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ABSTRACT

We numerically investigate the forced synchronization of the self-excited flow behind a plunging airfoil in ground effect at a Reynolds
number of Re¼ 1000. On varying the plunging amplitude and frequency, we find a rich array of nonlinear dynamics, such as a period-1
limit cycle due to natural vortex shedding as well as two-frequency quasiperiodicity on a torus attractor (T2). For certain non-resonant
plunging frequencies without a ground surface, we find that low-dimensional chaos emerges via the Ruelle–Takens–Newhouse route.
However, we find that the chaos can be suppressed by introducing a ground surface, inducing a direct transition from T2 quasiperiodicity
to 1:1 phase locking as the plunging amplitude rises over the boundaries of the Arnold tongue. Apart from suppressing chaos, the ground
surface also causes the lift and drag coefficients to become less sensitive to the plunging motion itself. Knowledge of the critical plunging
conditions required for forced synchronization and chaos could be useful in various engineering applications, such as the design of pico
air vehicles.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0195683

I. INTRODUCTION

In recent years, pico air vehicles (PAVs) have attracted significant
interest owing to their potential to revolutionize operations such as
search and rescue, surveillance and reconnaissance, robotic pollination,
and environmental monitoring.1 This is motivated by the view that
such operations would benefit from enhanced coverage and increased
resilience to hardware or software failure if swarms of tiny, maneuver-
able and possibly disposable PAVs were deployed in place of large-
scale costly individual robots. PAVs are defined as uncrewed aerial
machines whose maximum linear dimension is 5 cm or less and whose
maximum takeoff mass is 500mg or less.1 These physical boundaries
overlap with those of flying insects (e.g., fruit flies and bumblebees),2

prompting researchers to draw inspiration from nature when design-
ing PAVs.3–5

A key challenge in designing effective PAVs is to understand and
exploit the peculiar aerodynamics found at small length and velocity
scales. Micro-air vehicles are the size of large birds, operating at

chord-based Reynolds numbers of Re > 104; their aerodynamics are
typically dominated by turbulent flow.2 Nano-air vehicles are one size
class smaller, operating at 103 < Re < 104; their aerodynamics are in
the transition regime, strongly influenced by boundary layer separation
and possible reattachment.1 By contrast, PAVs operate at even lower
Reynolds numbers, Re < 3� 103; their aerodynamics are dominated
by laminar flow, implying that unsteady mechanisms can be used to
increase lift above that, which could be achieved with only steady
mechanisms.1 PAVs typically operate under strict power constraints
owing to their limited energy storage capabilities. Thus, it is important
to develop strategies to enhance the aerodynamic performance of
PAVs, with a common approach being to draw inspiration from
nature.6 In this context, plunging airfoils are often studied to gain
physical insight into the unsteady aerodynamics of natural flapping-
wing flyers.7,8 However, only a few studies involving plunging airfoils
have previously been performed at Re values low enough to be relevant
to PAVs (Re < 3� 103), and none has considered the effect of ground
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proximity, which is crucial during the takeoff and landing phases of
flight.

In this numerical study, we adopt a forced synchronization
framework to explore the unsteady aerodynamics of a rigid two-
dimensional airfoil—with a National Advisory Committee for
Aeronautics (NACA) 0012 profile—plunging sinusoidally in ground
effect at conditions relevant to PAVs: a low Reynolds number
(Re¼ 1000) and a moderate angle of attack (a ¼ 10�). By systemati-
cally varying the plunging frequency (fp) and amplitude (a) for differ-
ent values of ground clearance (h), we find various nonlinear states,
such as vortex shedding on a period-1 limit cycle, two-frequency qua-
siperiodicity on a torus attractor, low-dimensional deterministic chaos
on a strange attractor, and phase locking on a period-1 orbit. By ana-
lyzing those states with tools from dynamical systems theory, we find
that the chaotic state emerges via the classic torus-breakdown route,
but that it can be suppressed simply by introducing a ground surface.
This shows that the spectral composition and complexity of the aero-
dynamic force fluctuations acting on a prototypical airfoil at low Re
can depend sensitively on h, with potentially wider implications for the
design and optimization of future PAVs.

Before presenting our numerical setup and validation (Sec. II)
and results (Sec. III), we survey the literature on the low-Re aerody-
namics of stationary (Sec. I A) and plunging (Sec. I B) airfoils, both
without and with the ground effect. We then review how airfoil motion
can induce chaos in the wake dynamics (Sec. I C), before posing the
research questions of this study (Sec. ID).

