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ABSTRACT

Motivated by biological systems, vortex rings can enhance the propulsive efficiency in industrial systems. To study the vortex properties
during the formation and post-formation stages, impulsively starting jets are investigated by simulations. The effects of the stroke ratio and
nozzle geometry are studied at a fixed jet Reynolds number of 2500. The stroke ratio at the formation number is found to be not enough to
produce a vortex ring with maximum circulation. The stroke ratio is suggested to be about twice as large as the formation number. An alter-
native criterion based on the circulation ratio is proposed to describe the onset of pinch-off. This criterion states that the pinch-off would start
when the vortex ring attains about 80% of the total jet circulation. During the formation stage, the scaling laws for vortex trajectories and
circulation are proposed for continuous formation. By combining the suggested scaling relations and Saffman’s velocity formula, the evolu-
tion of non-dimensional energy can be predicted. During the post-formation stage, the scaling laws for vortex properties (e.g., the vortex ring
diameter, translational velocity, and circulation) are found to be independent of both the nozzle configuration and the vortex Reynolds
number. On the grounds of the invariance of impulse in vortex decay, the scaling laws of vortex motion are derived for the non-dimensional
energy, circulation, and diffusivity scale of the vortex core. In consequence, the normalized energy and circulation found in experiments can
be successfully derived from the similarity model for both nozzle configurations.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0227511

NOMENCLATURE

a Radius of the vortex ring core
aI Scaling factor of I�v
aR Scaling factor of R�

v
aU Scaling factor of U�

v
ane Constant used to fit the evolution of vortex energy
ar Scaling factor of r�v
ax Scaling factor of x�v
aC Scaling factor of C�

v
a� Dimensionless radius of the vortex core a� ¼ a=D
bne Constant used to fit the evolution of vortex energy
D Diameter at the nozzle exit
Dp Diameter of the piston
Dv Diameter of the vortex ring
D�
v Dimensionless vortex diameter D�

v ¼ Dv=D

E Kinetic energy
Et Total energy
Ev Vortex energy

Evmax Local maximum of the vortex energy
E�
v Dimensionless vortex energy E�

v ¼ Ev=qU2
maxD

3

E��
v Dimensionless vortex energy E��

v ¼ Ev=ðqIvC3
vÞ1=2

F Formation number
I Hydrodynamic impulse
It Total impulse
Iv Vortex impulse

Ivmax Local maximum of the vortex impulse
I� Dimensionless vortex impulse I�v ¼ Iv=qUmaxD3

L Stroke length over the nozzle exit
Lm Maximum stroke length

L=D Stroke ratio
Lm=D Maximum stroke ratio

Phys. Fluids 36, 103601 (2024); doi: 10.1063/5.0227511 36, 103601-1

Published under an exclusive license by AIP Publishing

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

 08 D
ecem

ber 2025 09:06:36

https://doi.org/10.1063/5.0227511
https://doi.org/10.1063/5.0227511
https://www.pubs.aip.org/action/showCitFormats?type=show&doi=10.1063/5.0227511
http://crossmark.crossref.org/dialog/?doi=10.1063/5.0227511&domain=pdf&date_stamp=2024-10-01
https://orcid.org/0000-0003-3408-206X
https://orcid.org/0000-0003-0377-2746
https://orcid.org/0000-0002-7012-8398
mailto:lei.gao@scu.edu.cn
https://doi.org/10.1063/5.0227511
pubs.aip.org/aip/phf


Rv Radius of the vortex ring
ReD Jet Reynolds number ReD ¼ UmaxD=�
ReUD Vortex Reynolds number ReUD ¼ ðUvDvÞmax=�
ReC Vortex Reynolds number ReC ¼ Cvmax=�
R�
v Dimensionless vortex radius R�

v ¼ Rv=D
rv Vortex radial trajectory from the nozzle exit edge
r�v Dimensionless radial trajectory r�v ¼ rv=D
t Physical time
t0 Virtual origin time
t1 Acceleration and deceleration duration of the piston

motion
t2 Shift time
tp Jet discharge time defined by Lm=D ¼ Umaxtp
t� Dimensionless formation time t� ¼ U 0t=D
t�� Dimensionless time t� ¼ Umaxt=D
U0 Space-averaged velocity over the nozzle exit

Umax Time-maximum velocity at the nozzle exit
Up Piston velocity
Uv Vortex translational velocity
U�
v Dimensionless vortex velocity U�

v ¼ Uv=Umax

U 0 Time-averaged velocity at the nozzle exit
x; r; h Coordinates of a three-dimensional cylindrical coordinate

system
xv Vortex axial trajectory from the nozzle exit center
x�v Dimensionless axial trajectory x�v ¼ xv=D
C Circulation
Ct Total circulation

Ctmax Local maximum of the total circulation
Cv Vortex circulation

Cvmax Local maximum of the vortex circulation
C� Dimensionless circulation C� ¼ C=UmaxD
C��
v Dimensionless vortex circulation C��

v ¼ Cv=ðq�1IvU2
v Þ1=3

Dr Grid spacing in r direction
Dx Grid spacing in x direction
Dr Averaged grid spacing in r direction
e Mean core radius of the vortex ring e ¼ a=Rv

l Dynamic viscosity
� Kinematic viscosity
q Fluid density
W Stokes stream function
x Azimuthal vorticity

I. INTRODUCTION

Vortex rings can be widely observed in biological systems, such
as aquatic locomotion and blood flow in the cardiac left ventricle.1

Moreover, vortex ring formation is also a fundamental issue in natural
systems, such as the spread of dandelion seeds2 and volcanic eruption.3

In ocean engineering, vortex rings can be used to enhance propulsive
efficiency4,5 due to the added mass transport in the vortex ring forma-
tion.6 These scenarios catch the attention of research community on
the kinematics and dynamics of vortex rings.

