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ABSTRACT

The presence of abrupt depth transitions might trigger strong nonlinear effects on propagating water waves near coastal regions. In this
study, the dynamics of nonlinear monochromatic waves over a submerged step representing the abrupt depth transitions are investigated
both experimentally and numerically. Within the framework of the free-surface Euler equations, a fully nonlinear potential flow model based
on a conformal mapping method is established to investigate the higher harmonics. The numerical method has been well validated with
experimental measurements. To analyze the wave nonlinearity at the transitions, the higher harmonics are extracted both in the spatial and
time domains. It is shown that abrupt depth transitions enhance the higher harmonic amplitudes in the shallower regions on the step. The
effects of the incident wave frequency and height are studied. It is found that the higher harmonics induced by the abrupt depth transitions
become more significant with increasing wave steepness. An analysis of the evolution of the skewness and kurtosis demonstrates the high
asymmetry of the surface elevation on the upstream junction. The asymmetry shows clear nonlinear effect from the higher harmonics.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0173173

I. INTRODUCTION

The occurrence of abnormal large waves can bring significant
coastal hazards, especially for the coastal industry and human activi-
ties.1,2 Large extreme waves are more frequently observed and reported
in recent years at the background of global climate change.3,4

Investigation of the underlying mechanism of the formation of large
waves has attracted much research interest. Nonlinear wave interaction
with suddenly varying bathymetry, i.e., abrupt depth transition (ADT),
is believed to be one of the mechanisms to trigger large waves, among
many others such as wave focusing, wave–current interaction, modula-
tion instability.5–10 Accidents have been reported to be caused by large
waves at transitional regions of finite to shallow water depths.3,11,12 This
might suggest the role of varying bathymetry, in particular the abrupt
depth transitions, in causing extreme wave events where higher harmon-
ics are important.13–15 To explore the mechanism of large waves trig-
gered by the abrupt depth transitions, it is necessary to investigate the
nonlinear effects for wave interactions and the higher harmonic charac-
teristics of wave propagation over the abrupt depth transitions.

Research on wave propagation over a varying bathymetry has
been quite active in the last few decades.16–18 A few studies focus on
wave propagation over bathymetry with a simply constant slope.19–21

Some scholars investigate breakwater performance with different
bathymetry shapes in order to explore the most effective one.22–25

Compared to the work with a constant slope, studies considering sud-
den depth changes where highly nonlinear waves on the shallow-water
region of a submerged step are less reported.14,26 Massel27 derived the
reflection and transmission coefficients of a long wave traveling over
an infinite step. Similarly, Mei et al.28 developed a theory of linear
reflection and transmission for both infinite and finite submerged
steps. The method was then extended to solve the problem of arbitrary
steps with small incident amplitudes.29 However, a number of recent
studies have suggested that a sudden depth transition could play an
important role in triggering the occurrence of large waves with consid-
eration of free-surface nonlinear effects.19,26

Nonlinear evolution of higher harmonics of waves propagating
over the abrupt depth transitions is complex. There could be several
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effects induced by the topography, such as refraction, reflection, trap-
ping, and dissipation.30–34 Massel27 studied the second harmonics for
various finite or infinite submerged steps and analyzed the correspond-
ing reflection coefficients of measurements in a wave tank. The analyti-
cal solutions for the second harmonics on a rectangular submerged bar
were extended by Li et al.13 and Lee et al.35 Moore et al.36 conducted
experiments on the propagation of randomized surface waves. It was
found that the theoretical model derived by Majda et al.19 agreed well
with the experimental results with the truncated Korteweg–de Vries
(TKdV) system. Li et al.13,37 also highlighted the importance of the sec-
ond nonlinearity considering wavepackets subject to an ADT.
However, for studying nonlinear effects the existing studies mostly
focus on the second harmonics or the statistical characteristics at the
abrupt depth transitions. The characteristics of harmonics higher than
the second over a submerged step have not been much studied.38,39

In order to study harmonics higher than the second for wave evo-
lution over a varying bathymetry, fully nonlinear potential flow models
have been developed in recent years. Galan et al.40 employed a fully
nonlinear Boussinessq-type equation to study waves from deep to shal-
low waters on a submerged trapezoidal step. Zhang and Benoit15 estab-
lished a fully nonlinear model by using a spectral approach and
studied the irregular waves over the abrupt depth transitions and the
statistical results compared well with the experimental results in
Trulsen et al..14 Zheng et al.21 carried out fully nonlinear simulations
of unidirectional irregular waves on a slope and their numerical results
agreed well with the experimental measurements by Trulsen et al.41 To
study the strong nonlinear effects resulting from water depth transi-
tions, Viotti et al.42 improved the solutions to the two-dimensional
(2D) Euler equations by a conformal mapping method. The conformal
mapping method require less effort than direct numerical methods to
solve the nonlinear models, such as the KdV and Boussinesq equa-
tions.43 An obvious advantage of the conformal mapping method for
investigating nonlinear wave propagation on the abrupt depth transi-
tions is that they eliminate the singularity at the corners of the sudden
changes of the sea bottom. In this study, the conformal mapping
method is employed to establish a fully nonlinear model for nonlinear
wave interactions with varying bathymetry.

The objective of the work is to investigate the importance of
higher harmonics of nonlinear water waves propagating on the abrupt
depth transitions with efficient numerical simulations and an experi-
mental campaign measurement. Within the framework of potential
flow theory, a fully nonlinear model is established to describe the wave
evolution on varying bathymetry by a conformal mapping method.
Monochromatic waves with varying incident frequencies and steep-
nesses are studied to examine the changes in the superharmonics on
the lee side and on top of the submerged step, especially for the second
and third harmonics. We analyze the evolution of wave spectra in both
the time and spatial domains to extract the higher harmonics. Two dif-
ferent water depths are employed to study the effects of the water
depth ratio of sea bed to the step on the superharmonics. In addition,
the nonlinear evolution of wave elevations over the step is discussed in
terms of kurtosis and skewness. This provides a more comprehensive
and in-depth understanding of wave nonlinearity on the abrupt depth
transitions.

The organization of the article is as follows. The experimental
setup and the numerical model based on the conformal mapping
method are described in Secs. II A and II B, respectively. Convergence

and validation of the numerical model are presented in Sec. II C. The
results are discussed in Sec. III. In particular, the dynamic characteris-
tics of the higher harmonics over the abrupt depth transitions are pre-
sented in both the time and spatial domains in Secs. III A and III B
with both experimental measurements and numerical simulations.
Section IIIC focuses on the distribution of the wave profile parameters
in the spatial domain and discusses the effects of water depth on the
nonlinear wave evolution. Section IV presents the concluding remarks.

II. METHODS
A. Experimental setup

The experiments were conducted in the wave tank located at the
Hydraulics Laboratory of the Hong Kong Polytechnic University with
a length of 27m, a width of 0.75m, and a depth of 1.5m. A piston-
type wavemaker is equipped to generate both monochromatic and
irregular waves. At the end of the physical tank, a wave absorber is
arranged to dissipate energy, as shown in Fig. 1. The front face of the
submerged step was installed 4m away from the wavemaker providing
two depth transitions in the x axis (same direction as the wave propa-
gation). The water depth on the deeper region is denoted as h1 and on
the shallower region as h2. The size of the submerged step is fixed with
a length of 2.4m, a width of 0.75m and a height of 0.23m. The value
of h2=h1 is, thus, adjusted with the water depth h1. Eight capacitive
wave gauges were used. The origin of the coordinate system is at the
center of the step. The positions of WG 1 toWG 8 are listed in Table I.
We set h1 to be 0.36 or 0.48m. The detailed parameters of the tested
cases are shown in Table II. Let f0 be the incident wave frequency, k1
the wave number on the deeper region, and k2 the wave number on
the shallower one. Then, k1a denotes the wave steepness where the
wave amplitude a is half the wave height a ¼ H=2. The cases with
h1 ¼ 0:48 m are denoted with a star (cases 5a and 6a). A high-
resolution camera was placed along the tank to capture the wave pro-
files. The evolution of monochromatic waves, as depicted in Fig. 2, is
examined using a higher frequency of f0 ¼ 1:33 Hz to clearly illustrate
the changes in wave shapes at the shorter wavelength. A comparison
with the incident wave profile reveals that the profiles in shallower
regions exhibit an asymmetric crest with increased sharpness at the
first depth transition. This observation underscores the nonlinear
effects in the spatial domain. A comprehensive analysis of the nonlin-
ear characteristics, utilizing both experimental and numerical data, is
elaborated upon in Sec. III.

