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Keywords: The residual queue during a given study period (e.g., peak hour) is an important feature that
Traffic assignment should be considered when solving a traffic assignment problem under equilibrium for strategic
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traffic planning. Although studies have focused extensively on static or quasi-dynamic traffic
assignment models considering the residual queue, they have failed to capture the situation
wherein the equilibrium link flow passing through the link is less than the link physical capacity

under congested conditions. To address this critical issue, we introduce a novel static traffic
assignment model that explicitly incorporates the residual queue and queue-dependent link ca-
pacity. The proposed model ensures that equilibrium link flows remain within the physical ca-
pacity bounds, yielding estimations more aligned with data observed by traffic detectors,
especially in oversaturated scenarios. A generalized link cost function considering queue-
dependent capacity, with an additional queuing delay term is proposed. The queuing delay
term represents the added travel cost under congestion, offering a framework wherein conven-
tional static models, both with and without physical capacity constraints, become special cases of
our model. Our study rigorously analyzes the mathematical properties of the new model, estab-
lishing the theoretical uniqueness of solutions for link flow and residual queue under certain
conditions. We also introduce a gradient projection-based alternating minimization algorithm
tailored for the proposed model. Numerical examples are conducted to demonstrate the superi-

ority and merit of the proposed model and solution algorithm.

1. Introduction

1.1. Background

The residual queue during a given study period (e.g., peak hour) is an important feature that should be considered when solving a
traffic assignment problem under equilibrium for strategic policy planning. Because a residual queue occupies space in the road
segment, the link capacity (i.e., link exit capacity), defined as the number of vehicles that can pass a link during a predefined time
period, is not always equal to the link physical capacity (i.e., the maximum flow). In other words, the link capacity is influenced by the
residual queue under congested (i.e., oversaturated or hypercongested) conditions. Under such oversaturation, this queue-dependent
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link capacity results in an equilibrium link flow less than or equal to the link physical capacity. As shown in Fig. 1, the majority of
traffic flows observed by traffic detectors are less than the link physical capacity, regardless of the degree of congestion.

Although studies have focused extensively on static traffic assignment models that consider the residual queue (Lam and Zhang,
2000; Bliemer et al., 2014; Bliemer and Raadsen, 2020), they have failed to capture the situation wherein the equilibrium link flow is
less than the link physical capacity under congested conditions. Traditional static models make several assumptions that result in
overestimation of equilibrium link flows, especially under congested conditions (e.g., estimated traffic flows equaling or exceeding the
link physical capacity, as shown by the black dot in Fig. 1) (Bliemer et al., 2014). As a result, the link flows estimated using a static
traffic assignment model might not match the link flows observed by traffic detectors in the presence of traffic queues on the roads (i.e.,
the blue circles in Fig. 1). The queue-dependent capacity proposed in this paper is approximated by the lower-half green dashed line in
Fig. 1, while the vertical black dashed line represents the fixed physical capacity.

Some traffic assignment methodologies have evolved from purely engineering-based approaches—often reliant on simplified,
monotonically decreasing speed-flow relationships like the BPR function—to more analytically rigorous frameworks rooted in traffic
flow theory. For instance, Wu et al. (2021) partitioned the speed-flow coordinate plane into three regimes and recognized that actual
speed-flow data frequently exhibit a U-shaped pattern (see Fig. 1). This observed shape challenges the longstanding assumption that
travel speeds continually decline once the volume-to-capacity ratio exceeds unity. In response, researchers have increasingly adopted
fundamental diagrams or modeling approaches capable of capturing oversaturation effects, capacity drops, and other complex features
of congested traffic (Huntsinger and Rouphail, 2011; Moses et al., 2013; Kucharski and Drabicki, 2017). Consequently, contemporary
traffic assignment research places stronger emphasis on theoretically robust principles, yielding improved fidelity to observed traffic
behavior and enhancing applicability to real-world conditions.

Therefore, a new static traffic assignment model that explicitly considers the residual queue and queue-dependent link capacity is
proposed in this paper. The estimated link flow obtained from the proposed model even under congested conditions can be less than or
equal to the link physical capacity. Accordingly, the estimated link flow would be consistent with the flow observed by a traffic de-
tector. The residual queue and corresponding queuing delay can also be obtained from the proposed model.

1.2. Motivations and contributions

Referring to Fig. 1, the uncongested/congested condition in this paper represents the situations when travel speed is larger/smaller
than the speed at physical capacity. Fig. 1 uses observed data from traffic detectors to show that the link flows under congested
conditions are less than the link physical capacity. However, the link flows estimated using traditional static traffic assignment models
may be larger than the link physical capacity and thus cannot completely reflect the actual traffic situation under congested conditions.
The model proposed in this paper aims to address this inconsistency so that the link flows estimated by the proposed model under
congested conditions are consistent with the observed data.

The motivation behind this paper can be clearly demonstrated through an example and comparison of the results of the proposed
model with those of some conventional models. The toy network shown in Fig. 2, which includes four nodes and four links, has been
used in multiple papers to demonstrate motivation (Bliemer et al., 2014; Lam and Zhang, 2000). In this network, one OD pair (r—s) and
two different paths are connected by links {1,2,4} and {1,3,4}. A fixed travel demand of 1200 vehicles/hour (veh/hr) and a period of 1
hour are used in this example. The free flow travel time and link physical capacity are shown in Fig. 2.

As Link 3 is the bottleneck link in this toy network, the results pertaining to Link 3 from different traffic assignment models are
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Fig. 1. Difference between the results obtained with the traditional and proposed models.
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Fig. 2. Demonstration of motivation using a toy network.

presented in Table 1. For the conventional static traffic assignment model without a capacity constraint (Traditional unconstrained
model in Table 1), the link flow under equilibrium on Link 3 is 676 veh/hr, which exceeds the link physical capacity. For the model
with a fixed capacity constraint (Nie et al., 2004), the link flow on Link 3 (600 veh/hr) is capped at its physical capacity. To reach
equilibrium in this model, an extra delay is considered by using the Lagrange multiplier of the optimization problem and the delay is
added to the Bureau of Public Roads (BPR) function to evaluate the path travel time.

In the model with a fixed capacity constraint and a residual queue (Lam and Zhang, 2000), a flow of 600 veh/hr can pass Link 3
during the considered period, and a residual queue of 60 vehicles is retained on this link (Lam and Zhang, 2000). Interestingly, the
flow-dependent capacity-constrained model described in Bliemer et al. (2014) and Bliemer and Raadsen (2020) assumes that a queue
forms on Link 1, before the bottleneck link (Link 3). This assumption leads to the estimation that the queue on Link 1 contains 600
vehicles after 1 hour (Bliemer et al., 2014; Bliemer and Raadsen, 2020), which in turn is due to the assumption that the link capacity is
dependent on the downstream links according to the first-order node model used in their study. Under static user equilibrium, all
travelers choose the bottom path connected by links {1,3,4}, such that Link 3 is the bottleneck and only 600 vehicles can pass Link 1. In
the spatial queuing model with a queue storage capacity constraint proposed by Smith et al. (2019), a residual queue of 34.5 veh/hr is
retained on Link 3, which can spill back to upstream link 1 if demand increases significantly.

However, none of these models have been able to replicate the observation that the flow on the bottleneck link under congested
conditions is less than the link physical capacity (see the blue circles in Fig. 1). The proposed model can take account of this below-
capacity flow in congested conditions, whereby in the presence of a traffic queue (i.e., congestion), the link capacity is reduced from
600 veh/hr (i.e., the link physical capacity) to 573 veh/hr. In other words, only 573 vehicles can pass through the bottleneck link per
hour (Link 3), and 54 vehicles are retained in the queue on Link 3 after 1 hour. It is observed that the residual queue locates on
bottleneck (link 3) in the proposed model and Lam and Zhang (2000), while on link 1 in Bliemer et al. (2014). This difference comes
from that in this paper the link (exit) capacity is implicitly considered much smaller than the link entrance capacity due to the drivers’
gaze behavior at intersection or traffic control strategies (Wong et al., 2007; Ringhand et al., 2022). We also find that the total travel
time over the whole network in the proposed model and Bliemer et al. (2014) is 1.56 hr and 1.85 hr, respectively. This finding could
stimulate a new traffic management strategy for future research, based on the idea of Braess paradox, that a bottleneck can be manually
installed at the exit of link 3 to ensure the queue location so that the total travel time over the network can be reduced.