In the laboratory, an axisymmetric vortex ring is usually gener-
ated by a piston pushing a column of fluid through a tube or orifice
nozzle into a quiescent environment. Laminar vortex rings generally
go through the formation (before a completed pinch-off) and post-
formation (after completed formation and stabilization) stages in their
development.7 During the formation stage, the scaling laws for vortex

trajectory have been discussed in tube-based experiments,8 which were
found to be insensitive to Re for sufficiently high Reynolds numbers in
the laminar regime. The self-similarity of vortex roll-up could be par-
tially predicted by theoretical models,9,10 such as the radial trajectory
obeying a time-dependent form � t2=3. However, due to the effects of
the self-induced velocity of the vortex ring and the downstream com-
ponent of the starting flow, the form suggested by theoretical models
� t2=3 is not successful in predicting the experimental axial trajectory,
which was found to be in the form of � t3=2. This contradiction found
in experiments was also confirmed by simulations.11,12 Most previous
laminar studies focused on the small stroke ratio (Lm=D � 1:6) and
the kinematic properties of tube-generated vortex rings. Orifice cases
and large-stroke-ratio cases need more investigations. During the post-
formation stage, the scaling laws for the decay of translational velocity
and the growth of vortex ring diameter were proposed by orifice-based
experiments13 and simulations for parallel jets.14 The effects of the vor-
tex Reynolds number on the scaling relations for either tube-generated
or orifice-generated vortex rings remain undetermined.

The dynamical properties of vortex rings were found crucial in
their formation process, such as the vortex circulation, hydrodynamic
impulse, and kinetic energy.15 A critical stroke ratio (i.e., the formation
number) was found to be at about 4, corresponding to a maximum
vortex ring formation with the absence of a trailing jet.16 The energy
and circulation in a non-dimensional form for an optimal vortex ring
were universal at about 0.3 and 2, respectively.17 Further simulations
verified these invariances in parallel jets.14,18 In addition, these invari-
ances were extended to the non-parallel starting jet generated by an
orifice nozzle.19

The dynamical properties of vortex rings were usually identified
only when vortex rings were far away from the trailing jet. With the
development of Lagrangian analysis, the rear boundary of the vortex
ring can be identified even without a clear separation of the vorticity
field from the trailing jet.20 On the other hand, a trailing pressure max-
imum was locally observed and regarded as the rear boundary of the
vortex.20 This high-pressure region creates a barrier repelling the fluid
from the trailing jet.21 The pressure-based vortex boundary was
recently found to be comparable with the Lagrangian vortex bound-
aries, leading to a reduction in the computational time.22 The
pressure-based method would therefore be beneficial to further investi-
gations for the temporal evolutions during the vortex ring formation.

Based on the idea of vorticity shedding from a nozzle during the
formation stage, the dynamical properties (i.e., the invariants of
motion) of vortex rings were predicted by a family of slug models,
including the classical one8 and the revised ones.23,24 For the self-
similarity of axisymmetric vortex rings, the temporal evolution of kine-
matic properties (i.e., the axial and radial trajectories) could be well
predicted by theoretical and experimental results. However, the kine-
matic properties have not yet been used in analyzing the dynamical
properties, such as the non-dimensional circulation and energy.

To this end, the main objective of our study is to examine the for-
mation and post-formation processes of vortex rings discharged from
laminar starting jets. More details on the limiting vortex formation are
discussed. The stroke ratios are available over a wide range, and the
nozzle configurations include both tube and orifice nozzles. Scaling
laws for trajectories are studied for an extensive formation time.
Through a bridge between the kinematic properties and the dynamical
properties, the non-dimensional energy and circulation are expected to
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be predicted appropriately for the formation and post-formation
stages.

The paper is organized as follows. The numerical setup, verifica-
tion, and validation are introduced in Sec. II. A brief introduction to
the kinematics and dynamics of vortex rings is introduced in Sec. III.
In Sec. IV, the growth of vortex invariants is studied for a better under-
standing of the dynamics of vortex formation. A similarity model dur-
ing the vortex formation stage is proposed to predict the kinematic
and dynamical properties. Based on the proposed similarity relations,
the evolution of the non-dimensional energy is suggested. The scaling
laws for the non-dimensional energy, circulation, and core radius dur-
ing vortex post-formation are derived from Maxworthy’s model and
Saffman’s velocity formula. Finally, concluding remarks are provided
in Sec. V.

II. NUMERICAL METHOD
A. Problem statement

The computational domains are presented in Figs. 1(a) and 1(b).
A fluid column of the stroke length LðtÞ is pushed through a nozzle
with a diameter D. The origin of coordinates is located at the center of
the nozzle exit, and the nozzle axis is aligned with the x direction. The
distance between the nozzle inlet and nozzle exit is fixed at 40D. The
outer boundary is placed at a lateral distance of 3D from the axis.
The downstream boundary is placed at a streamwise distance of 40D
from the nozzle exit. A squared-off lip at the orifice is used to avoid the
singularity.