B. Numerical method

A 2D wave field is described within the framework of potential
flow theory and the free-surface Euler system. The fluid is assumed to
be inviscid and incompressible, with the flow being irrotational. The
flow field can be characterized using a velocity potential /ðx; y; tÞ. For
simulation of monochromatic wave propagation over varying bathym-
etry, a fully nonlinear model based on the conformal mapping method
is utilized.42,44 The governing equation and the boundary conditions
read

�2/ ¼ 0 bðxÞ � y � gðx; tÞ; (1)

gt þ /xgx � /y ¼ 0 y ¼ gðx; tÞ; (2)

/t þ
1
2

/2
x þ /2

y

� �
þ gg ¼ 0 y ¼ gðx; tÞ; (3)

/y ¼ 0 y ¼ bðxÞ; (4)
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where (x, y) is a Cartesian coordinate system with x being the horizon-
tal coordinate and y the upward vertical one. /ðx; y; tÞ denotes the
velocity potential of the fluid flow and is governed by the Laplace equa-
tion shown in Eq. (1). Equations (2) and (3) represent the kinematic
and dynamic boundary conditions at the free surface y ¼ gðx; tÞ. The

kinematic boundary condition at the bottom is given by Eq. (4) where
b(x) is the bottom profile. g is the acceleration due to the gravity and
subscripts denote differentiation. It should be noted that while the con-
ditions imposed by g and�/ must be periodic, the periodicity of / is
not a necessity.

The conformal mapping method realizes a transformation from
the physical domain bounded by the free surface and the bathymetry
into a strip (Fig. 3). With the solution of the Dirichlet boundary-value
problem, a complex analytic function Z ¼ Xðn; f; tÞ þ iYðn; f; tÞ is
introduced to map the physical plane (x, y) into the mathematical one
ðn; fÞ. The surface elevation in the mathematical plane Yðn; 0; tÞ is
assumed to be periodic with l ¼ 2p=k, where l is the spatial period of
solution in the mathematical plane. Thus, the boundary conditions of
the free surface and bathymetry profile for the function Y can be
expanded in Fourier series as

Yðn; 0; tÞ ¼ yðn; tÞ ¼
Xn¼1

n¼�1
~Yne

inkn f ¼ 0; (5)

Yðn;�h; tÞ ¼ bðn; tÞ ¼
Xn¼1

n¼�1
~Bne

inkn f ¼ �h; (6)

where ~Yn and ~Bn denote the Fourier coefficients of the surface eleva-
tion and bottom bathymetry, respectively. The subscripts n represents
the total number of Fourier terms. In Sec. II C, the proper number of
the Fourier discrete points per wavelength has been discussed. By using
the Cauchy–Riemann relations Xn ¼ Yf and Xf ¼ �Yn, the new gen-
eral forms of (X, Y) can be easily obtained to satisfy Eqs. (5) and (6),
which can be written

FIG. 1. (a) Laboratory wave tank, (b) stainless rectangular step, (c) wave absorber, and (d) sketch of the experimental setup (not in correct scale for tank length).

TABLE I. Locations of the eight wave gauges shown in Fig. 1.

WG No. WG 1 WG 2 WG 3 WG 4 WG 5 WG 6 WG 7 WG 8

Position (m) �2.2 �1.56 �1.4 �1.2 �1.0 0 1.1 1.3

TABLE II. Test parameters. The ratios h2=h1 of water depths in shallower region h2
to that of deeper region h1 are 0.36 and 0.52, respectively. f0 is the incident fre-
quency. The wave number k1 for the monochromatic waves is computed from the dis-
persion relation using the wave conditions on the deeper region with h1. a is the
incident measured wave amplitude. k2 is derived by the stream function with the inci-
dent amplitude a and shallower region h2.

Case h1 (m) h2=h1 f0 (Hz) k1a k1h1 k2h2

1 0.36 0.36 0.94 0.06 1.434 0.736
2 0.36 0.36 0.94 0.10 � � � � � �
3 0.36 0.36 1.21 0.13 2.783 1.001
4 0.36 0.36 1.45 0.15 3.059 1.280
5a 0.48 0.52 0.91 0.10 1.708 1.059
6a 0.48 0.52 1.64 0.23 5.196 2.725

aRefers to the cases with h1¼ 0.48m.
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Yðn; f; tÞ ¼ ~Y0 þ f
h
ð ~Y0 � ~B0Þ þ

Xn¼1

n¼�1
n 6¼0

~Yn
sinh nkðfþ hÞ

sinh nkh
einkn

þ
Xn¼1

n¼�1
n 6¼0

~Bn
sinh nkf
sinh nkh

einkn; (7)

Xðn; f; tÞ ¼ x0ðtÞ þ n
h
ð ~Y0 � ~B0Þ �

Xn¼1

n¼�1
n 6¼0

~Yn
i cosh nkðfþ hÞ

sinh nkh
einkn

þ
Xn¼1

n¼�1
n 6¼0

~Bn
i cosh nkf
sinh nkh

einkn; (8)

where x0ðtÞ is the origin of the coordinate in the physical plane. Let
h ¼ ~Y0 � ~B0 in the above equations. The first Fourier coefficient will
be equal to 1, and therefore, the boundary conditions in the physical
plane become periodic with the same period as in the mathematical
plane. Note that the mathematical depth h is varying with time but
b(x) is fixed in the computation. To further simplify the transforma-
tion between the two planes, a Hilbert-like operator is used on the har-
monic conjugate variables. When f tends to 0, Eqs. (7) and (8) are
written as

xn � 1 ¼ ��hm yn; bn½ �; (9a)

yn ¼ �hn xn � 1; bn½ �; (9b)

by using the principal-value integral
Þ
over the real axis. The two oper-

ators �hm and �hn are

�hm z; s½ � ¼ 1
h

þ1
�1

zðhÞcoth pðh� nÞ=ð2hÞ½ �dhþ 1
h

þ1
�1

ðsðhÞ � hÞ
� tanh pðh� nÞ=ð2hÞ½ �dh; (10)

�hn z; s½ � ¼ 1
h

þ1
�1

zðhÞcsch pðh� nÞ=ð2hÞ½ �dhþ 1
h

þ1
�1

ðsðhÞ � hÞ
� sech pðh� nÞ=ð2hÞ½ �dh; (11)

where zðhÞ and sðhÞ denote the input functions of h. The two integral
operators �hm½�; �� and �hn½�; �� are an inverse pair where
�hm½�; s� ¼ �h�1

n ½�; s�. The same procedures are employed in terms of the
velocity potential / and the stream function w, and the mapping is
achieved by the operator }s½��. They are obtained as

/n � p ¼ �}s wn

� �
; (12a)

wn ¼ �}s /n � p
� �

; (12b)

FIG. 2. Surface profiles of the monochromatic wave along with the tank at the first
ADT.

