1p ot )

Substituting Eq. (A2) into Eq. (A3) yields

%8_St :y%%(ﬁv-u’+Vﬁ-u'+p’v-ﬁ+Vp' @), (Ad)
i.e, Eq. (23).
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