Using the above example as motivation, conventional static traffic assignment models have been shown to be incapable of
generating practical traffic flows on links, regardless of the capacity constraint condition. Thus, a new static traffic assignment model
that explicitly considers the queue-dependent link capacity and residual queue is proposed herein with the aim of producing more
realistic link flows that can match the data collected by traffic detectors. The contributions of this paper can be summarized as below:

e A new static traffic assignment model that explicitly considers the residual queue is proposed to ensure that the assigned link flows
are less than or equal to the link physical capacity and coincide with the flows observed by traffic detectors, especially under
congested conditions.

e A generalized link cost function with a queue-dependent capacity is proposed, and a queuing delay term is introduced to
represent the additional travel cost under congested conditions. Using this generalized link cost function, conventional static
models with or without a physical capacity constraint can be considered special cases of the proposed model.

Table 1
Comparison of the results pertaining to link 3 from different traffic assignment models.
Models Link flow Link capacity Residual queue Queuing delay Total link travel
(veh/hr) (veh/hr) (veh) (hr) time (hr)
Traditional unconstrained model 676 600 \ \ 0.435
Fixed capacity constraint 600 600 \ 0.058 0.460
(Nie et al., 2004)
Fixed capacity constraint with residual queue (Lam and 600 600 60 0.013 0.440
Zhang, 2000)
Flow-dependent capacity constraint (Bliemer et al., 2014; 600 600 0 \ \
Bliemer and Raadsen, 2020)
Queue storage capacity constraint (Smith et al., 2019) 600 600 34.5 0.058 0.460
Queue-dependent capacity constraint (this paper) 573 573 54 0.047 0.450
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e The mathematical properties of the proposed model are analyzed to better characterize the newly formulated model. In particular,
the uniqueness of the solutions with respect to link flow and residual queue can be proven theoretically under certain conditions.

¢ An efficient solution algorithm, gradient projection — alternating minimization (GP-AM), is developed to solve the proposed static
traffic assignment model and guarantee the convergence of the algorithm.

1.3. Literature review

The concept of traffic assignment, which is a crucial process in the planning and operation of transportation systems, has been
extensively studied for decades (Wardrop, 1952; Shao et al., 2006; Ordonez and Stier-Moses, 2010; Ma and Qian, 2017; Xu et al., 2023,
2024). At its core, the traffic assignment problem involves allocating a given set of trip interchanges to a defined network in a way that
is consistent with the travel behavior of the users. Over the years, many models have been proposed to understand and manage the
complexities of the problem (Sheffi, 1985; Bliemer et al., 2017; Xie and Nie, 2019; Xu et al., 2021, 2022).

The static traffic assignment model, a traditional approach, assumes that the travel demand and network conditions are homo-
geneous over a defined period (Beckmann et al., 1956). As summarized in Table 2, although this model has been used extensively, it
has been criticized for its inability to accurately depict traffic flows under congested conditions by hydrodynamic traffic flow theory
(Bell and lida, 1997; Bliemer et al., 2017; Raadsen and Bliemer, 2019b). Specifically, the observed traffic flow under congested
conditions is less than the link physical capacity.

To tackle the discrepancies in traffic flow under congested conditions, researchers ventured into incorporating physical capacity
constraints into their models. This idea was conceived as a countermeasure to the persistent issue of the assigned traffic flow surpassing
the physical capacity of the link (e.g., Yang and Yagar, 1995; Nie et al., 2004). Yang and Yagar (1995) adopted the capacitated traffic
assignment into a bilevel model to optimize signal timing in a saturated road network. Nie et al. (2004) investigated the static traffic
assignment with physical capacity constraints and developed an augmented Lagrangian multiplier approach and an inner penalty
function approach to solve this problem. However, the residual queue, which occur frequently in reality, has not been explicitly
considered in these static traffic assignment models with a physical capacity constraint.

To describe the relationship between link travel time and link flow in traffic assignment problems, various link cost functions (also
referred to as volume delay functions, link performance functions, etc.) have been developed in previous studies. These functions can
generally be classified into three categories (Wu et al., 2021; Pan et al., 2024): flow-based, density-based, and queue-based methods as
shown in Table A.1 in Appendix A. Flow-based methods are the most commonly used in static traffic assignment models. For example,
based on the classical BPR function, Davidson (1966) developed a flow — travel time relationship for use in traffic planning. Akcelik
(1991) further extended this relationship by proposing a time dependent form using coordinate transformation technique. Spiess
(1990) introduced a conical link cost function to characterize the specific congestion behavior of a road link, while Small (1983)
proposed a piecewise link cost function that distinguishes between flow conditions less than (or equal to) and greater than physical
capacity. To more realistically reproduce actual speed under hypercritical conditions, Kucharski and Drabicki (2017) proposed a
density-based link cost function which is more realistically in line with empirical observations. Regarding queue demand-based
methods, Huntsinger and Rouphail (2011) and Moses et al. (2013) proposed queue demand-based link cost functions in which the
demand at congestion is measured considering the queue. Building on Newell (1982), Cheng et al. (2022) and Zhou et al. (2022)
developed a novel link cost function corresponding to spatial queue model with cubic arrival rate. Bliemer et al. (2014) and Bliemer
and Raadsen (2020) proposed a non-separable path travel time function that models queuing delay by incorporating the node model
into a static traffic assignment problem.

Unlike physical representations of traffic flow, these link cost functions may allow "flow" to exceed physical capacity. In traffic
assignment models, the "flow" is not strictly related to physically measured flows but is more akin to demand, particularly under
congested conditions (Kucharski and Drabicki, 2017; Cheng et al., 2022). This discrepancy complicates comparisons between assigned
results (i.e., demand) from traffic assignment models under congested conditions and measured flow from traffic detectors, which will
never exceed capacity.

To improve static traffic assignment models, various researchers have attempted to include residual queue considerations into the
model (Lam and Zhang, 2000; Small and Verhoef, 2007; Huntsinger and Rouphail, 2011; Bliemer et al., 2014; Bliemer and Raadsen,
2020). This has proven to be a challenge as the residual queue stands for in general a characteristic of dynamic nature of traffic

Table 2
Categories of static (quasi-dynamic) traffic assignment models.
Literature Queuing Queue  Spillback  Below-capacity flow under congested Solution properties
del diti
ey conditions Unique link Unique link
queue flow
Nie et al. (2004) v v
Lam et al. (2000) v v - -
Bliemer et al. (2014) v v
Smith et al. (2019) v v v
Bliemer and Raadsen v v v
(2020)
This paper v v v v v
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(Newell, 1968a, b, c). In addressing these issues, Lam and Zhang (2000) incorporated the residual queue concept in their model by
proposing a capacity constrained traffic assignment model. Complementing this line of research, a seminal study by Bliemer et al.
(2014) developed a quasi-dynamic traffic assignment model, which is indeed a capacity constrained traffic assignment model with
consideration of residual queue. A first order node model was adopted to determine capacity constrained traffic flow, residual queue,
and path travel time. Furthermore, Smith et al. (2019) and Bliemer and Raadsen (2020) introduced a steady-state, quasi-dynamic
traffic assignment model with explicit consideration of link-exit capacities, queueing delays and explicit bounds on queue storage
capacities to incorporate spillback effects. Despite these advancements, these models, apart from Bliemer and Raadsen (2020), have
struggled to precisely depict situations where equilibrium link flow falls below the link’s physical capacity during congested
conditions.

A few emerging studies have tried to address these scenarios under congested conditions to represent the congested link flow more
precisely (Cheng et al., 2021; Wu et al., 2021; Zhou et al., 2022; Cheng et al., 2023). A new s-shaped three-parameters traffic flow
model was proposed by Cheng et al. (2021) to better represent the relationships between fundamental variables under a wide range of
possible densities. Cheng et al. (2023) developed two stochastic fundamental diagram models for analyzing traffic state variations and
explaining the sources of stochasticity in the road capacity. Interestingly, Wu et al. (2021) attempted to systematically investigate how
to represent volume-to-capacity ratio in the BPR function, especially for a congested network. Even though BPR function is widely used
in traffic assignment problems owning to its differentiability and monotone, several studies have acknowledged the limitations of BPR
function. One of the major challenges is that the volume-to-capacity ratio under congested conditions (i.e., larger than one) cannot be
empirically observed. Furthermore, the resultant link flows under congested conditions obtained from static traffic assignment models
exceed the link physical capacity. It is challenging to avoid such an overestimation resulted from the utilization of BPR-type link cost
function. Backward-bending link cost function consistent with the hydrodynamic traffic flow theory is one useful presentation of
traffic. However, despite its good representation of traffic under congested conditions, the main difficulty to model the
backward-bending link cost function into traffic assignment problems comes from its non-monotone property (Lo and Szeto, 2005).