FIG. 3. Themapping transformation between
the physical and the mathematical planes.
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}s z½ � ¼ � 1
h

þ1
�1

zðhÞcsch pðh� nÞ=ð2hÞ½ �dh; (13)

where p is the mean value of the stream function at the free-surface in
the mathematical plane given by m[w]/h, m[.] computes the mean
value over one period. Thus, the original Euler equations (1)–(4) for
the surface domain xðn; 0; tÞ; yðn; 0; tÞ and /ðn; 0; tÞ are mapped into

xt � xn �hm
wn

J
; 0

� �
þ qðtÞ

� 	
� yn

wn

J


 �
¼ 0; (14)

yt þ xn
wn

J


 �
� yn �hm

wn

J
; 0

� �
þ qðtÞ

� 	
¼ 0; (15)

/t þ
1
J

1
2
ð/2

n � w2
nÞ � J/n�hm

wn

J
; 0

� �� 	
þ gy ¼ CðtÞ; (16)

where J ¼ x2n þ y2n is the Jacobian on the free surface, and C(t) is an
arbitrary function of time that can be absorbed in /t . The part q(t) is

given by qðtÞ ¼ m xn�hm
wn

J ; 0
h i

þ yn
wn

J

� �n o
. Therefore, the initial

Euler equations in the physical plane are discretized and then mapped
into the mathematical plane shown in Eqs. (14) and (15).

A pseudo-spectral method is introduced with an assumption of
periodic boundary conditions. Initial surface elevations are discretized
using the Discrete Fourier Transform. Given the variable nature of the
bathymetry hðn; tÞ, which requires updating during the mapping pro-
cess, a fixed-point iteration is initially provided. Specifically, the initial
estimate hð0Þ, derived from the most recent function value obtained in
the preceding time step, is employed to update the bathymetry. The
iteration can be written as

XðnÞ ¼ n� �hm yðnÞ; hðnÞðnÞ
h i

; (17)

hðnþ1Þ ¼ bðXðnÞÞ; (18)

where XðnÞ denotes the boundary condition X(n,-h,0). If the residue of
jhðXðnÞÞ � hðxÞj decreases below a tolerance 1e� 10, the time n can
proceed to the next step. Time integration is accomplished using an
adaptive algorithm based on the Adams–Bashforth–Moulton method
in MATLAB. The multi-step algorithm features with a strict error tol-
erance and a formula of order 13 is used to form the error estimate,
making it suitable for problems of dynamic wave evolution.

C. Model convergence and validation

The main tested cases are shown in Table II. It consists of two
steps with the ratio h2=h1 ¼ 0:36 and 0.52. The incident wave fre-
quency ranges from 0.94 to 1.64Hz. The incident wave steepness k1a
was carefully selected and tested to make sure the effects on the higher
harmonics can be captured. For all the tested cases with the step in the
wave flume, we have also generated pure waves without the step. This
is to ensure we can obtain accurate information on the incident wave.
The physical amplitude a has been modified with the experiments on
the constant depth seen in Appendix A).

This section presents the numerical setup and the validation with
experimental measurements. In the pre-processing, the equations are
nondimensionalized by using g as unit acceleration and h1 as unit
length. Thus, the two dimensionless input parameters, amplitude and
wavelength, are a=h1 and L=h1. In this case, the dimensions in the
numerical simulation have been reduced. This pre-processing is

required before analyzing the numerical results. In the fully nonlinear
numerical model, an absorbing condition is added to minimize the
influence of periodic boundary conditions. A linear damping is imple-
mented by a shape function which reduces the velocity potential at the
right boundary; hence, rare influence will be on the surface waves
propagating from the left side.46

To verify our numerical model, wave profiles propagating over a
shoal arising from the experimental measurements, numerical simula-
tions using a high-order spectral method (HOSM) and numerical
simulations using the conformal mapping method are compared in
Figs. 4(a) and 4(b) at four different positions. Overall, the simulated
data show good agreement with the numerical and experimental
results. There are small discrepancies in the trough as can be seen in
Figs. 4(c) and 4(d). This can likely be attributed to the effects of bottom
friction and dissipation from the sidewalls.

To capture strong nonlinearities during wave evolution, a suffi-
cient number of Fourier terms or points per wavelength should be
used in numerical simulations. The variation of surface elevations g is
shown in Fig. 5 with six different numbers (10–70) of Fourier discrete
points per wavelength. The wave profiles over two wave periods indi-
cate that the results with 31 to 69 discrete numbers show good agree-
ment. These wave profiles are highly nonlinear because they are
located on the shallower region (x ¼ 12:05 and 13:82), which shows
the capability of the numerical model for fully nonlinear simulations.
In this study, 52 Fourier terms are chosen for the investigation of the
wave evolution over the varying bathymetry. Further study of numeri-
cal convergence for higher harmonics is demonstrated in Appendix A.

To validate the model, the nonlinear wave evolution for case 1
with a step of h2=h1 ¼ 0:36 is compared between the experimental
measurements and numerical simulations in Fig. 6. The surface eleva-
tions at the 8 wave gauges are all shown in a time window covering
16 s. The agreement between the simulated and measured profiles is
excellent. The characteristics of the surface elevations compare well
with that of the experiments, especially for the sharp crests and flat
troughs. We see that the wave is nearly linear at WG 1 and the nonlin-
earity increases in front of the step at WG 2–4. Near the center of the
step, the nonlinearity becomes much stronger with distorted surface
shapes. Note that there are discrepancies in the initial stage at each
wave gauge position. The transient part at the beginning of the mea-
surements is due to the build-up of the physical wavemaker motion,
which is not modeled in the numerical simulations. Moreover, the
comparison of wave profiles achieved by the experiments and numeri-
cal simulation is presented in Fig. 7. The measured data on the con-
stant depth also well validate the numerical model. The possible
unphysical flat crests in several measurements might be due to the
unstable wave gauge performance. In all our tests, we repeated three
times to reduce errors as possible. In terms of computing reflection
coefficients and spectral analysis of higher harmonics, comparisons in
Secs. III A–III C show that these might have minor effects on the linear
reflection coefficient, and higher harmonics are not much influenced.

III. RESULTS AND DISCUSSION
A. Higher harmonic wave elevations

This section presents the harmonic wave amplitudes of the exper-
imental measurements and numerical simulations in the frequency
and time domains. To access the wave nonlinearity induced by the
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abrupt depth transitions, the harmonic amplitudes are nondimension-
alized by the incident wave amplitude measured at WG 1. In addition,
all the tested cases refer to waves propagating over finite water depths
with a time window of 10–30 s. This time window ensures sufficient
wave records for a stationary state over the submerged step and no dis-
turbance from the reflected waves from the end of the wave tank. The
selection of the time window is detailed in Appendix A.

Figures 8 and 9 present the variation of reflection coefficients
with increasing k1h2 and steepness k1a. The wave reflection considers
the linear and the second harmonics, respectively. The computation of
the reflection coefficients with measured and numerical data is differ-
ent. The experimental coefficients are obtained using an improved
Goda’s method (two wave gauges), while the numerical simulations
employ four wave gauges.47,48 The relative water depth k1h2 ranges
from 0:35� 0:70 for h2=h1 ¼ 0:36 and from 0:5� 2:0 for
h2=h1 ¼ 0:52. When compared with the theory of Loukili et al.,49 a
good comparison can be found with the reflection coefficients obtained
with numerical simulations and experiments. Meanwhile, the theoreti-
cal results from Mei et al.28 have also validate the numerical results
and Loukili’ theory with long waves. The observed shift between the

numerical and theoretical models is attributed to the distinct impacts
of bottom and free-surface nonlinearities on frequency.50 These dis-
crepancies arise from the assumption of a small wave amplitude in
Loukili et al.’s49 study. In contrast, this study employs a higher wave
steepness. Specifically, bottom nonlinearity instigates a downshift,
while free-surface nonlinearity provokes an upshift. The frequency
shifts exhibit a quadratic dependence on steepness, inducing more pro-
nounced upshifts. Thus, an increase in wave steepness augments non-
linearity. The increased incident steepness, k1a, has a minor effect on
the values of reflection coefficients. This could explain the slight dis-
crepancy in coefficient values, rather than the trend of variation with
increasing k1h2.