A. Stationary airfoils: Without and with ground effect

To establish a baseline, we first consider a stationary airfoil with-
out a ground nearby. Kurtulus9 has numerically investigated the flow
around a NACA 0012 airfoil at 0� 6 a6 90� and Re¼ 1000. We
choose to set our angle of attack at a ¼ 10� because Kurtulus9 showed
that at aP 8�, a stationary airfoil in a steady uniform free-stream can
produce vortex shedding at a well-defined natural frequency, fn. In the
flow instability literature, such periodic shedding is known as a nonlin-
ear global mode,10 which arises from a sufficiently large region of local
absolute instability.11

Introducing a ground surface under a stationary airfoil can drasti-
cally alter the flow instability characteristics. For example, using
numerical simulations and a bi-global stability analysis, He et al.12

investigated the separated flow around a NACA 4415 airfoil in ground
effect at conditions relevant to PAVs: low Reynolds numbers
(3006Re6 1000) and a high angle of attack (a ¼ 20�). They found
that the Kelvin–Helmholtz mode is dominant, producing a nonlinear
global mode, in the form of periodic vortex shedding, via a supercriti-
cal Hopf bifurcation. They also found the time-averaged coefficients of
lift (Cl ) and drag (Cd ) scale inversely with h for a moving ground, but
linearly with h for a stationary ground. In all the cases examined, the
flow was found to be at either a fixed point or a periodic limit cycle,
with no clear evidence of more complex dynamics such as quasiperi-
odicity or chaos. In follow-up work, He et al.13 found for similar flow
conditions that increasing h amplifies the energy gain and causes the
optimal perturbations to become two dimensional. They also found
that the absolute/convective instability characteristics are highly
dependent on the recirculation region downstream of the airfoil.

Qu et al.14 numerically examined the unsteady flow around a
NACA 4412 airfoil at a relatively high Reynolds number of

Re ¼ 3� 105, with a focus on comparing the static ground effect
(SGE) and the dynamic ground effect (DGE). Here, SGE refers to a sta-
tionary airfoil in the ground effect, whereas DGE refers to an airfoil
translating toward or away from the ground. The latter case can be
considered a single-plunge test case, offering insight into the aerody-
namics of a plunging airfoil during its downstroke. The SGE results of
Qu et al.14 showed that for a non-dimensional ground clearance of
H � h=c < 0:1 (where c is the chord length of the airfoil), lift is
inversely proportional to H, consistent with the findings of He et al.12

For DGE, the aerodynamic parameter space was found to contain
three distinct regimes, delineated by two critical values of H: 0.5 and
1.0. For HP 1:0, the ground has only a minor influence on the aero-
dynamics and could, thus, be considered absent. However, as H
decreases, lift increases similarly to that for SGE when 0:56H < 1:0
and particularly rapidly when H< 0.5.14 Lift also increases with the
sink velocity: when the airfoil is plunged more quickly toward
the ground, the air under the airfoil has less time to escape, increasing
the local static pressure and hence increasing lift.14

B. Plunging airfoils: Without and with ground effect

Numerous studies have examined plunging airfoils, but most of
them have focused on relatively high Reynolds numbers of ReP 104.
For example, Young and Lai15 numerically simulated the unsteady
flow around a sinusoidally plunging NACA 0012 airfoil at
Re ¼ 2� 104. They found that the aerodynamic coefficients and wake
patterns are sensitive to the reduced frequency of the plunging motion.
At low reduced frequencies, the aerodynamic coefficients were found
to be governed by leading-edge flow separation. The flow structures in
the wake, however, were found to be governed by trailing-edge effects
over a wide range of reduced frequencies. In follow-up work, Young
and Lai16 examined a similar airfoil under similar flow conditions and
found that the wake dynamics can exhibit vortex lock-in if the plung-
ing amplitude is sufficiently high. Such synchronization behavior is
analogous to that which is often observed in hydrodynamically self-
excited wakes behind an oscillating cylinder.17,18 However, Young and
Lai16 also found that the lock-in regime, known as the Arnold tongue
in the synchronization literature,19,20 is asymmetric about fp=fn ¼ 1.
This asymmetry was attributed to the sharp trailing edge inducing flow
separation on the windward side of the airfoil, particularly at high fp.

16

A similar asymmetry in the Arnold tongue was observed by Choi
et al.21 in simulations performed at Re¼ 300.