The no-slip condition is enforced on the nozzle wall and the outer
orifice plate. The pressure outlet with zero gauge pressure is employed
on the outer and downstream exits. The piston is modeled as a time-
dependent velocity inlet boundary.25–27 A uniform velocity profile is
specified at the nozzle inlet to control piston velocityUpðtÞ. To avoid sin-
gularity, acceleration and deceleration phases with duration t1 are con-
sidered and are short to model the impulsive motion of the piston. To
make the effects of acceleration and deceleration phases negligible, these
phases should be as short as possible, such as t��1 ¼ Umaxt=D ¼ 0:1,
where Umax is the maximum velocity at the nozzle exit. As proposed in

the previous simulations,28 the velocity program at the nozzle exit is
defined as

U0ðtÞ ¼

0:5Umax 1� cos
t
t1
p

� �� �
for t � t1;

Umax for t1 < t � tp;

0:5Umax 1þ cos
t� tp
t1

p

� �� �
for tp < t � tp þ t1;

0 for t > tp þ t1:

8>>>>>>>><
>>>>>>>>:

(1)

Based on the nozzle exit velocity U0ðtÞ and the end of the constant
velocity tp determined by Lm=D ¼ Umaxtp, the time-averaged veloc-
ity and maximum stroke length are expressed as U 0

¼ ðtp þ t1Þ�1 Ð tpþt1
0 U0dt and Lm ¼ Ð tpþt1

0 U0dt. The non-dimensional
time is defined as t� ¼ U 0t=D.

A total of 10 cases are simulated, as shown in Table I. Water is
used as the working fluid, with density q ¼ 998:2 kg=m3 and dynamic
viscosity l ¼ 1:003� 10�3 kg=ms. The same exit diameter D ¼ 2 cm
and maximum exit velocity Umax ¼ 12:5 cm=s for both tube and

FIG. 1. Computational domains (not to scale) for (a) tube and (b) orifice. Sample meshes (every sixth mesh point is shown in each direction) for (c) tube and (d) orifice.

TABLE I. Key parameters in cases.

Case Geometry U 0 ðcm=sÞ Lm=D

T1 Tube 11.72 1.5
T2 Tube 12.10 3
T3 Tube 12.30 6
T4 Tube 12.36 9
T5 Tube 12.42 15
O1 Orifice 11.36 1
O2 Orifice 11.72 1.5
O3 Orifice 11.90 2
O4 Orifice 12.10 3
O5 Orifice 12.20 4
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orifice provide a fixed jet Reynolds number ReD ¼ UmaxD=� ¼ 2500,
where � is the kinematic viscosity.

B. Mathematical formulation and numerical method

The axisymmetric, unsteady, incompressible, and laminar
Navier–Stokes equations are solved by the commercial finite volume
package ANSYS Fluent. The pressure-implicit with splitting of opera-
tors (PISO) algorithm with the non-iterative time advancement
scheme is used for pressure velocity coupling. Second-order schemes
are used in spatial and temporal discretization. The computational
domains are discretized by structured meshes. The grid is uniform in
the axial direction with a spacing Dx ¼ D=100 and is non-uniform in

the radial direction with a higher density near the axis. The average
spacing in the radial direction is Dr ¼ D=100. The high-resolution
simulations are employed with 4001� 301 grid points outside the
nozzle. Sample meshes for the tube and orifice cases are partially
shown in Figs. 1(c) and 1(d) (for clarity only every sixth mesh point is
shown in each direction). The time step is fixed at 0:001 s, which
ensures that the cell Courant numbers are less than one for all cases.

C. Verification and validation

The influence of the computational domain size on flows is tested
for vortex ring radius. In comparison with larger domains 40D� 5D,
the errors of ring radius (i.e., the radial position of the vorticity peak
fitted by the Gaussian distribution) are less than 3% for both nozzles.
To evaluate the grid sensitivity, cases with fewer and more grids as
shown in Table II are tested. In comparison with the denser meshes,
the present meshes perform well for both nozzles [Fig. 2(a)]. For case
T5, the error is smaller than 1%. For case O5, the error is less than 3%.
In the time step tests, the errors are less than 2% for both nozzles in
comparison with the time step 0:0005 s [Fig. 2(b)]. To summarize, the
present grid distributions and the time step are sufficient to describe
the flow adequately.

Following the same Reynolds number of numerical study,25 tube
case T3 [Fig. 3(a)] is well validated with the experimental case with
a stroke ratio of 616 for both total circulation and vortex circulation.

TABLE II. Mesh for grid independent tests.

Nozzle Dx ¼ Dr Mesh outside nozzle Total cell number

Tube D=50 2001� 151 3:7� 105

Tube D=100 4001� 301 1:5� 106

Tube D=150 6001� 451 3:3� 106

Orifice D=50 2001� 151 4:8� 105

Orifice D=100 4001� 301 1:9� 106

Orifice D=150 6001� 451 4:3� 106

FIG. 2. Independent tests on ring radius
for (a) grid sizes and (b) time steps.

FIG. 3. Validations with experiments by (a)
total circulation as well as vortex circulation
for tube nozzle and (b) total circulation for
orifice nozzle.
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The formation number (F ¼ 3:4) identified from case T3 basically
agrees well with the one (3.6) found in the experiment. Orifice case O5
[Fig. 3(b)] is modified by increasing the acceleration phase to t��1
¼ 0:4 to validate the experimental case with a stroke ratio of 6.8.23

Our result agrees well with the experiment within the maximum stroke
ratio in our study.

