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ABSTRACT

The state-to-state (StS) model can accurately describe high-temperature thermochemical nonequilibrium flows. For the five-species air gas
mixture, we develop a comprehensive database for the state-specific rate coefficients for temperatures 300–25 000K in this paper. The data-
base incorporates recent molecular dynamics simulations (based on the ab initio potential energy surfaces) in the literature, and theoretical
methods, including the forced harmonic oscillator model and the Marrone–Treanor model, are employed to complement the rate coefficients
that are unavailable from molecular dynamics calculations. The post-shock StS simulations using the present database agree with the experi-
mental NO infrared radiation. Based on this updated StS kinetics database, we investigate the post-shock high-enthalpy air flows by employ-
ing both the StS and coarse-grained models (CGM). The CGM, which lumps molecular vibrational states into groups, shows results that align
with the StS model, even utilizing only two groups for each molecule. However, the CGM-1G model, with only one group per molecule and
belonging to the multi-temperature model (but uses StS kinetics), fails to reproduce the StS results. Analysis of vibrational energy source
terms for different kinetic processes and fractions of vibrational groups reveals that the deficiency of the CGM-1G model stems from the
overestimation of high-lying vibrational states, leading to higher dissociation rates and increased consumption of vibrational energy in disso-
ciation. Furthermore, the presence of the Zeldovich-exchange processes indirectly facilitates energy transfer in N2 and O2, a phenomenon not
observed in binary gas systems. These findings have important implications for developing the reduced-order model based on coarse-grained
treatment.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0230687

I. INTRODUCTION

In hypersonic flows, many physicochemical processes occur
behind the intense shock wave, such as internal energy transfers, chemi-
cal reactions, ionization, and radiative emission.1 The characteristic
timescales of these microscopic phenomena can deviate by orders of
magnitude, which results in the gas system deviating from local thermal
and chemical equilibria. The thermochemical nonequilibrium effects,
particularly internal energy relaxation and nonequilibrium chemical
reaction rate, profoundly affect the aerodynamic characteristics of the
hypersonic vehicle.2 Consequently, accurately modeling the physico-
chemical processes is imperative for simulating the hypersonic flows.

The multi-temperature models have been widely used to describe
the thermochemical nonequilibrium flows, with the Park

two-temperature (2T) model3,4 being particularly prominent.
Specifically, the Park 2T model assumes equilibrium between transla-
tional and rotational energy modes of molecules at temperature Ttr
(referred to as T hereafter) and equilibrium between vibrational and
electronic energy modes at temperature Tve (referred to as Tv hereaf-
ter),4 and the energy distribution follows a Maxwell–Boltzmann distri-
bution within each energy mode. Park’s assumption is based on the
fact that rotational energy levels are much closer together than vibra-
tional or electronic levels, allowing rotational modes to quickly
exchange energy (the energy gap law) with translational modes
through collisions. In contrast, vibrational and electronic modes, hav-
ing much higher energy levels, tend to equilibrate on a similar time-
scale but through slower processes. Consequently, alongside solving
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conservation equations for mass, momentum, and total energy, the 2T
model requires solving an additional conservation equation for vibra-
tion(-electronic) energy,4 in which the energy source terms include the
contributions from vibrational(-electronic) energy relaxation and
vibration–chemistry coupling. Vibrational energy relaxation is
commonly modeled using the Landau–Teller (L–T) model.5 The
vibration–chemistry coupling results from the influence of chemical
reactions on vibrational energy and the influence of vibrational
distribution function on reaction rates (e.g., molecules with higher
vibrational energy are more prone to dissociate6). Many vibration–
chemistry coupling models have been developed so far, such as the
Park model,4 Marrone–Treanor (MT) model,6 Macheret–Fridman
model,7 and their variants.8,9 However, the accuracy of these (semi)
empirical models typically relies on a few adjustable empirical parame-
ters, which are subject to tuning (such as those appeared in obtaining
the nonequilibrium factor), resulting in varying degrees of accuracy
across different scenarios.10

Over the past two decades, the high-fidelity vibrational state-to-
state (StS) model, incorporating a vibrational state-specific kinetic
mechanism, has become prevalent.11–14 By capturing the evolution of
molecular internal energy states, this approach enables a more precise
understanding of nonequilibrium evolution law and sidesteps the need
for empirical assumptions used in the 2T models. However, the accu-
racy of the StS calculations strongly depends on the precision of the
rate coefficients for elementary reactions. The vibrational state-specific
rate coefficients from ab initio calculations are becoming available for
the inelastic, dissociation–recombination (DR), and chemical exchange
processes, occurring in the non-ionized five-species air mixture
(including N2, O2, NO, N, and O and all assumed to be in the
electronic ground state) of interest in this study. For O2–O and N2–N
collisions, Esposito et al.15,16 calculated the complete sets of vibra-
tional–translational (VT) energy exchange and dissociation rate coeffi-
cients using the quasi-classical trajectory (QCT) approach based on
full-dimensional potential energy surfaces (PESs). For chemical
exchange (Zeldovich-exchange, ZE) reactions, namely, O2–N and
N2–O collisions, Bose and Candler17,18 studied the dependence of rate
coefficients on the vibrational state of N2 and O2 and the product
vibrational energy distribution of NO using the QCT approach, which
enables the derivation of vibrational state-specific rates. The aforemen-
tioned state-specific rate coefficients for O2–O and N2–N collisions
and two ZE reactions have been adopted in the STELLAR database
summarized by Da Silva et al.19 In addition, Da Silva et al.19 obtained
the VT and dissociation rate coefficients for N2–N2, N2–O2, O2–O2,
NO–N2, and NO–O2 collisions using the theoretical forced harmonic
oscillator (FHO) model in their database. Note that, in the STELLAR
database, the vibrational–vibrational–translational (VVT) energy
exchange processes in the diatom–diatom collisions are reduced to VT
processes, equivalent to that of diatom–atom collisions, and some StS
processes (such as VT transition of O2–N collision, etc.) are not consid-
ered. Recently, Gu et al.20 utilized the FHO model to calculate VVT
rate coefficients for N2–N2, N2–O2, and O2–O2 collisions and showed
that the reduction of VVT transitions to VT transitions is a poor
approximation for the test conditions. Molecular dynamic calculations
for VVT rate coefficients for O2–O2

21 and N2–N2
22 collisions were per-

formed by Hong et al. using the mixed quantum-classical (MQC)
method (which capture quantum effects related to vibrational motion),
but these data do not cover an extensive temperature range (limited to

100–7000K). Moreover, since NO is a strong radiator behind the shock
wave, accurate prediction of its formation is crucial for understanding
the high-temperature radiation. However, the VVT processes for the
NO-related collisions are seldom considered in the literature. For the
ZE reactions of NO formation, the aforementioned Bose and Candler’s
QCT data17,18 are out-of-data since the employed PESs are three deca-
des old. Recently, Esposito and Armenise23,24 revisited the O2–N and
N2–O collisions using the QCT approach based on the newly devel-
oped PESs and obtained not only the ZE but also the VT and dissocia-
tion state-specific rate coefficients. These data for O2–N and N2–O
collisions can readily replace and supplement the corresponding ones
in the STELLAR database and will be adopted in this paper.

Based on the available data of state-specific vibrational–chemical
kinetics (though usually some of the rate coefficients are not derived
from the ab initio calculations but only using the semiempirical or
empirical methods and some of the StS processes are not taken into
account), the StS calculations have been applied for shock-heated
air flows in the literature.12–14,20,25–29 Kunova and Nagnibeda25 studied
the nonequilibrium flows of the five-species air mixture
N2ðvÞ=O2ðvÞ=NOðvÞ=N=O behind shock waves by taking into
account the StS vibrational–chemical kinetics and found that the free-
stream vibrational excitation dramatically changes the post-shock relax-
ation zone structure. Su et al.14 conducted vibrational StS modeling of
the shock-heated air flows, specifically emphasizing NO formation.
Their study revealed that NO formation is sensitive to the adopted rate
coefficients, particularly for ZE reactions, and the StS model predicts
greater NO formation and faster relaxation than the multi-temperature
model. Campoli et al.26 examined various state-resolved models for
vibrational–chemical kinetics for the post-shock five-component air
mixture and validated them against experimentally measured NO radi-
ation. However, the results failed to give a unique recommendation on
choosing the best StS model under arbitrary free-stream conditions. Gu
et al.20 integrated VVT transitions into the StS model and investigated
their effect on shock-heated air flows. Restricting the quantum jumps of
VVT transitions to only 5 can still yield post-shock macroscopic quanti-
ties with an acceptable accuracy compared to the unrestricted results
across all tested conditions.20 Moreover, Torres et al.30 performed direct
molecular simulations based on the available ab initio PESs for chemi-
cally reacting five-species air flows and extracted macroscopic quantities
for helping the construction of more accurate multi-temperature model.
Nonetheless, it should be noted that full-dimensional PESs for certain
air-species collisions are still unavailable and the computational time
required for direct molecular simulations is substantial.

