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ABSTRACT

This manuscript reports on the interaction of a current-free monochromatic surface wave field with a wave-free uniform current field. The
existing reasonable theories of wave–current interactions are primarily based on weak current assumptions and derived from linear theory,
resulting in calculation bias in the analysis of nonlinear wave–current interactions. Moreover, experimental data on high-order wave–current
interactions still need to be collected. Thus, steady-state solutions named the third-order wave–current theory based on the third-order wave
dispersion relationship and the principle of wave–current energy conservation were derived. The wave–current interaction experiment was
set up to cover 164 sets of experimental conditions, including 33 types of periodic waves from the second to the fifth order and six different
current velocities. The effects of water depth, current velocity, wave period, and height on the wave height and wavelength in the wave–
current interaction field were investigated. A comparison of the mean relative error (MRE) and the determination coefficient (R2) of the
wavelength with the experimental data revealed that the third-order wave–current theory outperformed the traditional linear theory, with an
optimal reduction of 75% and an enhancement of 25%, respectively. Additionally, the third-order wave–current theory reduces the MRE by
25%–40% in the wave height calculation, with R2 consistently outperforming the linear theory. The third-order wave–current theory can sig-
nificantly improve the calculation accuracy of the theoretical method in solving nonlinear wave–current interactions.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0219237

NOMENCLATURE

a Wave amplitude after the interaction
a0 Short-wave amplitude
a1 Wave amplitude after the interaction
a2 Wave amplitude of long waves
as Wave amplitude of the current-free wave field
Cg Wave energy transfer velocity after the interaction
Cgs Wave energy transfer velocity of the current-free wave

field
d Water depth from the still water surface to the bottom
E Total energy under the free surface after the interaction
Es Total energy under the free surface of the current-free

wave field
g Gravitational acceleration

H Wave height after the interaction

H1 Wave height calculated by linear theory under the selected
conditions

HExp Actual wave height data obtained from the wave gauge in
the experiment

Hs Wave height of the current-free wave field
HT Wave height calculated by third-order wave–current

theory
k2 Wavenumber of long waves
L Wavelength after the interaction
L0 Short wavelength
L1 Wavelength calculated by linear theory for the selected

conditions
LExp Actual wavelength data collected from experiments
Ls Wavelength of current-free wave field
LT Wavelength calculated by third-order wave–current

theory
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MWL Mean water level
SWL Still water level

U Current speed
ux Horizontal velocities of wave particles
uz Vertical velocity of wave particles
x Horizontal directions
z Vertical directions
e Dimensionless constant independent of the wave charac-

teristic values
g Wave surface equation at the free water surface

g(x, t) Wave surface equation for linear theory
g0(x, t) Wave surface equation for third-order waves

q Water density
/ Velocity potential function
xr Relative angular frequency
xs Angular frequency of the combined wave–current field

I. INTRODUCTION

In most of the ocean waters, waves and currents are always expe-
rienced at the same time. The waves are usually generated by wind,
while the currents can be generated by, for example, waves, density
variations, tides, etc. The interaction between waves and currents is
vital to structural and operational safety of coastal and offshore infra-
structures, including sea-crossing bridges, offshore platforms, and off-
shore wind turbine.1 Cattrell et al.2 conducted a study spanning from
2007 to 2015 on 102 collapsed bridges in United States and Australia,
and revealed that 43.1% of bridge collapses were attributed to hydro-
logical disasters. Among these factors, the action of waves and currents
has been identified as two critical factors causing bridge damages and
failures.3 Waves are influenced by currents, leading to variations in
wave height, wavelength, and other characteristics,4 which requires an
enhanced understanding of offshore structures and coastal hazard
mitigation.5

Many experimental studies have been carried out to study the
interaction between waves and current. The interaction experiments
between linear regular waves and current showed that a following cur-
rent results in decreased wave height and increased wavelength, while
the opposing current results in the adverse phenomenon.6 Lodahl
et al.7 indicated that the ratio of the current speed over the wave celer-
ity plays a crucial role in the interaction between waves and currents.
Such phenomenon is related to the Doppler shift theory, and theoreti-
cal investigations have been made by many researchers using the dis-
persion relation under the steady-state assumption.8–10 Unna11

investigated the effect of currents on wave propagation and propose a
steady-state solution of waves based on the variation in wave steepness
under the influence of tidal currents. Longuet-Higgins and Stewart12

developed a new steady-state solution on the basis of Unna’s theory
considering the effect of radiation stress on the wave–current interac-
tions. Zaman and Baddour13 investigated the amplitude changes of
waves propagating in currents and proposed a wave–current coupling
steady-state solution based on mass, momentum, and energy conser-
vation equations. Li14 derived the steady-state solution to calculate
changes in wave parameters within a specific range and evaluate errors.
Zou15 provided the steady-state solution to obtain the velocity and
pressure distributions under wave–current interaction conditions. The
commonly used steady-state solutions are summarized in Table I.

Despite the success of those theories for simulating the interac-
tions between wave and current, Chen et al.16 conducted experiments
on the particle trajectories of third-order waves in the presence of the
following and opposing currents and stated that the steady-state
assumption is not always acceptable for the nonlinear wave and cur-
rent interaction. Many scholars have conducted some research on the
nonlinear wave motions in the presence of steady uniform cur-
rents,17,18 and Baddour and Song19 developed the first- and second-
order water waves on shear currents together with their corresponding
dispersion relations and flow characteristics. Craik and Leibovich20

derived the governing equations for weak currents in the presence of

TABLE I. Summary of the steady-state solutions obtained via wave–current interaction analysis.