In a combined experimental–numerical study at 5006Re6 105,
Jones et al.22 examined the Knoller–Betz effect, whereby a plunging
airfoil can generate thrust. For Strouhal numbers above unity, the wake
structures were found to be asymmetric, producing lift and thrust on an
average basis. Lai and Platzer23 then reported on water-tunnel experi-
ments of a plunging NACA 0012 airfoil at 5006Re6 2:1� 104. They
found that, above a critical plunging velocity, the flow topology can
change from drag to thrust producing, with the downstream wake trans-
forming into a jet.

Turning to the ground effect, Molina and Zhang24 numerically
studied the aerodynamic performance of an inverted airfoil plunging
sinusoidally above a ground surface at Re ¼ 3:9� 105. Depending on
the phase lag between the plunging motion and the aerodynamic coef-
ficients, the flow was found to be dominated by three distinct effects.
At low fp, the airfoil motion can be treated as quasi-stationary, causing
the flow to be dominated by the classic ground effect. At intermediate
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fp, the effective a becomes important, with the maximum downforce
occurring at high effective a owing to the incidence effect. At high fp,
the vertical acceleration of the airfoil dominates the generation of
downforce, consistent with the added mass effect.

C. Chaotization due to airfoil motion

When an airfoil oscillates under specific conditions, its wake can
transition from a regular state of periodic vortex shedding to an irregu-
lar state of low-dimensional deterministic chaos via a catalog of univer-
sal routes.25,26 Characterizing these routes to chaos and the associated
nonlinear dynamics—such as quasiperiodicity and intermittency—is
important because they could hold the key to unlocking latent
improvements in aerodynamic performance. Such a strategy has been
demonstrated throughout aerospace engineering, particularly in the
analysis of aeroelastic airfoil systems.27–30 Furthermore, many routes
to chaos can be readily modeled and understood, implying that their
characterization serves to offer deeper insights into the underlying
flow physics. For example, Badrinath et al.31 numerically studied the
wake dynamics of a NACA 0012 airfoil (Re¼ 1000, a ¼ 0�) plunging
sinusoidally at a fixed reduced frequency of 2. Using nonlinear time-
series analysis and recurrence plots, they found that as the plunging
amplitude increases, the wake can transition from periodicity to chaos
via type-I intermittency. In a follow-up study, Bose and Sarkar32

numerically investigated the effect of imposing a combined pitching–
plunging motion to the same airfoil (NACA 0012) at the same
Reynolds number (Re¼ 1000). As the motion amplitude was increased
at a fixed reduced frequency of 2, the flow was found to transition
from periodic vortex shedding to chaos via quasiperiodicity, which is
consistent with the torus-breakdown route to chaos.33 This route has
also been observed by Bose et al.34 in an elastically mounted airfoil
undergoing pitching–plunging motion and by Blondeaux et al.35 in an
airfoil oscillating in the hovering mode. Recently, Bose et al.36 exam-
ined the link between wake transitions in the near- and far-fields of a
pitching–plunging airfoil at low Re, revealing the key effects of aperi-
odic jet-switching and leading-edge vortex formation on the transition
to chaos.

D. Contributions of the present study

In previous studies where low-dimensional chaos was observed
in the flow around a plunging airfoil, fp was held constant while the
plunging amplitude was varied. This single-parameter variation meant
that it was not possible to explore the full synchronization dynamics
within and around the 1:1 Arnold tongue.19,20 In particular, it was not
possible to identify the boundaries of the chaotic regime in the syn-
chronization map. Crucially, those studies were performed with the
airfoil in complete isolation, so a key question naturally arises: how
would the presence of a ground surface under a plunging airfoil affect
the transition to chaos at a Reynolds number relevant to PAVs? A sec-
ond question is how would the forced synchronization dynamics
change with changes in both the plunging amplitude and frequency of
the airfoil, with the latter taking on values both below and above fn
itself.

II. NUMERICAL SETUP AND VALIDATION

To answer the questions posed in Sec. ID, we perform numerical
simulations of the unsteady flow around a NACA 0012 airfoil plunging
above a flat ground surface at an angle of attack of a ¼ 10� and a

Reynolds number of Re¼ 1000; here Re � U1c=�, where U1 is the
free-stream velocity, c is the chord length, and � is the kinematic vis-
cosity. We consider these specific flow conditions because they are rel-
evant to PAVs during takeoff and landing.1 The trailing edge of the
airfoil is at a vertical distance of h above the ground (see Fig. 1), imply-
ing a non-dimensional ground clearance of H � h=c. We use a
Cartesian coordinate system whose origin is at the quarter-chord point
on the airfoil; the x coordinate is in the streamwise direction, and the y
coordinate is in the transverse direction. We enable the airfoil to
undergo a sinusoidal plunging motion at a non-dimensional frequency
of F � fp=fn, where fp is the plunging frequency and fn is the natural
frequency of the self-excited wake, i.e., the nonlinear global mode.10

