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SPHERICAL DESIGNS FOR APPROXIMATIONS ON SPHERICAL
CAPS*

CHAO LIt AND XIAOJUN CHENf*

Abstract. A spherical t-design is a set of points on the unit sphere, which provides an equal
weight quadrature rule integrating exactly all spherical polynomials of degree at most ¢t and has a
sharp error bound for approximations on the sphere. This paper introduces a set of points called a
spherical cap t-subdesign on a spherical cap C(es,r) with center ez = (0,0,1)T and radius r € (0, 7)
induced by the spherical t-design. We show that the spherical cap t-subdesign provides an equal
weight quadrature rule integrating exactly all zonal polynomials of degree at most t and all functions
expanded by orthonormal functions on the spherical cap which are defined by shifted Legendre
polynomials of degree at most t. We apply the spherical cap t-subdesign and the orthonormal
basis functions on the spherical cap to non-polynomial approximation of continuous functions on
the spherical cap and present theoretical approximation error bounds. We also apply spherical
cap t-subdesigns to sparse signal recovery on the upper hemisphere, which is a spherical cap with
r = 0.57. Our theoretical and numerical results show that spherical cap t-subdesigns can provide a
good approximation on spherical caps.
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1. Introduction. Let S? := {y € R? : ||y|| = 1} C R3 denote the unit sphere,
where || - || is the Euclidean norm, and let P;(S?) denote the space of spherical poly-
nomials of degree at most ¢t. The concept of a spherical ¢-design was introduced by
Delsarte, Goethals, and Seidel [14], which is a set of points {y1,...,yn,} C S? such
that the quadrature rule

1 1 «

Ir ), PW)de(y) = ;p(yg)

holds for all polynomials p € P;(S?) of degree at most ¢, where dw(y) is the surface
measure on S%. Seymour and Zaslavsky [29] showed that spherical t-designs exist for
any ¢ if n is sufficiently large, and the authors in [7] established the optimal asymptotic
order for the number of points n required for a spherical ¢-design. Chen, Frommer
and Lang [9] showed the existence of spherical t-designs on S? with n = (¢ + 1)? for
t <100 by using interval methods. Computed spherical t-designs on S? with specific ¢
are available in [37]. For more discussion on spherical t-designs, see [1, 5, 8, 33, 34, 39]
and references therein.
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Spherical t-designs have been extensively studied for various applications and
showed good performance on numerical approximation on the sphere. In [2], An
et al. studied polynomial approximation problems on the sphere using regularized
least squares models and showed that spherical ¢-designs provide good polynomial
approximation on the sphere. In [11], Chen and Womersley showed that spherical
t-designs provided a sharp error bound for sparse approximation in signal process-
ing on the sphere. In [3, 26], spherical ¢-designs were applied to interpolation and
hyperinterpolation for noisy data on the sphere.

In numerous applications, people are interested in image analysis and signal pro-
cessing on spherical caps, especially the hemisphere, such as medical images (surfaces
of brain, eye, skull, scalp). Good approximations are needed on spherical caps (see,
for example, [12, 21, 22]). How to choose a set of points on spherical caps for good nu-
merical approximation on spherical caps is an interesting and timely question. In this
paper, we introduce a set of points on a spherical cap induced by the spherical t-design
for good approximations on the spherical cap. Since the sphere is rotationally invari-
ant, we present results on the north polar cap C(es,r) := {x € S? : x-e3 > cosr}, where
e3=(0,0,1)T, radius r € (0,7), and x - e3 =x " e3. In spherical polar coordinates, S
and C(es,r) are denoted, respectively, as

S?={y eR3: y:=(sin?cos $,sin¥sinp,cos?) ", ¥ € [0, 7], ¢ € [0,2x]},
C(es,r) = {x €R®: x:= (sinf cos ¢,sinfsinp,cos6) ', § € [0,7], € [0,27]}.

It is easy to verify that for any o € [0, 7], arccos(0.5(1 — cosr)(cos¥ — 1) 4+ 1) € [0,7].
Now, we introduce the definition of a spherical cap t-subdesign.

DEFINITION 1.1. Let C(es,r) be the spherical cap with radius r € (0,7), YV, =
{y; € S? : y; = (sin;cos¢;,sind;sing;,cosd;)", j =1,...,n} be a spherical t-
design and let 0; = arccos(0.5(1 — cosr)(cos¥; — 1)+ 1), j=1,...,n. We call the
point set XY := {x; € C(e3,r) : x; = (sinf; cos ¢;,sinf;sinp;,cos0;)",j=1,...,n} a
spherical cap t-subdesign induced by the spherical t-design V.

For convenience, we denote the upper hemisphere (that is C(es,0.57)) by S%, and
call the spherical cap t-subdesign over Sf_ a hemispherical t-subdesign.

Let {Yy: ¢ =0,1,...,¢6,k =1,...,20 + 1} be a set of real spherical harmonics
orthonormal with respect to the Lo inner product on S?, where Yy« is a spherical
harmonic of degree ¢ (see, for example, [4, 13]). It is known [2] that for every p €
P;(S?), there is a unique vector o = (v ) € R(+D* such that

(1.1) Px) =" arYor(x), xS

We call p= 22:0 ap1Ye1 € Pi(S?) a zonal polynomial of degree at most ¢ on S? (see,
for example, [13]). In section 3, we show that a spherical cap t-subdesign XY over
C(es,r) induced by the spherical t-design ), provides equal weight quadrature rules
for zonal polynomials, that is,

1

1 n
1.2 P — == E ; e XY
(1.2) 2m(1 — cosr) /C(es,r)p(X)dW(X> n j=1p(xj), R

holds for any zonal polynomial p € P;(S?).
In [18], the authors introduced a set of hemispherical orthonormal functions
{Hip :£=0,1,...,¢t,k=1,...,20+ 1} which are derived from the shifted Legendre
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polynomials of degree at most ¢. The set of functions {H, 1} shows a promising per-
spective in hemisphere related issues, such as surface description or construction of
hemisphere-like anatomical surface [19, 23], rendering and global illumination [18, 25].
Inspired by [18], we define a set of orthonormal functions {7}, } over a spherical cap
C(es,r) with radius r € (0,7). {1} coincide with {Hy j} when r =0.57. In section 3,
we show that the spherical cap t-subdesign XY provides an equal weight quadrature
rule integrating exactly all functions expanded by {77} defined by the shifted Le-
gendre polynomials of degree at most ¢.

In section 4, we study the nonpolynomial approximation of continuous functions
and sparse signal recovery on spherical caps using spherical cap t-subdesigns induced
by spherical t-designs and orthonormal functions {TZ i« - We derive error bounds in
the Ly norm and || - || norm for the nonpolynomial approximation, and formulate a
nonconvex minimization model for sparse signal recovery.

The main contributions of this paper are summarized as follows.

e We define the spherical cap t-subdesign XY over C(es,r) induced by the
spherical t-design V,,, and show that XY provides an equal weight quadrature
rule for zonal polynomials of degree at most ¢ and all functions expanded
by orthonormal functions {7} ,} over C(es,r) defined by shifted Legendre
polynomials of degree at most t. Moreover, we present an addition theorem
for {77, }.

e We derive error bounds of the nonpolynomial approximation of continuous
functions and present an efficient sparse signal recovery method on C(es,r)
using the spherical cap t-subdesign A;Y and orthonormal functions {77 }.