The bottleneck model, introduced by Vickrey, was originally developed to address temporal distribution of commuters during peak
periods (Vickrey, 1969). It has become one of the most commonly used link models for dynamic traffic assignment (DTA) problems (De
Palma and Lindsey, 2002; Han et al., 2013a, b; Li et al., 2020). For example, De Palma and Lindsey (2002) used the Vickrey bottleneck
model to address the DTA problem for evening commutes. Han et al. (2013a) and Han et al. (2013b) proposed a novel partial dif-
ferential equation formulation of Vickrey’s bottleneck model, which is particularly valuable in the context of analytical DTA. It is
important to note that these earlier bottleneck models were designed to address the temporal distribution of traffic flow along a route
within the DTA framework. In contrast, the model proposed in this paper focuses on an extended static traffic assignment model, which

Table 3
Notation.
Set
A Set of links
A Set of uncongested links
A Set of congested links
P Set of paths linking the origin-destination (OD) pair rs
;,gp Set of links downstream of link a along path p
L Set of links along path p
R, S Sets of origins and destinations, respectively
Subscript
a Subscript representing link a
)4 Subscript representing path p
rs Subscript representing the OD pair rs
Variable and parameter
Camax Physical capacity of link a (veh/hr)
Cq Capacity of link a, which is dependent on the residual queue (veh/hr)
[ Travel cost on path p, including both the travel time and queuing delay on this path
Dy Traffic demand from origin r to destination s
fo Flow on path p
}P Oversaturated path flow, including both the flow passing through the network during the considered period and the residual queue
Qaq Residual queue on link a during the considered period (veh/hr)
Qap Residual queue on link a caused by the flow from path p
tq Travel time on link a (hr)
tra Free flow travel time on link a (hr)
Uqc Speed at the link physical capacity according to the link-based fundamental diagram of link a
Ug Speed on link a
Va Flow on link a that passes through the link during the considered period (veh/hr)
Wrs Lagrange multipliers of the path flow conservation constraint
Sap Link-path incidence, a binary variable representing whether link a is traversed by path p
Ha Lagrange multipliers of the link flow—queue relationship
o,p,mn Parameters of the proposed link cost function
Y Parameter of the link flow—queue relationship
@ Parameter relating to the queue-dependent link capacity
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provides the spatial distribution of traffic flow across a road network during a specific time period.

Most of these models, as shown in Table 2, presented that achieving unique solutions for both link flows and residual queues
remains a challenging endeavor. Unfortunately, this lack of solution uniqueness imposes limitations on the applicability of these
models, even though more realistic. Therefore, it is interesting to develop a generalized link cost function to achieve precise repre-
sentation of congested link flows and, importantly keeping the good mathematical properties of solutions (Shao et al., 2013, 2014,
2015; Ma and Qian, 2018; Fu et al., 2022).

In summary, while substantial research has been carried out in the field of traffic assignment, research gaps remain, particularly in
the accurate representation of traffic flows under congested conditions, consideration of residual queue and queue-dependent ca-
pacity, and in the same time maintenance of good mathematical properties. The need for an innovative static traffic assignment model
that accounts for these variables in a more realistic manner is evident.

2. Model formulation
2.1. Notation and model assumptions

The variables and parameters used in this paper are listed in Table 3.

The following assumptions are adopted to facilitate the presentation of the essential idea of this study:

(A1) The residual queue is treated as a (vertical) point queue without taking into account spillback effects in this paper (Lam and
Zhang, 2000; Zhang et al., 2013; Bliemer et al., 2014; Li and Zhang, 2015). It is explicitly considered to determine the equilibrium state
of a link during the concerned period (Bliemer et al., 2014; Lam and Zhang, 2000). The residual queue is assumed to be negatively
related to the corresponding link flow under congested conditions.

(A2) The travel time on each link is a function of the link flow and residual queue on that link. The total travel time on a link consists
of the travel time along the link and the queuing delay under congested conditions (Bliemer et al., 2014, 2020; Lam and Zhang, 2000).
Under congested conditions, the queuing delay increases as the residual queue increases and the queue-dependent capacity decreases.

(A3) The study horizon is within one period. The carryover effects of a traffic queue across different periods are not considered in
this paper (Lam and Zhang, 2000; Bliemer and Raadsen, 2020).

2.2. A generalized link cost function

In practice, the link capacity is influenced by the residual queue on that link. Under congested conditions, as a traffic queue forms,
the vehicles in the queue occupy some road space at the link. These queued vehicles reduce the number of vehicles that can pass this
link (i.e., the link capacity).

A residual queue is defined as the rate of vehicle queuing over the modeling period, which equals the number of vehicles retained
on a link after the considered period (e.g., 08:00-09:00am) divided by its duration. For a fixed number of vehicles entering the link, an
increase in the number of vehicles that pass through the link leads to a decrease of the residual queue on that link. In subsequent
sections of this paper, the term “link flow” refers to “traffic flow passing through the link.” The relationship between the residual queue
(Qq veh/hr) and link flow (v4 in veh/hr) can be described mathematically as follows:

0 s lf Ug > Uqg, dr(Va)
= ; : < <
Qu {F(Va)alf Uy < Up, where v, <0,0<T(vq) <M,Va€eA (€D)]
In Eq. (1), I'(vy) is a monotone decreasing polynomial function ranging from 0 to M. u, and u, . are respectively the speed on link a
and the speed at link physical capacity according to the link-based fundamental diagram of link a. According to Eq. (1), there is no
residual queue under uncongested traffic conditions (i.e., uq > uq ). However, under congested traffic conditions (i.e., uq < ug), the
residual queue is negatively related to the link flow. For instance, the following link flow-queue relationship can be adopted:

0 , 1 U > Ugy

Q=11 . , VacA 2
; (Ca,max - va): 7f ua < ua,c

where vy is a parameter representing the extend that the residual queue affects the physical capacity. To govern the relationship be-
tween the link flow (v4) and residual queue (Qg) described in Eq. (1), the following equation is used:

Q:(T(va) —Qq) =0, VaeA 3)

Eq. (3) holds for either uncongested (i.e., Q; = 0) or congested conditions (i.e., ['(vq) — Q4 = 0). The below-capacity link flow is
implicitly managed through the relationship between flow and queue in Equations (1) — (3). As the residual queue should be non-
negative (Qq > 0), the link flow is constrained by the inequality in Eq. (2) (i.e., % (Ca,max — va) > 0) such that the inequality, v, <
Caq,max> holds.

The concept of the residual queue is further used to define the queue-dependent link capacity. In practice, the capacity of a link is
defined as the number of vehicles that can pass through the link during a specific period. However, under congested conditions, the
link capacity is not constant and can be reduced by a residual queue. This reduced link capacity should be related to the residual queue
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or traffic flow that is able to pass through the link. Therefore, the following representation of the queue-dependent capacity is pro-
posed:

Comaxs f Q=0
Ca(Qa) = {ca.m - }'me if Q>0  VAEA “)
However, the traditional link cost function (e.g., the BPR function) does not explicitly consider the residual queue and thus cannot
address the queue-dependent capacity and corresponding queuing delay. The capacity used in the BPR function is typically the fixed
physical or ultimate capacity (HCM, 2010; Wu et al., 2021). However, in this paper, we use queue-dependent capacity to account for
the effects of traffic queues on link flow. Specifically, Physical/practical capacity is defined as the maximum flow rate that pass a given
point on a link during a specified period without the oversaturated conditions, which is fixed and determined by the road attributes
such as road type, carriageway width, frontage type (Transport Department, 2023). Ultimate capacity is defined as the maximum
hourly flow rate when the road is under level of service (LOS) E (HCM, 2010; Wu et al., 2021; Zhou et al., 2022). Note that a range of
LOSs from A to F was developed to quantify congestion: LOS A represents the free-flow state and LOS F represents breakdown.
However, the queue-dependent capacity, referred to as the link (exit) capacity in this paper, is defined as the actual maximum hourly
outflow rate under various traffic conditions, which is assumed to be influenced by the traffic queue on the link.

The main differences between physical or ultimate capacity and queue-dependent capacity are: 1) Physical or ultimate capacity is
fixed and determined based on road attributes, while 2) Queue-dependent capacity is variable and influenced by traffic queues. The
link capacity is calculated using a combination of Egs. (1) and (4) in this paper. It should be noted that the capacity used in this paper
functions more like an ultimate hourly capacity rather than a period-specific capacity. For period capacity, the peak period is
considered as time windows lasting for several hours where travel demands are pre-specified (Cheng et al., 2023). An hour-to-period
factor should be estimated to convert ultimate hourly capacity to period capacity (Wu et al., 2021; Zhou et al., 2022). The outstanding
feature of the adopted capacity is its sensitivity to traffic queue under congested conditions. By proposing an hour-to-period factor, the
adopted queue-dependent capacity can also be converted to queue-dependent period capacity.