The second components can be further categorized into bound
(locked mode) and free waves.51 The free waves propagate at their
individual phase velocities as dictated by the dispersion relation. Due
to the minor frequency difference between free and bound waves, sep-
aration from the spectrum using fast Fourier transform (FFT) is insuf-
ficient. The amplitudes of the second bound and free waves are
separated using the four wave gauges method to study the reflection
and transmission of superharmonics.48 Tables III and IV present the

FIG. 4. Surface elevations over a shoal45 with f0 ¼ 0:70 Hz, a¼ 0.0135 (a) x ¼ �1:57, (b) x ¼ �0:35, (c) x¼ 1.42, and (d) x¼ 2.45 m.

FIG. 5. Model convergence with different numbers of Fourier terms per wavelength: (a) x ¼ �0:35 and (b) x¼ 1.42 m.
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results of transmission coefficients considering only the first and the
sum of the first two harmonics. The transmission coefficients are
defined as the ratio of the amplitude of transmitted waves to that of
incident waves. The parameter E1 is calculated as E1 ¼ K2

r1 þ K2
t1, con-

sidering only the linear components. The position of the surface eleva-
tion of transmitted waves is chosen to be approximately two
wavelengths after the second abrupt depth transition. A detailed

description of the separation method is presented in Appendixes B
and C.

Concerning the nonlinear effect, another parameter E1;2 is
defined as the sum of the first and second harmonic coefficients,
E1;2 ¼ K2

r1;2 þ K2
t1;2. We see that E1 is close to 1 for most cases, and

E1;2 is significantly less than 1, nearly half of E1. Regarding the second
harmonic waves, there are seldom any second components in the inci-
dent waves. However, the existence of abrupt depth triggers superhar-
monics. As mentioned before, bound waves dissipate after propagating
over the second depth transition, but free waves continue to evolve for-
ward. The reflection coefficients are nearly identical whether consider-
ing only the first harmonic wave or both the first and second
harmonic waves. However, considering second harmonics might lower
the value of coefficients Kt1;2 and E1,2.

Table V shows the components of the second order, including
the second superharmonics (two points method) and the second free
and bound waves (four points method). It is observed that the ampli-
tudes of the isolated second bound A2

I;B and free waves A2
I;F surpass

those of the general second harmonic components A2
I . A disparity is

also noticeable when comparing the ratio of reflected to incident
waves, but it is found that the value of second components A2

R=A
2
I is

closer to the free waves A2
R;F=A

2
I;F . This may be attributed to that the

generation of superharmonics is predominantly concentrated in
regions characterized by abrupt depth transitions and shallower areas,
leading to less reflection before the step.

The energy spectra (in log scale) of the surface elevations for four
cases are shown in Fig. 10, where the latter two cases refer to the case
with h2=h1 ¼ 0.52. Figure 10(a) describes the energy spectra of the
numerical results at four different wave gauge positions with two

FIG. 6. Comparison of experimental mea-
surements and numerical results for the
surface elevation at the 8 wave positions
along the tank for case 1 f0¼ 0.94 Hz,
k1a¼ 0.06.

FIG. 7. Comparison of wave profiles on the condition with the constant depth for
case 4 f0¼ 1.45 Hz, k1a¼ 0.15.
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before the step (WG 1 and 4) and two above the step (WG 6 and 7). In
terms of the wave energy in front of the step (WG 1 and 4), it is
found that the values at the first harmonic 1 � f0 are similar and just
over 1� 10�4. Then, the energy at 2 � f0 is about two orders of magni-
tudes smaller than that at 1 � f0. The energy at 3 � f0 is less than 1
� 10�7 and that of the 4 � f0 component is even two orders of magni-
tude smaller, which can be ignored. A great difference is found
between the wave energy before and above the step in the case
h2=h1 ¼ 0.36. Specifically, the wave energy at 2 � f0 is one to two orders
higher than that before the step. The maximum increase of 3 � f0 is 3
orders of magnitude in the case f0¼ 0.36Hz, k1a¼ 0.06. Figure 10(b)
compares the wave energy of measurements and numerical simula-
tions at WG 6. They show good agreement for the values at the har-
monic frequencies. Here, the harmonic analysis shows that the ADT
effectively enhances the wave energy of superharmonics on the shal-
lower regions (WG 6 and 7) on the step, especially for the second and
third harmonics. Second, since there is no obvious change in the
superharmonic amplitudes at the ADT (WG 4), a possible explanation

FIG. 8. Reflection coefficients as a function of k1h2 and amplitude k1a with h2=h1 ¼ 0:36.

FIG. 9. Reflection coefficients as a function of k1h2 and amplitude k1a with h2=h1 ¼ 0:52.

TABLE III. Reflection and transmission coefficients for the linear and the first two har-
monic components with varying k1h2.

f0 (Hz) k1h2 a k1a Kr1 Kr1;2 Kt1 Kt1;2 E1 E1;2

0.74 0.370 0.018 0.05 0.337 0.332 1.026 0.678 1.165 0.570
0.78 0.396 0.011 � � � 0.356 0.369 1.035 0.816 1.200 0.802
0.82 0.424 0.015 � � � 0.317 0.314 1.032 0.742 1.166 0.649
0.86 0.453 0.014 � � � 0.147 0.156 1.093 0.771 1.217 0.619
0.90 0.484 0.013 � � � 0.084 0.095 1.075 0.761 1.162 0.588
0.94 0.516 0.015 0.06 0.265 0.265 1.043 0.758 1.158 0.645
0.98 0.550 0.014 � � � 0.218 0.221 1.036 0.750 1.121 0.611
1.06 0.624 0.015 0.07 0.135 0.135 1.047 0.742 1.114 0.569
1.10 0.664 0.014 � � � 0.246 0.247 0.981 0.695 1.023 0.543
0.85� 0.797 � � � 0.060 0.041 0.041 1.000 0.705 1.000 0.705
0.91� 0.888 � � � 0.068 0.127 0.128 0.997 0.706 1.009 0.515
1.04� 1.116 � � � 0.085 0.140 0.148 0.978 0.691 0.976 0.499
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for the increase in the energy near 2 � f0 and 3 � f0 is that the wave non-
linearity is more influenced by wave–wave interactions than by wave–-
structure interactions. It suggests that the wave nonlinearity is
gradually enhanced rather than precisely on the abrupt depth transi-
tions; thus, the step length might be also a key factor for the higher
harmonics in the wave elevations.

The amplitude spectra of the four selected cases are analyzed and
presented in Fig. 11. In each case, the surface elevations at five wave
gauge positions are computed with the FFT to obtain the normalized
amplitude spectra g=g0, which is calculated as the ratio of the surface
elevations g to the linear amplitudes g0 propagating over the constant
depth. In front of the first ADT (WG 1 and 3), it can be seen that there
are mainly the first harmonics with small second components. It is
likely to be related to the wave nonlinearity resulting from the interac-
tion with the reflected waves. When the monochromatic waves propa-
gate over the depth transition (WG 5, 6, and 7), it is found that the
higher harmonic amplitudes (second and third) gradually increase. In
addition, the second harmonic amplitude is observed to increase con-
tinually along the submerged step. These findings in all four cases
demonstrate that the ADT can trigger obvious second harmonic com-
ponents. A good agreement is shown between the experiments and
numerical simulations, especially for the spectra near the first depth

TABLE IV. Reflection and transmission coefficients for the linear and the first two har-
monic components with varying k1a.

