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Abstract

Soil surface erosion can shape the morphography of rivers and estuaries in the natural environment and induce high potential
risks to structures in engineering. Numerical simulations based on continuum mechanics theory can provide reliable assess-
ments of the evolution of surface erosion from the perspective of a large-scale view. However, current studies on continuum
mechanics-based modelling are still limited. This paper comprehensively reviews such numerical simulations of soil sur-
face erosion. This review begins by discussing the fundamental physical mechanisms of surface erosion. Subsequently, it
explores the basic physics-based conservation equations controlling soils and fluids in surface erosion. Then, the empirical
formulae depicting the different stages of surface erosion are presented. Building on these mathematical foundations, this
paper reviews various numerical methods for surface erosion modelling from a continuum mechanics perspective. Finally,
this paper discusses the advantages and limitations of the numerical methods. This work can provide researchers conveni-
ence for using numerical models on surface erosion simulations.

1 Introduction

Soil erosion is a process in which flow water flow carries soil
particles away. It is generally divided into internal erosion
occurring inside the soil (refer to [1-4]) and surface erosion
happening at the surface of the soil [5—7]. This process dif-
fers for sands and clays due to their different permeability
properties. Non-cohesive soils are generally more vulner-
able to surface erosion compared to cohesive soils [§—10].
Accordingly, this paper mainly focuses on the surface ero-
sion of non-cohesionless soils.

In the natural environment and engineering field, vari-
ous macro phenomena (e.g., riverbed erosion, beach erosion,
overtopping, and local scour) (see Fig. 1) are associated with
surface erosion.

These phenomena can be briefly described as follows:
(i) Riverbed erosion (see Fig. 1a): Also known as sedi-
ment transport in river hydraulics, which has created the

P< Zhen-Yu Yin
zhenyu.yin @polyu.edu.hk

Department of Civil and Environmental Engineering, The
Hong Kong Polytechnic University, Hong Kong, China

Research Centre for Nature-based Urban Infrastructure
Solutions, The Hong Kong Polytechnic University,
Hong Kong, China

morphography of rivers and estuaries in the natural envi-
ronment. (ii) Beach erosion (see Fig. 1b): This occurs on
beaches and plays a crucial role in shaping shoreline con-
figurations [11]. (iii) Local scour (see Fig. 1c): in local
scour, the flow is obstructed by structures, which leads to
the increased flow velocity to bring soil particles away. It can
induce instability of the foundation in offshore geotechnical
engineering or bridge engineering [8, 12—18]. According
to the National Cooperative Highway Research Program
(NCHRP) of the United States [19], over 800 bridge failures
from 1996 to 2005 were attributed to the hydraulic erosion
problem and insufficient scour protection (see Fig. 2). And
the foundation design code [20] also emphasises the sig-
nificance of estimating local scour. (iv) Overtopping (see
Fig. 1d): Commonly observed in dams (e.g., the earth dam,
tailing deposition embankment, and landslide dam) where
the downstream flow brings soil particles away. It is reported
that more than one-third of dam failures were caused due to
overtopping [21, 22]. Additionally, over 90% of the recorded
landslide dam failures were induced by overtopping [23].
Given the impact posed by surface erosion on the natural
environment, there is an urgent need for an accurate estima-
tion of the evolution of surface erosion.

Accurate estimation of these macro phenomena requires
a comprehensive understanding of the physical mechanism
of surface erosion (see Fig. le, f). In recent years, many
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Fig. 1 Macroscopic phenomena with surface erosion: (a) River-
bed erosion (https://nhcweb.com/projects/naches-river-morphodyna
mics-and-sediment-transport-study/); (b) Beach erosion (https://
damfailures.org/wp-content/uploads/2015/07/Design-Flood-2.jpg);
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Fig.2 Number of bridge failures from 1996 to 2005 (total 1502) in
USA [19]

studies (e.g., [24-32]) have adopted experimental meth-
ods to investigate surface erosion. These experiments have
successfully unveiled some fundamental mechanisms of
surface erosion and provided practical formulae for pre-
dicting the evolution process of surface erosion. How-
ever, experimental investigations face challenges, such
as the inability to replicate the influence of real water
depth [33-35]. Alternatively, numerical modelling, due
to advantages such as cost-effectiveness, accessibility to
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(¢) Local scour [192], (d) Overtopping [193], (e) Movement of soil
particles during surface erosion [23] (f) The mechanism depicting the
evolution of surface erosion [23]

challenging environments, and repeatability, turns out to
be a good complement.

Currently, numerical simulations on surface erosion
mainly rely on the non-continuum and continuum mechan-
ics. The former is primarily achieved through methods such
as the discrete element method (i.e., DEM) (e.g., [36—41]),
and is applicable at microscopic or mesoscopic scales. While
the latter often employed methods such as the finite element
method and finite volume method, are well-suited for solving
large-scale problems (refer to [33-35, 42—-49]). For a typi-
cal boundary value problem like surface erosion, continuum
mechanics-based approaches appear to be an advantageous
choice to provide large-scale estimation in the engineering
field. As a result, this paper aims to give a comprehensive
review of surface erosion simulation based on continuum
mechanics. Through this review, we provide insights into
the basic mechanisms of surface erosion, mathematical
equations depicting these mechanisms, and the continuum
mechanics-based numerical approaches to solve these math-
ematical equations.

Figure 3 shows the framework of this review: Sect. 2
gives a basic understanding of the physical process of sur-
face erosion. Section 3 discusses the soil, hydraulic, and
structure conditions during surface erosion. Section 4
describes fundamental mass and momentum conservation
equations for the soils and hydraulic conditions, followed
by Sect. 5, which presents empirical formulae describing the
various stages of erosion. Section 6 presents available con-
tinuum mechanics-based numerical approaches to solving
prescribed mathematical equations. In Sect. 7, we discuss
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the limitations and challenges of surface erosion simulation
approaches. The review concludes with Sect. 8.

2 Physical Process of Surface Erosion

Understanding the basic physical process of surface erosion
is fundamental to establishing adequate mathematical equa-
tions for a realistic numerical simulation. Accordingly, this
section comprehensively reviews the fundamental mecha-
nisms underlying surface erosion.

2.1 Initiation Stage

The surface erosion process, i.e., the movement of soil parti-
cles due to the flow, can be divided into three stages: initia-
tion, transport, and sedimentation [6].

The initiation stage of surface erosion marks the onset
of particle movement, a stage intricately linked to the
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equilibrium between the hydraulic forces and the resist-
ing forces (e.g., due to interparticle interactions) acting
on a particle. Surface erosion is triggered once the former
overcomes the latter [50]. This process is highly complex,
mainly influenced by hydraulic conditions and soil proper-
ties, because hydraulic conditions (e.g., laminar or turbu-
lent flow conditions) determine hydraulic forces acting on
the particle and soil properties can affect the intergranular
interactions, primarily particle collisions for sands. It is
worth noting that the non-uniformity of soils makes the
initiation a stochastic process [51]. Especially under com-
plex turbulent flow conditions, this stochastic initiation
may involve simultaneous initiation of large and small
particles or a sequential initiation where small particles
move before large particles [51].

The momentum conservation equation Eq. (1), which
describes the equilibrium of soil particles in flow, can be
utilised.
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where m,, denotes the mass of the particle; u, is the velocity
of the particle; F,and F), represent the overall particle—fluid
interaction force and particle—particle interaction force (i.e.,
both are surface forces acting on the particle), respectively.

The particle—particle interaction force F), is generated
once the particle contacts other particles. The particle—fluid
interaction forces significantly influence particle movement
[52-54]. As is shown in Fig. 4, different particle—fluid forces
have been considered in existing literature for laminar flow
conditions, including drag force, pressure gradient force, vir-
tual mass force, Basset force, Saffman force, and Magnus
force. Among them, the drag force and pressure gradient
force are significant in particle—fluid interactions. The virtual
mass force and Basset force are related to the acceleration or
deceleration of the particle. The Saffman force and Mgnus
force are typically lift forces for the particle.