To address these issues, a generalized link cost function (Eq. (5)) based on the traditional BPR function is proposed by introducing a
queuing delay term.

v, n Qa m
ta(Va; Qo) = tra| 1+ ( 2 ))Jra(i) ,VaeA (5)
om0 =01+ C.Q)
n
where t;4 is the free-flow travel time on link a. The first term, t;, (1 + /)’(—Ca‘(’g)a)> ), is the traditional BPR function but includes the

m
queue-dependent capacity, Cq(Qg). The second term, a (%) , represents the persistent queuing delay, defined as the residual queue

(Qg) divided by the corresponding queue-dependent capacity (Belezamo, 2020; Cheng et al., 2022). It is similar to the well-known
queue clearance time in queuing theory, which is calculated in this paper by dividing the residual queue by the corresponding ca-
pacity (Akcelik and Rouphail, 1993; Lam and Zhang, 2000; Bliemer et al., 2014). Due to that the queuing delay even at the same flow
level may be different for different road types and traffic conditions, the parameters a and m that should be further calibrated are
introduced in this term to decide the weight and shape of this queuing delay term (Raadsen and Bliemer, 2019a; Pan et al., 2022; Zhou
etal., 2022, 2023). For example, by setting a = 1/2 and m = 1, the residual queue on link 3 (with capacity 573 veh/hr) shown in Fig. 2
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1800 1400 1000 600 200

0.05 0.05 X
C =
_ R @=v
5 5 0-04 5 £004 !
T C T n ,
[ =) cC Cc
@ 5 0.03 o £0.03 /
ES EZ /
3o v\ 3 9 Q \m
= 2002 t(w) =ty + ;B (C ) 2 T 0.02 t(Q):t,’(”1+B)+a(m)
N7 max )
o3 o -7
S S o = -
5 S0 : 5 Tof
= . ©
0 ] 0
0 500 1000 1500 1800 0 200 400 600 800
Uncongested link flow (veh/hr) (Cmax) Residual queue (veh/hr)
(a) Uncongested conditions (b) Congested conditions

Fig. 3. Example of the generalized link cost function.
(a) Uncongested conditions, (b) Congested conditions
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is 54 veh/hr, and the last vehicle entering the queue takes 0.094 hr to dissipate. The average queuing delay then becomes 0.047 hr.

Interested readers may refer to Huntsinger and Rouphail (2011) for some calibration methods. In general, the values of « and m for
an expressway should be smaller than those for an urban road; this is similar to p and n in the BPR function. These values indicate that a
queuing delay on an expressway is less sensitive to a residual queue than a queuing delay on an urban road. The difference is due to the
greater number of flow interruptions and traffic signals on urban roads, which increase the sensitivity of the queuing delay to the
residual queue.

It should be noted that travelers may give more weight to queuing delay than travel delay. This travelers’ preference can be re-
flected by adjusting the weights in the proposed generalized link cost function in Eq. (5) and will influence their route choice behaviors
especially in stochastic user equilibrium (SUE) model. However, the value of weights on queuing delay and travelling delay will not
affect the model properties (equivalence, solution uniqueness, etc.). It is an interesting topic to further investigate how the travelers’
preferences on queuing delay and travelling delay affect the equilibrium results in SUE models.

Fig. 3 shows an example of the proposed generalized link cost function. Under uncongested conditions, i.e., Cq(Qq = 0) = Cq max, the

n
generalized link cost function (Eq. (5)) becomes t, =tr, (1 +p ( Ya ) ), which is exactly the BPR function as shown in Figure 3(a).

Camax

Under congested conditions, a residual queue is present (i.e., Q; > 0); according to Eq. (4), C4(Qq) = Vg From Egs. (1) and (4), the

Qi)
In other words, the link travel time under congested conditions is dependent only on the residual queue because the travel time for
vehicles traveling on the link before queue location is fixed at t;4(1 + B).

m
generalized link cost function (Eq. (5)) under congested conditions becomes t, = t;4(1 +p) + a (L> and is shown in Figure 3(b).

2.3. Static traffic assignment model with a residual queue and queue-dependent link capacity

To model the residual queue in a static traffic assignment model, the following path flow conservation equation is incorporated:

Dm—z<ﬁ+ZQ@>7VreR,seS (6)

PEP asy,

where Dy is the traffic demand from origin r to destination s. R and S are sets of origins and destinations, respectively. f, is the path flow
on path p. Qg is the residual queue on link a caused by the flow from path p. 3, is the set of links along path p. By considering the
residual queue, Eq. (6) defines the traffic demand for any OD pair (Dy) as equal to the sum of the total path flows that can complete the
trip (3_pep, fp) and the total queuing flow (Epepnzﬂ%Qap) of all paths for that OD pair.

The vehicles in residual queue in a downstream link must also pass through the upstream links along the same path. Thus, the flow
of any link a on path p (v4) should consist of two parts: 1) the path flows that can complete the trip in the concerned period, and 2) the
flows that can pass through link a but are retained as residual queues of the downstream link(s). Therefore, Eq. (7) provides a definition
of flow on a link:

Va=_ 5o (fp + Zﬁbpqap> VaeA %)

() pEPrs bend,

where 84y is the link-path incidence, a binary variable that represents whether link a is traversed by path p. ngp is the set of links
downstream of link a along path p. According to Eq. (7), the flow on any link equals the sum of the path flows that can finish the trip
(O rs)>_pep,dapfp) and the flows that can pass through this link but are retained on its downstream links as a residual queue

Q) 2pers, Zbqup 8apBp Qap)- The residual queue on a link equals the sum of the queues caused by all paths traversing that link and is
defined in Eq. (8).

Q=YY QpVacA ®

(rs) P<Prs
In addition, the following non-negativity condition should hold for all path flows:
fp>0, VpeP,reR, ses ©)

The proposed traffic assignment model that considers the queue-dependent capacity can be formulated as the following minimi-
zation problem:

e | [ o) oo [ s of ) o

acA 0

Subject to
Egs. (1), (3), (4), and (6)—(9), (11) where v is a vector of the link flow that can pass through the link (v,), and Q is a vector of the
residual queue (Q,). The first part of the objective function (10) only computes for the links without queues. When a queue exists,



H. Fu et al. Transportation Research Part B 192 (2025) 103158

C4(Qq) becomes v, (link flow), making the first part of the objective function a fixed value. The second part of the objective function
then computes for the links with queues.

Regarding the objective function of the proposed traffic assignment problem that considers the queue-dependent capacity (Eq.
(10)), if there is no residual queue in a road network (Q, = 0, Ya € A), this objective is the same as that adopted in a traditional static
traffic assignment problem. If a residual queue exists in a road network, the objective is to minimize the sum of the integrals of both

Va n Qﬂ m
travel time ( / (tf‘a + trof (%) )dxa) on links without queue and queuing delay ( / (tf,a +traf+a ( Ca}(,;'a)) )dya) throughout
0 0

the network.
3. Mathematical properties

To better understand the properties of the proposed traffic assignment model that considers the queue-dependent capacity, the
equivalency condition, smoothness of the objective function and uniqueness of the model are analyzed in this section.

It can be easily proved that the optimal solution of the proposed model always exists. Notice from constraints shown in Eqgs. (1), (3),
(4), and (6)—(9) that feasible regions of both decision variables (link flow v and residual queue Q) are compact and nonempty sets. Also,
the objective function in Eq. (10) is continuous, though not smooth in the feasible regions. According to the Weierstrass extreme value
theorem (Rusnock and Kerr-Lawson, 2005), the proposed model always has the optimal solution.

Property 1. (Equivalency condition) The proposed minimization problem in Eqs. (10) and (11) is equivalent to the static traffic assignment
model with queue-dependent capacity introduced in the previous section.

Remark 1. The additive and separable generalized cost is considered in this paper for simplicity. In other words, route travel cost c,
can be calculated as the summation of the travel cost on links ¢,[ = t4(v4, Qq)] traversed by the route, which is mathematically expressed
asc, = Za% SapCa VP € Prs,r € R, s € S. It should be noted that the path cost could be non-additive and non-separable if the number of

vehicles in the queue is not stationary (Bliemer et al., 2014). Interested readers can refer to Bliemer et al. (2014) and Bliemer and
Raadsen (2020) for detailed discussion.

The equilibrium conditions of the proposed model are defined following Sheffi (1985): a stable condition is reached only when no
traveler can improve their generalized travel cost by unilaterally changing routes. To establish the equivalency between the opti-
mization problem defined by Eqs. (10) and (11) and the proposed model, it is necessary to show that any flow patterns that solve the
optimization problem also satisfy the equilibrium conditions. Given that the optimization problem [Egs. (10) and (11)] is convex, as
proved in Property 3, the Karush-Kuhn-Tucker (KKT) conditions are both necessary and sufficient for the global optimum. Therefore,
this equivalency is demonstrated by proving that the KKT conditions for the optimization problem are identical to the equilibrium
conditions.