The comprehension of the thermochemical nonequilibrium
effects (at the molecular level) is experiencing notable advancement
thanks to these high-fidelity StS simulations. However, the computa-
tional cost rises significantly as the gas mixture incorporates more spe-
cies and their internal energy states. While recent endeavors have
employed the vibrational StS kinetics in two-dimensional hypersonic
flows for spheres27 and double-cones,31 extending its application to
more complex geometries remains challenging. In efforts to mitigate
computational cost while preserving the fidelity of the StS model,
reduced-order models (ROMs) have been previously introduced in the
literature.8,9,32–35 One of the effective ROMs is the coarse-grained
model (CGM),33,35–39 which lumps the internal energy states with sim-
ilar characteristics into distinct groups (or called bins), thereby trans-
forming the StS simulation into a group-to-group simulation and
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making it more like a macroscopic model. Liu et al.33,36 introduced the
principle of maximum entropy into CGM, i.e., the logarithm of the
distribution function in each group is defined as a polynomial function
of internal energy. Their CGM results with only two divided groups
can reproduce the vibrational–rotational StS results of macroscopic
quantities on the nitrogen gas mixture undergoing internal excitation
and dissociation, while recovering the microscopic internal energy dis-
tribution should use more than five divided groups. Note that the
CGM’s accuracy mainly depends on the number of divided groups,
the grouping strategy (e.g., energy-based grouping or vibration-based
grouping38), and the presumed polynomial function of internal energy
states.40 For the vibrational StS modeling, previous studies have used
CGM to reproduce the StS results by characterizing the distinct fea-
tures of the low-lying, medium, and high-lying vibrational states.41,42

Guy et al.32 developed the nTv-StSRed model using n groups (each
characterized by distinct vibrational temperature) to represent the
entire vibrational state space. Recently, Lv et al.35 found that the
CGM’s accuracy is related to the accuracy of the predicted number
densities of groups and developed the CG2T model based on the
coarse-grained treatment of molecular vibrational states by proposing
an analytical distribution function of vibrational groups, and their
results reproduced the StS results for the post-shock oxygen flows with
varying degrees of thermochemical nonequilibrium. In addition, recent
works have combined CGM with the neural operators to improve the
computational efficiency of CGM further while ensuring the underly-
ing physics.39,43 However, CGM has seldomly been applied to multi-
species (more than one diatom) air flows in the literature, so this paper
aims to assess its efficacy in simulating high-enthalpy five-species air
flows based on the newly updated vibrational StS kinetic mechanism
and examine the minimum number of divided groups that can accu-
rately reproduce the StS results. Note that as a limiting case of CGM,
lumping all vibrational energy levels into a single bin for each diatom
corresponds to the macroscopic multi-vibrational temperature model
(characterized by the separate vibrational temperatures of N2, O2, and
NO44), the difference is that by using the coarse-grained treatment,
one still uses the high-fidelity StS kinetics.

The remainder of this paper is organized as follows: Section II
describes the theories and governing equations of the StS and CGMs;
Sec. III reports the details of the newly updated vibrational StS kinetic
mechanism; Sec. IV presents comparisons of the StS and CGM (with
different numbers of divided groups) results for the post-shock high-
enthalpy five-species air flows with varying degrees of thermochemical
nonequilibrium and provides a detailed analysis of the performance of
different CGMs and the source term evolution behind shock wave;
concluding remarks are summarized in the last section.

II. PHYSICAL MODELS

This section introduces the governing equations associated with
the StS and CGMs for calculating the post-shock thermochemical non-
equilibrium air flows. Five neutral species of air mixture N2=O2=
NO=N=O on their ground electronic states are considered in the
kinetic mechanism. The rotational temperature in the gas mixture is
assumed to be equal to the translational temperature since the energy
transfer between these two modes is usually efficient. Moreover, a
vibrational state-specific description, considering the StS vibrational–
chemical kinetics, is applied to diatoms instead of using the vibrational
mode approximation.

A. State-to-state model

To accurately describe the vibrational distribution functions
(VDFs) of diatoms, the vibrational StS model treats the full vibrational
states as pseudospecies and considers the state-specific inelastic and
reactive collisions. For the post-shock air flows, the governing equa-
tions of the StS model are described by the stationary one-dimensional
Euler equations as follows:

d
dx

qc;iuð Þ ¼ xc;i;

d
dx

qu2 þ p
� �

¼ 0;

d
dx

qu hþ u2

2

� �� �
¼ 0;

8>>>>>>><
>>>>>>>:

(1)

where u, q, p, and h represent the gas mixture’s velocity, density, pres-
sure, and total enthalpy, respectively, and x is the position coordinate
behind the normal shock wave. qc;i and xc;i are the density and mass
production rate of species (component) c at the ith vibrational level,
respectively. Specifically, the enthalpy h in Eq. (1) is defined as follows:

h ¼ p
q
þ
X

c2atom
yc

3
2
RcT þ h0;c

� �

þ
X

c2diatom

X
i2c

yc;i
5
2
RcT þ ec;i þ h0;c

� �
; (2)

where h0;c, Rc, and yc are the enthalpy of formation, gas constant, and
mass fraction of species c, respectively. The term ec;i ¼ ec;i=mc, in
which mc is the mass of species c and ec;i is the vibrational energy of
species c in the ith state. Since the species are assumed to be in their
ground electronic states, the electronic energy is not included in this
formula. It is important to note that in shock tube experiments, partic-
ularly for incident shock wave flows where the core flow remains
inviscid and viscous effects are limited to a thin boundary layer, the
one-dimensional Euler equations, Eq. (1), provide a good approxima-
tion for reproducing experimental data.

The vibrational energy levels of N2, O2, and NO are provided in the
Appendix. The expression for xc;i is derived according to the StS kinetic
mechanism. Specifically, this paper considers the StS elementary reac-
tions including VT, VVT, dissociation–recombination (DR), and ZE pro-
cesses for five-species air flows. The VT energy transfer represents

Aci þ Adk �Aci0 þ Adk; (3)

where Aci represents the molecular formula of species c at the ith vibra-
tional level. For atoms, Aci simplifies to Ac. The V–T process describes
the exchange between the vibrational energy of one molecule and the
translational energy, while the V–V–T energy transfer refers to

Aci þ Adk �Aci0 þ Adk0 ; (4)

in which vibrational energies of both molecules participate in the
energy exchange process. Moreover, the DR process denotes

Aci þ Adk �Ac0 þ Af 0 þ Adk; (5)

where the forward direction is dissociation, while the reverse direction
is recombination. Ac0 and Af 0 are the products of Aci dissociation.
Finally, the ZE process is
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Aci þ Adk �Ac0i0 þ Ad0k0 ; (6)

in which the atom exchange event happens.
Therefore, the expression of xc;i can be readily obtained as

follows:

xc;i ¼ xvib
c;i þ xDR

c;i þ xZE
c;i ; (7)

where xvib
c;i ; x

DR
c;i , and xZE

c;i represent the mass production rates of the
inelastic (VTþ VVT), DR, and ZE processes, respectively, namely,

xvib
c;i ¼

X
dki0k0

nci0ndk0k
d;k0k
c;i0i � ncindkk

d;kk0
c;ii0

� 	
;

xDR
c;i ¼

X
dk

ndk nc0nf 0k
dk
rec;ci � ncik

dk
dis;ci

� 	
;

xZE
c;i ¼

X
dc0d0

X
ki0k0

nc0i0nd0k0k
d0k0 ;dk
c0i0;ci � ncindkk

dk;d0k0
ci;c0i0

� 	
;

(8)

where nci is the number density of species c at the ith vibrational level,

and kd;kk
0

c;ii0 ; k
dk
dis;ci, and kdk;d

0k0
ci;c0i0 are the forward rate coefficients of pro-

cesses (3) [and (4)], (5), and (6), respectively. The backward rate coeffi-

cients kd;k
0k

c;i0 i ; k
dk
rec;ci, and kd

0k0;dk
c0i0;ci are related to the forward rate

coefficients by the detailed balance principle.28 The details of the con-
sidered elementary reactions and the corresponding rate coefficients in
the updated database are described in Sec. III.