The rest of this paper is organized as follows. In section 2, we give notations, the
relationship among {Yz 1}, {He,x}, and {17, }, an addition theorem for {7}, }, and an
analogue of the Funk—Hecke formula on C(es,r). In section 3, we show that the spher-
ical cap t-subdesign XY induced by the spherical ¢-design provides good quadrature
rules for a class of functions. In section 4, we study the nonpolynomial approximation
and sparse signal recovery on spherical caps using XY and {77, }. In section 5, we
present numerical evidence on the quality of spherical cap t—subd’esig‘ns XY for numer-
ical integration, nonpolynomial approximation, and sparse signal recovery. Finally,
we give concluding remarks in section 6.

2. Notation and preliminaries.

2.1. Notation. Let Ny:={0,1,2,...} denote the set of natural numbers includ-
ing zero. The geodesic distance on the sphere is dist(x,y) := arccos(x - y), for x,
y €S2, where x-y =x "y is the inner product of x and y. We denote a spherical cap
with center y € S? and radius r by C(y,r):={x€S?:x-y >cosr}, and the rotation
group SO(3) ;== {R € R¥*3 : RTR = I,detR = 1}, where I € R**3 is the identity
matrix. We use || to denote the floor function.

We denote by Lo (2) the space of square-integrable functions on a nonempty set
Q C S? endowed with the inner product

Fghrae = [ FO00)(). V1.9 € La(@)

and the Ly norm ||fll,c0) = ({f, f)ro))/?. We denote the space of continuous
functions on by C(Q) and define || f|oo :=supyeq | f(x)| for f e C(£2).

Let P, denote a Legendre polynomial of degree ¢ defined as Py(z) := ﬁdd—;( 2_
1)¢ Vo € [-1,1]. Let s € (—1,1) and Py(x) := Pg(% +1), z € [s,1], be a shifted
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Legendre polynomlal of degree £. The shifted Legendre polynomials are orthonormal
on [s,1], that is, f Pg Pg/( Ydx = 2£+16”" where 0y =1 if £ =¢' and 0 otherwise.

2.2. Spherical harmonics. The standard basis for spherical harmonics of de-
gree ¢ € Ny is (see, for example, [4])

Ye1(9,¢) = NeoPy(cos?),
Yi.2m (0, ¢) = No,m P (cos i) cosm,
Yo om+1(9, 0) = N Prm(cosd) sinme, m=1,...,¢,

where ¢ € [0,7], ¢ € [0,27], Ngm = ,/22':1 EZ?:, Nep = 1/22;1, and Py, is an

associated Legendre function, i.e., Py, (z) = (—=1)™(1 — 2?)% P, m)( ) Vo € [-1,1],
m=1,...,£. For any ¢ € Ny, }/g,1 is called a zonal spherlcal harmomc. For conve-
nience, we denote by Y} ;. a real-valued spherical harmonic of degree ¢ € Ny, order k €
{1,...,20+1}, and write Yy (y) := Yz.1(9, ) with y = (sin®) cos ¢, sin ¥ sin ¢, cos ) "
SQ

The spherical harmonics are Lo (S?)-orthonormal to each other, that is,
(2.1) /2 Yo (¥)Yer o (y)dw(y) = o -
S

The set of spherical harmonics {Y;r : £ = 1,2,...,20+1,¢ = 0,1,...,t} forms a
complete Ly (S?)-orthonormal basis of P;(S?). Moreover, P;(S2) = span{Yg,k.|Sz+ k=
1,2,...,20+1,£=0,1,...,t}, due to the linear independence of Ygﬂsi which are the
restrictions of Yy ; to the hemisphere. The addition theorem (see, for example, [4])
for spherical harmonics is

2041

_ 2041
(2.2) ZYM VYo (z 4+ Py-z), Vy,zeS? VleN,.
We denote
t 2041 t
20+ 1
(2.3) =D D Yer@Ver() =) = —Pily-2), VyzeS

(=0 k=1 =0

which is a “reproducing kernel” in P;(S?) [28] and whose value depends only on the
inner product y - z. Obviously, G; is rotationally invariant, that is, for y,z € S? and
any rotation R € SO(3), G.(y,z) = G;(Ry,Rz).

The Funk-Hecke formula (see, for example, [13, 16, 17, 20, 27]) which plays an
important role in the theory of spherical harmonics gives the following.

LEMMA 2.1 (Funk-Hecke formula). Let f be a continuous function on [—1,1],
then for any £ € Ny,

. Fx-y)Yer(x)dw(x) = AeYer(y), VyeS?
where \p = 27rf F(t)Pe(t)dt.

Based on the Funk-Hecke formula and Slepian functions [30] on a spherical cap
C(es,r) (see Appendix A for more detail), we obtain the following proposition.
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PROPOSITION 2.2. Let f be a continuous function on [—1,1]. For any L € Ny and
any y € S?, let Y)‘( ) = MoYo1(y), MY11(y), MY12(y), s ALYron i (y)) T, where
Aj f27rf f(t)P;(t)dt, j=0,1,...,L. For any fized r € (0,7) and ¢ < L, we have

(2.4) (L( Ykl s }(), Yy €S

where cg p := Vg,kAVT, A =diag(p1,..-praps1), and V= (V1,...,Vy or 1) with p;,v;
being the ith largest eigenvalue and corresponding eigenvector of the matriz D defined
by (A1) with t =L, and vy is the ((*> + k)th row of the matriz V.

Proof. First we assume that f is a polynomial of degree L € Ny and let dj, :=
(L+1) By Appendix A, the Slepian functions of degree < L over C(es,r) are S; ( )=
PO ziﬁll vi L Yj(x) Vx € Cles,r), i = 1,...,dr. And, You(x) = S0 vf . Si(x)
vxeS? ke{l,.. 2€+1},€§L. Then, for any ¢ < L, we have

/ £+ 3) Ve () deo(x)
C(es,r)

i%J’tWy> Zwm/fxy de(x)

C(e3’)
L 2j+1
-zwzzz jk,/fx )Y,k () ()
j=0k'=1
L 2j+1

—ZW szZ Z V5 e A Yk )—Ce,kYZ\(Y), Vy € §?,

=0 k/'=1

where the first and third equalities follow from the relationship between S; and Y7 x,
the second equality follows from (A.3), and, for any fixed y € S?, f(x-y) is a spherical
polynomial of degree < L, and the last equality follows from the Funk—Hecke formula.

Now, if f is a continuous function on [—1,1], then we choose a sequence of poly-
nomials p, of degree L such that p, converges to f uniformly on [—1,1]. Tt follows
that for L sufficiently large, the desired result holds for f. The proof is completed. O

Remark 2.3. Notice that the matrix D defined by (A.1) is an identity matrix
when r =, t = L. Then, p; =1 and v; is a unit vector with the ith element being 1.
Thus, (2.4) reduces to the Funk—Hecke formula.