Research subject Steady-state solution Reference

L, a
L0

L
¼ 1� a2k2 coth k2d;

a0

a1
¼ 1þ a2k2 coth k2d Unna11

a
a0

a1
¼ 1þ a2k2

3
4
coth k2d þ 1

4
tanh k2d

� �
Longuet-Higgins et al.12

L, H

L
Ls

¼ 1þ U
Cs

. L
Ls

� ��2 tanh kd
tanh ksd

H
Hs

¼ 1� U
Cs

. L
Ls

� �1
2 Ls

L

� �1
2 Cgs

Cg

� �1
2

1þ U
Cs

2� Cg

Cg

. L
Ls

� ��1
2

Li14

L, H

L
Ls

¼ tanh kd
4tanh ksd

1þ 1þ 4
U
Cs

tanh ksd
tanh kd

� �1=2
 !2

H
Hs

¼ k cgs=cr0 þ Us=crs
� �
k0 cg=cr þ U=cr
� �

" #1=2 Zou15

L L
Ls

2

¼ U
Cs

þ L
Ls

tanh kd
Ls
L

� �
coth ksdsð Þ

� �1=2

Zaman13
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high-order surface waves under the assumptions of discrete irrota-
tional gravity waves and homogeneous and of infinite water depth.
Zaman et al.21 developed a second-order numerical model based on
depth averaged equations and a relevant physical model for the defor-
mation of the water wave propagating over a submerged parabolic
obstacle in the presence of uniform current. Hsu et al.22 presented a
new third-order trajectory solution in Lagrangian form for the water
particles in a wave–current interaction flow based on a Euler–
Lagrange transformation. Constantin et al.23 provided second- and
third-order approximations to periodic traveling wave profiles and to
the velocity field and the pressure beneath the waves, in flows with
constant vorticity over a flat bed. Liao et al.24 derived a new theoretical
formula to predict the maximum amplitude of waves under following
and opposing currents considering the second-order wave group
velocity. With the development of computation technology, many
numerical models were developed to elucidate the effects of nonlinear
wave–current interactions. Wang et al.25 proposed new equations that
describe the three-dimensional, fully nonlinear interaction between
waves and horizontal shear ocean currents. Zhao et al.26 developed an
effective wave–current generation and absorption numerical wave
tank, which can simulation linear, nonlinear, and transitional wave–
current interactions. All above works show that the high-order har-
monic wave components are more sensitive to the current speed than
the first-order component.

Although considerable research progress has been made regard-
ing nonlinear wave–current interaction, few closed-form solutions
have been developed to express the high-order waves in the presence
of following and opposing current. This paper derives the solution of
third-order wave–current interaction on the basis of the third-order
wave dispersion relationship and the principle of wave–current energy
conservation. 164 experimental cases were then conducted to supple-
ment the research database of nonlinear waves in the presence of the
following current. The effects of water depth and current velocity on
crucial factors such as wave height, wave celerity, and wavelength in
the wave–current interaction field were measured and compared to
verify the developed solution.

II. MATHEMATICAL FORMULATION

In linear theory, the free liquid surface of third-order waves is
described by a sharper crest and flatter trough than small amplitude
waves. This study does not explicitly consider the influence of this liq-
uid surface elevation, and the still water height is chosen to correspond

to d rather than h, as shown in Fig. 1. The mean water level is set at the
origin of the coordinates, and the mean is equal to zero.

A. Governing equations

The wave–current field formula is derived based on the assump-
tion of irrotational and inviscid currents. When the waves encounter
uniform and steady water currents, they interact, giving rise to what is
known as the wave–current field. The wave–current interaction is
assumed to be a stable, uniform, and irrotational combined wave–cur-
rent field.27 The potential function satisfies the Laplace equation within
the domain, as shown in Eq. (1):

@2/
@x2

þ @2/
@z2

¼ 0; in �1 < x < 1;�d < z < gðx; tÞ: (1)

For solid boundaries, the impermeability and slip conditions
must be satisfied, i.e., at z¼�d, the seabed conditions are satisfied, as
shown in the following equation:

@/
@z

¼ 0; on z ¼ �d: (2)

The integrated kinematic and dynamic free surface boundary
conditions on a free surface, z¼ g, can be expressed as shown in the
following equation:

@2/
@t2

þ g
@/
@z

þ @

@t
þ1
2

@/
@x

@

@x
þ@/

@z
@

@z

� �� �
@/
@x

� �2

þ @/
@z

� �2
" #

¼ 0;

at z¼ g: (3)

By substituting the free surface boundary conditions and the bot-
tom boundary conditions into the water wave governing equations
and solving the equations by the perturbation expansion method up to
the third order,28 the free surface wave equation and the velocity
potential can be obtained as shown in the following equation:

/ ¼
X1
n¼1

�n�1/n ¼ /1 þ �/2 þ �2/3…;

g ¼
X1
n¼1

�n�1gn ¼ g1 þ �g2 þ �2g3…;

(4)

where e is dimensionless constant independent of the wave steepness.

FIG. 1. Sketch of different free surfaces.
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B. Third-order wave–current interaction theory

The spatial derivative of the velocity potential / can be used to
obtain the horizontal (ux) and vertical (uz) velocities of wave particles,
as shown in the following equation:

ux ¼ @/
@x

;

uz ¼ @/
@z

:

(5)

The measurement of potential energy must be relative to a hori-
zontal plane. The phase-averaged potential energy Ep and kinetic
energy Ek over a wavelength are given as follows, and the total energy
Es under the free surface of the current-free wave field is developed as
follows in the following equation:

Ep ¼
ðxþL

x

ðg
0
qgzdzdx;

Ek ¼
ðxþL

x

ðg
�d

1
2
q u2x þ u2z
� �

dzdx;

Es ¼ Ep þ Ek:

(6)

The relative angular frequencyxr and wavenumber k for progres-
sive waves are determined by the Doppler equation, as shown in the
following equation:

xr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gk tanh kd

p
;

xs ¼ xr þ kU:
(7)

When using linear theory, the wave energy transfer velocity Cgs

of the current-free wave field can be calculated by the following
equation:

Cgs ¼ Cs

2
1þ 2 sinh kd

sinh 2kd

� �
;

Cg ¼ C
2

1þ 2 sinh kd
sinh 2kd

� �
;

(8)

where Cg and C are wave energy transfer velocity and wave celerity
after the wave–current interaction, respectively, and Cs is wave celerity
of the current-free wave field.