B. Coarse-grained model

Grouping energy levels with similar behavior is physically reason-
able and has been proven effective in reproducing full StS results.33,35,37

The intuitive and physically interpretable grouping strategy is the uni-
form width energy-based grouping35,38 by lumping the states with
close energies, as adjacent energy levels have similar relaxation time
scales and efficient energy transfer between them. Although more
effective data-driven grouping strategies exist (such as the machine
learning framework developed by Jacobsen et al.,45 which utilizes rate-
distortion theory to optimize cluster assignments and improve the
coarse-grained process in vibrational–rotational StS calculations), the
energy-based grouping method used in this work still yields satisfac-
tory results for the cases of interest (see below), when compared to
vibrational-specific StS calculations. Specifically, for species c with dis-
sociation energy D0;c, each vibrational group Gi contains the vibra-
tional energy levels spanning the energy of DE ¼ D0;c=Ng;c if the
number of grouping is Ng;c. The reconstruction of energy level distri-
bution within each group follows the maximum entropy principle46

(ensuring that the distribution maximizes entropy after molecular col-
lision), i.e.,

ln nGi
c;v

� 	
¼ aGi

c þ bGi
c ec;v þ � � � ; v 2 Gi; (9)

where ec;v is the vibration energy of level v (belonging to groupGi of spe-
cies c), whose number density is nGi

c;v . Note that in this paper, we truncate
the above function at the first-order term (linear model) since including
higher-order terms needs higher moment closure constraints. The
parameters aGi

c and bGi
c are constrained by taking the moment of the

vibration energy of levels within group Gi,
47 and the zero-order moment

gives the number density of group Gi, while the first-order moment is
the average vibrational energy of group Gi, namely,

X
v2Gi

nGi
c;v ¼ nGi

c ;
X
v2Gi

nGi
c;vec;v ¼ nGi

c eGi
c ; (10)

where nGi
c and eGi

c are the number density and vibration energy of
group Gi of species c, respectively. Thus,

aGi
c ¼ ln

nGi
c

QGi
c

 !
; QGi

c ¼
X
v2Gi

exp bGi
c ec;v

� �
: (11)

If we further define the characteristic temperature for each group as

TGi
v ¼ � 1

kBb
Gi
c

; (12)

where kB is the Boltzmann constant, then, nGi
c;v [namely, Eq. (9)] can

readily be expressed as

nGi
c;v ¼

nGi
c

QGi
c
exp � ec;v

kBT
Gi
v

� �
: (13)

This formula indicates that, under the maximum entropy linear model,
the vibrational level distribution within each group is described by the
Boltzmann distribution controlled by TGi

v . As energy transfer between
adjacent levels is efficient, the accuracy of this linear distribution
within each group improves with an increasing number of grouping.
When the gas system is in thermal equilibrium (T ¼ TGi

v ), the molecu-
lar VDF retains the Boltzmann distribution. Moreover, the tempera-
ture TGi

v of each group is solved iteratively by the Newton method
according to the first-order moment constraint in Eq. (10).

Therefore, for the post-shock air flows, the governing equations
of CGM can be expressed as

d
dx

qGi
c u

� � ¼ xGi
c ;

d
dx

qGi
c ueGi

c

� � ¼ xGi
c;vib;

d
dx

qu2 þ p
� � ¼ 0;

d
dx

qu hþ u2

2

� �� �
¼ 0;

8>>>>>>>>>>><
>>>>>>>>>>>:

(14)

where eGi
c ¼ eGi

c =mc. It is seen that CGM introduces the dynamical
equations for different-order moments of vibrational energy beyond
those of the conserved mass, momentum, and total energy. The num-
ber of governing equations to be solved is then significantly reduced
compared to the StS equations [Eq. (10)]. xGi

c and xGi
c;vib are the mass

production rate and vibrational energy source term, respectively, for
group Gi of species c, i.e.,

xGi
c ¼

X
v2Gi

xc;v;x
Gi
c;vib ¼

X
v2Gi

ec;v � xc;v: (15)

The detailed expressions of these source terms are obtained by taking
(zero-order and first-order) moments of the vibrational energy in Eq.
(7) and summing over vibrational states within group Gi. Note that the
same state-specific kinetic mechanism as the StS model is adopted so
that the cost of computing the source terms is not reduced in CGM
(except for directly obtaining the group-specific rate coefficients using
molecular dynamic simulation38 or using the neural network regres-
sion35). Furthermore, in solving the governing equations for the StS
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and CGMs, namely, Eqs. (1) and (14), respectively, the post-shock val-
ues are derived from the Rankine–Hugoniot relations, assuming that
vibrational modes and gas composition remain frozen across the shock
wave, and the equations are numerically solved using the fourth-order
Runge–Kutta method.

III. THE UPDATED StS KINETIC MECHANISM

Although ab initio calculations and experimental measurements
can provide the highest-fidelity state-specific rate coefficients for air
species, these data are often unavailable or complete and instead neces-
sitate using (semi)empirical methods. By summarizing the available
state-specific rate coefficients (combining data from ab initio calcula-
tions and the FHO model) of five-species air mixture
N2ðvÞ=O2ðvÞ=NOðvÞ=N=O in 2012, Da Silva et al.19 developed the
open-source STELLAR database. However, the STELLAR database
simplifies the VVT energy exchange processes in the diatom–diatom
collisions to VT processes and omits some StS processes (such as the
VT transition of the O2–N collision and certain reactions involving
NO, etc.). Since then, many ab initio calculations have been performed
for collisions between air species. Therefore, we develop and distribute
in this paper a more comprehensive vibrational state-specific dataset
for the five-species air mixture based on the data that reflect the state-
of-the-art. The considered elementary reactions include the type of the
VVT, VT, DR, and ZE processes, which are summarized in Table I
along with the methods adopted to calculate the rate coefficients. The
presently released version does not consider the ionized species and
the associated reactions. For reactions lacking available ab initio calcu-
lations, we supplement with the ad hoc data obtained by semiempirical

models. The number of vibrational energy levels in the ground elec-
tronic state of N2 is 55 (detailed energy levels are reported in Table
A1), which is adopted from Fangman and Andrienko48 by solving the
one-dimensional radial Schr€odinger equation based on the diatomic
potential energy curve of N2 in the Minnesota N4 ground PES.49 The
number of N2 vibrational ladder 55 is also obtained in Ref. 22 by using
the LEVEL16 program. Moreover, the vibrational energy levels in the
ground electronic state of O2 and NO are 46 and 48 (see Table V),
respectively, as determined by Lopez and Lino Da Silva28 by solving
the radial Schr€odinger equation based on the potential energy curves
reconstructed using the semi-classical Rydbert–Kelin–Rees method.
Unlike the commonly used Dunham expansion extrapolation, these
ab initio calculated vibrational ladders provide a more accurate
description of intermediate and high-lying vibrational energy levels.

A. Vibrational–vibrational–translational (VVT) energy
exchange processes

The data of vibrational inelastic VVT rate coefficients for diatom–
diatom collisions (specifically, N2–O2, N2–NO, O2–NO, and O2–O2

collisions) are calculated in this paper using the FHO model. The
FHO model is a semi-classical non-perturbative approach to effi-
ciently obtain the VVT and VT transition probabilities (and rate
coefficients) for a harmonic oscillator influenced by an external ana-
lytical force field.54–56 The original derivation was made on assum-
ing collinear collision,54 and later improved modifications were
incorporated to account for anharmonicity, steric factors, and
detailed balance.55 Specifically, the expression of the FHO model for

TABLE I. Vibrational state-specific kinetic mechanism for the five-species non-ionized air gas mixture.

No. Type Reaction Model References

1 VVT N2ðiÞ þ O2ðkÞ ¼ N2ði0Þ þ O2ðk0Þ FHO This paper
2 VVT N2ðiÞ þ NOðkÞ ¼ N2ði0Þ þ NOðk0Þ FHO This paper
3 VVT O2ðiÞ þ NOðkÞ ¼ O2ði0Þ þ NOðk0Þ FHO This paper
4 VVT O2ðiÞ þ O2ðkÞ ¼ O2ði0Þ þ O2ðk0Þ FHO This paper
5 VT N2ðiÞ þM ¼ N2ði0Þ þM;M ¼ N2; N QCT 48
6 VT N2ðiÞ þ O ¼ N2ði0Þ þ O QCT 23
7 VT O2ðiÞ þ N ¼ O2ði0Þ þ N QCT 24
8 VT O2ðiÞ þ O ¼ O2ði0Þ þ O QCT (STELLAR) 15 and 19
9 VT NOðiÞ þM ¼ NOði0Þ þM;M ¼ NO;N;O FHO This paper
10 DR N2ðiÞ þM ¼ Nþ NþM;M ¼ N2; N QCT 48
11 DR N2ðiÞ þ O ¼ Nþ Nþ O QCT 23
12 DR O2ðiÞ þ N ¼ Oþ Oþ N QCT 24
13 DR O2ðiÞ þ O ¼ Oþ Oþ O QCT (STELLAR) 15 and 19
14 DR O2ðiÞ þ O2 ¼ Oþ Oþ O2 FHO (STELLAR) 19
15 DR N2ðiÞ þ O2 ¼ Nþ Nþ O2 MT ðkdisÞeq from Ref. 8 This paper
16 DR O2ðiÞ þ N2 ¼ Oþ Oþ N2 MT ðkdisÞeq from Ref. 50 This paper
17 DR NOðiÞ þ N2 ¼ Nþ Oþ N2 MT ðkdisÞeq from Refs. 51 and 3 This paper
18 DR N2ðiÞ þ NO ¼ Nþ Nþ NO MT ðkdisÞeq from Ref. 52 This paper
19 DR O2ðiÞ þ NO ¼ Oþ Oþ NO MT ðkdisÞeq from Ref. 52 This paper
20 DR NOðiÞ þM ¼ Nþ OþM;M ¼ O2;NO;N;O MT ðkdisÞeq from Ref. 53 This paper
21 ZE N2ðiÞ þ O ¼ NOði0Þ þ N QCT 23
22 ZE O2ðiÞ þ N ¼ NOði0Þ þ O QCT 24
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the transition probability of the VVT process Aci þ Adk �Aci0

þAdk0 is derived by Zelechow et al.54 as follows:

P i; k ! i0; k0; e; qð Þ

¼




Xn
r¼0

ð�1Þi12�rCi12
rþ1;kþ1C

f12
rþ1;k0þ1 � e

1
2 i12þf12�2rð Þ

� exp � e
2

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
i12 � rð Þ! f12 � rð Þ!

q

� exp½�j f12 � rð Þq�
Xn�r

l¼0

ð�1Þl
l! i12 � r � lð Þ! f12 � r � lð Þ!