Define an oversaturated path flow asfp =fp + D acy Qup, Which includes both the path flow passing through the network during the

aEr]p
considered period and the residual queue. The KKT conditions of the minimization problem in Egs. (10) and (11) are derived as
follows:

fp<cp+250pyaw,s> =0,YpeP,recR, scs (12a)

ac,

¢+ gaapua — Wy >0,¥peP,reR, s (12b)
4

Dy :I;fp,w €R,scS (12¢)

where ¢, is the travel cost on path p, including both the traveling time on uncongested sections and queuing delay on this path. wys and
g are the Lagrange multipliers of the path flow conservation constraint (Eq. (6)) and the link flow—queue relationship (Eq. (3)),
respectively.

For a given path, the equivalency conditions hold for the following two possible combinations of path flow, path travel time and
queuing delay:

(a) If the flow on the path is zero (i.e., fp = 0), the sum of the travel time and queuing delay on this path referred to as the
generalized travel cost (i.e., ¢, + Eaeqp5apﬂa) must be greater than or equal to the OD-specific Lagrange multiplier (wys).

(b) If the flow on the path is positive (i.e., fp > 0), the Lagrange multiplier of the given OD pair equals the generalized travel cost on
the paths connecting this pair (i.e., ¢, + Za% Sapla)-
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The above conditions (a) and (b) mean that travelers only choose the paths with the lowest generalized travel cost (i.e., ¢, +

Zae”plsapua = Wy;), and thus the flow on these paths is positive (?p > 0), whereas there is no flow (?p,: 0) on the paths with higher
generalized travel costs (i.e., ¢y + Zaen Bap g > Wrs). This result indicates that the KKT conditions of the proposed minimization
D

problem are equivalent to the equilibrium conditions. The proof of equivalence is completed.

In the two-link network shown in Fig. 4, travelers departing from the origin can choose either the upper link (link 1) or the lower
link (link 2), both of which have the same physical capacity. However, due to different free-flow travel times on these two links, the
generalized link costs differ. While the network can handle 1200 veh/hr without queueing if 600 veh/hr is assigned to each link, this
situation does not represent an equilibrium for individual travelers. At equilibrium, 536 veh/hr use the upper link and 472 veh/hr use
the lower link, leaving a residual queue of 192 veh/hr on the lower link. This ensures that the generalized costs for the two links are
equal. This example illustrates that, due to the longer distance of alternative routes, some travelers prefer to wait in the queue rather
than taking the longer route.

Remark 2. One can easily see that the generalized link cost function in Eq. (5) is not a smooth function, given the definition of queue-
dependent capacity and the fact that this queue-dependent link capacity should be equal to the link physical capacity (Cqmax) under
uncongested conditions. As a result, the objective function of the proposed traffic assignment model that considers the queue-
dependent capacity (Eq. (10)) is also inherently not smooth.

To mathematically prove the objective function is not smooth, we need to show that it is not continuously differentiable. Notice
from the definition of queue-dependent capacity, showing that the objective function is not continuously differentiable at the point {v,
Q|v¢ = Cd,max» Q¢ = 0} can achieve the proof. The proof is shown below:

The partial derivative of the objective function with respect to v¢ on the point {v, Q|vy = Cq,max, Qv = 0} is

IV, QIQu = 0) = J(v, Qv = Camars Qe = 0) Jo? (tf +t}"a’ﬂ(cﬂ),(:m> )dxa — o <tf,a+tf.aﬂ<cj;u> )dxa
lim - - — = lim

Vo > Cyf max Vo — Cq max Va'=>Cy max Vo — Co max

£0.

The partial derivative of the objective function with respect to Qg on the point {v, Q|vy = C¢,max, Qo = 0} is

Ca max Xa " Ca' max Xa "
. J(V7 Q‘vu’ = Ca’.mux) - J(V, Q|Va' = Ca'.maxs Qa’ = 0) . fO (tf.a + tf,aﬂ (Ca'.max> )dxa — fO (ff_’a + tf‘a'ﬁ(ca' mu) >dxa
Jm, Qu—0 = g, Q-0
=0.

Due to the partial derivative of the objective function at point {v, Q|vg = Cq,max, Qz = 0} is not continuous, the objective function is
not smooth. The proof is completed.

Note that the original formula in Eq. (10) is a piece-wise nonlinear function, which leads to difficulties in doing integral and de-
rivative, discovering model properties, and solving the problem. Even though some algorithms like sub-gradient method can be used to
solve the non-smooth problem, smoothing the original formula will bring more advantages to analyze the proposed models and apply
the proposed model to traffic management and planning. Therefore, we propose in this paper a sigmoid-function based reformulation
to smooth the objective function in Eq. (10) and the link cost function (Sheu and Pan, 2014; Du and Gong, 2016).

Property 2. (Smoothness of the objective function) The objective of the minimization problem (10) can be smoothed by reformulating the
objective function as follows:

Va nw’Qﬂ Qq m
min J(v, Q) = Z (tf_a +tf_aﬁ< Xa ) )dxa + (tf‘a +traf+ a( Y ) )dya 13)
0/ Ca,max / Ca(.ytl)

acA

where ¢ is a parameter related to the queue-dependent link capacity (¢ > 1). Normally, ¢ can be defined as Euler’s number (i.e., p =e),
as in the sigmoid function. The first term in Eq. (13) is the smoothed term by introducing the parameter ¢ and eliminating the residual
queue-dependent capacity, according to sigmoid function, while the second term with queue-dependent capacity is identical to its
original objective function in Eq. (10). The proof of the equivalency between original and smoothed objective functions shown
respectively in Egs. (10) and (13) is provided in Appendix C.

tpy =05 hr
Cy = 600 veh/hr vy = 536 veh/hr
at equilibrium
D =1200 o
 seiviininh 4
veh/hr trp =03 hr v, = 472 veh/hr
C, = 600 veh/hr Q, = 192 veh/hr

Fig. 4. Illustration of model properties.
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It can be mathematically demonstrated that the proposed model considering residual queue and queue-dependent capacity is more
generalized than some traditional models. Specifically, if residual queue is excluded in the model (i.e., Q; = 0), the proposed model
becomes the traditional STA model, which does not guarantee that capacity is not exceeded as shown in Eq. (14). Under specific
conditions, the proposed model aligns with the capacity-constrained STA model as shown in Eq. (15).

(a) For Qq = 0 Va € A (uncongested conditions), the queue-dependent capacity is equal to the link physical capacity (Cqmax). The
generalized smooth objective function becomes:

min J(v, Q)—Z|:/<qﬂ+tfaﬁ< )">dxa} 14
acA s ama.x

The proposed model becomes the traditional static traffic assignment model without a capacity constraint.
(b) For Q; > 0 Ja € A and ¢ = 1, the generalized smooth objective function becomes:

min J(v, Q) = ; U (tfa+tfa/i< amax)n)dxﬁ 7 (tfa+tfaﬁ+a<c (yﬂ)>m>dya} 15)

The proposed model becomes the traffic assignment model with a fixed link physical capacity (Cqmax) and residual queue.
(c)For Q; > 03Jac A, ¢ >1and ¢ - +oo, the proposed model becomes the proposed traffic assignment model with a queue-

g~ Qa . . .
dependent capacity. Specifically, as Q, > 0 and ¢ — +o0, ¢~ % =0 and (xa /Ca,max)"” = 1. This approach aims to replicate the
scenario wherein the link capacity is equal to the link flow when there is a queue. Thus, under congested conditions, the objective
function becomes:

min J(v, Q) = HEZA {7 (tfa+tfaﬂ+a(c (ya)> m) dya} (16)

When ¢ — +oo0, for links under uncongested conditions, the smoothed objective function aims to minimize the integral of the BPR
function, and the link capacity is equal to the physical capacity (Eq. (14)). For links under congested conditions, however, the
smoothed objective function aims to minimize the integral of the queuing delay (Eq. (16)), and the link capacity is equal to the link
flow, which is expressed in terms of the residual queue. In other words, the reformulated smoothed objective function in Eq. (13) is the
same as that shown in Eq. (10) with integration of the queue-dependent capacity constraints (Eqs. (3) and (4)) when ¢ — +oo. In this
study, ¢ is set as Euler’s number (e) when approximating Eq. (10) with a smooth function (Eq. (13)).

Property 3. (Uniqueness of the proposed model) Given that the traffic conditions (uncongested or congested) on all links are known, the
equivalent minimization problem of the proposed queue-dependent traffic assignment has a unique solution regarding the link flow and re-

sidual queue under the following conditions: (i) a”“— = 0 and (ii) a‘("“ =0.