According to Longuet-Higgins and Stewart,12 the conservation
equation of the wave action can be written as follows:

@

@x
E cg þ Uð Þ½ � þ Sxx

@U
@x

¼ 0; (9)

where E is the total energy under the free surface after the wave–cur-
rent interaction and Sxx is radiation stress.

Christoffersen29 noted that the current gradient term @U/@x is
ignored when considering wave propagation in steady and uniform
currents. Thus, the wave–current energy conservation equation can be
simplified as shown in the following equation:

d
dx

E
xr

cgs þ Uð Þ
� �

¼ 0: (10)

Combining Eqs. (7) and Eq. (8), Eq. (10) can be rewritten as Eq.
(11), in the equation E and Es can be obtained from the formula
E¼ qgH2/8 and Es¼ qgHs

2/8 when they are linear waves.

E
Es

¼ 1� U
Cs

� �
Ls
L

� �
CgsC

CgCs

� �
1þ U

Cs

2C � Cg

Cg

. L
Ls

� ��1

; (11)

where E and Es can be obtained from the formulas E¼ qgH2/8 and
Es¼ qgHs

2/8 for linear waves and H and Hs are the wave heights of the
current-free wave field and wave–current field, respectively.

The wave height expressions for a first-order variation are the
same as those of Li,14 but are expressed in different forms as shown in
the following equation:

H
Hs

¼ 1� U
Cs

. L
Ls

� �1
2 Ls

L

� �1
2 CgsC

CgCs

� �1
2

1þ U
Cs

2C�Cg

Cg

. L
Ls

� ��1
2 ¼ R:

(12)

Notably, the focus of this paper is on the wavelength variation under
the following current, and the dispersion relation for third-order
waves28 is given by the following equation:

L ¼ gT2

2p
tanh kd 1þ 2pa

L

� �2 14þ 4 cosh22kd

16 sinh4kd

" #
: (13)

Under steady and uniform current conditions, the period of
waves remains unchanged after interaction with the current, thus
T¼Ts, as shown in the following equation:

L
T
¼ U þ Ls

Ts
; (14)

where L and Ls are the wavelengths of the current-free wave field and
the wave–current field, respectively.

Equations (13) and (14) can be combined to derive the formula
for the wavelength of the steady-state field after nonlinear wave–cur-
rent interactions, as shown in the following equation:

L
Ls

¼ L
Ls

� U
Cs

� ��1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L
Ls

M
Ms

� �s
;

M ¼ tanh kd
16L2 þ 2pað Þ2 14þ 4 cosh22kdð Þ

sinh4kd
;

Ms ¼ tanh ksd
16L2 þ 2pasð Þ2 14þ 4 cosh22ksd

� �
sinh4ksd

;

(15)

where the equations M and Ms are set nonlinear coefficients of
current-free wave field and wave–current field, respectively, which can
reflect the nonlinear effect more accurately in wave–current
interaction.

The wave energy equation of a third-order wave can be obtained
from the following equation:

Es ¼ pa3

L
1þp2

2as
Ls

� �2

Bsþ 3
8192

p2
2as
Ls

� �
Fs

� �( )
;

Bs ¼ 1
2

1
tanhksd

� �2

1þ 3

1þ2 sinhksdð Þ2
� �2

þ 9
32

cosh2ksd

sinhksdð Þ6 ;

Fs ¼ 3
1þ8 coshksdð Þ8

sinhksdð Þ6
 !2

þ1
2
tanhksd sinh6ksdð11�2cosh2ksdÞ2

sinhksdð Þ14 ;

(16)
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where as is wave amplitude of current-free wave field.
By substituting Eq. (15) into Eq. (16) and combining it with Eq.

(10), we can derive the formula for the wave height of the nonlinear
wave–current interactions, as shown in the following equation:

a
as

¼ R

1þ p2
2as
Ls

� �2

Bs þ 3
8192

p2
2as
Ls

� �
Fs

� �( )

1þ p2
2a
L

� �2

Bþ 3
8192

p2
2a
L

� �
F

� �( ) ;

B ¼ 1
2

1
tanh kd

� �2

1þ 3

1þ 2 sinh kdð Þ2
� �2

þ 9
32

cosh 2kd

sinh kdð Þ6 ;

F ¼ 3
1þ 8 cosh kdð Þ8

sinh kdð Þ6
 !2

þ 1
2
tanh kd sinh 6kdð11� 2 cosh 2kdÞ2

sinh kdð Þ14 ;

(17)

where a is wave amplitude of wave–current interaction field.
The wave height is obtained by substituting the obtained wave

amplitude and wavelength from Eq. (15) and Eq. (16) into Eq. (17), as
shown in the following equation:

H ¼ 2aþ 2p2a3

L2
3 1þ 8 cosh6kdð Þ

16 sinh6kd
: (18)

III. EXPERIMENTAL SETUP
A. Wave–current flume and instrument layout

The wave–current flume test enables the generation of different
wave types by adjusting the wave paddle settings. The flume is 75m
long, 1.8m wide, and 2.0m deep. The experimental test section of the
flume is fitted with stainless steel slides on both sides of the top of the
steel frame, which allows for the installation of aluminum profiles and
related instruments to achieve forward and backwards movement of
equipment along the x axis. The flume is equipped with a velocity sen-
sor mounting bracket that enables the velocity sensor to move forward

and backward (x axis), left and right (y axis), and up and down (z axis)
using electric switches, making it easy to feature and facilitate the mon-
itoring of current velocity at target points. The flume was divided into
six regions: the wave paddle, wave gauge, acoustic Doppler current
profiler (ADCP), wave absorber, current outlet, and current inlet, as
shown in Fig. 2.