1
el






2

;

(16)

where j denotes complex number, i12 ¼ iþ k; f12 ¼ i0 þ k0;
n ¼ minði12; f12Þ, and Ck

i;j is the transformation matrix as follows:

Ck
i;j ¼ 2�

k
2

k

i� 1

 !1
2 k

j� 1

 !�1
2Xj�1

v¼0

ð�1Þv k� iþ 1

j� v � 1

 !
i� 1

v

 !
;

(17)

in which
i
j

� �
is the binomial coefficient. Moreover, e and q are

related to the transition probability obtained by the first-order pertur-
bation theory. When assuming that the interaction potential energy is
a pure repulsive potential [namely, VðRÞ � expð�aRÞ, and R is the
intermolecular distance], the analytic solutions for e and q are54

e ¼ SVT
8p3x ~m2=l

� �
c2

a2h
sinh�2 px

a�v

� �
;

q ¼ ffiffiffiffiffiffiffiffi
SVV

p
2~m2=l
� �

c2a�v=x;

(18)

where h is the Planck constant, x denotes the oscillator frequency, �v is
the average collision velocity, and l; c, and ~m are the mass parameters.
The detailed expressions of these parameters are referred to Refs. 55
and 56. SVT and

ffiffiffiffiffiffiffiffi
SVV

p
are the steric factors that generalize the assump-

tion of collinear collision to the general case of noncollinear collision.
The rate coefficient is obtained by considering a one-dimensional

Maxwellian distribution of the relative collision velocity of particles
and multiplying the averaging transition probability by the gas-kinetic
collision frequency, namely,

kd;kk
0

c;ii0 ðTÞ ¼ r

ffiffiffiffiffiffiffiffiffiffi
8kBT
p~m

r
~m

kBT

� �ð1
0
Pði; k ! i0; k0Þ � exp �~mv2

2kBT

� �
� vdv;
(19)

where v is the relative collision velocity and r is the collisional cross
section.

The VVT rate coefficients for processes 1–4 in Table I are
obtained by Eq. (19) for the temperature range of 100–25 000K (only
exothermic processes are explicitly computed, while the endothermic
ones are obtained by the detailed balance principle). The adopted FHO
parameters are taken from Ref. 56: r¼ 40 Å2, a¼ 4 Å–1, SVT ¼ 4=9,
and SVV ¼ 1=27 (except that a ¼ 4:2 Å–1 for process 4 in Table I).
For these VVT processes, the allowed quantum transition number is
limited to 5 (namely, Di � 5 and Dk � 5) to reduce the computational
cost in the subsequent StS and CGM calculations using these data, and
the rate coefficients for Di > 5 or Dk > 5 are generally small enough.

Figure 1 shows the rate coefficients of VT and VVT processes for
selected O2 þ O2 and N2 þ O2 collisions. It is seen in Fig. 1(a) that the
present FHO results for the single-quantum VT transition of O2ð1Þ
þ O2ð0Þ and O2ð10Þ þ O2ð0Þ collisions are in good agreement with
the mixed quantum-classical (MQC) calculations (based on a spin-
averaged O2 þ O2 PES) by Hong et al.21 and experimental data57

except for very low temperatures. Moreover, the rate coefficients for
the VT processes are several orders of magnitude lower than the VVT
processes with the same initial vibrational states at lower temperatures
(below 3000K). As temperature increases, the VT efficiency rapidly
grows, and its rates surpass those of VVT at higher temperatures.
Figure 1(b) presents the VT and VVT rate coefficients for O2ðiÞ
þ O2ð0Þ collisions up to i¼ 30. The present FHO results show good
agreement with the MQC results by Hong et al.21 for near-resonant
VVT processes O2ðiÞþ O2ð0Þ ! O2ði� 1Þþ O2ð1Þ for T ¼ 1000K
(where the VVT process dominates) and single-quantum VT processes
O2ðiÞþ O2ð0Þ ! O2ði� 1Þþ O2ð0Þ for T ¼ 5000K (the largest tem-
perature where MQC data are available). Figure 1(c) shows the VT
rate and VVT rate coefficients of N2ð1Þ þ O2ð0Þ collisions. The FHO
rate coefficients for the VVT process N2ð1Þþ O2ð0Þ ! N2ð0Þ
þ O2ð1Þ agree well with the experimental data58 (which, however,
might have considerable uncertainty, as analyzed by Andrienko and
Boyd50), while they are much larger than the MQC results by Garcia
et al.59 and QCT results by Andrienko and Boyd,50 especially at lower
temperatures. This disagreement between the molecular dynamical
results (MQC and QCT) and the experimental data may be attributed
to some uncertainties in the adopted PES50 or in the experimental
measurement. Similarly, the FHO rate coefficients for the VT process
N2ð1Þ þ O2ð0Þ ! N2ð0Þ þ O2ð0Þ are larger than the MQC59 and
QCT50 results. Below 3000K, the QCT results strongly underestimate
the rate coefficients due to its failure to capture the influence of quan-
tum effects at low temperatures. In general, the FHO model not only
can obtain the rate coefficient dataset efficiently using only several
model parameters but also gives VT and VVT rate coefficients (for
processes 1–4 in Table I) that agree reasonably well with the MQC cal-
culations and experimental data.

B. Vibrational–translational (VT) energy transfer
processes

The present data of vibrational inelastic VT rate coefficients for
diatom–atom collisions (processes 5–8 in Table I) are taken from the
QCT calculations in the literature. Specifically, the VT rate coefficients
for N2–N collisions are obtained by the regression formulas, proposed
by Fangman and Andrienko,48 fitting to the QCT calculations (in the
range of temperatures between 5000 and 30000K) based on the
Minnesota N4 ground PES with one nitrogen atom displaced to infin-
ity.49 For the VT rate coefficients of N2–O and O2–N collisions, we
adopt the interpolation formulas proposed by Esposito and
Armenise23,24 based on the QCT calculations (in the range of tempera-
tures between 1000 and 20 000K) using the 3A00 and 3A0 PESs for the
N2–O system and 2A0 and 4A0 PESs for the O2–N system, respectively.
Moreover, for the O2–O collisions, the VT rate coefficients are taken
from the collected dataset in the STELLAR database and are based on
the QCT calculations (in the range of temperatures between 50 and
10000K) made by Esposito et al.15 For the NO–O and NO–N colli-
sions, to our knowledge, there are no available VT rate coefficient data-
sets from ab initio calculations, so we use the aforementioned FHO
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model to obtain the data for the full vibrational ladder of NO. Note
that the VVT processes of the NO–NO collisions are reduced to VT
processes for simplicity and also calculated using the FHO model, as
the NO–NO collisions are affected by the nonadiabatic electronic tran-
sitions and lack ab initio calculations or experimental data for valida-
tion. The expression of the FHO model for the transition probability
of the VT process Aci þ Ad �Aci0 þ Ad of diatom–atom collisions is60

Pði ! i0; eÞ ¼ i!i0!eiþi0 expð�eÞ




Xn
r¼0

ð�1Þr
r!ði� rÞ!ði0 � rÞ!

1
er






2

; (20)

where n¼min(i, i0), and e has the same expression as in Eq. (18). The
adopted parameters r, a, and SVT are taken from the values used by

Oblapenko61 for the NO-related collisions, and the VT rate coefficients
are calculated for the temperature range of 100–25000K.

For process 5 in Table I, it should be noted that the QCT inelastic
rate coefficients of N2–N2 collisions, calculated by Fangman and
Andrienko48 using the Minnesota N4 singlet PES,

49 are only available
for VT processes (assuming one of the N2 molecules in the vibrational
ground state and unchanged after collision). These QCT rate coeffi-
cients represent the state-of-the-art for high temperatures and
provide the state-specific data for the whole vibrational ladder of N2.
Figure 2(a) shows the above QCT rate coefficients for N2ð1Þ þ N2 and
N2ð20Þ þ N2 single-quantum VT transitions as a function of tempera-
ture. It is seen that the present adopted QCT fitting formulas are lower
than the FHO results from the STELLAR database19 except for the

FIG. 1. Rate coefficients for VT and VVT processes of selected O2 þ O2 and N2 þ O2 collisions.
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case of higher vibrational level at high temperatures. The QCT calcula-
tions are close to the MQC calculations by Hong et al.22 for the tem-
perature range of 4000–9000K, while for the lower temperatures, QCT
data (note that the formulas were fitted to the QCT calculations in the
temperatures between 5000 and 30 000K48) strongly underestimate
the rate coefficients since the method fails to capture the relevant
quantum effects. The comparisons also apply to N2ðiÞ þ N single-
quantum VT transitions. As depicted in Fig. 2(b), the QCT fitting for-
mula proposed by Fangman and Andrienko48 aligns well with the
QCT data calculated by Esposito et al.16 (collected in the STELLAR
database) for the N2ð1Þ þ N VT relaxation. The influence of different
adopted PESs in the above two QCT calculations is small for lower
vibrational states, but a significant distinction is observed for the
N2ð20Þ þ N collision. Note that the PES adopted in Fangman and
Andrienko’s QCT calculations was developed more recently based on
higher level ab initio points and gives 55 states in the vibrational ladder
of N2,

48 differing from the value of 68 obtained by Esposito et al.16

based on an older PES.
The isothermal heat baths of nitrogen mixture (three separate

cases with T¼ 8000, 12 000, and 20000K) reported in Ref. 48 are
computed using the StS model to investigate the influence of different
rate coefficient datasets. The vibrational temperature is initialized at
300K, and only diatomic nitrogen exists initially with
nN2 ¼ 1025 m�3. Both VT and DR (see Sec. III C) processes of N2ðiÞ
þ N and N2ðiÞ þ N2 collisions are considered. The vibration tempera-
ture of diatomic species c, Tv;c, is defined as

X
i

nc;i
nc

ec;i ¼

X
i

ec;i exp � ec;i
kBTv;c

� �
X
i

exp � ec;i
kBTv;c

� � : (21)

Figure 3 shows the vibrational temperatures of N2 in three isothermal
heat baths. The vibrational temperature increases due to VT transi-
tions and gradually reaches the equilibrium isothermal temperature.