The drag force is generated by the relative velocity
between the particle and fluid, which mainly contributes to
particle kinematics. It can be calculated using the following
widely accepted equation [52]:

Particle-fluid interaction forces

where uyand u, denote the velocity of the fluid and particle,
respectively; fq.,, is the coefficient representing the momen-
tum transfer between the particle and fluid. One equation for
the coefficient f3;,,, is expressed as %CdA pr|uf - up| [55], in
which C, denotes the dimensionless drag coefficient, a
parameter that varies with Reynolds number R,, A is the
projected area of the particle in the flow direction (calculated
as zd?*/4); pyis the density of the fluid. Note that the drag
coefficient C,; can be estimated by many empirical formulae
in existing studies (Detailed formulae can be found in Zhao
et al. [54]).

The pressure gradient force is due to the pressure gradient
in the flow field, which is expressed by:

Fop ==V, Vp 3)

where V), is the volume of the particle. Vp is the total flow
pressure gradient consisting of the hydrostatic and hydrody-
namic parts, and the hydrostatic part in Eq. (3) represents the
buoyancy force. Idealising the soil particle into a sphere, the
submerged weight F; can be obtained as:

(a) Drag force (b) Pressure gradient force
/\»\u’!
/\w Lower pressure Higher pressure L Non-negligible
U~y Uy forces
_— F,
F,, <
(c) Virtual mass force (d) Basset force -
Viscous fluid
Virtual mass A
F,, > | Due to the
Fhas acceleration of
Uty \/ deceleration of the
v particle
(e) Saffman force (f) Magnus force
F F Ma,
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velocity
Lift force
VLOWGI‘ flow v
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Fig.4 The schematic diagram of particle—fluid interaction forces
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where d is the diameter of the soil particle, y, and y,are the
unit weight of the particle and fluid, respectively.

Detailed expressions for other forces are given in
Table 1. Specifically, the virtual mass force is a result of
the acceleration or deceleration of the particle: the par-
ticle experiencing the acceleration or deceleration will
influence the state of the surrounding fluid, which can be
regarded as a virtual additional mass for the particle (see
Fig. 4c). The Basset force is generated due to the hyster-
esis phenomenon in the viscous fluid layer surrounding
the particle. It considers the effect of the viscous fluid’s
history on the particle (also known as the history force)
(see Fig. 4d). The Saffman lift force (1965) is a result of
the pressure difference between opposite sides of the par-
ticle, corresponding to the velocity difference according to
Bernoulli’s principle (see Fig. 4e). The Magnus lift force

is related to the Magnus effect: when the particle rotates
in the flow field, it generates a lift force perpendicular to
the direction of the flow field (see Fig. 4f).

In addition to the above particle—fluid interaction forces
highly related to laminar flow conditions, turbulence also
plays a crucial role in the initiation stage. As flow velocity
increases and transitions to a turbulent regime, small eddies
form around particles. The interaction of these turbulent
vortices with the particle boundary reduces pressure on the
boundary, resulting in a pressure difference across the parti-
cle. This pressure imbalance greatly adds to the initiation of
erosion [56]. Consequently, the influence of small turbulent
eddies must be accounted for when describing the initiation
of particles in turbulent flows.

2.2 Transport Stage

Once the particles start moving, they can be transported
via either the bed-load transport type or suspended-load

Table 1 Summary of particle—
fluid interaction forces in the

Force

Equation

References

existing literature Drag force

Fdrag = ﬁdrug(uf - up)
1
Birag = 5Capyiy =ty

Zhao et al. [54]
Sun and Yu, [55]

C,: the drag coefficient

Pressure gradient force
Virtual mass force

FVP = —Vpr
P
F,, = Cvir/]_;mp(uf — Mp) Zhao et al. [54]

Zhao et al. [54]

C, .. the correction factor

vir:

Basset force Fpp =
as

32
=d
27p

Reeks and Mckee [196]

1 du—v,)/dx,

7,: the Stokes relaxation time

Saffman force

Magnus force

Fyye = Cp /o d® (up — ) X (V X )|V X u|
C,: the Saffman force coefficient

Fytag = §d3pf[(%v X g — w,) X (g — )]

Saffman [197]
Harris and Davidson, [104]

Crowe et al. [77]
Nasrollahi et al. [99]

Fig.5 The bed-load transport
and suspended-load transport in
surface erosion
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transport type, depending on the hydraulic condition (see
Fig. 5). Bed-load transport describes particles transport
along the mudline through processes such as rolling, sliding,
and saltating. In contrast, suspended-load transport refers
to the particles entering the fluid medium and remaining
suspended in the flow [6, 51, 57]. Particles transported via
the bed-load type contribute 5-10% of the total sediment
transport in a stream [6], indicating that a notable propor-
tion of soil particles detach from the surface into the fluid.

The bed-load and suspended-load transport undergo
transitions between each other as flow conditions change
[6, 18, 23]. Bed-load transport particles can shift into the
suspended-load type when the upward hydraulic force act-
ing on a particle becomes dominant in the vertical direction
among other forces, a phenomenon known as suspension
or entrainment. Conversely, as the flow velocity decreases,
gravity becomes dominant in the vertical direction, and sus-
pended-load transport particles settle back to the riverbed in
a process known as deposition. Eventually, these settled par-
ticles become static again, marking the end of their journey
in the ocean (i.e., the sedimentation stage).

3 Important Factors in Surface Erosion

Three main factors, including the soil, hydraulic and struc-
ture conditions, should be considered in simulating the
physical process discussed in Sects. 2.1 and 2.2.

3.1 Soil Condition

Figure 6 simplifies the complex surface erosion process by
assuming a horizontal mudline. At the same time, some soil

particles are eroded from the soil layer while other parti-
cles settle down, resulting in an eroded surface (i.e., the
upper bound of the soil layer and the bottom bound of the
fluid layer). In addition, there is a small portion of erodible
particles that have not yet detached the mudline and a sig-
nificant amount of non-erodible particles which contribute
intergranular forces to the erodible particles to prevent them
from erosion. Note that non-erodible particles may experi-
ence disturbance due to possible changes in the stress history
[58, 59, 59].

3.2 Hydraulic Condition

The primary considerations of the hydraulic condition in
surface erosion include currents and waves [8, 60-62]. Cur-
rents refer to the flow of water in a specific direction, while
waves are defined as disturbances travelling inside the fluid,
usually occurring at the water—air interface. Currents are
generally described by a constant flow velocity, while waves
are usually characterised by the wavelength, frequency, and
amplitude. Waves can make the riverbed susceptible to sus-
pension by providing a strong periodic drag force [8]. It is
worth noting that the current-wave coupling conditions are
more common in practical conditions. A detailed description
of fluid conditions influencing surface erosion can be found
in Li et al. [8]. To consider the hydraulic condition, theoreti-
cal conservation equations based on continuum mechanics
are the prevalent choice in existing studies (refer to Sect. 4).

3.3 Structure Condition

The presence of structures can affect the erosion pro-
cess, where the structures mainly are marine pipelines,

—— Erosion surface
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Fig. 6 Different soil particles during surface erosion
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Fig.7 Surface erosion with Pipeline

Monopile Jacket foundation Mooring system

different structures [44, 191,

194, 195] (@)
Air
layer

Fluid

layer

Soil

layer Iy} °
0000000000000
YT Y Y Y YT Y Y Y 1)

foundations (e.g., the suction caisson, monopile, and jacket
foundation), and mooring system, as is shown in Fig. 7. The
behaviours of surface erosion with different structures are
described as:

(a) Pipelines and fixed foundations (see Fig. 7a—c): When
the flow is disturbed by the structures, three types of flow
were identified: (i) downward flow in front of the struc-
ture; (ii) the horseshoe vortex in front of the structure
base; (iii) the vortex at the back of the structure [8, 14,
18]. These different types of flow play a significant role
in the formation of scour holes [8, 18]. Note that pipeline
spans may experience vortex-induced vibration (VIV),
which induces a deeper erosion hole than the fixed pipe
[63].