The current field within the experimental section must be cali-
brated to ensure compliance with the required current velocity before
the wave–current interaction experiment. During the experiment, it is
essential to ascertain the time it takes for the current field to stabilize
and employ an ADCP to record the time history of the flow field in
the experimental tank. The ADCP used in this study has a sampling
frequency range of 0–200Hz, a current velocity measurement range of
0–4m/s, and an accuracy of 1/1000. The sampling frequency is set to
100Hz, as shown in Fig. 3.

FIG. 2. Wave–current flume and its
components.

FIG. 3. ADCP layout and acquisition configurations: (a) ADCP layout and (b) ADCP
probe and detection direction.
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To minimize experimental errors, the wave height transducer is
positioned near the still water surface. At least two repeated experi-
ments were conducted for each group to ensure sufficiently low intra-
group errors, thereby eliminating the interference of certain unstable
factors. The trimmed tail estimation method is employed to further
minimize errors in the subsequent processing of wave heights. A wave
gauge was used to capture water surface elevations at various locations.
The wave gauge has a measurement range of 0–80 cm, a sampling fre-
quency of 100Hz, and a measurement accuracy of 1/500. The wave
gauges are located within the range of 25.5–37.5m from the start of
the flume to ensure full wave development and interaction with the
current while preventing wave reflection effects from remaining unab-
sorbed at the end of the flume, as shown in Fig. 4.

The wave gauges and ADCP are installed in the test section in the
middle of the flume, and all the instruments are positioned along the
flume’s central axis at a distance of 0.9m from the sidewalls. The initial
wave gauge is positioned 22.5m from the wave generation area, which
is 3m long, as shown in Fig. 5(a). Five wave gauges are arranged linearly

to collect waveform variations in the propagation direction, with adja-
cent gauges spaced 3m apart, as illustrated in Fig. 5(b). The current
profiler is positioned 3m behind the nearest wave gauge to calibrate the
current velocity field. By recording the time it takes for the same wave
to pass through different wave gauges in the steady-state field, assuming
that the time at which the first wave gauge detects the wave crest is t1
and the time at which the wave crest arrives at the next wave gauge is t2,
the time difference Dt¼ t2 � t1 can be obtained. The wavelength L of
the steady-state wave field can be determined by combining the distance
D between wave gauges and the period T of the waves, using the for-
mula L¼TD/Dt, as shown in Fig. 5(c). The average wavelength of the
data collection period can be obtained by summarizing the collected
data from different wavebands and instruments and excluding outliers.

B. Experimental conditions

Wave–current interaction experiments covering 33 sets of non-
linear (2–5 order) regular wave types and six different current veloci-
ties (0–0.3m/s) were conducted, covering 164 sets of experimental
conditions, including current-free waves, wave-free currents, weak
waves and weak currents, and strong waves and weak currents.
Experimental investigations of wave–current interactions were con-
ducted to study the influence of water depth and flow velocity on cru-
cial factors such as wave height, wave celerity, and wavelength. The
wave heights ranged from 0 to 0.3m, and experiments were conducted
at water depths of 0.4, 0.6, and 0.8m, with current velocities ranging
from 0 to 0.3m/s, as shown in Table II.

The distribution of the wave periods is shown in Table III, and
this condition was not adopted because the breaking phenomenon
occurred during the wave-making process without any factors.

C. Verification of the current and wave field

To verify the wave-free current fields, the average current velocity
within 60 s is taken as the current velocity at the corresponding water
depth after a specific time. The boundary effect of the flume bottom
intensifies with the increase in current velocity and decrease in water
depth.30 Due to space limitations, the time history curves of flow veloc-
ity at a SWL of 0.4m, with velocities of 0.05 and 0.2m/s, respectively,
are depicted in Fig. 6. The blue solid line depicts the actual current
velocity time-series, the yellow dashed line represents the mean

FIG. 4. Wave gauges layout and wave height transducer: (a) Wave gauges layout
and (b) wave height transducer and detection direction.

FIG. 5. Instrument layout and wavelength
sampling method: (a) wave–current flume,
(b) instrument layout, and (c) schematic
diagram of wavelength acquisition.
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time-series of filtered velocity, and the red solid line signifies the target
current velocity values for various working conditions.

In regions of substantial current velocity, the instability of the
current velocity time-series significantly increases. Near the flume

bottom, the flow velocity time history shows a decrease relative to the
target velocity, but this is confined to a narrow region near the bottom.
In this investigation, the thickness of the wave–current boundary layer
was taken into account when selecting wave heights, ensuring that the
interacted wave–current conditions are within the stable and uniform
water current layer. The impact of boundary effects will be further
examined in the subsequent analysis of steady-state wave surface
times-series, which are illustrated in the Fig. 7(b).

The current velocities at different water depths under different
current velocities are plotted in the graph and compared with the cur-
rent simulated by the numerical simulation software Flow-3D. In the
graph, “S” represents the numerical simulation result, while “E” repre-
sents the experimental result. “S-0.05,” “S-0.1,” “S-0.15,” and “S-0.2”
denote the velocity profiles simulated at four current velocities, while
“E-0.05,” “E-0.1,” “E-0.15,” and “E-0.2” represent the velocity profiles
of the experiments. The experimental and numerical simulation results
are in good agreement, with errors all below 2%. Both methods accu-
rately simulate the current velocities in stable segments, meeting the
expected requirements, as shown in Fig. 7(a). To assess the extent of
boundary effects, select the maximum wave height under the water
depth condition in this experiment, which is 0.15m. The water surface
elevations under various current velocities are shown in the Fig. 7(b).