The differences between the StS results using two different datasets of
N2ðiÞ þ N and N2ðiÞ þ N2 collisions are significant. For the cases of
T¼ 8000 and 12 000K, the results obtained using the STELLAR data-
set exhibit a considerably shorter vibrational relaxation time than those
obtained from Fangman and Andrienko.48 This difference is explained
in Fig. 2(a), where the VT rate coefficients of N2ðiÞ þ N2 collisions,
dominant in the initial relaxation phase, are much larger in the
STELLAR dataset. For T¼ 20000K, a quasi-steady-state region is visi-
ble, as indicated by the plateau before the equilibrium state, where
thermalization of the vibrational mode is not yet completed and

FIG. 2. Rate coefficients for VT processes of selected N2 þ N2 and N2 þ N collisions.

FIG. 3. Vibrational temperatures in isothermal heat baths. Solid and dashed lines
are the StS results obtained using the different datasets of N2ðiÞ þ N and N2ðiÞ
þ N2 collisions from Fangman and Andrienko48 and STELLAR,19 respectively.
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dissociation significantly occurs. Since the result obtained using the
STELLAR dataset gives a faster vibrational excitation (promoting dis-
sociation), it leads to an earlier onset of the quasi-steady-state plateau.

Rate coefficients of processes 6, 7, and 9 in Table I are not avail-
able in the STELLAR database. Previous works14,20 supplemented
these VT rate coefficients by the classical L–T relaxation model.
Specifically, the global behavior of the L–T relaxation is recovered by
choosing the state-specific rate coefficient for the VT process Aci

þAd �Aci0 þ Ad as
14

kdc;ii0 ¼
1

ndsc�d

qc;i0

qc

� �eq

; (22)

where
� qc;i0

qc

�eq
denotes the VDF at thermal equilibrium and sc�d is the

vibrational relaxation time of species c colliding with species d
(composed of the vibrational relaxation time obtained by the
Millikan–White formula62 and the high-temperature collision-limiting
correction proposed by Park3). Note that the L–T model does not
unambiguously specify the state-specific rate coefficients. As a result,
the L–T rate coefficient surfaces for N2 þ O and O2 þ N collisions
(the number density nd in Eq. (22) is assumed one half of the total
number density composed of the collision partners) at T¼ 10000K
shown in Fig. 4 appear as flat planes. Moreover, the L–T rate coeffi-
cients are notably different from the QCT calculations conducted by
Esposito and Armenise.23,24 The QCT data clearly demonstrate the
state-specific characteristics of the VT transition, illustrating a signifi-
cant decrease in the transition efficiency as Di increases. Since the L–T
model fails to accurately reflect the state-specific feature of the VT
transition, the QCT data and FHO results updated in the present data-
base (Table I) are more appropriate.

C. Dissociation–recombination (DR) processes

The present data of the DR processes 10–13 in Table I are taken
from QCT calculations in the literature. Specifically, the dissociation
rate coefficients for N2ðiÞ þ N2 and N2ðiÞ þ N collisions are obtained
by the regression formulas, proposed by Fangman and Andrienko,48

fitting to the QCT data (the same calculations for VT processes). For
N2ðiÞ–O and O2ðiÞ–N collisions, the dissociation rate coefficients are
again taken from the QCT calculations by Esposito and Armenise,23,24

and the dissociation rate coefficients of O2ðiÞ–O collisions are taken
from the QCT calculations made by Esposito et al.15 (collected in the
STELLAR database). Additionally, the dissociation rate coefficients of
O2ðiÞ–O2 collisions (process 14 in Table I) are sourced from the
STELLAR database and calculated by Da Silva et al.63 using the FHO
model. The weighted sum of these state-specific coefficients gives the
thermal dissociation rate coefficients63 that are examined to agree well
with the data proposed in popular chemical datasets, stemming mainly
from shock-tube experiments conducted at high temperatures.

In the STELLAR database, the dissociation rate coefficients of
N2ðiÞ þ O2, O2ðiÞ þ N2, NO(i) þ O2, and NO(i) þ N2 collisions are
also obtained by the FHOmodel, while the data for the remaining pro-
cesses are not available. In addition to the FHOmodel, two other mod-
els are commonly used in the literature to obtain the state-specific
dissociation rate coefficient: the ladder-climbing model assuming dis-
sociation only from the last vibrational level,11 which is generally over-
simplified, and the MT model proposed by Marrone and Treanor6

assuming that molecules with higher vibrational energy are more
prone to dissociation (preferential dissociation). Specifically, the MT
model redistributes the state-specific rate coefficients from the thermal
equilibrium dissociation rate coefficient, ðkdkdis;ciÞeq, for process
Aci þ Adk �Ac0 þ Af 0 þ Adk as follows:

kdkdis;ci ¼ Z ið Þ � kdkdis;ci

� 	eq
¼ Z ið Þ � Cf T

gf exp � hf
T

� �
; (23)

where Cf, gf, and hf are the Arrhenius parameters. Moreover, ZðiÞ is
the nonequilibrium factor

Z ið Þ ¼ QvibðTÞ
Qvibð�UÞ exp

ec;i
kB

1
T
þ 1
U

� �� �
; (24)

where Qvib is the equilibrium vibrational partition function, and the
parameter U has the dimension of temperature and describes how the

FIG. 4. Comparisons of VT rate coefficients for N2 þ O and O2 þ N collisions obtained by QCT calculations and L–T model, respectively, at T¼ 10 000 K.

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 36, 106133 (2024); doi: 10.1063/5.0230687 36, 106133-9

Published under an exclusive license by AIP Publishing

 08 D
ecem

ber 2025 08:53:50

pubs.aip.org/aip/phf


probability of the reaction increases with the increase in vibrational
energy. Herein, U is set to 1/3 of the dissociation characteristic temper-
ature of species c. Furthermore, the state-specific recombination rate
coefficients are computed from the detailed balance principle.

Figure 5(a) shows the adopted QCT rate coefficients for N2ðiÞ
þ N dissociation from Fangman and Andrienko,48 and the corre-
sponding data in the STELLAR database (taken from the QCT calcula-
tions by Esposito et al.16) generally agree well with these data within
the order of magnitude. Dissociation increases with temperature and
vibrational energy, and dissociation from very low vibrational levels
becomes substantial for very high gas temperatures. Figure 5(b) com-
pares the adopted QCT rate coefficients48 and the FHO results (in the
STELLAR database) for the N2ðiÞ þ N2 dissociation. An unphysical
decrease in the rate coefficient with vibrational energy is observed near
the diatomic dissociation limit for the FHO results, deviating from the
trend depicted in the trajectory results. This issue is also seen in the
FHO results (from the STELLAR database) in Figs. 5(c)–5(f) for other
DR processes. Therefore, the DR rate coefficients of processes 15–20 in
Table I are presently calculated within the framework of the MT
model. The Arrhenius parameters for ðkdkdis;ciÞeq are reported in Table
II. These parameters are chosen from the literature based on QCT cal-
culations8,50 or data interpreted from experiments.3,51,52,64 Particularly,
as suggested by Kim and Jo,53 the Arrhenius parameters proposed by
Tsang and Herron64 are employed for NOþ O2, NOþ NO, NOþ N,
and NO þ O collisions. Additionally, the thermal equilibrium dissoci-
ation rate coefficient for the NOþ N2 collision is determined by com-
bining (using the tanh function) rates below 10000K (considering the
validity range of experiments), obtained by the Arrhenius parameters
suggested in Ref. 51, and rates above 10 000K, obtained by the
Arrhenius parameters suggested in Ref. 3. It is seen in Figs. 5(e) and
5(f) that the MT results for NO dissociation do not have the unphysi-
cal peak before the dissociation limit, and their difference with the
FHO data is significant for lower temperatures. Future high-fidelity
trajectory calculations would help validate these state-specific rate coef-
ficients for NO dissociation.