(b) Mooring system (see Fig. 7d): the mooring line link-
ing upper floating structures and lower anchors is seen as
a dynamic structure because the floating structure drives
the mooring line to move back and forth in large ampli-
tude [64]. The mooring line repeatedly cuts into the sea-
bed and simultaneously induces current turbulence near
the seabed, leading to the formation of seabed trenches
(see Fig. 7d).

4 Physics-Based Mathematical Model

Mathematical models depicting surface erosion can be cat-
egorised into physics-based and empiricism-based math-
ematical models. The former essentially refers to the mass
and momentum conservation equations of soils and fluids,
while most equations in the latter are empirical to depict the
initiation and transport stages of surface erosion (in Sect. 5).
We will focus on physics-based governing equations for soils
and fluids in this section.

(b) ©

()

At the macroscale, various mathematical models are
employed to describe soils and fluids in surface erosion in
existing literature, as illustrated in Fig. 8. Some studies adopt
equations tailored for one-phase media, i.e., using one-phase
solid media to represent soils and treating fluid conditions as
one-phase flow. However, a more effective approach is treat-
ing soils in the ocean as saturated porous media consisting of
the solid skeleton and pore fluid. Additionally, the hydraulic
condition is frequently modelled as a two-phase flow media,
incorporating eroded solid particles carried by the water
flow. The two-phase flow and saturated porous media can
be seen as a multiphase mixture in existing literature.

4.1 Equations for One-Phase Media
4.1.1 Equations for Fluids as Single-Phase Flow

In describing the behaviours of the fluids, the Navier—Stokes
equations are the mainstream choice. However, when tur-
bulent flows need to be considered, using NS equations can
lead to an extensive computational burden. To overcome
this difficulty, the Reynolds averaged Navier—Stokes equa-
tions, which first integrate the NS equations with respect
to time and then average them against time, are usually
adopted to save the computational cost (e.g., [33-35, 42-44,
46-49]). Due to the time-averaging operation, the number of
unknown variables has increased to more than the number
of equations. Thus, the RANS equations can only be solved
by combining them with complementary turbulence models,
such as the Spalart—Allmaras, k-¢, k-@, and Reynolds stress
model (RSM).
The RANS equations are given as:

dp  Opy;
—_ + _—
Jt  0x;

L

=0 &)
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Fig. 8 Different treatments for soils and fluids at the macroscale

ou; ou; 1dp 0 ou;  oup\
E +I/tja—xj = —;a—.XI + a—x] |:V<a—x] + a—XI> - uiuj] +gi
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where u; is the fluid velocity; p denotes the fluid pressure;
v is the kinematic viscosity; g is the gravitational accelera-
tion; u;u; is the Reynolds stress, representing the influence
of turbulent.

Following the Boussinesq-approximation [65, 66], the
u;u; can be written as:

ou. Ou;
—uu; = v,<i + —’) + %k&,j

/ ox;  0x;

@)

where §;; is the Kronecker delta; v, is the eddy viscosity,
which can be calculated by the k-0 model [67]:

v, =kf/w 8)
ok ok 0 Vi \ ok
B =L (v+ 2 )& 4P -k
or 1 ox;  ox; [(V 6k> 0)9] & = bk ®)
ow ow d Vi \ dw 0] 2
— 4t U — = — + — | —| + —pP, -
or T ox T oy, [(V aw> axj] @ Pe= b (10)
_ dui aui + auj
T Lo T o, (o

where k is the turbulent kinetic energy density; o is the
specific turbulent dissipation rate; P, is the production of
turbulent kinetic energy; Parameters o, and o, represent the

turbulent Prandtl number for kinetic energy and specific rate

@ Springer

of dissipation, respectively;  is a model constant, determin-
ing the contribution of the production of turbulent kinetic
energy P, to the production of specific rate of dissipation;
represents the ratio of the production of w due to the mean
velocity gradients to the destruction of w; f, is a model con-
stant associated with the pressure-strain correlation, detailed
values of these parameters can found in Ahmad et al. [65].

4.1.2 Equations for Soils as Solids

The momentum conservation for solids can be expressed

as Eq. (12). Note that this equation is more suitable for

continuous material without porosity.

do’.
ij

0xj

+ 0,8 — Py = 0 (12)

where p, is the soil density, a, is the acceleration of the solid,
and g; is the acceleration due to gravity. ¢° is total the soil
stress tensor, which can be effectively expressed via the con-
stitutive models (e.g., [68—73]) to reproduce the relationship
between stress and strain.

4.2 Equations for Multi-Phase Mixture

Equation (1) explains the mechanics of surface erosion
at particle scale. Equations (5, 6, 7, 8, 9, 10, 11) describe
the behaviour of fluid without the disturbance of eroded
particles. Equation (12) explains the behaviour of solids
without considering the pore pressure. These cannot effec-
tively describe the real behaviours of soil and hydraulic
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conditions in surface erosion at the macroscale. Accord-
ingly, equations for multi-phase mixtures at the macroscale
are introduced in this section.

4.2.1 Equations for Fluids as Two-Phase Flow

A continuum-based approach established on the theory of
multiphase flows is usually adopted to depict the behaviours
of the particle—fluid mixture (e.g., [52, 74-85]). Among
them, Aderson and Jackosn [74] adopted a volume-averag-
ing technique to describe a system of particles and fluids
in an average sense (see Fig. 9). By the volume-averaging
technique, they used conversation equations to capture the
behaviours of eroded particles and fluid phases within the
fluid system by treating the solid phase as a fluid-like phase.
Accordingly, this approach is called the two-fluid or two-
phase flow model in the existing literature.

Following the work by Aderson and Jackson [74], Var-
doulakis et al. [86] employed continuum-based mathemati-
cal models depicting sand production (i.e., sand particles are
carried along with the produced oils in petroleum engineer-
ing) involving three phases: solid, liquid, and a fluidised
solid phase representing eroded sands; Ouriemi et al. [87]
earlier adopted a two-phase flow model modified by some
closures to depict sheet flow (i.e., the flow of water with high
bed shear stress over a uniform layer, resembling a sheet)
in sediment transport of river hydraulic. Recent years have
witnessed wide applications of numerous two-phase flow
models for debris flow (e.g., [83, 84, 88, 89]). In this sec-
tion, the fundamental conservation equations controlling the
particle—fluid mixture [74] will be discussed.

In conservation equations describing the transport of parti-
cles in flow, two phases are considered: the solid phase and the
fluid phase. The space occupied by the solid phase is expressed

Fig.9 Illustration of the

The occupied part

by a volume fraction ¢, while that of the fluid phase is 1-¢.
Both solid and fluid phases are controlled by the mass and
momentum equations in an average sense, and their coupling
is achieved by particle—fluid interaction terms. The mass con-
servation equations are given as follows:

opp,  Odul
AL T
ot + ox; 3)

2

J(1 — — g
( @W+“1¢M:0
ot ox;

1

(14)

where s and f denote solid and fluid, respectively; uj and

u’; denote the particle and fluid phase mean velocity,
respectively.