III. KINEMATICS AND DYNAMICS OF VORTEX RINGS

As shown in Fig. 4, the vortex bubble includes the rotational fluid
(elliptical vortex core) and irrotational fluid. The core center is deter-
mined by the local maximum vorticity correlated by the Gaussian dis-
tribution. The ring diameter Dv is the distance between the upper
center and the lower center. The ring radius is defined as Rv . Based on
Saffman,9 the axial and radial trajectories (xv and rv) are the horizontal
and vertical distances from the core center to the nozzle edge. From
the first-order derivative of axial trajectory with respect to time, the
ring translational velocity Uv is obtained by the fourth-order central-
difference approximation. In the theory of vortex ring, the vortex core
is usually assumed to be a circular geometry.9 The core radius a is
determined by the equivalent vortex core where the area is equivalent
to the real elliptical core. With the mean core radius e ¼ a=Rv ,

29 the
core radius can be obtained from the non-dimensional vortex energy
by a fitting procedure to a vortex family.14,30

The dynamical properties are the invariants of vortex motion,
namely, the circulation Cv , impulse Iv , and energy Ev . They are deter-
mined by the area integration within the vortex bubble, i.e.,

Cv ¼
ð ð

xdrdx; Iv ¼ qp
ð ð

xr2drdx; and Ev ¼ qp
ð ð

xWdrdx;

(2)

where x is the azimuthal vorticity andW is the Stokes stream function.
The non-dimensional energy and circulation, identifying the geometric
parameter e of vortex rings,29,31 are defined as

E��
v ¼ Ev

ðqIvC3
vÞ1=2

and C��
v ¼ Cv

ðq�1IvU2
v Þ1=3

: (3)

To obtain the vortex boundary for calculating the above-
mentioned integrations, the cutoff level is 5% of the local maximum
vorticity.25,28 This cutoff level in the vorticity field is sufficient to
include the inner core of the leading vortex.14 Sensitivity analysis had
been made by the cutoff level of 2%. The differences in the vortex
invariants are within 5% for both nozzle configurations. Therefore, the
vortex invariants are found to be insensitive to the choice of the cutoff

level. With the use of the pressure-based method to identify the vortex
rear boundary,22 the vorticity upstream of the trailing pressure maxi-
mum on the centerline is excluded in the calculation of vortex invari-
ants. In Fig. 5, rows from top to bottom are the absolute pressure value
along the axis, streamlines in the reference frame moving with the vor-
tex ring, and vorticity contours, respectively. A trailing pressure maxi-
mum is developed on the symmetry axis [Figs. 5(a) and 5(d)],
corresponding to the rear stagnation point of the vortex bubble
[Fig. 5(e)]. At early times [Fig. 5(c)], some vorticity of the trailing jet is
being absorbed inside the vortex bubble. A clear separation between
the vortex ring and the trailing jet can only be identified later
[Fig. 5(f)].

IV. RESULTS AND DISCUSSION
A. Vortex formation for both tube-generated and
orifice-generated starting jets

The upper limit of vortex circulation growth has been experimen-
tally confirmed in tube-generated16 and orifice-generated19 starting
jets. The critical timescale in a non-dimensional form was referred to
as the formation number F, which was determined when the total cir-
culation became equal to the locally maximum vortex circulation.25

The limiting development of vortex dynamical properties would
be further studied in this section. First of all, the appearance of pinch-
off is confirmed by the vorticity field. As shown in Fig. 6, the maxi-
mum stroke ratios considered in the present study are large enough to
identify the formation number (i.e., the critical stroke ratio for the state
transition of the starting jet) for the tube and orifice cases because the
pinch-off between the leading vortex ring and the trailing jet can be
clearly observed after the jet discharge. During the initial time
(t� � 1), the vortex ring grows by absorbing the positive vorticity
shedding from the nozzle edge. The negative vorticity produced can
also be observed for the tube and orifice cases, while it is stronger for
the orifice cases due to the larger vortex strength from the over-
pressure effect. Therefore, the orifice-generated vortex would become
slightly unstable due to the effects of converging flow and negative vor-
ticity. At the moment of the final stroke ratio for each nozzle [Figs.
6(d) and 6(i)], the orifice-generated vortex ring clearly separates from
the tailing jet, while the tube-generated vortex ring still connects with
the trailing jet in the vorticity field.

Following the circulation method and excluding the vortex pair-
ing situation,16 the formation numbers are found to be 4.6 (from case
T5) and 2.2 (from case O5) for the tube and orifice, respectively, when
the total circulation reaches the maximum vortex circulation (Fig. 7).
These results are in good agreement with experiments.16,19 It is noted
that the leading vortex ring of case T5 can reach the limiting state of
circulation before the vortex pairing. For the orifice case O5, the lead-
ing vortex ring nearly reaches the limiting vortex circulation due to the
convergence of the maximum vortex circulation with respect to the
stroke ratio (further discussed below).

To study the dynamical properties quantitatively, the evolution of
vortex circulation C�

v ¼ Cv=UmaxD, impulse I�v ¼ Iv=qUmaxD3, and
energy E�

v ¼ Ev=qU2
maxD

3 are presented in Fig. 8. The first and second
rows are for the tube and orifice, respectively. Generally, the vortex
invariants (C�

vmax, I
�
vmax, and E�

vmax) representing the local maximum
increase with the stroke ratio Lm=D. This result is not fully in agree-
ment with the prior conclusion that the maximum vortex circulation
was found to be independent of the final stroke ratio when it wasFIG. 4. Key kinematic parameters of vortex rings.
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slightly larger than the formation number.16 This corresponds to the
later instant when the complete pinch-off can be observed in simula-
tions such as the case T3 shown in Fig. 5(f) and other numerical stud-
ies.14,25 In comparison with case T3, the vortex circulation of case T4
increases by 27%. There is a corresponding increase of 27% in the for-
mation number (from 3.4 to 4.3). The limiting circulation could be
observed in case T5 before the increase by the vortex pairing at t� ¼ 18
[Fig. 8(a)]. This situation is similar to the previous simulation,32 but the
vortex pairing occurs earlier due to a larger Reynolds number in the
present study. It is noted that the vortex pairing situations (after the
appearance of Kelvin–Helmholtz instability in the trailing jet) found
in experiments16,33 are both at around t� ¼ 11 for smaller Reynolds
numbers. Excluding the vortex pairing, the vortex circulation for case
T5 increases by 6%. There is a corresponding increase of 6% in the
formation number in comparison with case T4. These results suggest
that the case of stroke ratio 6 cannot generate the maximum vortex
ring circulation, but the case of stroke ratio 9 (Lm=D � 2F) can nearly
achieve it. For the orifice cases, in comparison with case O4, the vor-
tex circulation of case O5 (Lm=D � 2F) increases by 2%. There is a
corresponding increase of 2% in the formation number [Fig. 6(b)].
These results suggest that a stroke ratio larger than the formation num-
ber would be necessary to produce a vortex ring achieving the state of
maximum invariants. The tube case with stroke ratio 12 (Lm=D � 3F)

presents a similar vortex pairing phenomenon (not shown here). Thus,
the stroke ratio is suggested to be twice the formation number in order
to produce a vortex ring at the state of maximum invariants. This sug-
gestion agrees well with the experimental measurements for the orifice
case.19

It is noted that the continuous increase in impulse and energy
after the piston motion stopped19 only appears in case T5 [Figs. 8(c)
and 8(e)]. It can be attributed to the effect of the vortex pairing.
During the pairing process, the vortex core becomes slightly distorted
and axially elongated, leading to a temporal increase in the core area.
The increase in impulse and energy disappears later at the post-
formation stage.

To study the capability to transform jet flow into vortex motion,
the ratio of the maximum vortex circulation to final total jet circulation
C�
vmax=C

�
tmax is presented in Fig. 9. In general, the ratio decreases with

increasing stroke ratio due to the appearance of a trailing jet for both
nozzles. Even at a small stroke ratio less than the formation number,
not all the trailing jet can be absorbed into the vortex ring after the ter-
mination of piston motion because the vortex ring actually moves faster
with its own self-induced velocity [see a drop in Fig. 8(a) for the green
line]. A smaller ratio for case T1 that for than case T2 can be explained
by the opposite vorticity of the stopping vortex generated by the termi-
nation of piston motion. It is suggested that the stroke ratio should not

FIG. 5. Pressure-based vortex boundary (case T3). Rows represent (a) and (d) the absolute pressure along the axis in SI unit, (b) and (e) the streamlines in the reference
frame moving with the vortex ring, and (c) and (f) the vorticity contours normalized by local maximum (from 0.05 to 1, with 11 levels).
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FIG. 6. Vorticity fields normalized by the local maximum for (a)–(e) the tube with stroke ratio 15 and (f)–(j) the orifice with stroke ratio 4. Both positive and negative vorticity
fields are with eight levels from absolute 0.05 to 1.
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FIG. 8. Evolution of vortex invariants: (a) and (b) circulation, for (c) and (d) impulse, and (e) and (f) energy. Rows represent tube and orifice cases from top to bottom.

FIG. 9. Circulation ratio of vortex forma-
tion and locally maximum vortex circula-
tion vs the stroke ratio for (a) tube and (b)
orifice.

FIG. 7. Normalized circulation of the total
jet and the leading vortex ring as a func-
tion of time for (a) tube case T5 and
(b) orifice case O5.
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be too small if a larger ratio is desired. The significant increase in vortex
circulation by vortex pairing only brings a slight increase in the circula-
tion ratio. The growth rates of vortex circulation decline as the stroke
ratio increases for both nozzles, implying a limiting vortex growth.

It is surprising to see that the circulation ratio drops simulta-
neously to about 78% for both parallel starting jets. This happens
when the stroke ratios become the same as their formation numbers
(blue lines in Fig. 9 for Lm=D ¼ F). The critical stroke ratios 4 and 2
suggested by experiments16,19 for tube and orifice both correspond to
about 80% in the circulation ratio. This property could be considered
as an alternative criterion for the onset of the pinch-off.16 With the
vortex growth, the high-pressure rear boundary can form a barrier to
suppress the upstream delivery of the jet fluid. When the ratio
C�
vmax=C

�
tmax becomes less than 80%, the barrier becomes strong

enough to start decreasing the circulation increase to a negligible value.
The result suggests that stroke ratios that are larger than the formation
number would generate vortex rings with less convection due to a
stronger rear vortex boundary [e.g., Fig. 5(d)].

B. Similarity model during the formation stage
for tube-generated and orifice-generated starting jets

This section would further discuss the kinematical properties of
vortex rings and their relations with dynamical properties. The scaling
laws for vortex trajectories at small times (t� � 1:6) have been exten-
sively studied for the tube case only.8,11,12 To provide more details at a
larger formation time [t� ¼ LðtÞ=D > 2], the scaling laws would be
investigated for both tube and orifice cases in this section. According
to Saffman’s inviscid velocity formula,22,34 the non-dimensional energy
can be obtained by vortex trajectories and circulation, i.e.,

ffiffiffi
p

p
E��
v þ 3=4 ¼ pUvDv

Cv
¼ pU�

v D
�
v

C�
v

; (4)

where U�
v and D�

v are Uv=Umax and Dv=D. The ring translational
velocity U�

v and ring diameter D�
v are obtained from the ring axial

x�v ¼ xv=D and radial r�v ¼ rv=D trajectories.