Conditions (i) and (ii) mean that the total travel time on link a is independent of the link flow and residual queue on other links.
These conditions also reflect the ignorance of the queue spillback effect in this study.

To prove the uniqueness of the proposed model, an equivalent model is formulated by introducing a separable travel time function
as follows. The link set is separated into uncongested and congested link sets A and A, respectively, with AUA = A. There is no residual
queue at equilibrium in the uncongested link set, whereas there exists a residual queue on links in the congested link set. Therefore, the
objective function in Eq. (10) can be reformulated as

minJ(v, Q) = Zﬂ: U’- (tfa+t,raﬂ< amax>n) dxa} +Z [7 (tfa+€faﬂ+a<c (yﬂ))m>dya} 17

Here, a link should be either uncongested or congested. If link a is uncongested, the link flow on this link is the only decision
variable. If link a is congested, the residual queue on this link becomes the only decision variable in Eq. (17). The following proof
demonstrates that the objective function is strictly convex with respect to the link flow and residual queue. Note that the objective
function in Eq. (17) consists of two separable terms, one for uncongested links and one for congested links. Each term of the objective
function is smooth. To prove the convexity of the original objective function, we separately prove the convexity of its two terms by
computing their Hessian matrices respectively below.

First, the first-order derivative of the objective function is derived. With respect to the link flow on link a, which is uncongested, the
first-order derivative should be

aJ(v, "
(;HQ) —l}a+tfaﬁ< amax> (lga)

With respect to the link residual queue on link b, which is congested, the first-order derivative should be

11
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oJ(v, Q) ( Q )'"
———— =ty t+tpft+al ——— (18b)
e
Second, the second-order derivative of the objective function for the uncongested links in Eq. (18c) can be derived as follows:
2
9 Js:n Q _ Myal p1 - (18¢)
V(I a,max

Also, considering that %Zj) < O defined in Eq. (1), the second-order derivative of the objective function for the congested links in Eq.
(18d) can be derived as:

*J(v, Q) Q  \"Cp(Qp) — Qp(dvy/dl(vy))
7 ’”(cb«zb)) Co(Q)? -0 ee

°Q
From the first-order derivatives presented in Eqs. (18a) and (18b) and the assumption that the total travel time on link a is in-
dependent of the link flows and residual queues on other links, we obtain

PIv, Q) v, Q
w00, oQuave (18¢)

Therefore, the off-diagonal elements of the Hessian are all zero and all of the diagonal elements are positive, thus ensuring a
positive-definite Hessian matrix. The objective is thus strictly convex with respect to the link flow and residual queue. As the feasible
region (Egs. (6)-(9)) is also convex, the proposed traffic assignment model has a unique solution.

It has been proved that the proposed traffic assignment model has a unique solution with respect to link flow and residual queue.
However, the path flow could not be unique. An illustrating example is shown in Fig. 5 below to explain the non-unique path flow.
Assume that the resultant unique link flow and residual queue (v, Q) are obtained and presented near the corresponding links in Fig. 5.
The solution of path flows (f1,f2,f3,f4) can be either (25,10,65,50) or (15,20,75, 40), and both satisfy the flow conservations shown in
Equations (6) — (9). Therefore, the path flow solutions under some cases for the proposed model may not be unique.

4. Solution algorithm

The consideration of capacity constraint when solving a traffic assignment model is commonly recognized to increase the difficulty
of the model (Nie et al., 2004; Li and Chen, 2023). The solution algorithm for a traffic assignment model that considers the capacity
constraint may encounter convergence issues, resulting in infeasible or non-optimal solutions. Reformulation of the objective function
(Eq. (13)) with the integration of queue-dependent capacity is advantageous because this makes it unnecessary to consider the
queue-dependent capacity in the constraints. This reformulation of the proposed model benefits the solution algorithm and allows the
proposed static traffic assignment model with a queue-dependent capacity to be solved efficiently.

Including the definition of an oversaturated path flow (?p), Eq. (6) becomes

Dy=) f,, VreR, seS (19)

DEPrs

Define 7, as the set of links upstream of link a along path p. Eq. (7) becomes

Vo= g (ﬁ, —Qp— Zﬁpr@) VaeA (20)

(rs) pePrs beng,

For simplicity, define Qo = 37> ,cp, Zbqup5ap5prup as the total residual queue on the upstream links of link a. Then, Eq. (20)

becomes

Vo= ufp —Qu—QuVacA (21)

(rs) PEPrs

Fig. 5. Illustrating network with non-unique path flow solutions.
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Drawing on Eq. (21), and regarding the oversaturated path flow and residual queue as the decision variables instead of the link flow
and residual queue, the objective of the minimization problem can be expressed as

22D dapfy—ta—da

(r.s)pEPrs

n(/z’Q" Q m
min J(i’a Q) = Z / (tf,a + tf.a/)) (%) )dxa + Z / <tf<a + tf.,aﬂ + a(r,ilzya)) >d}’a (22)
0 0

acA amax acA

The vicinity of the oversaturated path flow is defined as Q; = {D,S = Zpgpjp and )N‘p >0,VpeP,, reR, se S}, and the vicinity

of the residual queue is defined as Qq = {Qq > OandF_l(Qa) >0,Va e A}.
To simplify the problem for implementation of an efficient solution algorithm, the idea of an alternating minimization algorithm is

adopted to solve subproblems with different decision variables (?p and Q) (Tseng, 1991). Therefore, a GP-AM algorithm (i.e., gradient
projection — alternating minimization) is proposed to solve the above problem as follows.
~0
Step 0 Initialization: k = 0, f, =0, Q’=o.
Step 1 Solve for the oversaturated path flow

k1 ~
f; = argrfnirFLJ (fp7 Qk) (23a)

Implement the conventional GP (i.e., gradient projection) algorithm (LeBlanc et al., 1975) to solve this subproblem in Eq. (23a).
Step 2 Solve for the residual queue

~kc
Qkt = argminJ (pr7 Q) (23b)
fpeF
Implement a modified GP algorithm to solve this subproblem in Eq. (23b). The direction of descent in this subproblem is the partial
derivative of the objective function in Eq. (22) with respect to the residual queue (Q).
~k+1 ~k
15, = Blles | €41 = Q) <

If the above stopping criteria are satisfied, stop; otherwise, k := k + 1. Return to step 1.
|| x|l = max]x;|, which gives the largest magnitude of each element of a vector. After implementing the above GP-AM algorithm,
1

Step 3 Check the convergence as: max(

the oversaturated path flow and residual queue can be obtained. Using an approach based on Eq. (21), the link flow for all links in the
road network can then be obtained.
Following Eq. (17), the objective function can be written as minJ(v, Q) = J1(v) + J2(Q), The functions J; : [RE‘A|—>[O, oo] and Js :

R4/ [0, 0o] are closed and proper convex functions, and subdifferentiable over their domain. Note that for any ?p €9y, Q € Qg the
problems in Egs. (23a, b) have minimizers (LeBlanc et al., 1975). We will show that the limit points of the sequence generated by the
alternating minimization method are stationary points of the problem.

~% ~%
Lemmal. Fork> 0, definext := (f,,Q"), x*1/2 .= fp+1 ,QF), Ik = J(xK), JH1/2 = J(xk1/2). Let {x*}x > obe the sequence generated
by the alternating minimization method. Then for any k > 0, the following inequality holds (Beck, 2015):

1
K k+> 11,1 (wk)|[?

J(xk) =) (x**3) = o116z, ()| @4

where G;l is the partial gradient mapping for any L; > 0 (Nesterov, 2018).

Theorem 1. (rate of convergence of partial gradient mapping). Let XN > obe the sequence generated by the alternating minimization
method. Then for any n > 0, we have (Beck, 2015):

J2L(H(x)—H")
63 (x¥))| < LU i

The proof of both Lemma and Theorem can be found in Beck (2015).

min
k=0,1,2,...

5. Numerical examples

To demonstrate the characteristics and effectiveness of the proposed model, numerical examples are applied to a hypothetical small
road network and a large real-world road network. In this hypothetical road network, experiments are conducted to (1) determine the
effects of the queue-dependent link capacity on the traffic assignment results, (2) determine the effects of the residual queue on the
traffic assignment results and (3) conduct a sensitivity analysis of the parameters in the link flow—queue relationship. In the large real-
world road network, the applicability and convergence of the proposed solution algorithm are verified.

The small road network consists of six nodes and seven links, as shown in Fig. 6. In this road network, there are two OD pairs, Node

13
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1-Node 3 and Node 2-Node 4, and four paths. The path information is depicted in Fig. 6. Table 4 presents the link attributes in this
network. In the following numerical examples, the link flow-queue relationship in Eq. (2) is adopted, and values of y and o are set to be
0.5 and 1, respectively. Subject to the results of the empirical validation on these values, the model formulation and properties will be
reviewed accordingly.