Moreover, momentum conservation equations for fluid and
solid phases are:

o du‘v] Jo:

i s i ij
d) — 4+ —| = d)— + d) .+
Ps [dt u, aJ axj Ps8i f; (15)

of od] o
pr(l —¢) E-'- ia_)cj —(1_¢)a_xj+(1_¢)pfgi_fi
(16)

where p* and p/ represent the particle and fluid phase density,
respectively; a;, o{;, and f; are closure terms in above equa-
tions. afj and a:; denote the particle and fluid stress tensors,
respectively, which have the isotropic part and deviatoric

parts as shown below:

Gl.sj = —ps(sl-j+T;. (17)

Continuous fluids averaged

volume-averaging technique with fluids over the volume
(following [52])
averaging
— TS —
Particles + Fluids averaging Interpenetratlng
— — — continuum
The occupied part Continuous particles

with particles

averaged over the volume
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ol =—plo;+7 (18)

where p* and ‘L'; are the isotropic stress and deviatoric stress
of the particle .ﬂuid, respectively; p/ and T; denote the iso-
tropic stress and deviatoric stress of the fluid, respectively.
These four terms are effectively expressed by the related
constitutive model (i.e., the relation between stress and strain
rate for the fluid) (e.g., [87, 90, 91]).

f; is the particle—fluid interaction force in the averaging
volume, related to the particle—fluid interaction force F [ in
Eq. (1) at the particle scale. Existing studies (e.g., [75, 87,
91-94]) usually calculate f; by considering the pressure gra-
dient force V - (p/) and drag force f;,,,:

=0V () +fiag (19)

] d

where v{ is the turbulent viscosity; S, is the Schmidt number,
and K is the drag parameter:

K= o.75cd% I = || (1= ) ee, @l

where C, is the drag coefficient, expressed by an empirical
equation as follows:

22(1 +0.15Re%7), Re, < 1000
— Rep P (22)

7 044, Re, > 1000

where the particulate Reynolds number Re, is defied
as:Re, = (1 — @)||w' — ||d/V/ (in which V' represents the
fluid kinematic viscosity).

4.2.2 Equations for Soils as Saturated Porous Media

Soils in the ocean can be regarded as saturated porous
media, a two-phase mixture consisting of the solid skeleton
and pore fluid. Biot [95] first proposed governing equations
for saturated porous media, which have been widely adopted
in numerous studies to investigate soil behaviours. Equa-
tions proposed by Biot [95] can be entirely established on
the volume averaging idea in the two-phase flow. The deri-
vation process is based on the principle of effective stress,
constitutive model, and conservation equations of mass and
momentum, with the last being derived directly from equa-
tions for two-phase flow.

The conservative equations for saturated porous media
can be derived from equations for two-phase flow. The
differences between them are: (i) The Eulerian description
should be transformed into the Lagrangian description. (ii)

@ Springer

The particle stress o-;.; should consider the effective stress

principle. (iii) The particle—fluid interaction force only
considers Darcy’s law. Although most studies do not dis-
tinguish these points, we think these two sets of equations
are different herein.

Accordingly, replacing the volume fraction ¢ in the
Egs. (13, 14) as 1 — n (where 7 is the porosity) obtains the
mass conservation equations for saturated porous media:

a )0p5+(1 )%uf _ 0 ’
) ok, (23)
dp 6puf.

n—L yn—LL — 24)
0 0x;

Equations (15, 16) by taking: (i): The convective terms
(0t / o)1 (o] [ 0x; ) in Eq. (15, 16) are ignored in the
saturated porous soils. (ii): The solid stress 63 is expressed
as g0’ = (1 —n)o}, = a;f — (1 —n)p,,8; (Where a;f is the
solid effective stress can be expressed an effective constitu-
tive model) according to the principle of effective stress.
(iii): The fluid stress tensors cr; is simplified into —p,,; (iv):
The particle—fluid interaction force f; is taken as the drag
force which is expressed as f; =r,i=r, <n<u{ - uj)/k)
(where k is the Permeability coefficient) according to the

Darcy’ law. We can obtain the momentum conservation
equation for the saturated porous media:

ou’ a(U;/ - (1 - n)pw(sij)

a- n)pSa—l =(-n————
g ¥ (25)

(i - )
+ (1 —n)p,g; +r1,
k
o -1)

pfn—' =-n——+tnpg —r, (20

An isotropic ideal elastic constitutive model consider-
ing the compressibility of the solid by the pore pressure is
adopted, which is expressed as
of = 2ue; + A8 + (1 — @)8;p,, (Where a = 1 — Kp /K
is the Boit parameter, K; and K are the bulk modulus of
solid skeleton and solid particle, respectively;
Kr=4- 2/1‘;/3 A and p, are the Lame parameters in elas-
tic theory).

Combining Eq. (23) with Eq. (24), the mass conserva-
tion equation for the mixture is expressed as:

Pu o au’f 0 27)
M+(a—n)$+na—xj =

1
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where 1 /M = a — n/KS + n/KW, K, is the bulk modulus
of water.

Combining Eq. (25) with Eq. (26), the momentum con-
servation equation for the mixture is expressed as:

ol ou do;;

4= = pe 4 —2 28
ar+( n)psat pg,+axj (28)

pen

where o is the total stress for the mixture expressed as

o; =(1- n)afj + na;

The above basic equation for the saturated porous media
can be expressed by three types: (1) the u—p formulation;
(2) the u—U formulation; (3) the u—U-p formulation (where
the velocity of the solid u} is replaced as u; the velocity of a

fluid u’; as U; the hydraulic pressure p,, as p).

5 Empiricism-Based Mathematical Model

The conservation equation is a comparatively theoretical
approach to depicting soils and fluids. Another approach,
usually in the form of empirical equations (referred to as the
sediment transport model), can also serve as an alternating
to depict different stages (i.e., the initiation and transport
stage) of surface erosion. In this section, we will discuss
these equations for the initiation and transport stages based
on the foundational understanding established in Sect. 2.

5.1 Initiation Stage

Investigations via the experimental test, field test, and theo-
retical analysis have been conducted to determine the crite-
rion of the initiation stage (e.g., [6, 96—102]). Most studies
(e.g., [6,97-100, 102]) have associated the criterion with the
critical shear stress (i.e., Shields number), first proposed by
Shields [50], or critical shear velocity, initially introduced
by White [103]. Among them, the Shields number under

Fig. 10 Forces on a single par-
ticle on the horizontal mudline
during the initiation stage

sliding failure describing the initiation of particle movement
is the most popular.

The initiation of surface erosion is related to the momen-
tum conservation for the soil particle (i.e., Eq. (1)). Fig-
ure 10 depicts the forces controlling the initiation of particle
movement. The drag force F;, and submerged weight F; are
considered. The additional mass force and Basset force are
ignored because the particle is static before the initiation.
The Saffman lift force and Magnus lift force are consid-
ered by an overall lift force F;, which can be accessed via a
widely used semi-empirical mathematical equation in sedi-
ment transport study [98, 99, 104]:

2

pwub T
Fo=Chp— =1

A CLdezuZ (29)

in which C; is the dimensionless coefficient of the lift force,
with empirical expressions based on Reynolds number
[104].

The resistant force F, can be calculated by Coulomb’s
friction law [97, 102], expressed as follows:

Fr=puFy=pu(Fs—Fp) (30)

in which y, is the friction coefficient, and F), is the support-
ing force.

The force equilibrium controlling the sliding failure
is given as Fp = F,, where we substitute Eq. (29) and
Eq. (30) into it to get the shear velocity u,. By further utilis-
ing 7= pwui, we obtain the critical shear stress 7. Using
the normalized equation Eq. (31) (i.e., 7., is normalized by
the submerged weight of the particle) results in the critical
Shields number 4..,.