In Fig. 7, the water surface elevations of current-free wave field
are represented by blue dashed lines, while the solid lines represent the
water surface elevations of wave–current interaction. It is evident that
the water surface elevations do not experience significant deformation
across various current velocities, and the impact of boundary effects is
effectively controlled within the chosen working conditions.

The free surface height within five cycles of a given period was
extracted as the corresponding wavefront equation to calibrate the
current-free wave field. The wavefront equations for different wave
heights are plotted on the graph using a water depth of 0.6m and a

TABLE III. Wave period distribution.

H/m d/m T/s

0.30 0.6 � � � 2 2.5
0.25 0.6,0.8 1.5 2 2.5
0.20 0.6,0.8 1.5 2 2.5
0.15 0.4,0.6,0.8 1.5 2 2.5
0.125 0.4 1.5 2 2.5
0.10 0.4,0.6,0.8 1.5 2 2.5
0 0.4,0.6,0.8 1.5 2 2.5

TABLE II. Layout of test conditions. Note: ‹ represents a water depth of 80 cm, ›
represents a water depth of 60 cm, and fi represents a water depth of 40 cm.

H/m Arrangement of the test group

0.30 › › › › ›

0.25 ‹› ‹› ‹› ‹› ›

0.20 ‹› ‹› ‹› ‹› ›

0.15 ‹›fi ‹›fi ‹›fi ‹›fi ›fi fi fi

0.125 fi fi fi fi

0.10 ‹›fi ‹›fi ‹›fi ‹›fi ›fi

0 ‹›fi ‹›fi ‹›fi ‹›fi ›fi

v/(m/s) 0 0.05 0.1 0.15 0.2 0.25 0.3

FIG. 6. Time-series of current velocity.
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period of 2.5 s as an example. These equations are then compared with
the second- and third-order Stokes wave equations.

In Fig. 8, the theoretical wavefront equation results are repre-
sented by red dashed lines, while the blue solid lines represent the
actual experimental results obtained. The free surface heights for wave
heights of 0.1 and 0.15m fit well with the second-order Stokes wave-
front equation. Conversely, the free surface heights of 0.2 and 0.25m
for wave heights agree with the third-order Stokes wavefront equations.

D. Classification of working conditions

The most commonly used method is Le,31 which uses two dimen-
sionless independent parameters,H/L and d/L, as the vertical and hori-
zontal coordinates, respectively. Various wave theories were selected to
approximate the applicable range, as shown in Fig. 9.

The results of the comparisons for different conditions of water
depth, period, and wave height are organized and summarized in
Table IV and categorized into low-order waves (second-order waves)
and high-order waves (third-order waves).

Table IV indicates that the wave height is the most critical factor
influencing the wave order. In the case of a current-free wave field,
wave heights greater than 0.2m all satisfy the third-order wave surface
equation. In addition, the relative wave height (H/d) is also an essential
factor affecting wave nonlinearity. Subsequent research is based on the
working conditions of third-order waves in this experiment, aiming to
analyze the variation in wave characteristics and the nonlinear effects
of third-order waves under the influence of water current.

IV. RESULTS AND DISCUSSION

In the present investigation, the predictions from the proposed
model were compared with those from the literature models using two
statistical parameters, namely, the mean relative error (MRE) and the
determination coefficient (R2). They are defined as follows:

MRE ¼ 1
m

Xm
j¼1

Umea;j � Upre;j

Umea;j

				
				;

R2 ¼

Xm
j¼1

Umea;j � Umea


 �
Upre;j � Upre


 �" #2
Xm
j¼1

Umea;j � Umea


 �2Xm
j¼1

Upre;j � Upre


 �2 ;
(19)

wherem is the total number of measurements; Umea,j and Upre,j are the
measured and calculated wavelengths, respectively; and Umea and Upre

are the average values of the measured and calculated wavelengths,
respectively.

A. Calculation accuracy of the wavelength

The current-free wave field was verified using the wavelength
sampling method, as shown in Fig. 5. Different conditions of the
current-free wave field were used to validate the wavelengths, covering
various wave heights and water depths, as shown in Table II. Each test-
ing case includes three different periods. The analysis in Fig. 10(a)
shows the determination coefficients and average relative errors for
pure wavelengths under different changes in wave elements.
Furthermore, Fig. 10(b) illustrates the variation trends of the relative
errors with wavelength under different theoretical calculations, as
shown in Fig. 10.

Both theories exhibit R2 values higher than 0.99 when calculating
wavelengths, indicating their effectiveness in reflecting changing
trends. The relative errors of both theories gradually increase as the
wavelength increases. However, compared to the traditional linear
method, the third-order wave–current theory (TWCIT) proposed in
this investigation demonstrates significantly better predictive accuracy,
especially in the 2–4m wavelength range. The proposed third-order
wave–current theory in this investigation offers improved predictions
of the impact of nonlinear interaction effects caused by shortened peri-
ods on wavelengths in the current-free wave field.

Furthermore, further collection and validation of the wavelengths
in the steady-state wave–current interaction field were conducted. A
comparison was made on the data in the wave region with wavelengths
ranging from 2.6 to 3.7 m.

Figure 11 shows that the proposed third-order wave–current the-
ory achieves significantly greater wavelength prediction accuracy than
linear theory due to its various wave characteristics and current veloci-
ties. Specifically, the R2 values for the third-order wave–current theory
are 0.98 and 0.81, respectively, while the MRE for the third-order
wave–current theory is 0.008, which is lower than the MRE of 0.033
obtained from linear theory calculations. Compared to the traditional
linear theory, it is worth noting that the proposed theory has been
demonstrated to enhance R2 by 22.5% and reduce the MRE by 75%
when calculating the wavelength of a wave–current interaction steady-
state field. This paper proposes a computational method to reduce the
prediction error of the wavelength in the steady-state wave–current

FIG. 7. Wave-free current field verification: (a) current velocity profile, (b) water sur-
face elevations under different currents.
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FIG. 8. Comparison of experimental and theoretical water surface elevations under different conditions: (a) H is 0.1, (b) H is 0.15, (c) H is 0.2, and (d) H is 0.25m.
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field. Linear theory predicts wavelengths that are consistently smaller
than the experimental values, indicating insufficient consideration of
the effects of nonlinear interactions in wave–current interactions.