D. Zeldovich-exchange (ZE) processes

The QCT calculations for ZE processes were conducted by Bose
and Candler17,18 about thirty years ago to investigate the dependency
of rate coefficients on the vibrational state of N2 and O2 and the prod-
uct vibrational energy distribution of NO. While Bose and Candler’s
studies did not offer explicit expressions for explicitly determining the
vibrational distributions of the NO products, Da Silva et al.19 assumed
a functional form for these distributions based on the above sample
QCT data17,18 at different temperatures. Therefore, the state-specific
ZE rate coefficients are available in the STELLAR database.

Recently, Esposito and Armenise23,24 performed QCT calcula-
tions within 1000–20000K for O2–N and N2–O collisions (we have
used their VT and DR rates in Table I) based on updated ab initio
PESs. These calculations gave fitting formulas for the state-specific rate
coefficients of ZE processes as functions of temperature and vibrational
energies for both the reagents and products. Since the functions are
defined in terms of vibrational energies, interpolating rate coefficients
based on energy values (in Appendix A) rather than quantum num-
bers is straightforward. In Fig. 6, the recent QCT rate coefficients are
compared to those from the STELLAR database for N2 þ O and O2

þ N ZE collisions at temperatures of 1000, 10 000, and 20 000K. For

the case of 1000K [Figs. 6(a) and 6(d)], noticeable threshold behavior
of rate coefficient is observed in both two ZE reactions for higher NO
ði0Þ states. A peculiar discrepancy is seen in the STELLAR data for
N2ðiÞ þ O ! NO ði0Þ þ N collisions, which appear several orders of
magnitude lower compared to the recent QCT results. In contrast, the
data for O2ðiÞ þ N ! NO ði0Þ þ O collisions exhibit a closer agree-
ment between the two databases.

At high temperatures of 10 000 and 20 000K, the rate coefficient
profiles for N2ðiÞ þ O ! NO ði0Þ þ N collisions [Figs. 6(b) and 6(c)]
from both databases exhibit agreement within an order of magnitude
and show a much less vibrational bias compared to the lower tempera-
ture case. When considering a fixed NO ði0Þ state, there is a trend
toward a gradual decrease in the values as vibrational energy increases
after reaching a specific maximum value. The rate coefficient profiles
for O2ðiÞ þ N! NO ði0Þ þ O collisions [Figs. 6(e) and 6(f)] from the
STELLAR database are generally higher than the recent QCT data, and
the difference becomes more pronounced as the quantum number i
increases. For the very high-lying O2ðiÞ states, the trends of both data-
bases are opposite. Additionally, the rate coefficient profiles exhibit
plateaus, and the length of these plateau regions depends on the spe-
cific NO ði0Þ state being considered.

E. StS simulations based on the present state-specific
kinetic mechanism

The rate coefficient database of the present state-specific
vibrational–chemical kinetic mechanism (Table I) is available in
ZENODO.65 The accuracy of the sub-mechanism for the binary O2/O
mixture was already examined by the authors,35 showing good agree-
ments between the StS simulations and experimental data. In the fol-
lowing, the full vibrational–chemical kinetic mechanism in Table I is
assessed by comparing the StS simulations (considering five-species
N2=O2=NO=N=O) to the shock-tube experiments by Wurster et al.66

(measuring the infrared radiation of the NO molecule) for post-shock
reacting air flows. The simulated upstream conditions are shown in
Table III (cases 1 and 2), and the upstream gas mixture consisted of
nitrogen and oxygen with the Boltzmann vibrational distribution.
Specifically, the gas composition is 77.7% N2 and 22.3% O2 in case 1
and 60% N2 and 40% O2 in case 2.

Figure 7 shows the evolution of the infrared radiation intensity in
the 5–5.5lm NO band, measured experimentally and obtained
numerically by the StS simulations based on the present and
STELLAR databases, behind the normal shock wave. In the figure, the
time is related to the post-shock position by t¼ x=U1. The calculated
infrared radiation intensity S is obtained by the semiempirical correla-
tion proposed in Refs. 67 and 68 as follows:

S ¼ 1:29� 10�26nNO½1þ 1:31� 10�4ðT � 3000Þ�;W= m3 � srð Þ;
(25)

which indicates that the radiation intensity is proportional to both the
gas temperature T and the NO number density. The general post-
shock relaxation processes of NO molecules are observed in Fig. 8: the
translational energy is transferred into the vibrational energies of N2

and O2, accompanied by their dissociation; the resulting atoms then
initiate ZE reactions that lead to the formation of NO; as NO mole-
cules accumulate, they contribute to reverse ZE reactions and their
own dissociation, ultimately stabilizing the number density of NO at
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FIG. 5. Comparisons of dissociation rate coefficients from the present and STELLAR database for selected collisions.

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

Phys. Fluids 36, 106133 (2024); doi: 10.1063/5.0230687 36, 106133-11

Published under an exclusive license by AIP Publishing

 08 D
ecem

ber 2025 08:53:50

pubs.aip.org/aip/phf


its equilibrium value. Note that the vibrational temperature of NO
immediately behind the shock is close to the translational temperature,
since NO is not present in the upstream flow and formed directly in
vibrationally excited states without needing to climb the vibrational
ladder.28 Moreover, the ZE rate coefficients used in the present data-
base lead to a lower NO vibrational temperature than the STELLAR
database. Figure 8 also shows that the STELLAR database result gives a
more rapid vibrational relaxation of N2 and O2 immediately behind
the shock (see also Fig. 3). This accelerated relaxation in the STELLAR
database result leads to a higher degree of dissociation, which con-
sumes more vibrational energy from N2 and O2 (thus lowering the gas
temperature T) and generates more NO molecules (the mole fraction
of NO reaches its peak earlier but with a lower value). Consequently,
for case 1, while both the StS results based on the present database and
the STELLAR database accurately reproduce the experimentally mea-
sured position of peak radiation intensity, there are notable differences
in the peak values. The peak value obtained using the STELLAR data-
base is 25% lower than the experimental data and consistently shows
lower radiation intensity after the peak, while the results using the pre-
sent database agree well with the experimental data, showing only an
8% deviation at the peak value.

For case 2, the results calculated using the present database show
good agreement with the experimental data in Fig. 7, although the cal-
culated peak position is slightly delayed. In contrast, the results from
the STELLAR database differ significantly from the experimental data.
In light of the above results and considering the inclusion of more
recent trajectory calculations in the state-specific kinetic mechanism,
the present database is expected to provide more accurate predictions
for high-temperature five-species air flows.

IV. COARSE-GRAINED SIMULATIONS BASED ON THE
UPDATED StS KINETIC DATABASE

Based on the updated StS kinetic database, the effectiveness of the
CGMs (with varying numbers of grouping) is assessed for post-shock
air flows. Specifically, the CGMs with one to three divided groups
(referred to as CGM-1G, CGM-2G, and CGM-3G, respectively) in
molecules (N2, O2, and NO) are considered, and the division of groups
follows the energy-based criterion. For instance in the CGM-3G
model, vibrational energy levels of N2 are lumped into three groups
with equal energy (see the Appendix for the detailed energy values):
G1 (i ¼ 0� 11), G2 (i ¼ 12� 26), and G3 (i ¼ 27� 54). It should be
noted that the CGM-1G model is similar to the macroscopic

multi-vibrational temperature model,44,69 with the primary difference
being its use of StS kinetics. The simulation conditions are chosen to
encompass different degrees of thermochemical nonequilibrium
behind the normal shock, corresponding to different flight altitudes
and Mach numbers as detailed in Table III (Cases 3–6), and the
incoming gas consists of 79% of N2 and 21% of O2 with the
Boltzmann vibrational distributions.

A. Coarse-grained results

Figure 9 illustrates the profiles of translational and vibrational
temperatures for N2, O2, and NO behind the normal shock wave under
cases 3–6 conditions obtained by using different models. The x-
coordinate time is interchangeable with the post-shock position via
t ¼ x=U1. Immediately behind the shock, vibrational excitation
occurs, followed by a significant increase in dissociation and the onset
of ZE processes due to the atomic products. As the upstream Mach
number increases (from 8 to 16), the post-shock temperature rises sig-
nificantly. The CGM-2G results generally align well with the StS results
across all cases, with slight differences noticeable for the NO vibra-
tional temperature. When the number of vibrational groups of the
molecule is increased from 2 to 3 (and beyond), an even closer align-
ment with the StS results can be achieved, although this is not explicitly
depicted in the figure for simplicity. In contrast, the CGM-1G model
fails to reproduce the StS results, significantly underestimating both
translational and vibrational temperatures. This discrepancy arises
because the CGM-1G model tends to overestimate N2 and O2 popula-
tions at higher energy levels (see the VDFs below), leading to increased
dissociation rates and greater consumption of vibrational energies. As
shown in Figs. 10(a) and 10(b) (for cases 4 and 6), the CGM-1G model
predicts larger quantities of N and O atoms after the dissociation incu-
bation period. Note that the variation trends for cases 4 and 6 are simi-
lar, but the relaxation processes are much slower at higher altitude.
Additionally, Figs. 10(d) and 10(e) illustrate the total vibrational
energy (obtained via

P
i nc;iec;i) peaks for N2 and O2, indicating the

competitive relation between vibrational excitation and dissociation.
The peak of O2 vibrational energy appears earlier than that of N2, as
O2 dissociates more easily due to its lower dissociation energy. The
total vibrational energies of N2 and O2 are lower for the CGM-1G
model than other models due to the more considerable vibrational
energy loss in dissociation (as mentioned earlier). Furthermore, for
molecule NO, Fig. 9 shows that its vibrational temperature immedi-
ately behind the shock is much higher than the upstream temperature
and close to post-shock translational temperature, similar to the results
of cases 1 and 2. As NO molecules accumulate, the backward ZE reac-
tions and the dissociation of NO become significant, causing the NO
concentration to decrease gradually after reaching its peak. The lower
NO mole fraction [Fig. 10(c)] after the peak in the CGM-1G model
compared to that of other models is also due to increased dissociation
caused by higher populations of high-lying NO vibrational states [see
the VDF in Fig. 11(f)].