T

0= 55G - 1d @D

Based on the idea of critical shear stress, many stud-
ies have employed the critical shear stress, critical flow
velocity, and Shields number to describe the initiation
stage via the experimental test, field test, and theoretical
analysis. Table 2 summarises the empirical formulae of
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Table 2 Summary of equations for the critical stress or the Shields number

Equation Notes:

References

Ter0

0.63ds
024d.,1<d, <4
0.14Dd*%*,4 < d, < 10
0c0 =14 0.04d7°1,10 < d, <20
0.013d-%%,20 < d, < 150
0.055,150 < d,

coefficient)

_ 2G,=l)dc,f (tan @ cos a,—sina,)

dsq: the median diameter of soils
d.. the dimensionless grain size parameter, followed as
d, = d[g(GS - l)g/ vz] 1/3(where v is the fluid viscosity

a,: the slope angle

Shields [50]
Rijn [198]

Chiew and Parker [109]

“ @ CotCtang @: the angle of repose of the soils
¢, and c¢,: the correction factors for volume and area of
particles
[ the friction coefficient
7.0 = —0.015(p, — 1000)0~73 p,: the density of soils Mitchener and Torfs [199]

sin” a, tan? §, cos a, sin f,
Ocr =010 <C0S By \/ 1= ;‘z t - ;, :
¥ s

0,0 =03/ (1+12d,) +0.055[1 — ¢~00%.] the bed
0,0 = —2 d;: the size of i particle
[lng (19474, )]
of d,
0% % 1
0 0i = Cada’da . Ofda
crt 1 8 d
0 (—2° i

““log(8d,/d,)” " d,

2.33d2B(R/dsy) /8 (0 gdsp)/?, d, < 10
Ve =4 108412 (R/ds) /% (p' gdsy)'/?,10 < d, < 150
1.65(R/dsy)'/®(p' gdsp)'/?, 150 < d,

70 = 37,d(G, — Dtan @
T = 6.8(P[)1‘68P71‘73670‘97

a,: the bed slope angle,
B,: the angle between the flow and downslope direction of

d,: the average particle size of the mixture and
0., the critical dimensionless shear stress for particle size

R: the hydraulic radius

@: the angle of repose of the soils

PI: plasticity index (%)

Soulsby [107]

u,: the friction coefficient

Egiazaroft [105]

0., the critical dimensionless shear stress for particle size

Hayashi et al. [106]

Hager and Oliveto [200]

Annandale [201]
Chang and Zhang [202]

e: Porosity ratio of soils

critical shear stress. The empirical expression for criti-
cal Shields number 6, for the initiation stage was origi-
nally obtained based on a horizontal mudline (i.e., 8,,).
Detailed empirical equations for critical Shields num-
ber 8,,, can be found in the works of Egiazaroff [105],
Hayashi et al. [106], Soulsby [107], and Wu et al. [108].
The derivation was later extended to include inclined the
mudline (e.g., [107, 109]). Among them, the most preva-
lent one is proposed by Soulsby [107].

While empirical equations linking to the Shields num-
ber are effective in quantifying the initiation stage of
surface erosion in practical scenarios, their applications
require considerations of several factors: (i) initiation
modes: different modes (e.g., sliding, uplifting, and roll-
ing) need different empirical equations for description
[97, 102]. (i1) particle characteristics: the variation of the
particle’s size or shape can influence the initiation [96]
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(iii) hydraulic conditions: the influence of flow condition
(e.g., the water depth, water velocity, and the local tur-
bulence) on the critical shear stress should be considered
[110].

5.2 Transport Stage

Once particles start moving, they enter the complex trans-
port process discussed in Subsection. 2.2. Different sets of
equations specifically oriented for bed-load transport and
suspended-load transport particles can be used to describe
the behaviours of particles during transport. It is worth not-
ing that the equations for bed-load and suspended-load trans-
port in the work are suitable for conditions without waves.
When considering wave conditions, these formulas should
be adapted accordingly. For a detailed description of the
transport stage under wave conditions, refer to Sumer [60].
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5.2.1 Equations for Bed-Load Transport _ b
qb_scaled - —05 (32)
- [(5 = 1)ec2]
The bed-load transport rate g, representing the volume of pr *

sediment transported per second per unit channel width, is
widely employed to quantify the bed-load transport. Various
methods can be utilised to determine the value of g,: (i) Deter-
ministic models: the deterministic models typically incorpo-
rate space-average expressions. Table 3 lists the deterministic
models for the bed-load transport rate g,. Note that the value
of g, is expressed via a scaled factor [(p,/ p; — l)gdi]o'5
(i-e., Eq. (32)) in these models. Among these models, Meyer-
Peter and Miiller’s empirical formula is the popular choice.
(i1) Probabilistic model: probabilistic models emphasise the
inherent uncertainty in sediment transport. The challenge of
implementing such a model into numerical simulations lies in
accurately estimating the uncertainties [51].

Table 3 Summary of equations for bed-load transport rate

5.2.2 Equations for Suspended-Load Transport

Suspended-load transport is relatively more complicated. To
simplify the complexities, the particle streamline velocity is
mostly simply assumed to be the same as the fluid velocity.
Additionally, many studies [6, 18, 51] depict the suspended-
load transport as diffusion and convection of sediment con-
centration with a boundary value c, (see in Fig. 11), which
is given as follows:

dc

% + @+ w,)Ve = V[(v+v,)Vc]

(33)

where ¢ denotes the volume concentration of the suspended-
load transport particles, v, is the diffusion coefficient of the

Equation for g, (.jeq Notes

References

362
8d3pphp

24362
3 gd‘ﬁfA,,

n: the viscosity of the

0391(1/6) fAuid
0.465
C,(0 -0, C,: the bed-load transport coefficient
oisefl 2 5
L 752 ot
ﬁ/—mse/%zc dr
0.156f 1 2
271 2- = T e
f‘( Vr —OISGf%—Ee '

tana: the friction coefficient

8.54/2tan a/(3y/)(0 — Hc.r)HO'S
y: the drag coefficient

log (1+2A45(ii)°'49(“,5(gi—1)) -

2a5(2) o3 (£1)

f: the correction function obtained experimentally for grain size disper-
sion f,: the percentage of grains of a given size put into motion

Einstein [203]

Meyer-Peter and Miiller [204]
Einstein [205]

Bagnold [206]

Yalin [207]

4.93(0 - 6,,)1% - Wong and Parker [208]
Fig. 11 Suspended-load Water surface
transport particles experience
entrainment and deposition
Fmmmmmm e mme—mm— o
1 Suspended-load transport .
Velocit I i Concentration
c€loC i 1
z v : E Dl : C,
1 1 2=,
1 I
£ 1 1| C,
Op v ! Bed-load transport | 7=0
1
T [
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sediment, u is the velocity vector of the particle, w, is the
falling velocity vector, which has one scalar part w,, can be
linked to the particle size by empirical formulae (e.g., [107,
111-114]). In this context, the equation proposed by Soulsby

The deposition rate can be calculated by an empirical equa-
tion linked to the falling velocity w, and near-bed suspended
sediment concentration c,,.

[107] is presented: D = cw 37
w, = [ (10,36 + 1.04947) 7% — 1036 34)

s

For evaluating c,, Zyserman and Fredsge [115] suggested
that:

. 0.331(0 — 0.045)1-7
271 40.720(0 — 0.045)175

(35)

As is mentioned in subection.2.2, the transition between
bed-load transport and suspended-load transport is influenced
by the fluid conditions, typically determined by the entrain-
ment rate (£) and deposition rate (D). The entrainment rate (E)
represents the rate at which sedimented particles are converted
to suspension, while the deposition rate (D) describes the rate
at which suspended particles settle back onto the mudline.
Many studies related them to the Shields number [108, 116,
117]. For instance, Mastbergen and Van Den Berg [116] pro-
posed an empirical equation relating the entrainment rate to
the Shields number:

E=k(0-0,)" (36)

where k, is the entrainment coefficient; and # is the model
parameter.