The plunging amplitude is defined non-dimensionally as A � a=c.
The flow is governed by the incompressible continuity and

Navier–Stokes equations,

r � ~V ¼ 0; (1)

@~V
@t

þ ð~V � rÞ~V ¼ � 1
q
rpþ �r2~V ; (2)

where ~V , p, and q are the flow velocity, pressure, and density,
respectively. Equations (1) and (2) are solved numerically in two
dimensions using OpenFOAM, an open-source code based on the
finite volume method. Pressure–velocity coupling is applied with
the pressure-implicit with the splitting of operators (PISO) algo-
rithm. Five corrector steps are used, with time steps ranging from
10�4 to 10�3. For cases with airfoil motion, the solver is combined
with dynamic mesh computations, pimpleDyMFoam. This
involves computing the y-component of the velocity at each mesh
point via the velocityComponentLaplacian algorithm.
Table I summarizes the solver settings, and Table II lists the bound-
ary conditions. In this study, the initial conditions are kept constant,
so the basins of attraction are not mapped. Furthermore, while the
injection of random perturbations in nonlinear dynamical systems is
known to produce various noise-induced dynamics (e.g., coherence
resonance37,38 and noise-induced intermittency39), this is not the
focus of the present study and is left for future work.

Two different types of computational mesh are used: (i: Fig. 2)
Mesh-G features a slip ground surface, and (ii: Fig. 3) Mesh-NG fea-
tures no ground surface at all. Both meshes are built with Gmsh,40 an
open-source mesh generator. The boundary layer around the airfoil is

FIG. 1. Geometry of a symmetric airfoil plunging above a flat ground surface. The
non-dimensional ground clearance is H � h=c, and the non-dimensional plunging
amplitude is A � a=c.
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resolved with 50 layers of structured cells spread over a total height of
0:1c. There is also a small region of structured cells behind the trailing
edge of the airfoil. The rest of the domain consists of unstructured cells
generated by the Delaunay algorithm in Gmsh. Table III lists the mesh
properties for different values ofH.

We validate our numerical framework against published data by
examining Cl ; Cd , and the Strouhal number St of the Cl oscillations.
We consider two representative configurations: (Table IV: NACA
0012) a stationary airfoil without the ground effect9 and (Table V:

TABLE I. Summary of OpenFOAM settings.

Discretization

Momentum Second-order upwind
Pressure Second-order
Time Second-order fully implicit
Time step 5� 10�4

Total simulation time 400

Segregated solver

Non-plunging cases icoFoam
Plunging cases pimpleDyMFoam
Viscous model Laminar
p–~V coupling PISO

TABLE II. Boundary conditions, where ZG denotes a zero-gradient Neumann
condition.

Variables Inlet Outlet Top Ground Airfoil

p ZG 0 0 ZG ZG
U1 1 ZG ZG Slip No slip

FIG. 2. Mesh-G with a ground surface: (left) overview of the computational domain, and (right) magnified view of the trailing edge of the airfoil. In this example, the non-
dimensional ground clearance is H¼ 0.4.

FIG. 3. Mesh-NG with no ground surface (H ¼ 1): (left) overview of the computational domain, and (right) magnified view of the trailing edge of the airfoil.

TABLE III. Mesh properties for different values of H. For all meshes, the streamwise
length of the domain is 54c.

H � h=c Type Domain height Cell count

0.1 Mesh-G 16.1c 24 017
0.2 Mesh-G 16.3c 40 628
0.4 Mesh-G 16.5c 42 589
0.6 Mesh-G 16.7c 44 485
0.8 Mesh-G 16.9c 46 365
1.0 Mesh-G 17.1c 49 181
2.0 Mesh-G 18.1c 59 377
1 Mesh-NG 32.0c 46 398
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NACA 4415) a stationary airfoil in the ground effect.12 For both con-
figurations, we find that the relative errors (erel) for Cl ; Cd ; and St are
all within 2%, demonstrating the accuracy of our numerical
framework.