B. Verification of wavelength

To further validate the proposed third-order wave–current the-
ory, supplementary material from the literature on the wavelengths of
wave–current interactions in steady-state fields were collected due to
limitations in experimental conditions. Many researchers have
achieved significant results through theoretical analysis or experimen-
tal observations.

Li Yucheng’s14 experimental data were compiled to validate the
third-order wave–current theory’s wavelength theory. The data also
included adverse currents not covered in the experiments. The range
of periods considered extended from 1.25 to 12 s, while the wave
heights ranged from 0.021 to 2.5m. The water depths ranged from
0.587 to 20.5m, and the flow velocities ranged from �0.2 to 1m/s, as
shown in Table V.

The analysis results of Table V show that the proposed theory is
more sensitive to wave height, enabling a more precise prediction of
the nonlinear coupling effects that arise from increases in wave height.
Additionally, it maintains good computational accuracy even under
reverse flow conditions. It is evident that in the comparison between
the two sets of theoretical and experimental data, the theory proposed
in this manuscript has high resolution and good fitting performance,
meeting the needs of further scientific research.

C. Calculation accuracy of the wave height

This investigation compared the wave height in a steady-state
wave–current interaction field using two theories to analyze waves
with varying water depths, periods, and heights. The R2 and MRE
increased as the current velocity increased, with six different velocities
ranging from 0.05 to 0.3m considered, as shown in Fig. 12:

The graph shows that for current velocities ranging from 0.05 to
0.1m/s, there is no significant difference in R2 between the linear the-
ory and third-order wave–current theory models, as shown in Figs.
12(a) and 12(b). Both have a coefficient higher than 0.99, indicating
their effectiveness in reflecting the influence of flow velocity on wave
height in the steady-state wave–current interaction field. The proposed
third-order wave–current theory can somewhat reduce the relative
error caused by neglecting nonlinearity. For current velocities ranging
from 0.15 to 0.2m/s, both theories have R2 coefficients above 0.98, as
shown in Figs. 12(c) and 12(d). The third-order wave–current theory
significantly improves the wave height prediction accuracy, with the
linear theory achieving the highest MRE of 0.035 at a current velocity
of 0.2m/s. For current velocities ranging from 0.25 to 0.3m/s, both
theories have R2 coefficients above 0.8, as shown in Fig. 12(e). In the
velocity range of 0.05–0.15 m/s, the third-order wave–current theory
can reduce the MRE of the linear method by approximately 25%. The
third-order wave–current theory can halve the MRE of the linear
method when the velocity exceeds 0.15m/s. This linear theory indi-
cates that as the current velocity increases, the applicability of the tradi-
tional linear theory decreases.

To observe changes in the R2 and MRE of the two theories com-
pared to the experimental data under different wave heights, we con-
sidered five different wave heights ranging from 0.1 to 0.3m, as shown
in Fig. 13.

The figure shows that the third-order wave–current theory
improves the prediction accuracy compared to traditional linear the-
ory. The interaction effect is satisfactory when the wave height ranges
between 0.125 and 0.15m, with R2 values consistently above 0.75, as
shown in Figs. 13(a) and 13(b). However, at 0.2m, both the linear the-
oretical R2 and MRE exhibit a decline in fitting accuracy, as shown in
Fig. 13(c). The most significant improvement occurs at a wave height
of 0.25m, where R2 increases from 0.704 in the linear theory to 0.907,
as shown in Fig. 13(d). The comparison of the MREs also favors the
third-order wave–current theory over the linear theory, with the most
significant improvement observed at a wave height of 0.15m. When
the wave height is in the range of 0.2–0.3 m, the third-order wave–cur-
rent theory can reduce the MRE by 34%–40% compared to the linear
theory, as shown in Figs. 13(c)–13(e). There is a more significant trend
of accuracy improvement with increasing wave height. Overall, the
third-order wave–current theory reduces the MRE by almost half, bet-
ter reflecting the influence of the wave height in the current-free wave
field on the interacted field wave height.

FIG. 9. The wave range in the experimental area.

TABLE IV. Wave-order distribution.

H/m d/m T/s H/L Stokes wave

0.30 0.6 2.0, 2.5 0.053–0.069 Third order
0.25 0.6,0.8 1.5, 2.0, 2.5 0.039–0.084 Third order
0.20 0.6,0.8 1.5, 2.0, 2.5 0.031–0.067 Third order
0.15 0.4 1.5, 2.0, 2.5 0.032–0.057 Third order
0.15 0.6,0.8 1.5 0.047–0.050 Third order
0.15 0.6,0.8 2.0, 2.5 0.023–0.034 Second order
0.125 0.4 1.5, 2.0, 2.5 0.026–0.048 Third order
0.10 0.4,0.6,0.8 1.5, 2.0, 2.5 0.016–0.038 Second order
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By observing the variations in R2 and the MRE between the two
theories and the experimental data under different periods, three dif-
ferent periods ranging from 1.5 to 2.5 s were considered, as shown in
Fig. 14.

It can be observed from the figure that under different period var-
iations, there is no significant difference in R2 between the linear

theory and third-order wave–current theory models, both of which are
above 0.99, indicating that they can effectively reflect the influence of
the wave periods on the wave–current interaction steady-state field
wave height. When the wave period is in the range of 1.5–2.5 s, the
third-order wave–current theory can reduce the MRE by 25%–46%
compared to the linear theory. The optimal result is observed at a

FIG. 11. Theoretical prediction and experi-
mental measurement of the wavelength in
high-order regions: (a) linear theory and
(b) third-order wave–current theory.