f0(Hz) k1h2 a k1a Kr1 Kr1;2 Kt1 Kt1;2 E1 E1;2

0.86 0.455 0.010 0.035 0.135 0.136 1.085 0.765 1.194 0.604
� � � � � � 0.014 0.049 0.147 0.156 1.093 0.771 1.217 0.619
� � � � � � 0.016 0.056 0.166 0.164 1.082 0.759 1.198 0.602
� � � � � � 0.018 0.063 0.134 0.136 1.035 0.7221 1.089 0.540
0.85� 0.595 0.010 0.032 0.088 0.088 1.013 0.716 1.034 0.521
� � � � � � 0.014 0.045 0.025 0.026 1.005 0.710 1.011 0.505
� � � � � � 0.016 0.051 0.022 0.024 1.007 0.711 1.015 0.506
� � � � � � 0.018 0.057 0.107 0.107 1.010 0.714 1.031 0.520
� � � � � � 0.020 0.064 0.040 0.040 1.003 0.708 1.007 0.503
� � � � � � 0.0212 0.067 0.036 0.037 1.006 0.710 1.013 0.505
� � � � � � 0.023 0.073 0.011 0.015 1.003 0.707 1.005 0.500
� � � � � � 0.025 0.079 0.058 0.059 1.003 0.708 1.010 0.505
� � � � � � 0.0265 0.084 0.050 0.051 1.001 0.706 1.004 0.501
� � � � � � 0.028 0.089 0.061 0.061 0.996 0.703 0.995 0.498
� � � � � � 0.030 0.095 0.038 0.041 1.001 0.707 1.004 0.502
� � � � � � 0.035 0.111 0.079 0.079 0.962 0.682 0.932 0.472

TABLE V. The separated free and bound components in three different cases.

f0 (Hz) k1a A2
I (mm) A2

R(mm) A2
I;B(mm) A2

R;B (mm) A2
I;F(mm) A2

R;F(mm) A2
R=A

2
I A2

R;B=A
2
I;B A2

R;F=A
2
I;F

0.94 0.06 0.824 0.192 3.836 1.059 2.664 0.707 0.233 0.276 0.265
1.06 0.07 0.851 0.376 2.352 0.216 1.303 0.514 0.442 0.092 0.395
0.91� 0.10 1.407 0.324 3.277 0.613 1.608 0.710 0.230 0.187 0.442

FIG. 10. (a) Results of energy spectrum along the step and (b) comparison of experimental measurements and numerical simulation on WG 6.
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transition. Consequently, a possible explanation for the enhancement
of the superharmonic amplitudes is an energy transfer from the first
harmonic to the superharmonics induced by the abrupt depth transi-
tions. Indeed, Mei and Unluata52 suggested that the energy could be
transferred from the first harmonic to the higher harmonics.

To illustrate the harmonics propagating over the submerged step,
Fig. 12 describes the normalized total surface elevation g=g0 and the
first to third harmonic evolution gm=g0 (m¼ 1, 2, 3) at four wave
gauge positions (case 1). The time windows (14–18 s) are properly cho-
sen where the waves have passed over the submerged step but with no
disturbance from the reflected waves. The separated harmonics are
obtained by the FFT and inverse FFT (IFFT) of the surface elevations
at each wave gauge position. For the first harmonic amplitude, no clear
difference is observed on WG 1 and 5. However, the amplitudes are
reduced by about 33% on WG 6 and 7. By contrast, there is a clear
increase in the second and third harmonic amplitudes on top of the

submerged step (WG 5, 6 and 7) where the amount increases up to
2–3 times that on WG 1. The superharmonic amplitudes on WG 7 are
slightly smaller than those on WG 6. This will be further discussed in
Sec. IIIB. To sum up, except for the decrease in the first harmonic, the
ADT effectively increases the superharmonic amplitudes on the shal-
lower regions on the step, which is consistent with the recent study of
Draycott et al..38 Moreover, the free-surface elevations on WG 6 and 7
with sharper crests and flatter troughs further demonstrate the strong
effects of the sudden water depth transitions on wave nonlinearity.

B. Higher harmonic wave profiles

The spatial characteristics of the measured and simulated waves
over the abrupt depth transitions are discussed in this section.
Figure 13 displays the spatial evolution of wave profiles over a distance
of 15m with numerical simulations for four selected cases. (x, g=g0) is

FIG. 11. Discrete amplitude spectra of the surface elevations measured at the different gauge positions in the experiments compared to the numerical results in cases 1, 2, 5�,
and 6� (� refers to h2/h1¼ 0.52).
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a Cartesian coordinate system where the left vertical axis g=g0 shows
the normalized surface elevation and the right axis indicates the time
in seconds. In the simulations, the steady state is achieved after about
5 s. For the case f0 ¼ 0:94Hz with the water depth ratio h2/h1¼ 0.36,
the depth change is relatively large at the first ADT such that linear dis-
persion relation might dominate the wave profile change for a nondeep
water wave. We can see the profile distortion on the step and behind
the step at 5 s, which is consistent with the study of Massel.27 A similar
trend is observed for f0 ¼ 1:21Hz though it is a shorter wave. The dis-
tortion and large profile transformation of waves over an ADT has
been reported by several authors.53,54 For the larger water depth ratio
h2/h1¼ 0.52, the profile transformation over the ADT seems not that
significant, due to the smaller change of wavelength over the ADT.
Again, the wave profiles show a reduction of amplitudes behind
the step, which is consistent with the observations in Fig. 11. We see
that the complex wave evolution exhibits the strong effect of the small
ratio of the water depths on the wavelengths, especially for the
cases with long wavelengths. It results in clear nonlinear wave profiles
on the shallower region and longer wavelengths at the back side of the
step.

Figure 14 displays the normalized surface elevations and the first
three superharmonic amplitudes in space for cases f0¼ 0.94Hz with
wave steepness k1a¼ 0.06 and 0.1 on water depth h2/h1¼ 0.36. The
experimental and computed results show a good agreement for the
higher harmonics in both cases. To extract the superharmonics in

space, the surface elevations at each position are calculated with the
FFT. The same time windows are used for the elevation signals. The
start points of the time windows 16.2 and 16.6 s are chosen when
three to four wavelengths have passed over the first ADT. It can be
found that the crest with the higher wave steepness (k1a¼ 0.1) is
sharper in the middle of the step. In terms of the first harmonic
amplitude, it is observed that the normalized surface elevations
g1=g0 decrease along the submerged step in both cases. The normal-
ized amount of the crest of the first harmonic is about 1.1 times the
linear components. However, it has decreased to 0.84 after propagat-
ing over the submerged step (x> 1.2 m). The result is mainly attrib-
uted to the wave reflection at the first ADT, leading to a partial
transmission of the waves over the step. The amplitudes of the sec-
ond harmonic on the shallower regions are about 20% of that of the
first terms but this amount is 2–3 times larger than that on the
deeper side (x ¼ �2:2 m). Similarly, there are relatively larger com-
ponents of the third harmonic waves focusing on the shallower
regions on the step. Notably, the third harmonics in front of the step
is much smaller and negligible. The profiles of the second and third
harmonic waves for the second case are similar to those for the first,
except that the third harmonic is twice higher than the first. There is
a small discrepancy in the measured and simulated results in the sec-
ond case at x¼ 0 on the step attributed to the disagreement at the
second harmonic. The overall agreement between the experiments
and the numerical results is excellent.

FIG. 12. Comparison of separated harmonic time series for case 1 showing experimental and numerical results at several gauge positions.
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The normalized amplitudes of the first to fourth harmonics in the
spatial domain are presented in Fig. 15 for six selected cases. The y axis
refers to the ratio of harmonic amplitude to the incident wave ampli-
tude; the x axis is the spatial range where the location of the step is
from�1.2 to 1.2m (seen in the shaded area). The experimental results
agree with those of the numerical simulations. For the cases of the
water depth with h2/h1¼ 0.36, a clear decrease in the first harmonic
amplitude is found along the submerged step. For instance, the first
harmonic amplitude at the second ADT (x¼ 1.2 m) is 0.4 smaller than
that at the first ADT (x ¼ � 1.2 m) in case 1 with f0¼ 0.94Hz and
k1a¼ 0.06. Then, the amplitude keeps decreasing and becomes only
half of that at x¼ 2.5 m. With a larger steepness k1a¼ 0.1, the first
harmonic amplitude decreases at the first ADT but returns before the
second ADT (at x¼ 1.0 m) and reaches 2/3 of the incident amplitude
at x¼ 2.5 m. The features of the first harmonic are the result of reflec-
tion by the submerged step and the interaction of the incident wave
with the reflected wave. A linear model is able to capture the local

variations on the step. By contrast, the second harmonic amplitudes
increase on the shallower regions for all the cases with the water depth
h2/h1¼ 0.36. The fluctuations of the second harmonic are stronger
than that of the first harmonic, but their amplitudes can grow up to
2–5 times at the front side of the step. Strong effects on the second har-
monics can be observed in case 2 with f0¼ 0.94Hz, k1a¼ 0.1. For the
cases with higher incident frequency (f0¼ 1.21 and 1.45Hz in Fig. 15),
the amplitudes of the second harmonic are much lower on the step
since the influence of the abrupt depth transitions is less significant for
the waves with shorter wavelengths.