III. RESULTS AND DISCUSSION
A. A stationary airfoil in ground effect

Figure 4(a) shows the time-averaged lift and drag coefficients,
Cl and Cd , for the stationary airfoil at different values of H. We
find an inverse relationship between both of these aerodynamic
coefficients and H, with Cl increasing more markedly than Cd as H
decreases. The increases in Cl and Cd are gradual when the airfoil
is far from the ground (H> 1.0) but become more pronounced as
the airfoil approaches the ground. These observations are consis-
tent with previous studies,12,24 providing further credence to our
numerical framework.

Figure 4(a) also shows the Strouhal number St as a function of H.
Here, St � fnc=U1, where fn is found by computing the power spectral
density (PSD) of the Cl fluctuation signal, as shown in Fig. 4(c).

TABLE IV. Numerical validation against the data of Kurtulus9 for a stationary NACA
0012 airfoil without the ground effect at Re¼ 1000 and a ¼ 10�.

Cl Cd St

Kurtulus9 0.418 0.165 0.876
Present study 0.409 61 0.163 35 0.872 17
erel 2.00% 1.00% 0.44%

TABLE V. Numerical validation against the data of He et al.12 for a stationary NACA
4415 airfoil in the ground effect (H¼ 0.8) at Re¼ 500 and a ¼ 20�.

Cl Cd St

He et al.12 0.464 85 0.171 55 0.862 50
Present study 0.461 98 0.170 63 0.862 39
erel 0.62% 0.54% 0.01%

FIG. 4. Stationary airfoil in the ground effect: (a) time-averaged lift and drag coefficients and the Strouhal number, (b) instantaneous vorticity field at t¼ 400 s, and (c) PSD of
the Cd and Cl fluctuation signals. Data are shown at different values of ground clearance H � h=c. In subfigure (b), the colorbar in the top-left panel is applicable to all four
panels.
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We find that like Cl and Cd , St varies most markedly when H< 0.5.
However, unlike both of those aerodynamic coefficients, St decreases
as the airfoil approaches the ground. For all values of H, both the Cl

and Cd signals show sharp dominant peaks in their PSDs, indicating
the presence of large-scale coherent flow oscillations associated with a
self-excited nonlinear global mode. In other words, the system evolves
on a period-1 limit-cycle attractor in phase space, as will be explored
later.

To examine the nonlinear global mode of the wake, we show in
Fig. 4(b) the spatial distribution of instantaneous vorticity at four val-
ues of ground clearance: H¼ 0.1, 0.4, 1.0, and 1. For all values of H,
we find that coherent vortical structures are shed periodically from the
airfoil but then dissipate as they are advected downstream. For H¼ 0.1
and 0.4, the close proximity of the ground distorts the vortical struc-
tures, even as they are being shed, causing them to dissipate more rap-
idly downstream.

In summary, we have shown that introducing a ground surface
under a stationary airfoil at low Re can increase both Cl and Cd but
decrease St. These changes are associated with distorted vortical struc-
tures undergoing enhanced dissipation with downstream evolution.
Regardless of H, we find that the wake dynamics remains dominated
by a nonlinear global mode that oscillates at a discrete natural fre-
quency. This is the classic behavior of a self-excited hydrodynamic
oscillator evolving on a limit-cycle attractor in phase space.10

B. A plunging airfoil in ground effect

Next, we apply concepts from forced synchronization theory19 to
understand how the self-excited flow system in Sec. III A responds to
external perturbations in the form of periodic plunging of the airfoil.

1. Forced synchronization and chaos

Figure 5 shows the forced synchronization maps for three repre-
sentative values of ground clearance: H¼ 0.1, 0.4, and 1. These maps
consolidate the various states of the system in a parameter space
defined by A and F.

When the ground is absent (Fig. 5: H ¼ 1), we find evidence of
three dynamical states arising from airfoil motion (A> 0). For weak
plunging at a non-resonant frequency (F 6¼ 1), the system transitions
from its original self-excited state on a limit-cycle attractor (Sec. III A)
to a two-frequency quasiperiodic state on a torus attractor via a
Neimark–Sacker bifurcation, i.e., a secondary Hopf bifurcation.20,41

The emergence of this quasiperiodic state, which is indicated by
green square markers in the synchronization map (Fig. 5), is confirmed
by applying nonlinear time-series analysis.42 Specifically, Fig. 6 shows
the time trace of Cl, its PSD, its phase lag relative to the plunging
motion (DwAðtÞ;Cl