2.3. Orthogonal functions on spherical caps. In [18], Gautron et al. pro-
pose a set of real-valued hemispherical orthogonal functions derived from a shifted
Legendre polynomial of degree ¢ € Ny, which have the following form

Hf,l(av ¢) = \@Ne,oﬁ’g(cos 0),
Hp 2 (0,6) = V2Ng 1 Py (cos 0) cosme,
Hyom+1(0,0) = \@N&mpg,m(cos f)sinm¢p, m=1,2,...,¢,

where 0 € [0, 2], ¢ € [0,2], Py,n(cosf) := Py, (2cos —1). For convenience, we write
Hyp(x):= Hg’k(ﬁ ¢), ke{l,...,20+ 1} with x = (sin6 cos ¢,sinfsin ¢, cos ) T € S.

Remark 2.4. Although {Hpx} are called hemispherical harmonics in [19, 23, 25],
{Hy1} are not harmonic functions on S%. For example, for =1 and k=2,
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3

Hio(x)=H12(0,¢0)=2 8—P1,1(0059) cos ¢
= i( D1 —(2cosf— 1)}z c

6 z
o bgzs__”3\/;\/1“«’

where x = (z,y,2) " = (sinf cos ¢,sinfsin ¢, cos ) " € S%. Thus,

)

M\»—l

(9 H1 2( ) + 82H172(X) + 82H172(X) _ 62H172(X)

2
ViH2(x) = Ox? Oy 022 022

0,

which implies that H; 2 is not a harmonic function.

Similarly, we define a set of orthonormal functions over a spherical cap C(es,r)
with r € (0,7) derived from a shifted Legendre polynomial of degree £ € Ny as follows,

ngl(&, QZS) = \/ENK,OPK(I{COSG +1- IQ),
T} om(0,0) = VENm Pom(kcosf + 1 — k) cosma,
T} 9m41(0,0) = VENm Prm(kcos + 1 — k)sinme, m=1,2,...,¢,

where 6 € [0,7], ¢ € [0,271']7 K :=2/(1 —cosr). For convenience, we write 7, (x) :=
17,.0,9), k€{1,2,...,2¢ + 1}, with x = (Sinf)cosqﬁ, sin@sin g, cosf) " € C(es, ).

Notice that Hg k=TpP™ VL € No, k=1,...,2 + 1. The functions {7y, } are
Ly(C(es,))-orthonormal to each other, i.e.,

(25) / Tg:k(x)T;;,k’ (X)dW(X) = 5ZZ/5kk"
C(e;:,,’l")

Following the definitions of {7}, } and {Yyx}, we have the following proposition.
PROPOSITION 2.5. Letr € (0,7) be fivred and r:=2/(1 — cosr). For any 6 € [0,7],
let 9 = arccos(kcosf + 1 — k). Then, ¥ € [0,7] and
(2.6) T7 (0, 6) = VEYek(9,6), VeNy, ke{l1,2,...,20+1}.

In particular, Hy (0, 9) = \ngk 3, 9).
Now we give the relation between {Y; .} and {7}, } at x € C(es, 7).

PROPOSITION 2.6. Let r € (0,7) be fized and r:=2/(1 —cosr). For £ € Ny and
ke{l,2,...,204 1}, let v=|k/2| and Bj = k*""°a; Ny, /N;, if v #0, otherwise,
Bj =ajNo/(v/kNjo), where aj =0.5k(2j+1) fCOST (x)Pj(kx+1—r)dz, j=v,...,L,
then

24 . Qe — 2
(2.7) (HX ©s 2k K) Yo i (x Zﬁj (%), Vxel(es,r).

1+x-e3

In particular, (ﬁf‘xegg )2 Yo k(%)= Zf‘:y BiH;k(x) Vx€S3.

Proof. For any £ € Ny, 0 € [0,7], and ¢ € [0,27], let

e1(0,0) = /KN, 0Pg(/<;C059+1 —K),
Yoom(0,0) = (—1)"V/ENpmP, (H cosf + 1 — k)sin™ 6 cosma,
Yoom+1(0,0) = (—1)™ ngm (KCOS@+1—/€)Slnm981nm¢, m=1,... ¢

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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For convenience, we write 1y k(%) := 1 (0,6), k € {1,2,...,20 + 1}, with x =
(sinf cos ¢, sinfsin ¢, cos ) T € C(es,r).
We can see that

Pg,m(mcosﬁ—i—l—/f):(—l)m(1—(&6089—}—1—&2)% HCOSG-i—l—Ii)
2 01 2% — 12 5
=(-1)™ (K Cols++ ﬁa K) Pe(m)(ﬁCOSQ-I-l—KJ)SiHmQ,
cos

which implies

- K2X - e3 + 2k — K2
(28) 0= () L, e Cles)

On the other hand, for 6 € [0, 7],
N Prm(cos8) = Ny (—1)™(1 — cos? 9)%P€(m)(cos 0)

Nji(—l)mNLmP;m)(mcosQ +1—k)sin™6

|
M~

E™ajNom
J

= 5j(_1)m\/ENj,mP](m)(I€COSl9 +1—k)sin™#,

NioPy(cosf)=> Bj\/EN,oP;j(kcosh+1—k),

where the second and last equalities follow from definition of a;. Thus, by the defini-
tions of ¢ 1, and Y, x, we have

(29) }/Zk Zﬁj’%k 7 VXEC(eg,’r‘).

Multiplying by (%) z on both sides of (2.9), combining with (2.8), we ob-
tain (2.7). Taking r = 0.57, we obtain the rest of the proposition. The proof is

completed. 0

Remark 2.7. Let s € (=1,1), Py(z) :== P, (2(1 D 4 1), 2 es,1]. Let Py([—1,1])
be the space of polynomials of degree at most £ on [—1,1]. Tt is easy to see (see, for
example, [24]) that Py € Py([—1,1]). Thus, Py(z) = Zf 0 bjPj(x), x € [s,1], where
b; = 2t fllpg(.f)Pj(Z‘)dl‘. Moreover, pe(m)(x) = Z o b P(m)( Y,m=1,....4,
Vme[s 1] For ¢ € Ng, k € {1,2,...,20 + 1}, 1etV—Lk;/2J ’)/J—Iios VbNgl,/N Vs
j=v,...,L. Following a similar argument of Proposition 2.6, for any ¢ € Ny, k €
{1,2,. 2€+ 1}, we obtain,

. _ K% - es + 2k — K2 2t
(2.10) T (x) = T+x e D uYik(x), VxeCles,r),

which shows that {77} are not polynomials except when k= 1.

We next present an addition theorem for {77 }.
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THEOREM 2.8. Let C(es,r) be the spherical cap with radius v € (0,7). For any
Le Ny and x,z € C(es3,r), there is a rotation matriz Ry, € SO(3) such that

2041
20 +1 .
2.11 T, . (xX)T; =————P Rx.2).
( ) Z fk ék 27T(1—COST) Z(X Z)
In particular, (i) 22 U Hy k(%) He g (2) = 2L Py (x "Rxy2) Vx,2 €S2, (ii) Ruy =1
when x =z.