FIG. 10. Data fitting distribution and rela-
tive error of the measured and predicted
wavelengths for the current-free wave
field: (a) traditional linear theory and (b)
third-order wave–current theory.
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period of 2.5 s. The MRE increases with decreasing wave period, and
the proposed third-order wave–current theory can effectively reduce
the MRE during different periods.

By observing the changes in the R2 and MRE of the two theories
and experimental data under different water depths, three different
water depths ranging from 0.6 to 0.8m were considered, as shown in
Fig. 15.

The graph shows that the R2 values for linear theory and the
third-order wave–current theory increase as the water depth increases.
The third-order wave–current theory can reduce the MRE by 31%–
44% compared to the linear theory when the water depth is within the
0.4–0.8 m range. The optimal reduction in MRE is observed at a water
depth of 0.4m. The proposed third-order wave–current theory

effectively reduces the MRE for different water depths, especially in
regions significantly affected by nonlinearity.

The significance of nonlinear effects is determined by three char-
acteristic ratios: wave steepness H/L, relative wave height H/d, and
relative water depth d/L. The normalized current U/C in the wave–
current coupled field is a crucial coefficient. This investigation collected
and organized all MREs for linear theory and third-order wave–
current theory methods to analyze the MREs under different charac-
teristic ratios. A value greater than 1 indicates that the third-order
wave–current theory proposed in this paper reduces errors under that
condition, and a greater value represents a better optimization effect,
as shown in Fig. 16.

As shown in the figure above, as U/C increases, the H1/HT ratio
also increases, mainly when U/C is greater than 0.1. For values below
0.1, the ratio is concentrated between 1 and 2, indicating a significant
improvement in accuracy with the proposed third-order wave–current
theory. As d/L increases, the data are concentrated in the middle part,
and the optimization effect is best in the range of 0.1–0.2. Compared
with the experimental results, the linear theory is more applicable in
the water depth range of 0.4m when the wave height decreases to a
certain level, as confirmed in Fig. 16(d). The H/d and H/L ratios are
similar, with a generally dispersed distribution, but most are greater
than 1. With the variation in the characteristic ratios, the third-order

FIG. 12. Theoretical prediction and experimental measurement of the wave height under different current velocities: (a) U¼ 0.05, (b) U¼ 0.1, (c) U¼ 0.15, (d) U¼ 0.2, and
(e) U¼ 0.25–0.3.

TABLE V. Working conditions of Li’s14 experimental data.

D (m) H (m) T (s) U (m s�1) LExp (m) LT (m) L1 (m)

0.587 0.021 1.25 �0.12 2.05 2.00 1.98
0.57 0.024 1.25 �0.2 1.82 1.81 1.81
30.5 15.2 10 0.9 152.5 152.28 150.7
10 2.5 12 1 130 130.14 126.24
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FIG. 13. Theoretical prediction and experimental measurement of wave height under different wave heights: (a) H¼ 0.125, (b) H¼ 0.15, (c) H¼ 0.2, (d) H¼ 0.25, and (e)
H¼ 0.3 m.

FIG. 14. Theoretical prediction and experi-
mental measurement of the wave height
under different wave periods: (a) T¼ 1.5,
(b) T¼ 2.0, and (c) T¼ 2.5 s.

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 36, 097153 (2024); doi: 10.1063/5.0219237 36, 097153-13

Published under an exclusive license by AIP Publishing

 08 D
ecem

ber 2025 09:11:12

pubs.aip.org/aip/phf


wave–current theory can significantly reduce the computational errors
caused by linear methods.

From the analysis results, it is clear that the wave height in
the steady-state wave–current field is more evidently affected by

H and U than by T and d. This conclusion is consistent with the
results of the analyses in Figs. 12 and 16. However, in R2, the
wave height shows more significant variation with d than
with T.

FIG. 15. Theoretical predictions and
experimental measurements of wave
height at different water depths: (a)
d¼ 0.4, (b) d¼ 0.6, and (c) d¼ 0.8 m.

FIG. 16. Variation in two theoretical MRE
ratios with varying characteristic ratios: (a)
U/C, (b) d/L, (c) H/d, and (d) H/L.
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D. Verification of wave height

Experimental data on wave–current interactions were collected
for Thomas9 and Kemp and Simons.32,33 Thomas considered the vari-
ation in wave height with current speed, while Kemp considered the
influence of wave height and current direction. The factors U (�0.2m
to 0.055m/s) and H (0.02–0.045) are varied while observing whether
the method maintains good simulation results in the case of changes in
factors. The third-order wave–current theory is abbreviated as
TWCIT, and the results are shown in Fig. 17.

According to Thomas’s experimental data, the mathematical for-
mulation of wave height proposed in this manuscript outperforms tra-
ditional linear theory at different current speeds, and the theoretical
advantage of this manuscript becomes more significant with increasing
current speed. By observing Kemp’s wave–current interaction

experiments with different current directions (upstream and down-
stream), it can be seen that both theories can fit wave heights well.
However, the higher-order wave–current interaction theory proposed
in this manuscript can further reduce errors and reflect the wave–cur-
rent interaction mechanism.

E. Impacts of the key parameters on wave–current
interaction

The impact of key factors (U, H, d, and T) on the wave–current
interaction was investigated based on third-order wave–current theory
and experimental data. Utilizing the third-order wave–current theory
to generate a steady-state wave height distribution prediction surface,
which incorporates experimental data, enables intuitive observation of

FIG. 17. Comparison of the present
numerical results and the experimental
data (a) given by Thomas et al.9 and (b)
given by Kemp et al.32,33

FIG. 18. Impacts of U, H, and d on wave–
current interaction.
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the impact of the current-free wave field wave height (H) and current
velocity (U) on the steady-state wave height (HSteady).