The third and fourth harmonic amplitudes have been found to
have the same trend for oscillations as that of the second. For the case
f0¼ 0.94Hz, the amplitudes of the third harmonic are about 30%–40%
of that of the second harmonic and the fourth harmonic is nearly zero
which can be ignored. The amplitudes of these two superharmonics
grow at the first ADT and vary regularly on the shallower region. Both
amplitudes return to the incident conditions after propagating over the

FIG. 13. Wave evolution along the submerged step of several incident wave cases with numerical simulations (� refers to h2/h1¼ 0.52).
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FIG. 14. Separated harmonics from numerical simulations as a function of space and compared to experiments for two selected cases at the wave gauges.

FIG. 15. Spatial distribution of the amplitude of wave harmonics for selected cases (� refers to h2/h1¼ 0.52). Lines: numerical data; Circles: experimental data.
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second ADT. For the water depth h2/h1¼ 0.52, the evolution of the
superharmonics is similar to that in the water depth h2/h1¼ 0.36.
Consequently, the abrupt depth transitions reduce the first harmonic
amplitude resulting from the wave partial reflection. The superhar-
monic amplitudes increase suddenly at the first ADT and remain high
on the step, and their amplitudes decrease after the second ADT, mak-
ing the superharmonics localized on the step. These results are attrib-
uted to a smaller influence of the abrupt depth transitions, leading to
smaller reflection coefficients of the superharmonics, which agrees well
with the findings in Christou et al..55 It can be concluded that the influ-
ence of the water depth ratio is dominant on the induced higher har-
monics and the nonlinear effect due to the incident wave steepness in
general plays a less important role in this case. It is noteworthy that the
second harmonic amplitude can reach the same magnitude as that of
the first harmonic (in case 2 f0¼ 0.94Hz, k1a¼ 0.1), which was also
reported in the work of Draycott et al..38 They confirmed that the
wave breaking on the top of the step was attributed to the second har-
monic terms being higher than that of the first harmonic.

C. Nonlinear effect with varying wave parameters

To further study the nonlinear effects on the waves over a sub-
merged step, this section presents the results of experiments and
numerical simulations with varying water depth, wave frequency and
wave steepness.

Figure 16 displays the variation of the harmonic amplitudes for
the cases with two water depth transitions h2/h1¼ 0.36 and h2/h1
¼ 0.52 with a range of incident wave frequencies k1h1. The experimen-
tal and numerical results show good agreements for both the first and
second harmonics at the selected wave gauge positions. Figure 16(a)
shows the nondimensionalized amplitudes of the first and second har-
monics with k1h1 ¼ 1–2 for h2/h1¼ 0.36 and H¼ 0.03 m. It can be
found that the mean amplitudes of the first harmonic are about 1 at
the locations in front of the first ADT (WG 3 and 5), though the
amplitude variation at WG 5 is slightly higher presumably due to the
influence of reflection at the submerged step. The second harmonic
components remain low for all k1h1 values, which is expected since the

nonlinearity in the incident wave is not significant. On the step at
WG 6 and WG 7, the amplitudes of the first harmonic are mostly
less than 1, attributed to the reflection at the step. However, the sec-
ond harmonic components become significantly larger especially
when k1h1 < 1:5. In Sec. III B, the higher harmonics induced by the
step were shown to be triggered by the ADT for waves with longer
wavelengths. For k1h1 > 1:5, the nonlinear effect at the step becomes
less important hence the second harmonics reduce to less than 0.2.

In contrast, the results for the case h2=h1 ¼ 0:52 in Fig. 16(b)
illustrate that a weaker nonlinear effect is present in deeper water
depth. Note that the incident wave heights are slightly larger with
H¼ 0.04 m. The variations of the first and second harmonics are small
in the entire range of k1h1 (k1h1 ¼ 1–7). Except for a small variation
when the wavelength is long (k1h1 < 1:5), the first harmonic ampli-
tudes are near 1 for all four wave gauges. The second harmonics
remain low, except for small values of k1h1. The results with varying
wave frequencies (k1h1) for the two water depths demonstrate again
that wave dispersion dominates the nonlinear effects at the abrupt
depth transitions for relatively long waves. In addition, our nonlinear
numerical model shows robustness across the shallow and deep water
regions.

We now examine the nonlinear effects associated with
increased wave steepness. In Fig. 17, the superharmonic amplitudes
are shown with increasing k1a (0.03–0.1) for f0 ¼ 0:86 Hz on the
two water depths. Both measurements and numerical results are
plotted. The overall agreement between the experiments and
numerical simulations is acceptable. Note that the first harmonics
are not shown here which are close to 1 for all the cases. It is
found that generally the nondimensional superharmonics increase
with steepness at the selected wave gauge positions. The nondi-
mensional elevations on WG 6 at the step center are mostly the
highest as expected. Note that there is a slight drop in the second
harmonics when the input wave steepness is larger than 0.09 in
the case with h2=h1 ¼ 0:36. There is a disagreement for the sec-
ond harmonics between the experimental and the numerical results
on WG 7. A possible reason is that there might be an influence
of the second free waves when the nonlinearity increases.55

FIG. 16. Normalized amplitudes of the first and second harmonics over the different gauge positions on two water depths with (a) h2=h1 ¼ 0:36, H¼ 0.03 m and (b)
h2=h1 ¼ 0:52, H¼ 0.04 m.
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For the case h2/h1¼ 0.52, steeper waves also induce larger higher
harmonics but with smaller amplitudes of these harmonics than that
for h2/h1¼ 0.36. The increasing incident wave steepness effectively
enhances the superharmonic amplitudes along the submerged step.
However, the influence is much more significant on the shallower side.

D. Skewness and kurtosis

The skewness and kurtosis are parameters that can be used to
measure the nonlinearity of the wave profiles. In particular, the skew-
ness measures the level of asymmetry (horizontal) of wave elevation;
and the kurtosis measures the growth of the elevation peak or the
sharpness–both reflect the influence of nonlinearity. For any Gaussian
distribution, the skewness is 0 and the kurtosis is 3 from the properties
of a normal distribution. Sea surface elevation kurtosis is often taken as
an important indicator of rogue wave activity. Increased kurtosis can
indicate an increased probability of the occurrence of suddenly appear-
ing large waves.14,15 This section discusses the distribution of skewness
and kurtosis along the x axis. Formulas for computing skewness and
kurtosis are described in detail in Appendix D.