Proof. Let r € (0,7) be fixed and x:=2/(1—cosr). For any (6, ¢) € [0,7] x [0, 27],
let v =arccos(kcosf + 1 — k) — 6 and

cos? pcosy +sin® ¢ (cosy —1)cospsing cospsiny
(2.12) R(0,0) := |(cosy —1)cos¢sing sin?pcosy+cos’¢ singsiny
—cos¢sinvy —singsinvy cos~y

Let Ryz = R(01,01) " R(02,$2), where (01,¢1), (02,¢2) € [0,7] x [0,27] are the polar
coordinates of x, z € C(e3, ), respectively. It is easy to verify that R(61,¢1), R(02, ¢2),
Ry, € SO(3). Moreover, Rx := R(61,¢1)x € S? and Rz := R(f2,¢2)z € S?. By
Proposition 2.5,

2041 20+1

20+1
Z T, (X7 (2) =K Y Yor(Rx)Y,(Rz) = %PK(XTR,{ZZ),
k=1 T
where the last equality follows from (2.2). Thus, (2.11) holds. Taking r = 0.57, we
obtain (i), and (ii) follows from the definition of Ry,. The proof is completed. d

Remark 2.9. In [15], the authors provided an addition theorem for {H, .} as

20+1

2
Z Hyj(x1)Hop(x2), Vxi1,%2 €S3.

(213) Pg(Xl‘XQ) 2£—|—1

However, the following example shows that the equality in (2.13) does not hold.

Letting £ = 1, x; = (1,0,0)7, and x5 = (v/3/2,0,1/2)7, we have Hj2(x1) =
Hl’g(Xl) = 0, Hl,l(xl) = —\/3/27(', and Hl’l(Xg) = H173(X2) = 0, HLQ(XQ) = \/3/27’(’.
Thus, 25 °7 | Hy 4 (x1)Hy j(x2) =0, but

Pl(xl'X2):pl(\/g/z):Pl(\/g_l):\/g_l7éov

which implies that (2.13) in [15] is not correct.

Remark 2.10. Let {T},} be the set of orthonormal functions over C(es,r), let
C(%X,r) be another spherical cap with center X € S? and the same radius r, and
R € SO(3) be a rotation matrix such that Rx =e;. Then the functions 7}, (Rz)
Vz € C(X,r) are Lo(C(X,7))-orthonormal, i.e.,

/ TZ}C(RZ)TZT;,]C, (Rz)dw(z) = / Tzk(x)TZ/,k/ (X)dw(x) = 5[[/ 5kk/.
C(%,r) C(es,r)

3. Quadrature rules on spherical caps. In this section, we show that spher-
ical cap t-subdesigns induced by a spherical t-design provide equal weight quadrature
rules for the numerical integration of zonal polynomials and orthonormal functions
{77} over a spherical cap C(es, r) with radius r € (0, 7) and nonnegative weight rules
for the numerical integration of spherical harmonics over C(es, 7).
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3.1. Quadrature rules for p € P.(C(es,r)). In this subsection, we present
positive weight quadrature rules on C(es,r) by the spherical cap t-subdesign. We
begin with the following lemma.

LEMMA 3.1. Let C(es,r) be the spherical cap with radius r € (0,7) and XY be a
spherical cap t-subdesign over C(es,r) induced by a spherical t-design V. Then, the
following quadrature rule is exact for all Ty, with £ <t Vk € {1,2,...,20+1},

1 1
'1 - /1 N TT‘ d = - T’,‘ . . Xy.
(3-1) 27(1 — cosr) /C(ew) £ () (x) n JZ:1 (X5), x5 € Ay

Proof. Let k=2/(1 —cosr). For £=0,1,...,t, k=1,2,...,20 + 1, we have

n i n \/En RN if (= 07
S Tkx) =VEY  Yirly;) = 1 [ Yer(y)dw(y) =9 Vir
j=1 j=1 82 0 if ££0,

where y; € )y, the first equality follows from (2.6), the second equality follows from
definition of spherical t-design, and the last equality follows from Yy :(y) = 1/V47
Vy € S? and orthogonality of Yy .

On the other hand,

4 dn if =0
/ T (x)du(x) = | / Ty, (0T ()dw(x) =4 {5 =0
C(es,r) K Jc(es,r) 0 if ¢ 75 0,

where the second equality follows from 7§, (x) = /2 Vx € C(es,r) and the last
equality follows from (2.5). The proof is completed. d

Based on Lemma 3.1 and Proposition 2.6, we can derive the following nonnega-
tive weight quadrature rule for the numerical integration of spherical harmonics over
C(es,r).

THEOREM 3.2. Adopt the conditions of Lemma 3.1. Then we have the following
equality for any spherical harmonic Yy 1 of degree at most t,

(3.2)

27(1 —cosr) & i

—_— Y, ; fk=1
/ Yo p(x)dw(x) = n ]; ealxy) " where x; € X.
C(e;:,,’r‘) O

otherwise,

Proof. Since fo% cos(k¢)dgp =0 and fozﬂ sin(kg)d¢ =0 for any integer k, we have
fc(e3 " Yo 1 (x)dw(x) =0 if k # 1. By Proposition 2.6, we have

Y/
/ Yy (x)dw(x) = / S BT (%) dw(x)
C(es,r) C(es,r) ;—p

Z n
2r(1 — i 2m(1 —
= 2o S S i ) = T S ),
n ’ n

j=11i=0 J=1

where the first and last equalities follow from Proposition 2.6 by taking £ = 1, and
the second equality follows from Lemma 3.1. Thus, we obtain (3.2). O
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COROLLARY 3.3. Let C(es,r) be the spherical cap with radius r € (0,7) and XY
be a spherical cap 2t-subdesign over C(es,r) induced by a spherical 2t-design YV,,. For
any spherical polynomial p € Pi(S?) of degree L <t, we have

2m(1 —cosr
(3.3) / p(x)dw(x) = (7 E E a1 Yii(x;), x;€X),
C(eg,r)

j=14=0

where oy, = 47” Z?le(yj)}’g,l(yj), Vi €V, £=0,1,...,L.

Proof. For any spherical polynomial p € P;(S?) of degree L <t, there are unique
oy, € R such that p= Ze%:o Ziiﬁl o kYo x € P:(S?). Since Y, is a spherical 2¢t-design,
we have agg, = fo p(y)Yer(y)dw(y) = 230 p(yi)Yer(ys), £ = 0,1,...,L < t,
k=1,2,...,2¢ 4+ 1. Moreover,

t 2041

I 1= S [ Vit
C(eW) =0 k=1 (es,r
¢ 2 (1 —cosr)
=S an [ VeaGodu() = T2 S a0 Vi (x,).
=0 C(es,r) =0 j=1

where the second equality follows from [, (s, Yek(X)dw(x) =0if k # 1, and the third
equality follows from Theorem 3.2. The proof is completed. O

3.2. Equal weight quadrature rules. In this section, we show that the spher-
ical cap t-subdesign induced by a spherical t-design provides an equal weight quadra-
ture rule that integrates exactly zonal spherical polynomials of degree <t.

Recall p = ZZ:O ap1Ye1 € Pi(C(es,r)), where a1 € R, a zonal polynomial of
degree at most t on C(es, 7).

THEOREM 3.4. Let C(es,r) be the spherical cap with radius r € (0,7) and X be
a spherical cap t-subdesign over C(es,r) induced by a spherical t-design YV,,. Then the
following equal weight quadrature

1 1 n
PPN d = — . e XY
27(1 — cosr) /C(e”) p(x)dw(x) n ;p(xj), X "o

holds for any zonal polynomial p € Pi(C(es,r)) of degree at most t.