6 Continuum Mechanics-Based Numerical
Modelling

In the earlier discussion, surface erosion can be seen as a
boundary value problem governed by differential equations.
This perspective allows for the application of continuum
mechanics-based modelling approaches, which involve three
key considerations: (i) Fluid domain: accurately modelling
significant deformations in the fluid domain, delineating
the fluid’s free surface, and clarifying soil-fluid interactions
crucial for surface erosion; (ii) Soil domain: focusing on
soil mechanics, including fluid forces, and granular interac-
tions; and (iii) Erosion processes: emphasizing macroscopic
modelling of erosion behaviour, particularly the transport
and initiation processes at the scale of small soil particles.
During the development of surface erosion simulations,
two philosophies are employed depending on the above con-
siderations (Table 4). The one-phase model focuses solely
on the fluid domain, treating it as a single-phase flow while
ignoring the soil domain. This approach simplifies the simu-
lation by excluding equations related to soils. On the other
hand, the Two-phase model considers both the fluid and

Table 4 Different continuum mechanics-based approaches capable of surface erosion simulation

Model Movement description Capable approaches Used in surface References
erosion
One-phase-model (Only Eulerian FVM \/ Nagel et al. [93]
simulating the fluid phase) EDM \/ Fan et al. [130]
FEM X X
Lagrangian PFEM, MPM, SPH X X
Eulerian-Lagrangian ALE-FEM \/ [48],
Two-phase-model (Simulat- Eulerian-Eulerian FVM \/ Mathieu et al. [91]
ing both the fluid and solid FDM \/ Ouriemi et al. [87],
phases) FEM % %
Lagrangian-Lagrangian PFEM \/ [150]
MPM v [166]
SPH v [73]
Eulerian-Lagrangian CEL \/ Lee et al. [187]
FVM/FEM + MPM \/ Baumgarten et al. [180]
FDM + MPM X X
FVM/FDM/FEM + PFEM X X
FVM/FDM/FEM + SPH X X
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solid phases in the simulation of surface erosion, providing
a more comprehensive representation.

In numerical simulation based on the two models,
Lagrangian and Eulerian descriptions are widely used. The
Lagrangian description associates the material movement
with mesh nodes, being able to track free surfaces and inter-
faces between materials. However, it has shortcomings, such
as mesh distortion in case of large deformation problems
and the inability to capture the geometric change of the
model due to the large deformation. Conversely, the Eulerian
description views the materials as continuums on a spatially
fixed grid, solving temporal changes of variables within the
cells of this fixed grid. While this approach offers numerical
stability in fluid dynamics simulation, it encounters chal-
lenges in precisely capturing the changing fluid—structure
interfaces and fluid-soil interfaces.

Based on two tracking approaches of fluid and solid
phases, the one-phase model is categorized into Eulerian,
Lagrangian, and Eulerian—Lagrangian types, and the two-
phase model into Eulerian-Eulerian, Lagrangian-Lagran-
gian, and Eulerian-Lagrangian types (Table 4). Differ-
ent numerical frameworks in the Eulerian or Lagrangian
description (e.g., FVM, FDM, FEM, PFEM, CEL, SPH,
MPM) can be used to address the equations and simulate
the process of surface erosion. Figure 12 depicts the pro-
portion of seven continuum mechanics-based modelling
approaches adopted in surface erosion according to the lit-
erature investigation results, it can be seen that the FVM,
FDM, and ALE-FEM are frequently used in surface erosion
simulation. The following section will discuss the detailed
numerical schemes for surface erosion.

CEL
7.89%

SPH

1 58%

MPM
7.89%

FDM
10.53%

ALE-FEM
26.32%

= FVM = FDM

ALE-FEM =MPM = PFEM =SPH =CEL

Fig. 12 Proportion of continuum mechanics-based approaches mod-
elling surface erosion in the existing literature

The hydrodynamic model

* Solve Egs. (5)-(11)
¢ Obtain the flow field
i available

e

Eulerian: FDM, FVM
Eulerian-Lagrangian: ALE-FEM

The sediment transport
model
* Solve Egs. (32)-(37)
* Obtain the sediment
flux i

The morphological model

» Solve Eq. (39)
* Obtain the bed profile

Fluid domain
updating

Fig. 13 The flow chart in one-phase model for surface erosion simu-
lation

6.1 One-Phase Model
6.1.1 The Hydrodynamic Model

Most numerical simulations for surface erosion in the exist-
ing literature adopted the one-phase model, which only sim-
ulates the fluid phase and ignores the soil domain. Hence, it
is also called one-phase flow model. Figure 13 depicts the
flow chart of the one-phase flow model. The one-phase flow
model requires a hydrodynamic model, sediment transport
model and morphological model to simulate the fluid and
the mudline geometry. The hydrodynamic model is used to
simulate the fluid domain, usually achieved by using RANS
equations along with the turbulence closures (i.e., Egs. (5,
6,7,8,9, 10, 11)). Based on the results of the hydrodynamic
model, the flow velocity near the riverbed can be obtained.
Furthermore, the sediment flux of the bed-load transport
q,, and suspended-load transport g, can be calculated via
empirical formulae depicting the transport stage of surface
erosion (i.e., Eqgs. (32, 33, 34, 35, 36, 37)), this process is
also called scour model (e.g., [35] or sediment transport
model (e.g., [44, 46, 47]). Subsequently, the morphological
model is employed to calculate the bed elevation based on
the result of the sediment transport model. The morpho-
logical model achieves the evolution of mudline geometry,
meanwhile, the fluid domain should also be updated based
on the morphological model.

The key to the one-phase flow model is modelling the
fluid domain, a key aspect of Computational Fluid Dynam-
ics (CFD). In CFD, numerical methods based on the Eule-
rian approach, such as the finite volume method (FVM),

@ Springer



1984

H.Fengetal.

finite difference method (FDM), and finite element method
(FEM), are widely used (refer to Table 4). On the other hand,
Lagrangian-based numerical methods include Smoothed
Particle Hydrodynamics (SPH), and the Arbitrary Lagran-
gian—Eulerian (ALE) concept can be also employed. How-
ever, according to existing literature, only FVM, FDM, and
ALE-FEM have been utilized in modelling surface erosion.

Most simulations for the one-phase flow model are based on
the Eulerian description and usually adopt finite volume and
finite difference discretization techniques. Important contribu-
tions based on FVM are Olsen and Melaaen [118], Olsen and
Kjellesvig [119], Roulund et al. [120], Liu and Garcia [121],
Gothel [122], Khosronejad et al. [123], Baranya et al. [124],
Stahlmann [125], Baykal et al. [126], Nagel et al. [93],Mei
et al. [23], and Xu et al. [127]. Several finite volume-based
fluid flow solvers have been employed such as OpenFOAM
(e.g., [93, 126]), FOAMSCOUR (e.g., [121]), and EllipSys3D
(e.g., [120]). One-phase model simulation using FDM can
refer to Liang et al. [128], Burkow and Griebel [129], and
Fan et al. [130]. The related fluid flow solvers are NaSt3D
(e.g., [129]) and Flow3D (e.g., [130]). It is important to note
that users can conveniently simulate surface erosion using the
one-phase model based on the Eulerian description by using
the current fluid flow solvers.