The above results demonstrate the effectiveness of reducing the
original hundreds of vibrational energy states (and corresponding
microscopic equations) to fewer than 6 (2þ 2 þ 2) vibrational groups
while still achieving good agreement with the StS results in predicting
the temperatures and mole fractions. However, the CGM-1G model is
not accurate enough to reproduce the StS results.

TABLE II. Arrhenius parameters for different systems.

c, i d, k Cf (cm
3 s–1 K�gf Þ gf hf (K) References

N2 O2 8:3724� 10�5 �0.9991 116 892 8
O2 N2 8:132� 10�10 �0.131 59 380 50
NO N2 Combinationa 3 and 51
N2 NO 1:16� 10�2 �1.6 113 200 52
O2 NO 5:57� 10�9 �0.2726 59 500 52
NO O2 2:41� 10�9 0 75 200 53
NO NO, N, O 1:60� 10�9 0 75 200 53

aThe thermal equilibrium dissociation rate coefficient of this collision is obtained by
merging (using the tanh function) the parameters proposed in Ref. 51 (for temperatures
lower than 10 000 K) and the ones proposed in Ref. 3 (higher than 10 000K).
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FIG. 6. Comparison of ZE rate coefficients from the present and STELLAR database for N2 þ O and O2 þ N collisions.
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In the microscopic view, Figs. 11(a)–11(c) show the mole fraction
variations of all vibrational energy levels of N2, O2, and NO, respec-
tively, obtained by the StS model under the case 4 condition. For both
N2 and O2, the lowest vibrational states are excited to the higher energy
levels behind the shock, resulting in the overpopulation of medium
and high-lying states for the StS results compared to the CGM-1G
model. This effect can be seen in the VDFs at t ¼ 7� 10�9s in Figs.
11(d) and 11(e). As relaxation proceeds, the accumulation of higher
vibrational energy states strengthens the dissociation rates (preferential
dissociation), which in turn results in the significant depletion of high-
lying states,70 as evidenced by the almost-vertical slope in the high-
energy tails of VDFs in Figs. 11(d) and 11(e). Moreover, the CGM-1G
model fails to capture this important depletion of high-lying states and
instead overestimates the populations of N2 and O2 at higher energy
levels, as seen in the VDFs at t ¼ 5� 10�8s. Consequently, the disso-
ciation rates predicted by the CGM-1Gmodel are much higher,35 lead-
ing to the trends observed in the temperatures (already seen in Fig. 9)
and mole fractions (Fig. 10).

The VDF of NO behind the normal shock slightly differs from those
of N2 and O2. Figure 11(f) shows that at t ¼ 7� 10�9s (note that the
VDF at t ¼ 5� 10�8s is similar, so it is not shown for figure clarity), the
entire vibrational ladder of NO is more excited than those of N2 and O2

because NO is not present in the upstream flow and is formed by the ZE
reactions directly in vibrationally excited states, bypassing the need to
climb the vibrational ladder.28 As a result, the vibrational temperature of
NO behind the shock is close to the translational temperature (see Fig. 9).
Moreover, Fig. 11(c) shows that each NO vibrational level exhibits a peak
due to the gradually increasing backward ZE reactions and the dissocia-
tion of NO. The distance of these peaks behind the shock decreases with
increasing vibrational energy. The dissociation of NO also leads to signifi-
cant depletion in higher energy levels, so the CGM-1G model again can-
not accurately predict the high-energy tails and consequently gives
stronger dissociation, leading to the total vibrational energy of NO in the
CGM-1Gmodel being lower than other models [see Fig. 10(f)].

TABLE III. Flow conditions for the StS and CGM simulations.

No. Condition U1ðm=sÞ T1ðKÞ p1 (Pa)

Case 1 77.7% N2, 22.3% O2 3850 300 299.98
Case 2 60% N2, 40% O2 3470 300 299.98
Case 3 H¼ 40 km, Ma1¼ 8 3422.27 250.35 287.14
Case 4 H¼ 40 km, Ma1¼ 16 6844.54 250.35 287.14
Case 5 H¼ 60 km, Ma1¼ 8 3399.45 247.02 21.96
Case 6 H¼ 60 km, Ma1¼ 16 6798.89 247.02 21.96

FIG. 7. Post-shock radiation intensity of the NO band obtained by the StS simula-
tions and experiments.66

FIG. 8. Simulation results for case 1 based on the present (solid lines) and STELLAR (dashed lines) databases, respectively.
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Furthermore, Figs. 11(d)–11(f) also show the VDFs of the
CGM-2G and CGM-3G models, which increasingly approach the
StS results as the number of grouping increases. It is noted that
the above agreement with the StS VDF can be further improved by
employing high-order polynomial representations within each
group.40

B. Energy source terms of vibrational groups for
different kinetic processes

The energy source terms for vibrational groups of molecules
associated with different types of kinetic processes are defined as
follows:

Wvib
c;Gi

¼
X
v2Gi

xvib
c;v � ec;v;

WDR
c;Gi

¼
X
v2Gi

xDR
c;v � ec;v;

WZE
c;Gi

¼
X
v2Gi

xZE
c;v � ec;v;

(26)

where xvib
c;v ;x

DR
c;v , and xZE

c;v are defined in Eq. (8), representing the mass
production rates of the vibrational inelastic (VT þ VVT), DR, and ZE
processes, respectively. The summation of Wvib

c;Gi
; WDR

c;Gi
, and WZE

c;Gi

gives the total energy source term of the vibrational group, namely,
WTotal

c;Gi
. Note that a positive vib energy source term indicates energy

FIG. 9. Simulation results of post-shock translational and vibrational temperatures for different cases obtained by the StS (symbols), CGM-1G (dashed lines), and CGM-2G
(solid lines) models, respectively.
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FIG. 10. Mole fractions of species and total vibrational energies of diatoms behind the normal shock for cases 4 and 6.
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transferring into the vibrational group by inelastic collision, while posi-
tive DR and ZE terms indicate that the molecule is generated and pop-
ulated in the vibrational group.

The low-, medium-, and high-lying vibrational states are gener-
ally controlled mainly by distinct physical mechanisms.71 In a previous
study for the O2/O binary gas system,35 O2 at lower vibrational levels
are found to relax mainly through inelastic collisions, while those at
the highest levels are significantly influenced by dissociation. The
medium-lying energy levels act as a bridge for energy transfer between
the above two vibrational groups. Therefore, in the following, we dis-
cuss the energy source terms of vibrational groups under the 3G
assumption by categorizing molecules into G1, G2, and G3 groups
based on energy criterion (see Table IV) to investigate their distinct
behaviors during the post-shock relaxation.

The energy source terms defined in Eq. (26) for G1, G2, and G3

groups of N2, O2, and NO, respectively, are depicted in Figs. 12–14 for
the case 4 condition. Specifically, Fig. 12(a) shows that the group G1 of
N2 is mainly governed by inelastic vibrational excitation processes,
which feed the energy from translational energy, and the dissociation
has little influence on this group. The ZE energy source term initially
becomes negative due to the forward ZE process 21 (see Table I), in

which the reactants are manly states in the group G1, and subsequently
turns positive due to the enhancement of the backward ZE process 21.
Figure 12(b) shows the fraction of group G1 in N2, illustrating that the
states are either excited to higher levels or consumed by the forward ZE
process 21 so that the fraction of group G1 first decreases. A local mini-
mum is observed due to the increased dissociation that consumes groups
G2 andG3 (see below), subsequently reinforcing the dominance of group
G2. As seen in Figs. 12(c) and 12(e), groups G2 and G3 of N2 are notably
influenced by dissociation, which is negative in the energy source term.
In contrast, both the ZE and inelastic processes contribute as sources for
groups G2 and G3, which explains the initial increase in their fractions
up to approximately t ¼ 3� 10�8 s [see Figs. 12(d) and 12(f)].

FIG. 11. Mole fractions (obtained by the StS model) and VDFs of N2, O2, and NO (obtained by different models) under case 4 condition.

TABLE IV. Energy levels within each group in 3 G assumption.

N2 O2 NO

G1 0–11 0–9 0–9
G2 12–26 10–20 10–21
G3 27–54 21–45 22–47
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Note that the positive ZE energy source term, which is even larger
than the vib contribution, arises from the fact that the backward ZE
process 21 produces N2 with higher vibrational energy. Local max-
ima are observed for the fractions of groups G2 and G3 in N2, corre-
sponding to the regions where the DR energy source terms reach
their peak values.