Four observation points were established to monitor the HSteady

at varying water depths (d) under different U and H, with a wave
period (T) of 2.0 s, as illustrated in the upper left of Fig. 18. The
detailed data of the observation points are clearly displayed in the table
in Fig. 18. A detailed analysis ofH at 0.1–0.15 m reveals that the planes
calculated by the three theories highly overlap in this area, which is a
certain error compared to the experimental data. It can be inferred
that water depth is not the main influencing factor in this area, as
shown on the upper right side of Fig. 18.

The lower left segment of the Fig. 18 illustrates the trends in
HSteady variations for initial H of 0.1 and 0.3m, under varying U
(0–0.3m/s) and d (0.4, 0.6, and 0.8m). The two lines in the figure cor-
respond to the P1–P2 and P3–P4 lines, respectively, where DP can be
calculated from DP¼ jHSteady(first point) � HSteady (last point)j. Dd
represents the absolute value of the maximum difference calculated for
different d at the same U and H. Based on the comparative analysis of
DP1-P3 and DP3-P4, the impact of U significantly exceeds that of the H,
which is consistent with the conclusion obtained by Kumar.34 It is evi-
dent that the higherH, the more significant the impact of U on HSteady.
The influence of d on HSteady is considerably less than that of U. At a U
of 0.3m/s, the Dd for a H of 0.3m is 0.003m, while the Dd for a H of
0.1m is 0.001m. The increase in U reduces the variation in DP, as
shown in DP1-P3 and DP2-P4, which is consistent with the conclusion
obtained by Wolf and Prandle.35 DP. The influence of d is less signifi-
cant in areas with low H, but as H increase, the influence of different d

gradually increases. The ability of the three parameters is ranked in
descending order as U,H, and d.

Since the d is not significant on the upper right side of Fig. 18,
further studies were conducted on the influence of periods (T: 1.5, 2.0,
and 2.5 s) on wave–current interactions under the influence of differ-
ent factors (U and H). Four observation points were established to
investigate the variation of HSteady in varying T, under different U and
H, with a d of 0.6m. Detailed information regarding the observation
points can be found in Fig. 19. A detailed analysis of H at 0.1–0.15m
reveals significant differences among the three theoretical calculation
planes in this area. The derived planes effectively reflect the variation
trend of the experimental data under changes in U and H, indicating
that the T is the crucial influencing parameter in this area, as shown
on the upper right of Fig. 19.

At the same U of 0.3m/s, the DT for an H of 0.3m is
0.009m, while the DT for an H of 0.1m is 0.005m, where DT is
the absolute value of the maximum difference calculated by differ-
ent T under the same U and H. The increase in U and H increased
the difference in Hsteady at different T. A comparison of Dd in
Fig. 18 and DT in Fig. 19 shows that the periodic change has a
more significant impact on Hsteady. The ability of the key parameters
to influence the wave–current interaction is ranked in descending
order as U, H, T, and d.

V. CONCLUSIONS

This investigation derived a steady-state solution for third-
order wave–current theory based on the third-order wave dispersion

FIG. 19. Impacts of U, H, and T on the
wave–current interaction.
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relationship and the principle of wave–current energy conservation.
The wave–current interaction experiment was set up to cover 164
sets of experimental conditions, including 33 types of periodic
waves from the second to the fifth order and six different current
velocities. The main conclusions of this paper are summarized as
follows:

(1) A total of 164 sets of experimental conditions, including
current-free wave, wave-free current, weak wave and weak cur-
rent, and strong wave and weak current, were used to investiga-
tion the effects of water depth and current velocity on crucial
characteristics such as wave height, wave celerity, and wave-
length in the wave–current interaction field.

(2) In comparison with traditional linear theory, the third-order
wave–current theory has been demonstrated to enhance R2 by
22.5% and reduce the MRE by 75% when calculating the
wavelength of a wave–current interaction steady-state field. In
the velocity range of 0.05–0.15 m/s, the third-order wave–
current theory can reduce the MRE of the linear method by
approximately 25%. The third-order wave–current theory can
halve the MRE of the linear method when the velocity exceeds
0.15 m/s. When the wave height is in the range of 0.2–0.3 m,
the third-order wave–current theory can reduce the MRE by
34%–40% compared to the linear theory. There is a more sig-
nificant trend of accuracy improvement with increasing wave
height. When the wave period is in the range of 1.5–2.5 s, the
third-order wave–current theory can reduce the MRE by
25%–46% compared to the linear theory. The optimal result is
observed at a period of 2.5 s. The third-order wave–current
theory can reduce the MRE by 31%–44% compared to the lin-
ear theory when the water depth is within the 0.4–0.8 m
range. The optimal reduction in MRE is observed at a water
depth of 0.4 m.

(3) Traditional linear methods yield more minor wavelength pre-
dictions and more significant wave height predictions in highly
nonlinear regions. The wave heights in the steady-state wave–
current field are more evidently affected by H and U than by T
and d. This conclusion is consistent with the results of Figs. 9–
13. However, in R2, the variation in the wave height is more sig-
nificant with d than with T. The influence of d is less significant
in areas with low H, but as H increase, the influence of different
d gradually increases. The increase of U and H increased the dif-
ference of Hsteady at different T. The ability of the key parame-
ters on wave–current interaction is ranked in descending order
as U, H, T, and d.

It should be noted that the experiments in this article focused on
verifying the variation in wave characteristics after wave–current inter-
actions under the following current conditions, and further prepara-
tion experiments are needed to verify adverse current conditions. In
addition, this paper’s lacks sufficient consideration of the influence of
the shear of the velocity profile on wave kinematics and needs further
investigation.
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