Since Theorem 3.4 is a direct result of Theorem 3.2, we omit its proof here.
Next, we present equal weight quadrature rules for the numerical integration of
zonal spherical polynomials over any spherical cap with radius r € (0, 7).

LEMMA 3.5. Adopt the conditions of Theorem 3.4. Let G, be defined as in (2.3),
for any L <t, we have

1 1 &
S — G, (x, e3)dw(x) = — : exY.
27 (1 — cosr) /c(eg,r) (3, €3)du( n Z:: v(xj.e3), X €A

Proof. Taking y =x €(C(es,r) and z=-ej3 in (2.3), we have

L L
20+1
GL(X,eg):Z oo Pg X- e3 Zanl EPt(SQ),
£=0 =
where ¢, = 241 ¢ =0,1,...,L <t. By Theorem 3.4, we obtain this lemma. 0

47‘{'Ng)g
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THEOREM 3.6. Adopt the conditions of Theorem 3.4. Then, for any fized z € S?
and L <t, we have

n

1 1 )
27(1 —cosr) /CW) Go(y.z)dw(y) =~ D Gi(xj.es), x;€XY.

j=1

Proof. For a fixed point z € S, let R € SO(3) be the rotation matrix of z such
that Rz = e3 and Ry € C(es,r) for y € C(z,r). By the rotational invariance of G,
we have G, (y,z) = G, (Ry,e3), y €S?. Thus, for any L <t,

/C(z , GL(y,z)dw(y):/C(z , GL(Ry,eg)dw(Y):/C(e% )GL(X,eg)dw(x)

271(1 — cosr) —
:w;adxj,e?,),
J:

where the second equality follows from x = Ry, R'TR =1, and det(R) = 1, and the
last equality follows from Lemma 3.5. The proof is completed. ]

In the following, we give the equal weight quadrature rule for the numerical inte-

gration of any function f over C(es,r) that has the following expansion:

L 20+1
(3.4) fx)= Z ar Ty (x), x€C(es,r), where asy€R.
=0 k=1

THEOREM 3.7. Adopt the conditions of Theorem 3.4. Then the quadrature rule
1 n

(3.5) MCOST)/C(W) Pt == 3 fxy), x5 € X,

j=1

holds for any function f with expansion (3.4) and L <t.
Proof. By (3.4) and Lemma 3.1, we obtain

L 2041
/ =X Yo [ T da(x)
C(e?nr) =0 k=1 C(es,r)
L 2041 dr
ZQZkZTka] foj ), X €XY,
=0 k=1
where k:=2/(1 — cosr). The proof is completed. 0

COROLLARY 3.8. Let C(es,r) be the spherical cap with radiusr € (0,7) and XY be
a spherical cap 2t-subdesign over C(es,r) induced by a spherical 2t-design Y,,. Then,
for any function f with expansion (3.4) and L <t, we have

1

y _1 x )T . (x; X Y
T ) o, TR0 =0 S SO T ), 3y

(=0,1,...,L, k=1,...,20+1.
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Proof. Let k=2/(1 —cosr). By (3.4), we have

n n L 2041
Z f(x5) Ty (x5) = Z Z o i T g (%) Ty (%)
j=1 j=10'=0 k'=1
n L 2041
=K D v Yo w (v5)Yer(v5)
j=10'=0 k'=1
L 20+1
Z Zaww/ Yor i (¥) Yok (y)dw(y) = *O‘ék
=0 k'=1
KN
— T, d
i Lo, TOOTEA X))

where y; € V,,, the second equality follows from (2.6), the third equality follows from
that ), is a spherical 2¢-design, the fourth equality follows from orthogonality of Y7 j,
and the last equality follows from

L 2041
an= [ O3S T GOTE e (o) = [ FOOTE o ().
Cles:7) g=0 k=1 Cles,r)
Thus, we complete the proof. ]

4. Approximation on spherical caps. In this section, we study approxima-
tion and sparse signal recovery using orthonormal functions {Tg: ) and spherical cap
t-subdesigns over the spherical cap C(es,r) with radius r € (0, 7).

4.1. Nonpolynomial approximation. Inspired by hyperinterpolation [31],
which is a discretization of the Ly (S?) orthogonal projection of a continuous func-
tion f on the sphere onto P (S?) by a quadrature rule, we study nonpolynomial ap-
proximation of a continuous function over C(es,r) by constructing a nonpolynomial
function through spherical cap ¢-subdesigns and orthonormal functions {77, }.

Let XY C C(es,r) be a spherical cap t-subdesign induced by a spherical t-design
YV CS? for t > 2L; following [31], we define the “discrete inner product” corresponding
to the Ly inner product on C(es,r) as

()= TS f)g(y), %€ K2 Fg € ClCles ),
j=1

and the nonpolynomial approximation of a continuous function f € C(C(es,r)) as

L 20+1

(4.1) Tof = Z Z (f, TZk>nTZk'

=0 k=1
Notice that 7, f € Lo(C(es,r)). It is easy to verify that
(4.2) (T7 1, T0r ) (Clea,ry) = (Lo Tor o )n = Oter O
for any £,/ satisfying £ + ¢ < 2L, k=1,...,20+1, k¥ =1,...,2¢' + 1. Hence if

f €C(C(es,r)) has the exact expansion (3.4) with 2L <t, then T, f = f.
The following lemma presents a property of 7.
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LEMMA 4.1. Let C(es,r) be the spherical cap with radius r € (0,7) and XY be
a spherical cap t-subdesign induced by a spherical t-design Y, for t > 2L. Given

feC(C(es,r)), let Tof be defined by (4.1). We have (T f, Te [)n <{f, [In.
Proof. By (4.1),

L 2041

(Teb Tl = Y AT ) (To s Tighn = (f Th ) V<L,

=0 k'=1
where the last equality follows from (4.2). We obtain (7, f, 7. f)n = (f, Te.f)n. Thus,

(f=Tfs S =Tfn={f D+ T T fon =20 T f)n = fs Fon =T fs T f)ns
which implies (T, £, 7, f)n < (f, f)u due to (f =T, f, f —To f)n 2 0. 0
Based on Lemma 4.1, we derive the Ly(C(es,r)) approximation error bound.

THEOREM 4.2. Let C(es,r) be a spherical cap with radius r € (0,7) and XY be
a spherical cap t-subdesign induced by a spherical t-design Y, for t > 2L. Given
feC(C(es,r)), we have

(4.3) 172 fllLaeteary) < V21(1 = cosT)]| flloo,

(4.4) ITof = FliLa(etesiy) <2V 2m(1 = cosr) EL(f),

where B, (f) i=infa, ex [1f = Silg iy aea Tl
Proof. Let k=2/(1 — cosr). Inequality (4.3) follows from
4 & 4
ITeFEuctonrn = (Tefs Tefn < (fo fon=— > (F())* < —IflI%, % € A7,

Kn
Jj=1

where the first equality follows from (4.2) and the first inequality follows from Lemma 4.1.
Now we prove (4.4). Let h(x) = ZeLzo Ziiﬁl a1y (x), x €C(es,r), where ay i, € R.
We have
ITef = fllLatetesry = ITe(f = h) + b = fllLa(cies.)