The scaling laws for the axial trajectory are presented in Fig. 10.
Case T3 and case O5 are discussed primarily in this section due to their
large stroke ratios. The fitted lines for case T3 and O5 are obtained by
the least squares method. At the initial time 0 � t� � 1, the 3=2 power
law found by previous experiments8 can be confirmed in our simula-
tions for both tube and orifice cases. It is noted that the proposed
4=3 law can describe both the small time t� < 0:8 and larger time
0:8 � t� � 1 [Fig. 10(a)]. Moreover, the 4=3 law can predict the axial
trajectory over a wide range of time 0 � t� � 6.11 The fits are therefore
divided into two stages 0 � t� � 1 and 1 � t� � 6 for the tube case
[e.g., the red and yellow dashed lines in Fig. 10(a)]. Due to the vena
contracta effect caused by the orifice plate, the accelerated vortex
allows a 3=2 power law at 1 � t� � 3 and decreases to a 4=3 power-
law acceleration at 3 � t� � 6 [Fig. 10(b)].

Following the previous experiments8 and established theory,9,10

the 2=3 law is able to predict the radial trajectory for both tube and ori-
fice at the initial formation time, i.e., 0 � t� � 0:5 [Figs. 11(a) and
11(b)]. However, the increase in the ring radius is perturbated due to
the convergent flow ejected from the orifice and the negative vorticity
on the outer orifice plate at t� > 0:5. The power for the tube continu-
ally decreases to 1=2 at 1 � t� � 3 and 2=5 at 3 � t� � 6 [Fig. 11(a)].
The result suggests a decline in the growth of vortex formation.
Although the radial trajectory is perturbated in the orifice case, it basi-
cally follows the 2=3 power law at 1 � t� � 4 with a smaller scaling
factor than that during the initial formation. After the stop of jet dis-
charge t� > 4, the growth of radial trajectory drops to an even smaller
index power of 1=5 for the orifice case [Fig. 11(b)]. As shown in
Fig. 11, the trajectory of cases with small stroke ratio (such as cases T1
and O2) would drop due to the influence of wall boundary and stop-
ping vortex with negative vorticity near the nozzle exit. This leads to a
deviation from the scaling laws. Even for cases without much influence
from stopping vortex (such as cases T2 and O3), the development of
ring radius would also deviate from scaling laws and stop temporally.
During this process after the termination of jet discharge, the vortex
ring redistributes its vorticity and stabilizes itself.

FIG. 10. Evolution of axial trajectory and
corresponding power-law fit during the for-
mation stage for (a) tube and (b) orifice.
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At the initial formation 0 � t� � 1, the total circulation shedding
at the nozzle edge could be regarded as the vortex circulation. The fit
proposed in tube experiments8 can predict our simulation well [blue
dashed line in Fig. 12(a)]. Moreover, the 2=3 law is found to be more
appropriate for describing initial vortex shedding [Fig. 12(a)]. With
the vortex rear boundary, which can only be identified at larger time
t� � 3, the 2=3 law becomes less agreeable as shown in Fig. 12(a). The
growth of vortex circulation allows a 1=3 law at t� � 3, which is less
than the 2=3 law in the initial formation. This implies a declining
growth of vortex due to the growing rear boundary to reject trailing
vorticity. For small-stroke-ratio cases T1 and T2, vortex rings stop
absorbing circulation and start decreasing due to viscosity diffusion.
For the orifice, a linear scaling law can best fit the vortex shedding

[Fig. 12(b)]. The larger power than that for the tube can be attributed
to the additional vorticity from the non-parallel starting flow.

Substituting the power-law fits for trajectories and vortex circula-
tion in Saffman’s formula [Eq. (4)], the evolution of vortex energy in a
non-dimensional form can be obtained. At the initial formation
0 � t� � 1, vortex energy for the tube and orifice can be written as

ffiffiffi
p

p
E��
v þ 3=4 ¼ pU�

v D
�
v

C�
v

¼
4paxðt�Þ1=3 � 2 0:5þ arðt�Þ2=3

h i

3aCðt�Þ2=3

¼ 4pax þ 8paxarðt�Þ2=3
3aCðt�Þ1=3

; (5)

FIG. 11. Evolution of radial trajectory and
corresponding power-law fit during the for-
mation stage for (a) tube and (b) orifice.

FIG. 12. Evolution of vortex circulation and
corresponding power-law fit during the for-
mation stage for (a) tube and (b) orifice.
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ffiffiffi
p

p
E��
v þ 3=4 ¼ pU�

v D
�
v

C�
v

¼ 4pax þ 8paxarðt�Þ2=3
3aCðt�Þ2=3

; (6)

where positive constants (i.e., scaling factors) ax , ar , and aC can be esti-
mated from fitting power laws for x�v , r

�
v , and C

�
v . As shown in Figs. 13(a)

and 13(b), Saffman’s formula (blue dashed line) can predict the decrease
in vortex energy. This corresponds to the thickening of vortex core in
vortex formation.29 The predicted trend of the decrease can be attributed
to the circulation growth in the denominator. Nevertheless, Eq. (4) can-
not predict the energy value accurately. Motivated by the formula cou-
pled with scaling laws, the vortex energy during the initial formation
stage can be rewritten for the tube and orifice cases in the form of

ffiffiffi
p

p
E��
v þ3=4¼aneþbneðt�Þ2=3

ðt�Þ1=3
and

ffiffiffi
p

p
E��
v þ3=4¼aneþbneðt�Þ2=3

ðt�Þ2=3
;

(7)

where constants ane and bne (see Table III) are obtained from the fit-
ting procedures. As shown in Figs. 13(a) and 13(b), these semi-
empirical forms can accurately describe energy evolution.