), and its reconstructed phase space in terms of both
the phase portrait and the Poincar�e map (single or double sided). To
reconstruct the phase space, we feed the Cl signal into the embedding
algorithm of Takens,43 with the optimal values of the embedding delay
time (s) and the embedding dimension (d) found via, respectively, the
average mutual information function44 and the technique proposed by
Cao.45 The phase lag DwAðtÞ;Cl

is of interest as previous work has
shown that flapping flyers tend to optimize their aerodynamic perfor-
mance by adjusting the phase dynamics of their wing geometry.46 The
data in Fig. 6 are for a fixed plunging frequency (F¼ 1.1) but with
increasing A. For comparison, we also show data for a stationary airfoil
(Sec. IIIA). As expected for a period-1 limit-cycle attractor (Fig. 6:
A¼ 0), we find a periodic time trace, a line-dominated PSD,
unbounded phase evolution (�wCl

), a closed orbit in the phase por-
trait, and a single cluster of trajectory intercepts in the single-sided
Poincar�e map. However, for weak plunging (Fig. 6: A¼ 0.001 and
0.004), the Cl signal develops spectral components at both fp and fn,
along with their linear combinations. The phase lag DwAðtÞ;Cl

decreases
unboundedly in time, indicating phase drifting, a signature feature of
quasiperiodicity.47,48 The reconstructed phase space shows classic evi-
dence of a two-dimensional torus attractor (T2): a pair of closed rings
in the double-sided Poincar�e map.42 Collectively, these observations
confirm that the Cl dynamics are, indeed, quasiperiodic. The plunging
motion of the airfoil is simply not yet strong enough to synchronize
the natural self-excited oscillations of the global hydrodynamic mode.

As A increases (still for H ¼ 1), the system transitions from T2

quasiperiodicity to one of two possible states, depending on the value
of F. For most values of F, the system transitions to 1:1 phase locking

FIG. 5. Forced synchronization maps for a plunging airfoil with and without the ground effect: H¼ 0.1, 0.4, and 1. The parameter space is defined by A � a=c and
F � fp=fn.
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on a period-1 orbit, which is a fully synchronous state represented by
blue circular markers in the synchronization map (Fig. 5). We find
that phase locking occurs most easily (i.e., at lower A) when the airfoil
is plunging at a frequency near the natural global frequency of the
flow, i.e., when F is near 1. Thus, the shape of this synchronous regime
is approximately triangular, with a bottom vertex centered at F¼ 1
(Fig. 5). This synchronous regime is known as the Arnold tongue in
the synchronization literature19 and has been observed before in vari-
ous self-excited flow systems, such as gaseous jets49–51 and thermo-
acoustic oscillators.48,52 For F¼ 1.1, however, the system transitions to
an intermediate state of chaos before phase locking, as represented by
red star markers in the synchronization map (Fig. 5). In this chaotic
regime (Fig. 6), the time trace of Cl shows irregular aperiodic fluctua-
tions, the PSD contains energetic broadband components, and the
reconstructed phase space hosts a non-smooth fractal object. These
observations are consistent with the emergence of a chaotic state asso-
ciated with a strange attractor.42 Crucially, the chaotic state emerges
from the collapse of the torus attractor identified earlier (Fig. 6), indi-
cating that it arises via the Ruelle–Takens–Newhouse route.53 This is a
classic route to chaos in nonlinear dynamical systems;33 it involves the
breakdown of an unstable 3-torus into a chaotic attractor via folding
and stretching processes.53 Nevertheless, as A increases further, the
chaotic dynamics is eventually destroyed via forced synchronization,
leaving behind a periodic state of 1:1 phase locking, similar to that
observed at other F values where chaos is absent.

To quantify the topological self-similarity of the chaotic attractor
identified earlier, we compute the correlation dimension (Dc) from the
Cl signal using the algorithm of Grassberger and Procaccia.54 The
underlying assumption of this algorithm is that the probability that
two points on an attractor are within a distance R of each other is

approximately equal to the probability that those two points are con-
tained within the same R-sized cell.33 The algorithm has been demon-
strated on various physical systems, including those in aerodynamics34

and thermoacoustics.55,56 In Figs. 7(a1), 7(b1), and 7(c), the local slope
of the correlation sum is plotted against the normalized hypersphere
radius (R=Rmax) for embedding dimensions ranging from d¼ 2 to 12.
For the phase-locked state [Fig. 7(a1)], we find that the data converge
to a correlation dimension of Dc � 1:0. This confirms that the topo-
logical structure of the attractor is a one-dimensional orbit associated
with a limit cycle. For the chaotic state [Fig. 7(b1)], we find that the
correlation dimension is not an integer, Dc � 2:3, indicating the pres-
ence of strangeness in the chaotic attractor.33 Furthermore, the fact
that the value of Dc is small shows that the observed chaos is low
dimensional.42 For the quasiperiodic state [Fig. 7(c)], we find that
Dc � 2:0, confirming that the torus attractor is two dimensional, dom-
inated by the interactions between the plunging motion of the airfoil
and the natural global mode of the flow.