ST (f = W)llesecesryy) + I1h = FllLaceces,r)

4 47 s
< 1 = Bl 4/ T = e =4\f||f—h||oo.
K K K

Since (4.5) holds for arbitrary ayx € R, we choose ay x such that ||f — hllec = EL(f).
We obtain || 7. f — fllL,c(es,r)) <2v/27(1 —cosr)EL(f). The proof is completed. 0O

Note that if h in (4.5) is a zonal polynomial of degree L, then E, (f) is the error
of best uniform approximation to f by a polynomial of degree at most L, and the
convergence rate of E,(f) has been widely studied; see, for example, [4, 13] and
references therein.

In the following, we give the || - ||« approximation error bound on C(es,r).

(4.5)

THEOREM 4.3. Adopt the conditions of Theorem 4.2. Given f € C(C(es,r)), we
have

(4.6) [T flloo < (L4 D[ f]loo
(4.7) ITef = flloe < (L +2)EL(f),

. L 2041
where B, (f) :=1infa, cer [ f =202 Zk:ﬁ aZ,kTKT,k”OO'
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Proof. Let k =2/(1 —cosr), z € C(es,r), be any fixed point and R, = R(0, ¢),
where R(-,) is defined as (2.12) and (6, ¢) € [0,7] x [0, 2] is the polar coordinate of
z, then R,z € S? and

L 2041 4 n
T f@) =3 szf X)) T} (%) | T74(2)
£=0 k=1
n . L 2¢+1 A
T ) 0 Vil e R < 11 Y T Gy, R
j=1 =0 k=1 j=1

2

< leVm | Y G 5 Ra) | =117 ([ G200 Rzt )

j=1
= [|flloVATG1 > (Ry2, Ryz) = (L + 1) || flloos  Xj € XY, y; € Vs

1
2

where the second equality follows from Proposition 2.5, G is defined as (2.3), the
second inequality follows from the Cauchy—-Schwarz inequality, the third equality fol-
lows from the definition of ), and the last two equalities follow from Theorem 5.5.2
in [32]. By the arbitrariness of z € C(es,r), we obtain |7, f|locc < (L + 1)||f]lcc-
Following a similar proof of (4.5), combining (4.6), we obtain (4.7). 0

COROLLARY 4.4. Adopting the conditions of Theorem 4.2, we have

2m(1 — n
W(nCOST);f(Xj) /C(eg,r)f(X)dW(X) <4m(1 —costT)E,(f), x; € X2.

Proof. Let k=2/(1 — cosr). It is easy to see that

L 2041 =
/C(es,r) Tof (x)dw(x) = Z Z (f, TKT,k>n /C(eg,r) Ter,k(x)dw(x) = \/:<f, T()T,1>n

=0 k=1
4m 47
=\ anij T5,1(x5) foy ) X5 € A7,

where the second equality follows from the orthogonality of 7}, and 7§ ; (x) = \/x/(47).
Then, we obtain

A &
n ;f(xj) B /C(es,r) Fln)dw()) = /C(eg,r) 7o () = f(x)dw(x)
<V2r(1 = cos )| Tf = Flliacctess)

<4n(1—cosr)E.(f),

where the first inequality follows from the Cauchy—Schwarz inequality and the last
inequality follows from Theorem 4.2. The proof is completed. 0

COROLLARY 4.5. Let m be an integer and f be an m-times continuously differen-
tiable zonal function with all such derivatives in C(C(es,r)) such that f(x) = g(x-e3),
x € C(es,r), where g : [cosr 1] — R is m-times continuously differentiable. Then,

By (f) =infa, en |f — Spo Snch aenTiplloe <OL™™).
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Proof. We adopt the notations in the proof of Theorem 2.8. Define T7 f(x) =
fcgeg,r)f(Z)VL(RxX'RZZ)dW(Z) vx € C(es,r), where Ry = R(01,¢1) and R, =

R (02, ¢2) with (01,¢1), (02,62) € [0,r] x [0,27] being the polar coordinates of x,
z € C(es,r), respectively, and Vi (-) = Eigl x(%)%&(% where x : [0,00) —

[0,1] is a C* function such that x(s) =1if0<s<1, x(s)=0if s >2,and 0 < x(s) < 1
for 1 <s<2. By (2.5) and (2.11), TT f is a zonal polynomial. Then, by Corollary 4.3

in [4], Bu(f) < |f = 77, 0 flloo < O(L™™). 0

4.2. Sparse signal recovery on the hemisphere. In this section, we apply
spherical cap t-subdesigns and orthonormal functions {TZ ) to sparse signal recovery
problems on C(es, r) with radius r € (0, 7), where the observed data ¢ € R™ are related
to a discrete signal v* € R™ located on a grid X,, C C(es,r) according to

c=Av*+1,

where n € R™ represents the noise and A € R™*" is a system matrix, which can be
defined by a class of functions and a set of points on C(es,r). To recover the signal
v* on C(es,r), we use the optimization problem

(48) i v]g:= S ol sueh that AV —cl; <o,

where 0 < ¢ <1, 0>0,1>1, and the matrix A € R™*" with elements (A)p4s ; =
Ty (x5), X € Xy, £=0,1,..., L, k=1,2,...,20+ 1, m= (L +1)*

Notice that if X, is a spherical cap t-subdesign with ¢ > 2L, we have AAT =
T oeosry L Which follows from the optimization framework in [10] with [ =2.

In this paper, we mainly consider the case that the noise 7 comes from some
heavy-tailed distributions or contains outliers with [ =1. We assume that the feasible
set of (4.8) is nonempty and |/c||; > o so that 0 is not a solution. Notice that model
(4.8) has been well studied in [38], hence we make a simple sketch of the main results
here and refer the reader to [38] for details. By Theorem 2.1 in [38], any solution
of problem (4.8) is on the boundary of the feasible set. It is worth noting that by
Theorems 2.2 and 2.3 in [38], without any condition on A, there is a ¢ € (0,1) such
that for any g € (0, g], every optimal solution of (4.8) with [ =1 is an optimal solution
of the following sparse optimization problem:

(4.9) min [|v]jo =1, |v;|° such that ||[Av —cl|; <o.
veR™

Since problem (4.8) is nonconvex and non-Lipschitz continuous, it is hard to find
an optimal solution. Thus, we will focus on finding a stationary point of (4.8) (see
Definition 3.1 in [38]) by solving a sequence of exact penalty problems of (4.8), i.e.,

4.1 i
(410 Je

vIg +u(l[Av —¢lL = o)+,

where u > 0 is the penalty parameter and (-); = max{-,0}. The exact penalization
results can be found in Appendix C in [38]. Due to the nonsmoothness of both parts
in (4.10), we apply the smoothing penalty method in [38] for finding a stationary
point of (4.8). For details about the algorithm and convergence analysis, see section 3
in [38].

In subsection 5.3, we show that v* can be efficiently recovered by choosing X,, to
be a spherical cap t-subdesign with ¢ > 2L using optimization model (4.8) with [ =1
when the noises 7 follow the Student’s ¢-distribution.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/28/24 to 158.132.161.180 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

SPHERICAL DESIGNS ON SPHERICAL CAPS 2521

5. Numerical simulations. In this section, we present numerical evidence on
the quality of spherical cap t-subdesigns for numerical integration, nonpolynomial
approximation, and sparse signal recovery.