The results of the proposed traffic assignment model on all links are presented in Table 5. The generalized cost for the network is
2.206 hr, and the resultant path travel times for different paths at equilibrium are uniformly 0.614 hr. As shown in Table 5, link 4
serves as the bottleneck link, with residual queue forming only on this link.

5.1. Effects of queue-dependent link capacity

Two scenarios with fixed (Nie et al., 2004) and queue-dependent (proposed model) link capacity constraints are adopted to
demonstrate the effects of the queue-dependent link capacity on the traffic assignment results. The OD demands of OD pairs 1-3 and
2-4 are both set as 3000 veh/h. The results on Link 4, the bottleneck, are presented in Table 6. In the model with a fixed capacity
constraint, the link physical capacity is used in the capacity constraint. Table 6 indicates that the link flow on Link 4 estimated by the
traffic assignment model with a fixed capacity equals the link physical capacity of Link 4 (2400 veh/hr). However, in the model with a
queue-dependent link capacity constraint, the link capacity is reduced to 2350 veh/hr when a residual queue forms. As a result, the link
flow of Link 4 under equilibrium becomes 2350 veh/hr, which is less than the link physical capacity and should be consistent with the
link flow observed by the traffic detector under congested conditions (Fig. 1).

The model with a fixed capacity yields a residual queue of 68 vehicles on link 4, in contrast to the queue of 100 vehicles yielded by
the model with a queue-dependent capacity. This difference, which exceeds 30 %, is due to the consideration of a queue-dependent
capacity (Eq. (3)) in the proposed model. Furthermore, the increase in residual queue leads to an approximately 30 % larger
queuing delay for the model with a queue-dependent capacity (0.021 hr) than for the model with a fixed capacity (0.014 hr). The
results in Table 6 show that the proposed model with a queue-dependent link capacity can generate link flows that are less than the link
physical capacity under congested conditions. This result is consistent with observations from traffic detectors. It can be also observed
that links 3 and 5 do not retain residual queue. This could be because that these links are each traversed by only one path (i.e., path 2
and path 3, respectively), and the spillback effect is not considered.

5.2. Effects of residual queue

The proposed model is able to address the inconsistencies between the estimated link flows from the traffic assignment model and
observed link flows under congested conditions by introducing the residual queue, the queue-dependent capacity and an extra queuing
delay term. With these additional features, the estimated link flow under congested conditions can decrease as the residual queue
increases in the scenario of continuously increasing traffic demand. However, the link flow increases with increasing traffic demands
under uncongested conditions. To demonstrate these effects of a residual queue on the assignment results, the traffic demand for OD
pair 1-3 is set to vary from 1000 to 6000 veh/hr, while the traffic demand for OD pair 24 is fixed at zero. The resultant link flow and
residual queue on link 3 are examined as shown in Fig. 7.

Fig. 7 shows that as OD demand for OD pair 1-3 increases, the link flow on both links 3 and 4 begins to decrease once it reaches
their physical capacity; at which point the residual queue starts to form. Interestingly, Figure 7(b) shows that, the residual queue on
Link 4 does not continuously increase with higher demand; instead, it decreases when the demand reaches about 4000 veh/hr. This
phenomenon may be due to the upstream effect from Link 3, where vehicles start to be queue when the demand reaches about 4000
veh/hr, reducing the flow into link 4 and consequently decreasing the residual queue on Link 4.

Fig. 7 demonstrates the superiority of the proposed model such that when the traffic demands increase, the link flow under
equilibrium initially increases but then decreases after reaching the link physical capacity. Meanwhile, a residual queue begins to form
when the link flow reaches the physical capacity. This assignment result is more practical than those yielded by traditional models and
coincides with the data collected from traffic detectors.

5.3. Sensitivity analysis on the key parameter

Furthermore, the effect of a residual queue on the corresponding link flow is affected by the choice of parameter y as described in

Path described by links

Path 1: 1
Path 2: 3-4-6
Path 3: 5-4-7
Path 4: 2

Fig. 6. A hypothetical small road network.
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Table 4
Link attributes in the hypothetical small road network.
Attribute Link No.
1 2 3 4 5 6 7
ty (hr) 0.417 0.417 0.167 0.167 0.167 0.133 0.133
uy (km/hr) 70 70 70 70 70 70 70
Crmax (veh/hr) 1800 1800 1800 2400 1800 1500 1500
1 (km) 29.17 29.17 11.67 11.67 11.67 9.33 9.33
Table 5
Assignment results on all links.
Link No. 1 2 3 4 5 6 7
Link flow (veh/hr) 1775 1775 1225 2350 1225 1775 1775
Residual queue (veh/hr) 0 0 0 100 0 0 0
Travelling time (hr) 0.614 0.614 0.185 0.271 0.185 0.158 0.158
Queuing delay (hr) 0 0 0 0.021 0 0 0
Generalized link cost (hr) 0.614 0.614 0.185 0.292 0.185 0.158 0.158
Table 6
Assignment results of models with fixed and queue-dependent link capacity constraints.
Model Link flow (veh/ Link capacity (veh/ Residual queue (veh/ Queuing delay Generalized link cost
hr) hr) hr) (hr) (hr)
Link 3/5
Fixed capacity (Physical capacity) 1234 1800 0 0 0.185
constraint
Queue-dependent capacity constraint 1225 1800 0 0 0.185
Link 4
Fixed capacity (Physical capacity) 2400 2400 68 0.014 0.264
constraint
Queue-dependent capacity constraint 2350 2350 100 0.021 0.271

Eq. (1). The value of y is normally within (0, 1). Basically, for a given link flow, the larger the value of y (i.e., close to 1), the smaller the
residual queue. The following sensitivity analysis is conducted to show the effect of the choice of y on the assignment results.

Interestingly, the data in Table 7 show that as y increases, the residual queue increases while the link flow under equilibrium
decreases. As y increases, the queuing delay increases such that the link travel time increases. Thus, the link flow and residual queue on
this link are reduced, as less traffic is assigned to this link. According to Eq. (2), as the link flow decreases (vy), the residual queue (qq)
increases. Such an increase should outweigh the decrease in the residual queue caused by the increase in y and thus lead to an increase
in the residual queue (Table 7).

In practice, y may be link-dependent and could be affected by the overall traffic conditions at a link, such as the traffic flow mix (i.e.,
the proportions of various types of vehicles) and the proportion of green time on the signalized intersection allocated to that link. For
example, as a large number of heavy vehicles on a road may increase the residual queue, an increase in the number of heavy vehicles on
a road should lead to an increase in y according to the above-described sensitivity analysis. Furthermore, as the proportion of green
time of the signalized intersection allocated to a given link decreases, the number of vehicles that can pass the link (smaller link flows)
also decreases and, thus, y increases. In practice, y can be simply calibrated using observation data from video-based traffic detectors
when the link flow and residual queue are available.

5.4. Performance on a large real-world road network

To further illustrate the performance of the proposed model and solution algorithm, we investigated a large real-world network in
Melbourne, Australia with general modeling network specification (Nourmohammadi et al., 2021; Lu and Zhou, 2023). This network
features a grid pattern with 2077 nodes and 4223 links, as shown in Fig. 8. For our study, the path set is predefined and fixed. The width
of the green lines and red lines in the figure indicates the amount of assigned link flow and residual queue, respectively. Approximately
10 % of the links (418 links) retained a residual queue during the study period. The results shown in Fig. 8 highlight potential links,
particularly those heavily congested ones marked in red, that could benefit from improvements or the implementation of restriction
policies (e.g., congestion charging) to enhance network performance further.

The convergence of our solution algorithm is visually presented in Fig. 9, which details the progression across different iterations. It
should be noted that it took 756 s for the proposed GP-AM algorithm to converge at the 138th iteration.
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Table 7
Sensitivity analysis of the effects of parameter vy in the link flow—queue relationship.
4 Link flow (veh/hr) Residual queue (veh/hr) Queuing delay (hr) Traveling time (hr)
0 2400 176 0.037 0.287
0.2 2358 212 0.045 0.295
0.5 2250 301 0.067 0.317
0.7 2114 409 0.097 0.347
0.9 1861 599 0.161 0.411

‘ Node — Link Centroid connector = link flow === Residual queue

Fig. 8. Model results on the real-world road network.
6. Conclusions and further studies

In this paper, a new static traffic assignment model that incorporates the residual queue and queue-dependent link capacity under
congested conditions is proposed. To capture the effects of a residual queue on the link capacity, a queue-dependent link capacity is
proposed and incorporated into a generalized link cost function. A minimization problem equivalent to the proposed queue-dependent
traffic assignment problem is formulated in this paper. Importantly, the uniqueness of the solutions on all links under given traffic
conditions (uncongested or congested) is theoretically proved by using a sigmoid function-based reformulation to smooth the objective
function.