Saffman’s formula has also been used to predict the energy evolu-
tion at larger time t� � 3 for the tube case. The error could be insignif-
icant. Considering the expression with scaling laws, the vortex energy
can be written as

ffiffiffi
p

p
E��
v þ 3=4 ¼ ane þ bneðt�Þ2=5: (8)

This above-mentioned expression can fit the energy variation well for
the tube case [Fig. 13(a)].

C. Similarity model during the post-formation stage
for tube-generated and orifice-generated starting jets

Following the last section, the scaling laws and prediction of vor-
tex properties during the post-formation stage would be studied in this
section. During the post-formation stage, the orifice-based experi-
ments13 have proposed scaling laws for the laminar vortex rings. They
can be written as

ðR�
vÞ3 � t�2 and U�

v � ðt�2Þ�1: (9)

A shift time t�2 ¼ t� � t�0 is defined with the virtual origin time t�0
determined by a linear fit ðR�

vÞ3 � t�2 for each case. When the core
radius a is comparable with the ring diameter Dv , the vortex impulse
follows the scaling law,34 i.e.,

I�v � U�
v ðR�

vÞ3: (10)

Considering the measurements,13 the assumption of constant impulse
I�v � 1 can thus be achieved. From the asymptotic relation,34 the vor-
tex impulse can be expressed in terms of the vortex circulation, such as

I�v ¼ pðR�
vÞ2C�

v : (11)

As a result, the scaling law for the decay of vortex strength can be writ-
ten as

C�
v � ðt�2Þ�2=3: (12)

The �1 power-law decay for translational velocity and the linear
increase in ðR�

vÞ3 have been confirmed in simulations for parallel start-
ing jets.14 For both tube and orifice, all vortex rings allow the scaling
relations (9) and (12) for a wide range of vortex Reynolds numbers
ReC ¼ Cvmax=� from 2354 to 10418 and ReUD ¼ ðUvDvÞmax=� from
568 to 1810 (see Fig. 14). It is noted that the vortex Reynold number
can be increased by either a larger stroke ratio or the over-pressure
effect of the orifice.23 The ring velocity decay and growth of vortex size
(e.g., the ring diameter) are the result of the momentum conservation
in an entrainment process. The circulation decay is mainly due to the
viscous diffusion of vorticity.

FIG. 13. Evolution of vortex energy and corresponding power-law fit during the formation stage for (a) tube and (b) orifice.

TABLE III. Parameters used to fit the evolution of non-dimensional vortex energy
during the formation stage.

Case Time ane bne

T3 0 � t� � 1 2.03 �0.19
T3 t� � 3 1.41 �0.05
O3 0 � t� � 1 0.93 0.69
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The invariance of impulse is basically observed for both tube and
orifice [found in Figs. 8(c) and 8(d)]. For laminar flows, an obvious
vorticity shedding into a wake from the vortex bubble cannot be found.
This agrees well with the precondition in the assumption of constant
impulse.13 It is suggested that the invariance of impulse can be satisfied
in viscous fluid due to the negligible drag force on vortex rings. It is
also independent of vortex Reynolds number and nozzle configura-
tions during the laminar vortex post-formation. Moreover, the results
provide strong support for the scaling relation (10) and asymptotic
relation in Eq. (11).

During the post-formation stage, the evolutions of non-
dimensional energy and circulation are expected to satisfy scaling rela-
tions. The average values of non-dimensional energy E��

v are 0.29 and
0.30 for the tube and orifice cases, while the average values of non-
dimensional circulation C��

v are both 2.04. The limiting values of E��
v

and C��
v are in agreement with the previous studies.14,17,19 The evalua-

tion of Eq. (4) is shown in Figs. 15(a) and 15(d) where the average
value of the left-hand side of the equation is presented by the black line
and the right-hand side obtained by fitted components is presented by
color lines. Comparing the average value of colored fitted lines with
the black line, errors are at about 6% for both tube and orifice cases.
Thus, the invariance of non-dimensional energy can be approximated
well by Saffman’s formula.

Substituting the scaling relations (9) and (12) in Eq. (4), the vor-
tex energy for both tube and orifice can be written as

ffiffiffi
p

p
E��
v þ 3=4 ¼ pU�

v D
�
v

C�
v

¼ paUðt�2Þ�1 � 2aRðt�2Þ1=3
aCðt�2Þ�2=3

¼ 2paUaR
aC

� 1;

(13)

where positive constants aU and aR (see Table IV) are obtained in fit-
ting power laws for U�

v and R�
v . Inserting scaling relations (9) and (12)

into Eq. (3), the vortex circulation for both tube and orifice can be
written as

C��
v ¼ C�

v

I�v ðU�
v Þ2

h i1=3 ¼ aCðt�2Þ�2=3

aIa2Uðt�2Þ�2
h i1=3 ¼ aC

a1=3I a2=3U

� 1; (14)

where positive constants aI (see Table IV) can be obtained from the
fitting power laws for I�v . The scaling relation (13) is validated in Figs.
15(b) and 15(e), while the scaling relation (14) is validated in Figs.
15(c) and 15(f). The values of E��

v are practically constant, while the
values of C��

v are in slight oscillation around the averaged value due to
the non-circular vortex core. This conclusion agrees well with the pre-
vious numerical study.14 It is suggested that the invariance of dynami-
cal properties (E��

v � C��
v � 1) is derived on the basis of impulse

invariance. As shown in Table IV, the practical constant of E��
v pre-

dicted by Eq. (13) can be obtained by the average value 0.33 with devi-
ation60:03. The practical constant of C��

v defining by Eq. (14) can be
obtained by the average value of 2.04 with deviation within60:04.