5.1. Geometry of hemispherical t-subdesigns. In this section, we show the
geometrical properties of hemispherical ¢-subdesigns &)Y induced by spherical ¢-designs
YV, with n= (t +1)? [9]. We denote by

h(X)):= sup min_dist(y,x;) and 0(X;):=mindist(x;,x;)
yGSi x_]-EX%’ i#£]

the local mesh norm of XY and the separation distance of XY with respect to S2,
respectively. We know that if V,, = {y1,...,yn} C S? is a spherical t-design, then
the set RY, = {Ryy,...,Ry, } C S? is a spherical t-design for any rotation matrix
R € SO(3). Moreover, 6(¥,) = 6(RY,) for any R € SO(3). Let XY and X be
the hemispherical ¢t-subdesigns induced by a spherical ¢-design ),, and the spherical
t-design R)),, respectively. Then, we have
(5.1) min 0(XY) <H(XY)< max H(ARY).
ReSO(3) ReSO(3)

In the following, we show the separation distance for hemispherical ¢t-subdesigns
XY induced by spherical t-designs )V, for ¢ < 60 in Figure 1. We also show the
separation distance for hemispherical ¢-subdesigns X% induced by spherical ¢-designs
RY,,, where R € SO(3) is randomly chosen. The local mesh norm of hemispherical
t-subdesigns XY estimated by using a set of generalized spiral points [6] over the
hemisphere with 500000 points is shown in Figure 1.

5.2. Numerical integration and nonpolynomial approximation. In this
section we apply the hemispherical t-subdesigns XY (resp., X*¥) induced by computed
spherical t-designs ), (resp., RY,) with n = (¢ + 1)? points to evaluate integration
and nonpolynomial approximation on the hemisphere. We choose the following two
functions,

Fr(x) =(4lx —es]| + 1)((1 = [|lx — es]))+)*,
F2(x) =((0.25 — [|x — %[|*)4)°,

where x € %, x = (1,1,4)/V/18. Note that fi is a Wendland function [36] and has
support C(es,7/3). It is nonsmooth at e and at the boundary of C(e3,7/3). fo is in

Separation distance

Local mesh norm

* h(AD)
- h(Aw)

Degree ¢ Degree ¢
F1G. 1. Left: the separation distance for hemispherical t-subdesigns and corresponding spherical

t-designs witht = (n+1)2. Right: local mesh norm of hemispherical t-subdesigns. Note: color appears
only in the online article.
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the Solobev space H*(S?) for s < 3.5 [22] and has support on a cap C(X, arccos(7/8)) C
Si. It is nonsmooth at the boundary of its support. We also apply spherical cap t-
subdesigns Z>* and Z? induced by ), to evaluate integration and nonpolynomial
approximation of f; and fo on their support sets, i.e., 1 := C(es,n/3) and Qq :=
C(x,arccos(7/8)), respectively. For convenience, we set 1 =4 and kg = 16.

5.2.1. Integration. The approximate values of the integral sz fi(x)dw(x) and
+
fQ’_ fi(x)dw(x), i =1,2, computed by the software Maple are

sz (f1) =To, (f1) = 0.448798950 and  Zgz (f2) = Ta, (f2) = 0.003067963.

We show the absolute errors |Zsz+(fi) -2z ;L:l fix)l, 1Za, (fi) — T‘f:i ;L:l fi(2%)],
xj €EXY, z; € 2", 1=1,2, as a function of degree ¢ in Figure 2. From Figure 2, we
can see that the absolute errors are bounded by v/27||H; f;(x) — fi(x) ”H*?(Si) (t <30),
VT Tefr(x) = f1(x) ||, (& < 30), respectively, and decreases rapidly to around
109 at t = 60. Specifically, the absolute error and Lo error for f, are approximately
zero for ¢t > 3. Combining with Figure 1, we observe that the separation distance of

hemispherical t-subdesigns affects the absolute errors slightly.

5.2.2. Nonpolynomial approximation. In this section, we apply hemispheri-
cal 60-subdesign X3%,, and spherical cap 60-subdesigns 2375, induced by a computed
spherical 60-design Y5721 to consider the nonpolynomial approximation errors for f;,
1 =1,2, on the hemisphere and their support sets, respectively. The Ly norm of the
approximation errors is estimated by

N|=

2T —
[HLfi(%) = fi(x®) |y s2) = gZIfi(Xj)—’HLfi(Xj)IQ X € X37o1,
j=1

[N

SOIfilzh) = Tz | Zhe 2%, i=12.

Jj=1

(T2 fi(x) = fi(%) Ly (0s) =

nkK;

The uniform norm of the approximation errors is estimated by

[He fi(x) = fi(x)] A max | fi(x) = Ho fi(x)],
72 fi(2) = fi(2)]l ~ max fi(z) = T fi(z)], i=1,2,
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Fic. 4. Estimated approximation errors for fo. Note: color appears only in the online article.

where X° C S2, 20 C Qy, 29 C Q are sets of generalized spiral points [6] with 500000,
250000, 62500 points, respectively.

The approximation errors for f; and fy at every L < 30 are shown in Figures 3
and 4. From Figures 3(a) and 4(a), we observe that the Lo errors are bounded
by uniform errors. In Figures 3(b)—(c) and 4(b)—(c), we show the pointwise errors
|H, fi(x) — fi(x)] over X°, |T.fi(z) — fi(z)| over Z for L =30, i =1,2. We observe
the uniform error for f; attained at es and the uniform error for f; attained at a point
around the boundary of spherical cap C(X,arccos(7/8)). Specifically, the pointwise
errors for fy estimated on Z3 are approximately zero. Besides, the separation distance
of hemispherical t-subdesigns does not affect the approximation errors.

We further compare the numerical integration and approximation of f; and fs
over three different domains, i.e., S*, S1, 1, and Q,, using spherical harmonics {Y, }
and a spherical t-design Y, orthognormal functions {Hpy }, and the hemispherical
t-subdesign XY induced by Y, orthognormal functions {Téf &> and the spherical cap t-
subdesign ZY-* induced by Yy, ¢ = 1,2, respectively. The results are shown in Figure 5,
where the left column is the absolute error of numerical integration, the middle column
is the Lo approximation error, and the right column is the || - || approximation
error. We observe that the approximation over their support sets achieves the smallest
absolute error of numerical integration, Ly, and | - ||s approximation errors. Thus,
both spherical cap t-subdesigns and orthonormal functions {T[,k} are promising for
numerical integration and approximation of functions over spherical caps.

5.3. Sparse signal recovery on the hemisphere. To construct the matrix
A and vector c¢ in optimization problem (4.8), we choose the following four point sets
Yn on the sphere to derive point sets XY on the hemisphere:
e Spherical t-designs (SF).
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TABLE 1

30 0 10 20
Degree L

The four point sets on the hemisphere.