Moreover, as shown in Fig. 13, the behavior of O2 differs from
that of N2 due to its easier and more pronounced dissociation. For
group G1 in O2, the DR energy source term is significant, meaning the
dissociation from the lower vibrational state is pronounced due to the
high post-shock temperature. Therefore, the total energy source term
is not always positive for group G1, despite the presence of significant
vibrational excitation. The ZE energy source term for O2 exhibits simi-
larities to that of N2: the forward ZE process 22 (see Table I) initially
depletes the group G1, followed by a subsequent positive energy source
term attributed to the enhanced backward ZE process 22. Additionally,
the backward reaction of ZE process 22 is more effective than the for-
ward reaction for groups G2 and G3, accounting mostly for their initial

rise in fractions up to approximately t ¼ 3� 10�8 s [see Figs. 13(d)
and 13(f)]. Therefore, the presence of ZE reactions indirectly facilitates
the energy transfer in N2 and O2, which does not occur in the binary
O2/O or N2/N gas systems. Local maxima are also observed for the
fractions of groups G2 and G3 in O2, while in the region far behind the
shock, the fraction of G3 increases due to the competition between ZE
and dissociation processes.

Figure 14 shows the energy source terms of vibrational groups of
NO. As depicted in Figs. 14(g) and 14(h) about the total energy source
term and number density of NO, the post-shock NOmolecules are ini-
tially generated from the forward ZE reactions, and as NO accumulates
in the system, its dissociation process and backward ZE reactions grad-
ually become dominant, leading to the substantial consumption of
NO. The group G1 of NO is primarily governed by the ZE reaction, as
indicated in Fig. 14(a) where the curves of total and ZE energy source
terms are close. Moreover, it is noteworthy that the post-shock frac-
tions of groups G2 and G3 in NO are significantly higher compared to
those in N2 and O2, meaning that forward ZE reactions efficiently

FIG. 12. Energy source terms and fractions of different vibrational groups of N2 obtained by the StS (symbols) and CGM (lines) models.
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produce NO at higher vibrational energies, resulting in a higher vibra-
tional temperature of NO (see Fig. 9). These two fractions [see Figs.
14(d) and 14(f)] decrease monotonically behind the shock since the
significant dissociation and the post-shock vibrational temperature of
NO is higher than the equilibrium temperature far from the shock.
Furthermore, the contribution of inelastic processes to the energy
source term is minimal for groups G2 and G3 in NO.

Figures 12–14 also compare the results of the StS and CGMs. For
the group G1 of N2 and O2, the CGM-1G results match the StS results
for the inelastic energy source term and the vibrational temperatures
are close initially [see Fig. 9(b)], indicating that the excitation of the
lower vibrational states follows the Landau–Teller behavior. However,
significant discrepancies emerge as relaxation progresses and dissocia-
tion becomes dominant. As seen from the VDFs in Figs. 11(d) and
11(e), the CGM-1G model initially underestimates the number density
of higher vibrational states compared to the StS results, particularly in
group G3. Consequently, significant dissociation starts later in the
CGM-1G model, causing the DR energy source terms to rise later for

groups G2 and G3 of N2 and O2 and the atomic N and O are produced
slowly. Furthermore, as dissociation becomes significant, group G3 of
N2 and O2 predicted by the CGM-1G model exhibits overpopulation
characteristics [see Figs. 11(d) and 11(e)]. This occurs because the
CGM-1G model does not accurately represent the substantial deple-
tion of very high energy levels resulting from preferential dissociation,
causing the number density of group G3 to remain higher.
Consequently, the overestimation of group G3 in the CGM-1G model
leads to significantly higher dissociation rates for O2 and N2, which
then generate more atomic N and O [as seen in Figs. 10(a) and 10(b)]
and cause much greater vibrational energy removal during dissocia-
tion, reflected in the higher DR energy source terms for the G3 group
of N2 and O2. The higher substantial vibrational energy loss results in
a significantly lower Tv;c (and also T) in the CGM-1G model, as shown
in Fig. 9(b). The above behavior of initial underpopulation followed by
overpopulation of high-lying vibrational states in the CGM-1G model
is evident in the fractions of group G3 of N2 and O2 in Figs. 12(f) and
13(f), respectively.

FIG. 13. Energy source terms and fractions of different vibrational groups of O2 obtained by the StS (symbols) and CGM (lines) models.
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For NO, the differences between the CGM-1G and StS models
shown in the curves of VDFs in Fig. 11(f) are consistent with the frac-
tions given in Fig. 14: The CGM-1G model overestimates the fractions
of groups G1 and G3, while underestimating group G2, due to its

simplified representation of VDF with a straight-line. The overestima-
tion of group G3 in NO leads to higher dissociation rates in the CGM-
1G model, resulting in greater NO depletion compared to the StS
model, similar to the cases in N2 and O2.

FIG. 14. Energy source terms and fractions of different vibrational groups of NO obtained by the StS (symbols) and CGM (lines) models. Energy source terms and number den-
sities of NO are also shown.
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The above results indicate that the CGM-1G model, belonging to
the multi-vibrational temperature model but employing the updated
StS kinetics, fails to reproduce the StS results due to its difficulty in
accurately predicting the VDF, especially for higher vibrational states.
The overestimation of number densities in high-lying vibrational states
in the CGM-1G model leads to higher dissociation rates of molecules
and increased consumption of their vibrational energy during dissocia-
tion. The aforementioned non-Boltzmann effects provide insights into
developing the multi-temperature reduced-order model for air species
that achieves accuracy comparable to the StS model while maintaining
computational efficiency for practical applications.

V. CONCLUSIONS

We developed a comprehensive vibrational state-specific rate
coefficient database (Table I) within the temperature range of 300–
25 000K for simulating high-enthalpy thermochemical nonequilibrium
air flows. This database incorporates recent QCT molecular dynamics
simulations from the literature for N2 þ N2, N2 þ N, N2 þ O, and O2

þ N collisions, and the theoretical FHO model for inelastic collisions
and MT model for dissociation are employed to complement the rate
coefficients unavailable from molecular dynamics calculations. The
post-shock StS simulations using the present database showed better
agreement with the shock-tube experimental data of the infrared radia-
tion of NOmolecules than those using the STELLAR database.

Based on the updated kinetic database, we studied the post-shock
high-enthalpy thermochemical nonequilibrium flows of five-species air
mixtures using the StS and CGMs under different freestream conditions.
The results indicate that the CGMs with two (CGM-2G) or more groups
for each molecule (N2, O2, and NO) provide translational and vibra-
tional temperatures, mass fractions, and vibration energy of molecules
that are close to the StS results. Although the VDF is not fully repro-
duced, these CGMs still perform well in predicting macroscopic quanti-
ties. However, the CGM-1G model, which employs only one group per
molecule and thus falls under the multi-vibrational temperature frame-
work (but uses StS kinetics), fails to reproduce the StS results accurately.
The inaccuracy of the CGM-1G model stems from its inaccurate predic-
tion of the VDF, which exhibits a significant overpopulation of the high
vibrational energy tails for N2 and O2 during the dissociation-
dominated stage. This overpopulation leads to an increased rate of disso-
ciation and excessive consumption of vibrational energy compared to
the StS results. Further analysis of the vibrational energy source terms
for different types of kinetic processes and fractions of vibrational groups
confirmed that the deficiency of the CGM-1G model arises from the
overestimation of number densities in high-lying vibrational energy lev-
els. Moreover, the analysis of vibrational energy source terms also indi-
cates that the presence of ZE reactions indirectly facilitates energy
transfer in N2 and O2, which is a phenomenon not observed in binary
O2/O or N2/N gas systems. The present findings have important impli-
cations for developing multi-vibrational temperature reduced-order
models for air mixtures based on coarse-grained treatment.
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APPENDIX: VIBRATIONAL LADDERS OF N2, O2, AND NO

The vibrational energy values (for which the zero-energy is
fixed at the bottom of the potential well) of the molecules used in
this paper are shown in Table V. The vibrational ladders of O2 and
NO molecules are taken from the STELLAR database19 and deter-
mined through the reconstruction of the ground-state potential
curve according to the Rydberg–Klein–Rees method, which

TABLE V. Vibrational ladders of N2, O2, and NO. Units of energies are eV.

v ev;N2 ev;O2 ev;NO

0 0.146 99 0.097 62 0.117 62
1 0.438 38 0.290 59 0.350 21
2 0.726 31 0.480 63 0.579 31
3 1.010 72 0.667 77 0.804 94
4 1.291 60 0.852 04 1.027 10
5 1.568 89 1.033 48 1.245 79
6 1.842 59 1.212 07 1.461 02
7 2.112 66 1.387 86 1.672 79
8 2.379 10 1.560 82 1.881 09
9 2.641 88 1.730 92 2.085 93
10 2.901 00 1.898 30 2.287 30
11 3.156 46 2.062 82 2.485 20
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improves the determination of the higher vibrational levels close to
the dissociation limit. Moreover, the vibrational ladder of N2 is
adopted from Fangman and Andrienko48 based on the diatomic
potential energy curve of N2 in the Minnesota N4 ground PES.49
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