FIG. 14. Evolution of (a) and (d) the magnitude of ðR�
v Þ3, (b) and (e) translational velocity, and (c) and (f) vortex circulation and corresponding power-law fits during the post-

formation stage. Rows from top to bottom represent the tube and orifice.
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As shown above, the energy and circulation in the non-
dimensional form are related to a constant mean core radius,29

implying a similarity relation for the size growth of vortex core due to
viscous diffusion, such as

a� � ðt�2Þ1=3; (15)

where the non-dimensional core radius a� is defined as a=D. To sum-
marize, the scaling laws of vortex evolution (e.g., the non-dimensional

energy E��
v , the non-dimensional circulation C��

v , and the diffusivity
scale of vortex core a�) can be derived from Maxworthy’s model and
Saffman’s velocity formula for the tube and orifice cases.

V. CONCLUDING REMARKS

The formation of vortex rings can be used in propulsion systems
to enhance propulsive efficiency due to its remarkable mass transport.
To further study the kinematic and dynamical properties of laminar
vortex rings during the formation stage and the post-formation stage,
starting jets generated by tube and orifice nozzles are examined by a
series of numerical simulations. By examining the temporal evolutions
of vortex properties, the present work focuses on the limiting vortex
formation, similarity models in both formation and post-formation
stages, and predictions of vortex properties (such as the non-
dimensional energy and circulation).

Based on the pressure-based vortex boundary, the growth of vor-
tex invariants is found to be limited by the high-pressure rear barrier.
To obtain a vortex ring at maximum circulation, the final stroke ratio
must be about twice the formation number for both tube and orifice
cases. Based on a ratio C�

vmax=C
�
tmax, an alternative criterion is found to

describe the onset of pinch-off (i.e., a critical timescale referred to as the
formation number in vortex formation), such as C�

vmax=C
�
tmax � 80%

for Lm=D ¼ F. When the stroke ratio is larger than the formation
number, the circulation ratio would be lower because more fluids have
accumulated in the trailing jet rather than in the leading vortex.

FIG. 15. (a) and (d) Evaluation of Saffman’s formula, (b) and (e) the evolution of vortex energy, and (c) and (f) the evolution of vortex circulation during the post-formation stage.
Rows from top to bottom represent the tube and orifice. Black lines in the left column indicate the left-hand side of Eq. (4) with non-dimensional energy averaged from simula-
tions. Black lines in the middle and right columns indicate the averaged value of non-dimensional energy and circulation.

TABLE IV. Parameters used to fit the evolution of non-dimensional vortex energy
and circulation during the post-formation stage.

Case t�0 aR aU aC aI E��
v C��

v

T1 �57:82 0.15 23.10 16.06 0.92 0.34 2.04
T2 �77:25 0.16 40.75 30.89 2.15 0.33 2.02
T4 �89:01 0.19 58.63 50.42 4.56 0.36 2.01
T5 �87:21 0.20 66.51 63.18 6.78 0.32 2.03
T6 �76:71 0.23 71.98 79.31 10.68 0.32 2.08
O1 �36:58 0.14 20.95 14.34 0.75 0.30 2.08
O2 �46:91 0.15 31.69 22.71 1.36 0.32 2.05
O3 �56:15 0.16 41.02 30.27 1.96 0.35 2.03
O4 �67:34 0.17 54.59 42.47 3.08 0.35 2.03
O5 �79:35 0.17 65.65 52.32 4.12 0.33 2.01
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The scaling laws for vortex trajectories found in simulations agree
well with experiments and similarity theory at initial time 0 � t� � 1.
Some scaling relations are proposed for a larger formation 1 � t� � 6.
Based on Saffman’s velocity formula together with the proposed scal-
ing laws, the evolution of non-dimensional energy can be predicted
accurately for both tube and orifice cases.

During the post-formation stage, the scaling laws measured in
experiments are valid for both tube and orifice cases and are indepen-
dent of the vortex Reynolds number. For the impulse invariance in the
decay process, the scaling laws of vortex properties (e.g., E��

v , C��
v , and

a�) are derived and constant vortex properties (e.g., E��
v � 0:3 and

C��
v � 2) can be accurately predicted by the Saffman’s formula.

Therefore, the universality for vortex energy and vortex circulation
found in experiments17,19 can be derived from the similarity model for
both tube and orifice cases.

When the vortex Reynolds number is low (such as ReC < 1000),
the vortex ring was found to decay with�3=2 power law by the Stokes
drift as t ! 1.15 Large viscosity could significantly change the decay
power. The effects of viscosity on vortex rings generated by tube or ori-
fice nozzles are still not fully understood. For large Reynolds numbers,
the vortex ring becomes unstable and significantly sheds vorticity into
its wake.13 The �1 power law would fail for the vortex velocity. The
quantitative properties of such vortex rings have not been fully investi-
gated. Future studies would focus on the effects of Reynolds number
and nozzle configuration in starting flows.
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