Node n  t  h(XY) §(XY) 82 omax(A)/omin(A)
sSF 1014 44 01107 18e2  0.58 1.0000
sMD 1024 31 0.1167 1.6e-2 0.49 1.0605
STP 1024 30 0.0987 48e3  0.15 3.7733
sGL 1058 45 0.0726 9.9e-3  0.32 3.0508

e Maximum determinant (MD) points [33, 39]: the set of points {y1,...,yn} C
S? which maximizes the determinant of Y'Y, where (Y)eeqr; = Yor(y;),
£=0,1,...,t, k=1,...,20+1, j=1,...,n.
e Tensor product (TP) points: the set of points equally spaced in polar angle
¥ €10, 7] and azimuthal angle ¢ € [0, 27), i.e., ¥; = %‘gl), 1=0,1,...,n9—1,
p; = ?, j=0,1,...,n4 — 1, which give n =nyng distinct points on S2.
o Gauss—Legendre (GL) points [35]: the set of points uses Gauss—Legendre
points with cosd € (—1,1), ¥ € [0, 7], and equally spaced points in ¢ € [0, 27).
We denote by sSF the hemispherical ¢-subdesign induced by SF. Similarly, we denote
by sMD, sTP, and sGL the point sets on Sf_ induced by MD, TP, GL, respectively in
the same way as in Definition 1.1.

The four point sets SF, MD, TP, GL on the sphere were compared in [11] for
sparse signal recovery on the sphere. We show some properties of the four point sets
sSF, sMD, sTP, and sGL on Si in Table 1, where opax(A) and omin(A) are maximal
and minimal singular values of A € R(E+1)*xn generated by the four point sets and
{Hp} with L = 15, respectively. In Table 1, the local mesh norm of the four point
sets is estimated using spiral points [6] over the hemisphere with 500000 points. In
Figure 6, we show the separation distance §(X?) as a function of the number of points
n for sSF, sMD, sGL, and sTP. We show the distribution of points on Si in Figure 6.

We apply the smoothing penalty method (SPeL1) proposed in [38] to solve prob-
lem (4.8) with =1, and Algorithm 4.1 in [11] to solve problem (4.8) with [ = 2.

In the numerical experiments, we first generate A using sSF, sMD, sGL, and
sTP as in subsection 4.2 with L = 15, respectively. Next we randomly choose a subset
Ic{1,2,...,n} of size |I| with the uniform distribution and generate a vector u € Rl!
with independent and identically distributed standard Gaussian entries. Then, we
define the sparse vector v* by setting vi =u and vj. =0, and set ¢ = Av*+0n, where
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Fi1G. 6. The four point sets on the hemisphere (left) and their separation distances (right).
Note: color appears only in the online article.

TABLE 2
Signal recovery on the hemisphere with different nodes: ||[v*|jo =|I| =120, ¢=0.5, and § =1073.

Nodes n Feasibility [v* —¥]| Rank I¥]lo [v*& ¥ |0 False
Problem (4.8) with [ =1 solved by SPeL1 in [38§]
sSF 1014 0 0.85 133 133 114 6
sMD 1024 0 4.48 200 200 87 33
sGL 1058 0 3.18 129 129 86 34
sTP 1024 0 3.11 115 115 85 35
Problem (4.8) with [ =2 solved by Algorithm 4.1 in [11]
sSF 1014 2.4e-16 2.70 161 161 94 26
sMD 1024 1.0e-16 4.79 196 196 83 37
sGL 1058 0 3.80 144 144 76 44
sTP 1024 0 5.05 137 137 67 53

0 >0 is a scaling parameter and 7 is the noisy vector with each entry independently
following Student’s t(2)-distribution. Finally, we set o = d||n||; for I =1,2.

The numerical results are presented in Table 2, where v denotes the recovered
signal, “rank” is the rank of A ; with J = supp(v), “feasibility” is given by max{||Av —
c|li — 0,0}, and ||v* & v||p denotes the number of nonzero elements of v* and v in
common and “false” denotes the number of elements that v* is zero while v is nonzero.

We also show the recovered signals and pointwise errors by using SPeL1 for
problem (4. 8) in Figure 7, where the first column illustrates the function values

fx5) = 32,2, i“l cenHok(x5), x; € XY obtained from the noisy coefficients ¢
and the four point sets. From Table 2 and Figure 7, among the four point sets,
the hemispherical t-subdesign (sSF') induced by spherical ¢-designs performs the best
regarding the recovery error and the position of nonzero elements.

6. Conclusion. We first introduce a new set of points on the spherical cap
C(es,r), r € (0,7), and call it the spherical cap ¢-subdesign induced by the spherical
t-design in this paper. Using the relation between spherical harmonics and orthonor-
mal functions {7}, } established in section 2, we present an addition theorem for
{17} and show that the spherical cap t- subdes1gn provides an equal weight quadra-
ture rule integrating exactly all zonal polynomials of degree at most ¢ and functions
expanded by {77, } derived from Legendre polynomials of degree at most ¢ on C(e3, 7).
Moreover, we apply the spherical cap t-subdesigns and {TZ ) for nonpolynomial ap-
proximation on C(es,r), and derive error bounds for the approximation. We also
apply the spherical cap t-subdesigns to recover sparse signals on C(esz,r). Our theo-
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F1G. 7. Recovery results by the four point sets sSF (row 1), sMD(row 2), sGL(row 3), and
sTP(row4). The function values from noisy coefficients, the true signals, the recovered signals, and
the pointwise errors are given in columns 1 to 4 at these points, respectively. Note: color appears
only in the online article.

retical and numerical results show that the spherical cap t-subdesigns are promising
for numerical integration and approximation on C(es, 7).

Appendix A. Slepian functions on north polar caps C(es,r)]. In this
appendix, we give a brief introduction to Slepian functions [30] on C(es,r) with r €
(0,7].

For any t € N, let d; := (t + 1)? and D € R%*4 with elements

(Al) (D)22+k,€/2+k’ :/ ngk(x)Y@/yk/(x)dw(x),

C(937’I‘)
60 =0,1,...t, k=1,2,...,204+1, ¥ =1,2,...,2¢/ + 1. From [30], D is a real,
symmetric, and positive definite matrix whose eigenvalues satisfy 1 > Ay > .-+ >
Ad, > 0 with corresponding eigenvectors vi,...,vq,. (We choose vi,...,vg4, to be

orthonormal.) The Slepian functions [30] are defined by

t 2041
(A.2) Si(x) =YY i Ver(x), i=1,2,...,d VxeS?,
£=0 k=1
where v; = (Ué’l,v’iﬁl,vb,v’iﬁg,...,vg,QtH)T € R% are the eigenvectors of D. The

Slepian functions are polynomials of degree <t and admit the following property
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(A3) /C( S8, )0 = Ay, /5 (x)deo(x) = 5.5.

Therefore, for any polynomial p € P;(S?), there are unique {ay x} and {8;} such that

t 20+1

ZZOZMYM Zﬂz ((x) vxeS%

£=0 k=1

Moreover, 3; = ZZ ()Zk LoVl =1, dy.

It is worth noting that fC(es,r Yo i (x )Yp)k/ (x)dw(x) =0 for k £ k', thus D is a
sparse matrix. Following our discussions in section 3, letting Z . be a spherical cap
4t-subdesign induced by a spherical 4¢-design ),,, we obtain

n 0+0

2m(1 — cosr
(D)€2+k,é’2+k = (7 Z Z Cyr, 1)/2” 1 ZZ) i € Z’r)L]W
5//7

where cpr ;1 = %Z?Zl Yor(yj)Ye 1(y;)Yer 1(y5), ¥ € Vn. Thus, we obtain exact
discrete D on C(es,r) for any t € Ny.
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