The numerical results demonstrate that the proposed model can estimate link flows that are smaller than or equal to the link
physical capacity under congested conditions. These results are indeed consistent with the observed link flow data from traffic de-
tectors, especially under congested conditions. Importantly, the proposed model is able to produce more reasonable results than
traditional models, such that when the traffic demand increases, the equilibrium link flow at the bottleneck first increases and then
decreases after reaching the link physical capacity due to the formation of a residual queue. This paper also demonstrates that a
conventional static traffic assignment model can be considered a special case of the proposed model with the proposed generalized link
cost function. The proposed model yields reasonable estimations of residual queues and queuing delays, which are underestimated by
about 30 % by the conventional static traffic assignment model with a fixed physical capacity. Furthermore, by varying the parameters
in the definition of a residual queue from link flows, the proposed model can account for the effects of different traffic conditions (e.g.,
a different traffic mix) on the formation of a residual queue.

One of the limitations of the proposed model is that it may produce unrealistic results under severe congestion spillover, where the
queue length exceeds the storage capacity of a link. In such cases, the proposed model might underestimate the flow on extremely
congested links and overestimate the downstream link flows. Bliemer and Raadsen (2020) and Smith et al. (2019) have demonstrated
innovative approaches to incorporate both residual queue and spillback effect in static traffic assignment models, inspiring us to
further explore these spatial queue and spillback effects in our proposed model, particularly in larger, more practical networks. It
should be noted that the proposed model still belongs to the category of static traffic assignment models without considering
time-dependent features. However, it would be valuable to conduct further research on the effects of varying demand over time on
network flow and queue dynamics in a dynamic context.

The parameter related to the formation of a residual queue is assumed to be constant in this paper. In practice, this parameter may
vary with the link speed so that the residual queue and link flow have various relationships. It merits further studies to calibrate the
values of the parameter such as y by empirical validation with observed data. With respect to solution algorithms, it has been noted that
the recent development of computational graph may be capable to solve the proposed model more efficiently (Wu et al., 2018; Ma
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Fig. 9. Convergence of the proposed GP-AM algorithm.

et al.,, 2020; Kim et al., 2022; Lu et al., 2023; Guarda et al., 2024). It would also be interesting to examine the effects of multiple time
periods on the residual queue and traffic assignment models with a queue-dependent capacity (Lawson et al., 1997; Lam et al., 1999;
Tampere et al., 2011). Congestion pricing has been considered as one of the most effective methods to alleviate traffic congestion (Yang
and Bell, 1997; Meng and Liu, 2012). It merits further studies to investigate how the queuing toll policy affects the proposed
generalized link cost function, and the traffic assignment problem.
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Appendices
Appendix A
Table A.1
Summary of different link cost functions in literature.
Category Literature Function (remark)
Flow-based BPR (1964) WF
t=t|1+ a(E)
Davidson (1966) ‘= tf[l 4 Ci ‘J
Newell (1982) y D\ 3
t=oft T ()]

(p is the discharge rate, y is the shape parameter)

(continued on next page)
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Table A.1 (continued)

Category Literature Function (remark)

Small (1983) t, ifv<cC

- ff+%P~(g—1), ifv>c

ool Y er —oa-2) -

A (SDRI(CEIS )
B
1 +u<£> }
kc
e ] pose

tf[l +a<g)ﬁ} ifv>C

D = demandatcapacity + queue

Spiess (1990)

Akeelik (1991)

Density-based Kucharski and Drabicki (2017)
t=t

Queue demand-based Huntsinger and Rouphail (2011) and Moses et al. (2013)

Cheng et al. (2022) and Zhou et al. (2022) y-g(m) (D 4
ol ]
Koty H
(Cubic arrival rates)
Bliemer et al. (201 Bliemer and Raadsen (2020 L
iemer et al. ( 4) and Bliemer and Raadsen ( ) 6 = ZHCA‘TZ"SUPJr Igueue
f

(Separable free-flowing travel time and non-separable path queuing delay)

Appendix B

Transferability of the proposed user equilibrium model to system optimum
It should be noted that the proposed user equilibrium model with residual queue is able to be directly transferable to a system
optimum by considering the total network travel time. The optimization problem of system optimum can be expressed below

minz(va + Qu) : ta(Vm Qa) (Bl)

acA

subject to

Egs. (1), (3), (4), and (6)-(9),

The above optimization problem of system optimum is easily transferable to the user equilibrium-like formulation. By defining
ta(Va, Qa) = ta(Va, Qq) + (Vva +Qq) thZ andc, = Za% Sapta VP € Pr,r € R, s € S, the KKT conditions can be derived from the Lagrangian
function of the system optimum as follows:

o <c,, + aphty — w,s> =0,¥peP,rcR, scS (B.2a)
aer,
G+ > Ouphy — Wi >0,VpEPLTER, SES (B.2b)
acm,
D= fpVreR, s€S (B.20)
PEPys

It can be seen that similar to traditional UE and SO, the only difference between the proposed UE and corresponding SO is the way
to calculate link cost and path cost. The link cost in this SO consists of two terms: the former term is the same as the link cost in the
proposed UE, while the latter term is the extra cost added to the current flow and residual queue when adding a unit traveling flow.

Appendix C
Proof of the equivalency between Egs. (10) and (13)

Proof: It can be noticed that the only difference between Eqs. (10) and (13) is their first terms. Thus, in order to prove the
equivalency between Egs. (10) and (13), we only need to prove that their first terms are equivalent as follows.

Va X, n Va X, m/:’Qﬂ
2 / (st vt (ci) ) > / (serout() Jon
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Va

Va n ny-Q
< / (tf.a + tf,aﬂ <C:(CGQG)> )dxa = / (tf,a + tf.aﬂ (C:a ) )dxa
0 0 e

Q
X, n X, ng
Straf <m> = traf (C—) YacA

As Qg > 0 according to Eq. (2), we can divide the proof into two different cases:

n n
(1) if Qq = 0, for Va € A, the left-hand-side term becomes t; . (m) =trof (ﬁ) , and the right-hand-side term becomes

Qa

ng n
traf (CIL) =traf < Xa ) . The equivalency under Q, = 0 is proved.

Camax

n
(2) if Qq > 0, for Ja € A, then C(Qg) = v, according to Eq. (4). The left-hand-side term becomes t; .4 (ﬁ) =ty o, and the right-

amax

np-Q
hand-side term becomes lirf trof ( o ) = tr of. The equivalency under Q, > 0 is proved when the introduced parameter
p—+oo

¢ goes to infinity.

Therefore, the proof of the equivalency between Egs. (10) and (13) when the introduced parameter ¢ approaches infinity is

completed. It should be noted that the parameter ¢ is normally set to be the Euler’s number (i.e., ¢ = €), as in the sigmoid function.

Appendix D

Sensitivity analysis for parameters m and n
Further sensitivity analysis of parameters m and n has been conducted. Table D.1 demonstrates that as the value of m increases, the

link flow on the bottleneck link decreases monotonically, while the residual queue increases. Specifically, parameter m negatively
impacts link flow but positively impacts the residual queue on the bottleneck link. However, as shown in Table D.2, parameter n does
not have consistent effects on the link flow at the bottleneck, which may be attributed to the occurrence of residual queues.

Table D.1
Sensitivity analysis of the effects of parameter m on results of Link 4 (y = 0.5, n = 4).

m Link flow (veh/hr) Residual queue (veh/hr) Queuing delay (hr) Traveling time (hr) Generalized link cost (hr)
0.5 2395 9 0.031 0.250 0.281
1 2350 99 0.021 0.251 0.272
2 2276 247 0.006 0.251 0.256
3 2253 295 0.001 0.251 0.252
4 2248 304 0.000 0.250 0.251
5 2247 306 0.000 0.251 0.251
6 2247 306 0.000 0.250 0.251
Table D.2

Sensitivity analysis of the effects of parameter n on results of Link 4 (y = 0.5, m = 1).

n Link flow (veh/hr) Residual queue (veh/hr) Queuing delay (hr) Traveling time (hr) Generalized link cost (hr)
0.5 2244 0 0.000 0.248 0.248
1 2309 0 0.000 0.247 0.247
2 2390 0 0.000 0.250 0.250
3 2372 57 0.012 0.251 0.262
4 2350 99 0.021 0.251 0.272
5 2338 124 0.026 0.251 0.277
6 2332 137 0.029 0.251 0.280
7 2328 143 0.031 0.251 0.281
8 2327 145 0.031 0.251 0.282

Data availability

Data will be made available on request.
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