To further confirm the presence of deterministic chaos, we com-
pute the permutation spectrum57 using the Cl signal. First, we consider
the counterexample of a phase-locked state (see Fig. 6: A¼ 0.0175): we
find that the permutation spectra of different data subsets are well
aligned with one another [Fig. 7(a2)], generating a near-zero standard
deviation f for almost all ordinal patterns [Fig. 7(a3)]. These character-
istics are consistent with a periodic attractor.55,57,58 For the strange
attractor (see Fig. 6: A¼ 0.010), we find that the permutation
spectra of different data subsets are no longer aligned with one another
[Fig. 7(b2)], causing f to rise significantly above zero for most ordinal
patterns [Fig. 7(b3)]. At the same time, we find three zero-valued f
points associated with three forbidden patterns [inset of Fig. 7(b3): 14,
17, and 22], whose symbolic sequences are, respectively, “3142,”

FIG. 6. Plunging airfoil without ground effect (H ¼ 1): (a) time trace of Cl, (b) its PSD, (c) its phase lag relative to the plunging motion (except for A¼ 0, where it is simply the
phase evolution of the system, �wCl

), and its reconstructed phase space in terms of (d) the phase portrait and (e) the Poincar�e map. The single-sided or double-sided nature
of the Poincar�e map is indicated by the square cross section outlined in magenta in column (d). The data shown are for a fixed plunging frequency (F¼ 1.1), with A increasing
from 0 to 0.0175.
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“3412,” and “4231” as per Parlitz et al.59 These permutation spectrum
tests provide further evidence of deterministic chaos in the strange
attractor.57

When a ground surface is introduced (Fig. 5: H¼ 0.1 and 0.4),
we find that the observed chaos disappears. As A increases at a fixed
F 6¼ 1, the system transitions first (i) from its original limit-cycle state
(Sec. IIIA) to a two-frequency quasiperiodic state via a Neimark–
Sacker bifurcation, and subsequently (ii) to a synchronous state of 1:1
phase locking. This sequence of transitions is similar to that observed
in the absence of a ground (H ¼ 1), with the key difference being
that there is no longer any evidence of chaos between the quasiperiodic
and phase-locked states. In other words, the introduction of a ground
surface has suppressed chaos at the boundary between quasiperiodicity
and phase locking.

Other notable differences in the synchronization dynamics aris-
ing from the introduction of a ground surface include a tilting of the
Arnold tongue toward low plunging frequencies when the airfoil is
moderately close to the ground (Fig. 5: H¼ 0.4), such that phase lock-
ing is more easily attained when F< 1 than when F> 1. However,
when the airfoil is exceedingly close to the ground (Fig. 5:H¼ 0.1), the
observed asymmetry in the Arnold tongue weakens, with phase lock-
ing occurring at similar values of A on both sides of F¼ 1.

To examine the flow topology corresponding to the three dif-
ferent states (quasiperiodicity, chaos and phase locking), we show
in Fig. 8 the instantaneous velocity field around the airfoil when
plunging at A¼ 0.0125 and F¼ 1.1 for three different values of
ground clearance: H¼ 0.1, 0.4, and 1. For all three states, we find
large-scale vortex shedding behind the airfoil, producing an alter-
nating sequence of coherent vortical structures, which are reminis-
cent of those seen in the nonlinear global mode behind the
stationary airfoil [Fig. 4(b)]. As was the case for the stationary air-
foil, we find that as H decreases, the ground enhances the circula-
tion of the vortices, inhibiting their dissipation and enabling them
to persist farther downstream. The flow structures for H ¼ 1 are
the least periodic and the most diffused, consistent with this being
a chaotic state.

2. Effect of A and F on the lift and drag coefficients

Figure 9 shows colormaps of Cl and Cd in the same A–F parame-
ter space used in Fig. 5. Here, both Cl and Cd have been normalized by
their unforced values to highlight their relative changes and are
denoted by gl and gd, respectively. As in Fig. 5, three representative val-
ues of ground clearance are considered: H¼ 0.1, 0.4, and 1. In each

FIG. 7. [(a1), (b1), and (c)] Local slope of the correlation sum, [(a2) and (b2)] permutation spectra, and [(a3) and (b3)] their standard deviation for a plunging airfoil without the
ground effect: F¼ 1.1 and H ¼ 1. The phase-locked state (A¼ 0.0175) is shown in panels (a1)–(a3), the chaotic state (A¼ 0.010) is shown in panels (b1)–(b3), and the qua-
siperiodic state (A¼ 0.004) is shown in panel (c). The correlation sum is computed with a delay time of s ¼ 0:12 s. The permutation spectra are computed with an embedding
dimension of d¼ 4 and s ¼ 0:12 s using 20 different subsets of a time series with 10 000 data points (duration of 100 s).