Although the parameters, skewness, and kurtosis are commonly
used in the random statistical distribution, the variation of parameters
can indicate the out-of-equilibrium states at the ADT. For a single
(monochromatic) linear wave component, the skewness and kurtosis
are 0 and 1.5, respectively. The value of kurtosis of regular waves is
only half of that of the Gaussian random waves. It can be indeed found
that the skewness is about 0.15 and kurtosis is about 1.6 for the inci-
dent wave cases. Figure 18 shows the evolution of the skewness and
kurtosis for four selected cases in the spatial domain where the shaded
area represents the submerged step. It is noticed that both the skewness
and kurtosis have grown when the waves propagate through the first
ADT, then reach the maxima at the top of the submerged step. The
two parameters gradually decrease at the second ADT and return to
the incident conditions for several cases. In terms of the skewness, a
rise in values is found after the first ADT and an oscillation exists on
the shallower region on the step. The oscillation suggests some

distortion of the wave shape on the step. For instance in the case with
f0¼ 0.94Hz and k1a ¼ 0:06, it is found that the maximum point of
the skewness is located at nearly x ¼ �0:5 m. Then, a drop of skew-
ness is found after the second ADT, where the value even becomes
negative. This phenomenon indicates larger wave troughs are present
on the deeper regions and the horizontal surface elevations remain
asymmetry. The sudden increase in the skewness clearly shows the
horizontal asymmetry of the surface elevation due to the presence of
the submerged step. The variation of the skewness is minor for cases
with a larger water depth h2/h1¼ 0.52.

Similar trends are found for the evolution of kurtosis. The sudden
increase in the kurtosis on top of the step suggests that the wave crest
is sharpened. This is directly attributed to the increase in the higher
harmonics, as demonstrated in Fig. 14. The oscillation may also indi-
cate that the second free waves on the step evolve at a different speed
than that of the fundamental harmonics. Again, the kurtosis remains
constant for the relatively deeper water. In summary, the existence of
the submerged step clearly changes the wave profiles on the step. The
skewness and kurtosis suggest that the abrupt depth transitions make
the shape’s asymmetry more obvious and the crest sharper, a clear
result from nonlinear effects.

IV. CONCLUSIONS

The nonlinear wave propagation over a submerged step was
investigated experimentally and numerically. We focus on the evolu-
tion of higher harmonics when waves pass the abrupt depth transi-
tions. The experiment was carried out in a long wave flume with
varying wave frequencies and amplitudes. Two water depths were
tested. A high-speed camera was installed to capture the wave passing
the first ADT, and no obvious flow separation was observed at the
edge of the step, suggesting minor viscous effects. A fully nonlinear
potential flow model was developed to solve the nonlinear boundary
value problem. A conformal mapping method was employed to
deal with the free-surface boundary conditions and the varying
bottom boundaries. A mapping function was proposed to realize the

FIG. 17. Extracted higher harmonic amplitudes at different gauge positions as a function of input amplitude k1a comparing experiments and numerical simulations for the case
f0 ¼ 0:86 Hz: (a) h2=h1 ¼ 0:36 and (b) h2=h1 ¼ 0:52.
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transformation between the physical plane and the mathematical
plane. With the aid of nonlinear simulations, it is possible for us to
extract the higher harmonics (from second up to fourth) in time and
space. With the abrupt depth transitions, direct comparisons of wave
surface elevations at all probing locations were made between the sim-
ulations and the measurements. The agreement is excellent. The non-
linear model by the conformal mapping method was demonstrated to
be suitable for simulating wave propagation over varying bathymetry
including the abrupt depth transitions.

We focus on the higher harmonics triggered by the wave interac-
tion with the abrupt depth transitions. The FFT technique is used to
extract the higher harmonic components of the wave elevation. A
second-harmonic reflection coefficient is defined to show the effect of
the presence of the submerged step on the second harmonic waves. It
is found that with increasing wave steepness, the nonlinear effect leads
to increased second-harmonic reflection coefficients, as expected.
Spectral analysis of the time histories of the elevations shows the
importance of superharmonics, especially near the middle of the step.
For the cases of relatively longer waves with h2=h1 ¼ 0:36, the signifi-
cant change of water depth at the first ADT clearly makes the wave
profile on the step distorted where the wave dispersion plays an impor-
tant role. The associated higher harmonics also become considerable.
With a higher h2=h1 ¼ 0:52, both the dispersion and nonlinear effects
become less significant.

The evolution of the separated harmonics along the step is inves-
tigated. This is obtained by performing FFT on the time signal of every
point on the entire free surface. The sudden increase in the higher har-
monics at the first ADT shows the clear interaction of the propagating
wave with the submerged step. Some oscillations of the harmonic
amplitudes are seen on the step. This might be due to the influence of
higher harmonic free waves that can transmit to the downstream side
of the step. However, for cases with higher frequency or deeper water
depth, the superharmonic components return to the incident ampli-
tudes. It demonstrates that the sudden enhancement of the ADT on

the superharmonic amplitudes may be localized in the shallower
regions.

The effects of the incident wave frequency k1h1 and amplitude
are studied on the first harmonics and superharmonics (second to
fourth). At a lower frequency of the incident wave, we see considerable
superharmonic components near the middle of the step (WG 6).
Steeper incident waves generally produce larger superharmonics
among which the second is the most significant.

The evolution of skewness and kurtosis is computed to evaluate
the nonlinear effects at the step. For cases where there is a sudden
increase in the skewness over the step, the horizontal asymmetry of the
surface elevation can be found as a clear indication of nonlinearity.
The similar sudden increase in the kurtosis on top of the step reflects
that the wave crest is sharpened due to the increase in the higher har-
monics. The asymmetry of the wave profiles and sharpened crest result-
ing from nonlinear effects may indicate the increase in the possibility of
the occurrence of extreme waves at the abrupt depth transitions.

This study demonstrates the capability of a nonlinear numerical
model to study the nonlinear wave dynamics on the abrupt depth tran-
sitions. Higher harmonic evolution over a submerged step and nonlin-
ear effects of the abrupt depth transitions on higher harmonics are
explored. The model can be easily extended to the application of other
varying bathymetries and other incident wave types given the feature
of the conformal mapping method. The numerical model with the
conformal mapping method provides effective prediction methods for
the nonlinear evolution of wave profiles and more accurate inputs for
the physical problem of the wave–bottom interactions. More investiga-
tions that incorporating the developed model into a multiple wave
gauges assessment should be conducted in future studies.
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APPENDIX A: TIMEWINDOW FOR SPECTRA ANALYSIS

The experiments were conducted in both conditions with and
without a submerged step. Prior to the analysis of harmonics, the inci-
dent wave height was obtained from cases without a step in the wave
tank. Figure 19 compares the input parameters Hin and the actual wave
height Hout. This allows for the use of more precise incident waves gen-
erated in the laboratory for subsequent investigations.

To process the spectra analysis, the fast Fourier transform
(FFT) is used to deal with the surface elevations in the time domain.
The time window of surface elevations needs to be selected

appropriately. It should avoid the startup of incident waves before
the arrival of steady regular waves and the reflected waves coming
from the back of the wave tank. We consider case 1 to examine the
results of FFT with different ranges of the time window at WG 6
(Fig. 20). It is found that both the unsteady incident waves and the
reflected wave from the backside of the wave tank can affect
the amplitude spectra. Meanwhile, there is little difference between
the results with the total Fourier discrete points n¼ 940 and that
with n¼ 1024.

To extract the superharmonics in the wave signal, the surface
elevations must be transformed into the frequency domain by FFT.
Then, the range of a certain order harmonics is selected, and the
surface elevations are transformed back in the time domain by the
IFFT. The higher harmonic frequency is written as

fm ¼ m � f0; (A1)

where m ¼ 1; 2; 3… represents the order of harmonic waves. To
indicate the wave nonlinearity triggered by the ADT, the time for
the separated waves in the spatial domain is chosen where 3–4 wave
periods have passed the ADT.

APPENDIX B: SEPARATION OF THE INCIDENT
AND REFLECTED WAVES

The computation of the reflection coefficients is based on the
analytical method.47 This is not limited by the phase difference, and
two wave gauges gðx1; tÞ and gðx2; tÞ are enough to process the cal-
culation. For regular waves, the incident and reflected waves are
assumed to be

gI ¼ AI cos ðxt � kx þ hIÞ; (B1)FIG. 19. Wave heights with input parameters and physical outputs.