The ALE-FEM comes from FEM. The basic ideas of FEM
involve discretizing the continuous space into a finite num-
ber of elements, approximating solutions within elements by
interpolation functions, and translating differential equations
into algebraic equations via methods such as the weighted
residuals method. [131-134]. FEM with a Lagrangian descrip-
tion has been widely used for simulations in solid mechanics
(e.g., [134-137]), while FEM with an Eulerian description is
prevalent in problems such as fluid dynamics and heat transfer
(e.g., [138-143]). For surface erosion, where the configura-
tion change of the mudline (i.e., fluid-soil interface) should be
updated in real-time, neither Lagrangian nor Eulerian form
is optimal. Alternative approaches, such as those incorporat-
ing the Arbitrary Lagrangian—Eulerian scheme, may be more
suitable. ALE combines the advantages of Lagrangian and
Eulerian descriptions. It allows mesh nodes to move inside
the model according to their velocities and avoid element dis-
tortion while updating model geometry via re-meshing, dur-
ing which the field variables from the old mesh are mapped
into the new one. Accordingly, FEM with Arbitrary Lagran-
gian—Eulerian description (i.e., ALE-FEM) can effectively
handle the large deformation, free surface, and soil-fluid inter-
actions in surface erosion simulation.

Surface erosion modelling using ALE-FEM can be found
in existing studies (e.g., [33-35, 42-44, 46-49]). In the ALE-
FEM scheme, the hydrodynamics model (i.e., the RANS
equations with the turbulence equations Egs. (5, 6, 7, 8, 9, 10,
11) usually needs to be solved by Petrov—Galerkin method
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(PG-FEM) [49, 144] rather than the conventional Galerkin
method to avoid stress oscillations.

When modelling the hydrodynamics model based on the
above approaches, it is essential to implement appropriate
boundary conditions at the inlet boundary, outlet boundary,
and free surface [47]. Additionally, a wall function sometimes
needs to be used to estimate the flow velocity near the struc-
ture [43]:

uy = (up/)In(A /z0) (38)

where u, is the tangential velocity for the first node near the
wall; « is the von Karman constant, which can be taken as
0.41; A, is the distance between the first nodal point and the
wall and the wall; z, is the bed roughness length.

6.1.2 The Morphological Model

Based on results by the hydrodynamic model, the flow
velocity near the riverbed can be obtained (i.e., Eq. (38)).
Furthermore, the sediment flux of the bed-load transport
q,, and suspended-load transport g, can be calculated via
the sediment transport model (in Sect. 5). Subsequently, the
morphological model is simulated mainly by solving the bed
level equation Eq. (39), based on the sediment flux of the
bed-load transport g, and suspended-load transport g,:

a7z
“oo L9y 1g,) (39)

o 1-lox
where 4 is the porosity of the sand, and Z, is the bed
elevation.

After solving the morphological model, two noteworthy
issues arise. Firstly, the mudline slope calculated by the mor-
phological model may be greater than the angle of repose
of the soil, potentially leading to inaccuracies in simulation
results. To mitigate this, a sand slide model can be employed
[120, 130, 145]. Secondly, the nodes in the mesh will be
updated according to the new mudline geometry (i.e., the
node updating), the displacement of nodes can be obtained
by the following equation [44]:

V-(VS)=0 (40)

where S, is the displacement field of the mesh points, S, S,,
and S5 denote the displacement for x, y and z direction; and
y is a parameter that controls the mesh deformation.
Although the one-phase model can predict the final
geometry of surface erosion, it is significant to note that this
method ignores the temporal effect on sediment transport,
i.e., the sediment transport capacity changes when the envi-
ronment varies, such as boundary conditions; however, the
change of sediment transport capacity may suffer a time lag
[146]. As a result, the one-phase model simulation without
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considering the time effect may be inaccurate in calculating
the time evolution of surface erosion.

6.2 Two-Phase Model

The one-phase flow model can successfully model the fluid
phase and the soil-fluid interface (i.e., erosion surface), but
ignores the soils. By comparison, the two-phase model,
which is capable of considering the behaviour of soils,
seems to be more accurate for the modelling of surface ero-
sion. This section will focus on the numerical approaches
for the two-phase model.

6.2.1 Eulerian-Eulerian Type

The two-phase model tracking the soils and fluids using the
pure Eulerian description is known as the Eulerian-Eulerian
type. According to the literature review, this type normally
solves equations for two-phase flow, effectively capturing the
behaviours of both eroded particles and fluid phases within
the fluid system. This is achieved by treating the solid phase
as a fluid-like phase, following the Navier—Stokes frame-
work (see Egs. (13, 14, 15, 16, 17, 18, 19, 20, 21, 22) in
subSect. 4.2.1). Consequently, the two-phase model in the
Eulerian-Eulerian type is commonly referred to as the two-
fluid or two-phase flow model [52]. Numerical approaches
based on the Eulerian framework, such as FVM, FDM, and
FEM, are available for the Eulerian-Eulerian model. How-
ever, in the context of surface erosion, FVM has been widely
employed (see Table 4). Notable contributions to this field
include the works of Amoudry et al. [92], Ouriemi et al.
[87], Chauchat and Médale [75], Mathieu et al. [91], Nagel
et al. [93], and Tofany and Wirahman [94].

A notable advantage of the two-fluid Eulerian-Eulerian
model is its consideration of both the particle—fluid inter-
action and particle—particle interaction in surface erosion,
distinguishing it from the one-phase flow model. Another
advantage is that most two-fluid models can be widely
simulated by numerical schemes, such as the finite volume
method and finite difference method, which can employ
commercial codes like FLUENT, OpenFOAM (e.g., [90,
91, 93]).

Despite these advantages, it’s crucial to recognize the
limitations in the current scope of two-phase flow models.
First, the existing two-phase flow models do not account for
the non-eroded soils, being unable to predict the reduction
of the foundation’s bearing capacities due to surface erosion.
Besides, the simulation of two-phase flow models adopts
the volume averaging technique (in subSect. 4.2.1). This
technique is unable to be generalized to the broad range of
concentrations of dispersed solids in a fluid [52]. Currently,
most simulations using the continuum-based two-phase

flow model are only suitable for sheet flow (i.e., amounts
of particles move in a uniform layer for high flow velocity
conditions) [18]. Meanwhile, the key to the two-phase flow
model is the constitutive model of the solid phase, detailed
constitutive models can refer to Lee et al. [90], Mathieu et al.
[91], and Nagel et al. [93].

6.2.2 Lagrangian-Lagrangian Type

The two-phase model in the Eulerian-Eulerian framework
mainly simulates fluid dynamics on a fixed grid. However,
this approach falls short of accurately modelling the fluid-
soil interface. In contrast, the pure Lagrangian framework
excels in tracking both the fluid-soil interfaces. Within
the Lagrangian framework, numerical approaches capa-
ble of addressing the large deformation problem include
the Particle Finite Element Method (PFEM), Material
Point Method (MPM), and Smoothed Particle Hydrody-
namics (SPH). Among them, SPH is a mesh-free method.
PFEM and MPM share the same idea of ALE. All these
approaches have been employed in surface erosion simula-
tions (see Table 4).

6.2.2.1 PFEM The particle finite element method (PFEM),
an extension of the classical small strain finite-element
method [147], was originally developed for the free-sur-
face fluid flow problem [148] and fluid—structure interac-
tion phenomena [149]. In the general procedure of PFEM,
firstly, the continuum domain is represented as particles.
Then, the mesh is generated by treating the particles as
nodes. Note that this mesh usually adopts the Delaunay
triangulation technique. After that, the governing equa-
tions for the continuum are solved and the positions of
nodes are updated according to the solutions (e.g., veloci-
ties and displacements). If the movement of the particles
significantly deforms the mesh, a new mesh is generated
around the updated particle positions via the alpha shape
method.

Existing surface erosion simulations using PFEM are
comparatively rare. The existing simulations in the PFEM
framework simulate the fluid domain by solving the equa-
tions for sing-phase flow in subSect. 4.1.1 and model the
soil domain by solving equations for soils as solids in sub-
Sect. 4.1.2 (e.g., [150-152]).