FIG. 8. Instantaneous velocity field around a plunging airfoil with and without the ground effect: (left) H¼ 0.1, phase locking; (middle) H¼ 0.4, quasiperiodicity; and (right)
H ¼ 1, chaos. In all cases, A¼ 0.0125 and F¼ 1.1. The colorbar for H ¼ 1 is the same as that for H¼ 0.4. For clarity, only a partial region of the full computational domain
is shown.
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case, the lower boundaries of the Arnold tongue, as identified in Fig. 5,
are overlaid as black lines.

When the ground is absent (Fig. 9: H ¼ 1), we find that both
gl and gd are highest within the Arnold tongue at F> 1. The highest
values of gl and gd are slightly but consistently greater than unity, indi-
cating that plunging the airfoil at an amplitude high enough to induce
phase locking can increase both Cl and Cd relative to a stationary air-
foil. However, when the plunging motion changes such that the system
transitions out of phase locking and into quasiperiodicity or chaos (i.e.,
moving just below the Arnold tongue), both gl and gd drop markedly,
sometimes to values below unity. Thus, Cl and Cd can increase or
decrease relative to the stationary airfoil case, depending on the degree
of forced synchronization achieved by the plunging motion.

As the airfoil approaches the ground (Fig. 9: H¼ 0.1 and 0.4), we
find that the ranges in which gl and gd vary become narrower, with
both their maximum and minimum values moving closer to unity.
Specifically, when H decreases from 1 to 0.1, the maximum devia-
tions of gl and gd from unity decrease from 10% to 3% and from 6% to
2%, respectively. This demonstrates that as the airfoil approaches the
ground, both its lift and drag coefficients become less sensitive to the
plunging motion.

IV. CONCLUSIONS

We have numerically investigated the forced synchronization
of the self-excited flow behind a prototypical rigid airfoil (NACA
0012) plunging sinusoidally in time. The unique features of this
study are that the Reynolds number (Re¼ 1000) is low enough to
be relevant to PAVs, and that the effect of a ground surface is

explicitly explored for such low-Re conditions for the first time. By
systematically varying A and F for different values of ground clear-
ance (H), we found various nonlinear states, beginning with a
period-1 limit cycle associated with natural self-excited vortex
shedding—a nonlinear global mode—when the airfoil was station-
ary (A¼ 0). On increasing A at a non-resonant F, we found the
emergence of quasiperiodic dynamics on a two-dimensional torus
attractor (T2) via a Neimark–Sacker bifurcation. In the absence of
a ground surface (H ¼ 1), we found that further increases in A
can give rise to low-dimensional deterministic chaos via the
Ruelle–Takens–Newhouse route. However, we also found that the
chaos can be suppressed simply by introducing a ground surface,
leading to a direct transition from T2 quasiperiodicity to 1:1 phase
locking as A increases at the boundaries of the Arnold tongue. In
addition to suppressing chaos, the ground surface also made the
lift and drag coefficients less sensitive to the plunging motion of
the airfoil. By applying concepts from nonlinear dynamics and syn-
chronization, this study has provided an improved understanding
of the unsteady aerodynamics of an airfoil plunging in ground
effect at low Re. This could facilitate the design and optimization of
PAVs for various applications, such as emergency rescue and envi-
ronmental monitoring. Future research directions include investi-
gating the effects of a combined plunging–pitching motion,32 a
movable leading edge,60 and a non-flat ground surface.61 Other
potential areas of research include incorporating the effects of ran-
dom perturbations and gusts62,63 as well as mapping the basins of
attraction by systematically varying the initial conditions.64

FIG. 9. Aerodynamic coefficients of a plunging airfoil with and without the ground effect (left to right: H¼ 0.1, 0.4, 1): (top row) normalized lift coefficient gl and (bottom row)
normalized drag coefficient gd. The parameter space is defined by A � a=c and F � fp=fn. The black lines indicate the lower boundaries of the Arnold tongue, as identified in
Fig. 5.
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