FIG. 20. Selections of surface elevations and harmonic amplitudes for case 1 at
WG 6.
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gR ¼ AR cos ðxt � kx þ hRÞ; (B2)

where AI and AR are the amplitude of the incident and reflected
waves, respectively. hI and hR refer to the phase angles. x is the
angular frequency and k the wave number. Due to the linear super-
position of surface elevations, gðx1; tÞ and gðx2; tÞ are expressed as

gðx1; tÞ ¼ AI cos ðxt � kx1 þ hIÞ þ AR cos ðxt þ kx1 þ hRÞ; (B3)

gðx2; tÞ ¼ AI cos ðxt � kx2 þ hIÞ þ AR cos ðxt þ kx2 þ hRÞ
¼ AI cos ðxt � kx1 þ hI � k�xÞ

þ AR cos ðxt þ kx1 þ hR þ k�xÞ: (B4)

Let x2 ¼ x1 þ�x, so that Eqs. (B3) and (B4) can be reduced to the
equation with x1. In addition, they can be written in the complex
form as

gðx1; tÞ ¼ AIe
iðxt�kx1þhIÞ þ ARe

iðxtþkx1þhRÞ; (B5)

gðx2; tÞ ¼ AIe
iðxt�kx1þhI Þe�ik�x þ ARe

iðxtþkx1þhRÞeik�x: (B6)

From Eqs. (B5) and (B6), we obtain the surface elevation of the inci-
dent and reflected waves,

gIðx; tÞ ¼ AIe
iðxt�kx1þhIÞ ¼ eik�xgðx1; tÞ � gðx2; tÞ

2i sin ðk�xÞ ; (B7)

gRðx; tÞ ¼ ARe
iðxtþkx1þhI Þ ¼ e�ik�xgðx1; tÞ � gðx2; tÞ

�2i sin ðk�xÞ ; (B8)

Kr ¼ AR

AI
¼ jje�ik�xgðx1; tÞ � gðx2; tÞjj

jjeik�xgðx1; tÞ � gðx2; tÞjj : (B9)

It should be noticed that the surface elevations recorded at the
positions x1 and x2 need to be transformed into the complex form
by taking a Hilbert transform. The reflection coefficients of the
higher harmonic waves can also be computed similarly as long as
the input surface elevations gðx1; tÞ and gðx2; tÞ are replaced by
gmðx1; tÞ and gmðx2; tÞ where m denotes the order of the superhar-
monics. Note that the higher harmonic reflection coefficients are
defined by the ratio of the harmonic amplitudes to the nonlinear
wave amplitude. Extraction of the harmonics can be realized by the
FFT technique, and the reflection coefficients of the harmonics can
be written as

Krm ¼ ARm

AI
¼ jje�ikm�xgmðx1; tÞ � gmðx2; tÞjj

jjeik�xgðx1; tÞ � gðx2; tÞjj : (B10)

APPENDIX C: SEPARATION OF SECOND BOUND
AND FREEWAVES

The frequency of the second bound waves (lock-in waves fB) is
twice that of the incident waves f0. However, there is also a free
wave fF that occurs during wave propagation over varying water
depths. The component of free waves obeys the dispersion relation,
resulting in a small discrepancy in frequency compared to the
bound waves (fB 6¼ fF). Additionally, the velocity of free waves dif-
fers from that of the bound waves. A common approach to separate
these two components is to allow wave propagation with sufficient
time and space, such as in the propagation of wave packets. This

method is not applicable in the case of monochromatic waves due to
the continuous incident waves. Consequently, a separation technique
based on surface elevations at four different wave gauges is adopted.48

The surface elevations gðx; tÞ at each position can be expressed as

gðxp; tÞ ¼ A1
I ðcos kxp � xt þ /1

I Þ þ A1
Rðcos kxp þ xt þ /1

RÞ
þ
X
m�2

Am
I;B cos mðkxp � xtÞ þ /m

I;B

� �

þ
X
m�2

Am
R;B cos mðkxp þ xtÞ þ /m

R;B

� �

þ
X
m�2

Am
I;F cos mðkxp � xtÞ þ /m

I;F

� �

þ
X
m�2

Am
R;F cos mðkxp þ xtÞ þ /m

R;F

� �þ epðtÞ; (C1)

where the subscripts B and F denote the bound and free wave com-
ponents, respectively. xp represents the location in the spatial
domain. The subscript m (m ¼ 1; 2;…) refers to the mth-order har-
monic waves. /m denotes the phase difference in an arbitrary time
domain. The final epðtÞ is associated with the extra signal noise
resulting from nonlinear wave interactions. Then, the surface eleva-
tions gðxp; tÞ can be decomposed with FFT as

~gmðxpÞ ¼ x
2p

ðð2p=xÞ
0

gðxp; tÞe�imxtdt: (C2)

By substituting Eq. (C1) into Eq. (C2) and assume m¼ 1, the
transformed surface elevations can be written as

~g1ðxpÞ ¼ C1
I X

1
I þ C1

RX
1
R þ T1

p ; (C3)

where

X1
I ¼ A1

I e
�iðkx1þ/1

I Þ; X1
R ¼ A1

Re
�iðkx1þ/1

RÞ;

C1
I ¼

e�ikDxp

2
; C1

R ¼ eikDxp

2
:

The fast Fourier transform of emðtÞ at m¼ 1 and the position of
wave gauge x1 is displayed as T1

p . Dxp denotes the distance between
the first wave gauge and the mth wave gauge. The sum of T1

p can be
minimized using the least squares method to choose the parameters
X1
I and X1

R, namely, the minimum sum

X
p

T1
p

h i2 ¼ X
p

~g1ðxpÞ � C1
I X

1
I � C1

RX
1
R

� �2
: (C4)

The solution of parameters X1
I and X1

R can be obtained by minimiz-
ing their total errors,

@
X
p

T1
p

h i2

@X1
I

¼ O;

@
X
p

T1
p

h i2

@X1
R

¼ O; (C5)

where the algebraic equations can be simplified as

A11 A12

A21 A22

� �
X1
I

X1
R

� �
¼ B1

B2

� �
: (C6)

The study by Lin and Huang provides the solution for components
Ai;j and Bi. The amplitudes of the first harmonics can be determined
as follows:
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A1
I ¼ jX1

I j; A1
R ¼ jX1

Rj: (C7)

Similarly, the singularity should be avoided in the physical applica-
tion. For four different wave gauges before the first depth transition,
Eq. (C8) is determined as follows:

1
4
þ e�2ikDx2

4
þ e�2ikDx3

4
e�2ikDx4

4

� �

� 1
4
þ e2ikDx2

4
þ e2ikDx3

4
e2ikDx4

4

� �
� 1 ¼ O : (C8)

To achieve the amplitude of the first harmonics, the same steps are
employed for the superharmonic waves by substituting Eq. (C1)
into Eq. (C2) with m � 2. Consequently, the transformation of
gðxp; tÞ is modified to

~gmðxpÞ ¼ Cm
I;BX

m
I;B þ Cm

R;BX
m
R;B þ Cm

I;FX
m
I;F þ Cm

R;FX
m
R;F þ Tm

p ; (C9)

Am
I;B ¼ jXm

I;Bj; Am
R;B ¼ jXm

R;BjAm
I;F ¼ jXm

I;F j; Am
R;F ¼ jXm

R;F j: (C10)

APPENDIX D: STATISTICAL DISTRIBUTION OF SURFACE
ELEVATIONS

The parameters skewness and kurtosis can be useful to describe
the statistical distribution of the surface elevation and wave heights.
In terms of the surface elevation g, the definitions of skewness and
kurtosis are

k3 ¼ hðg� hgiÞ3i=g3std; k4 ¼ hðg� hgiÞ4i=g4std; (D2)

where gstd is the standard deviation of the surface elevation. The val-
ues are k3 ¼ 0 and k4 ¼ 3 for Gaussian waves. There is a clear
increase in the values on the shallower regions, inducing a higher
probability of occurrence of extreme waves on the abrupt depth
transitions.
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