As is shown in Fig. 14, a typical PFEM model for surface
erosion involves three main components: the fluid part, the
soil solid part, and the erosion interface. Firstly, the fluid part
can be simulated by solving NS equations in the Lagrangian
description. In parallel, the soil can be modelled by solving
the momentum conservation equations (i.e., Eq. (12)). Then
the erosion rule is employed to determine whether the inter-
face is updated (i.e., the soil particles are transformed into
the fluid particles), in specific, the soil element is removed
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Fig. 14 Tllustration of the fluid
domain, soil domain, and the
erosion surface in PFEM

Fluid phase
Erosion interface -

Soil solid phase

from the solid surface, and a new fluid element will be gen-
erated in the same place.

The key factor of surface erosion simulation via PFEM is
determining a rational erosion rule. Currently, Ofiate et al.
[153] adopted the critical frictional work to determine the
initiation of erosion in PFEM. Galano et al. [150] utilized
the Shields critical shear stress to obtain the entrainment
rate. The integration of the entrainment rate over time and
space gets soil mass loss. When the soil mass loss exceeds
the original total mass of the soil particle, the interface will
be updated [150].

6.2.2.2 MPM The material point method, also a continuum
mechanics-based modelling method, solves the weak-form
governing equations with the combination of the Eulerian
(i.e., stationary grid) and Lagrangian (i.e., material points)
descriptions. The Lagrangian material points are employed
to document the material information (e.g., the velocity,
displacement, stress, and strain), while the Eulerian gird is
adopted to solve the governing equation. The grid will be

Fluid element

o Fluid particle

Erodible particle

N/

o Soil particle

A Soil element

discarded after the deformation to avoid mesh distortion.
The information transforms between the Lagrangian parti-
cles and Eulerian grids via the shape function. [154].

Within the MPM framework, two primary approaches
have been developed in the two-phase model: (i) The one-
layer two-phase MPM uses a single set of material points
to represent the two-phase media, as seen in works by
Zhang et al. [155], Zabala and Alonso [156], Jassim et al.
[157], Yerro et al. [158], and Ceccato et al. [159]. (ii) The
two-layer two-phase MPM, on the other hand, uses two
distinct sets of material points to separately discretize the
solid and fluid phases, with examples including Abe et al.
[160], Bandara and Soga [161], Liang et al. [162], and
[54, 163, 164]. It is observed that the two-layer two-phase
MPM approach has been predominantly used to model sur-
face erosion, despite a limited number of studies employ-
ing the MPM framework in surface erosion simulations
(e.g., [162, 163, 165-168]).

Figure 15 shows the two-layer two-phase MPM designed
for simulating surface erosion such as overtopping,

Fig. 15 Diagram of the
two-layer two-phase MPM in

L . Inlet
overtopping simulations

n=0: Solid phase
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employing conservation equations for both mass (i.e.,
Eq. (24) for fluid and Eq. (23) for solid) and momentum
(i.e., Eq. (26) for fluid and Eq. (25) for solid) in saturated
porous media (e.g., [163, 166, 167]). The method distin-
guishes solid and fluid phases with separate material points.
Porosity n dictates the material state: n =0 for the pure solid,
n=1 for the pure fluid, and intermediate values representing
solid—fluid mixtures. The behaviour evolves from saturated
soil (0<n<ng,,) to fluid (n>n,,,,) as soil grains scatter and
stresses decrease. Notably, the model simulates the erosion
process by shifting from solid-like to fluid-like responses
based on the porosity threshold, without directly calculating
shear stress on solids.

6.2.2.3 SPH Smoothed Particle Hydrodynamics (SPH) is a
mesh-free method that directly solves the strong-form gov-
erning equations using the Lagrangian description [169].
Initially developed for astrophysics applications, SPH has
since been applied in fluid dynamics (e.g., [170, 171]) and
geotechnical engineering (e.g., [164, 172-175]). In SPH,
the continuum is represented by a set of particles, each car-
rying field information. The information of a particle can be
determined by its neighbouring particles within a smooth-
ing length A, using a smoothing function known as the ker-
nel function W. The field information of a particle i and the
spatial derivatives of the field function are computed as fol-
lows:

m:
ﬂm=27%w%mm 1)
J
m
VI = X, F VW) 42)
J

where m; and p; are the mass and density of the neighbour-
ing particle j respectively; W (r, h) is the kernel function,
which is related to the smoothing length % and the distance
r between particle i and j.

With the SPH idea, several studies have explored its
application for simulating surface erosion [73, 176-178].

Fig. 16 Illustration of SPH
in surface erosion simulation ——
(from [73])

Fluid velocity

Fluid
layer

zoﬂ 000000000000000000 000000
yer 000000000000000000 000000
000000000000 000000 00000CO

Notably, Zhou et al. [73] have successfully achieved the
simulation of the entrainment, deposition, and re-entrain-
ment processes in surface erosion. As illustrated in Fig. 16, a
typical SPH model for surface erosion comprises three main
components: the fluid part, the soil part, and the erosion
model for the soil-fluid interface. The fluid continuum is
modelled using the Navier—Stokes (NS) equations within the
SPH framework, using the Herschel-Bulkley-Papanastasiou
(HBP) model for fluid constitutive behaviour. Similarly, the
soil part is represented as particles governed by the same
NS equations. The erosion model simulates entrainment,
deposition, and re-entrainment processes for soil particles
using various constitutive models. Initially, un-eroded soil
particles follow the Drucker-Prager (DP) model [179]. Upon
meeting the erosion criterion, these particles are eroded
and modelled according to the HBP fluid model, and when
they satisfy the deposition criterion, they revert to the DP
model. Overall, both original and deposited soil particles are
assumed to follow the DP model, while water and eroded
particles are represented by the HBP fluid model.

dp;

— =0 2o+ VW h) 43)
dVi o; + o;

— = D mj[ij]V,.W,.j(r, h) +F, (44)

where v;; is the difference between velocity v; and v;. o is
the total stress tensor, and F' is an external force which is
gravity in this study.

The fundamental concept of surface erosion simulation
using the SPH model lies in transforming the constitutive
models of the soils into fluid-like models based on the cri-
teria for erosion, deposition, and re-erosion. These criteria
are connected to equations that describe different stages
of surface erosion (see Sect. 5). It is noteworthy that the
SPH model shares similar transformation ideas of soil and
particle behaviours with other numerical techniques such
as the PFEM and MPM methods. Additionally, while its
computational cost remains a challenge, some studies have

—— Erosion surface
® Flid particles
Eroded particles

Sedimentation particles

@O0 e

Un-erodible particles
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employed Graphics Processing Units (GPUs) to accelerate
computation, effectively mitigating this issue [73, 176, 178].

6.2.3 Eulerian-Lagrangian Type

The two-phase model in the Eulerian—Lagrangian type is
a hybrid approach for simulating surface erosion. In this
model, the fluid domain is tracked using the Eulerian frame-
work, while the solid domain employs the Lagrangian frame-
work. This idea combines the robustness of the Eulerian
framework for simulating pure fluids and the Lagrangian
framework’s effectiveness for simulating the granular phase
of the mixture. Within the Eulerian—Lagrangian hybrid
framework, various combinations are possible, as indicated
in Table 4. However, existing studies typically adopt hybrid
models such as CEL (i.e., Coupled Eulerian-Lagrangian),
FVM-MPM, and FEM-MPM. Significant contributions
in the field of surface erosion simulation based on FVM-
MPM include the works of Baumgarten et al. [180] and
Tran et al. [181]. For studies utilizing FEM-MPM, refer-
ences include Wang and Wang et al. [182], Pan et al. [183],
and Zhu et al. [184]. These hybrid models build upon the
foundational models previously discussed. Research on the

CEL technique is notably presented by Lee and Jeong [185],
Jeong and Lee [186], and Lee et al. [187]. This subsection
will specifically focus on the CEL technique.

The CEL model effectively addresses large deformation
problems by integrating Eulerian and Lagrangian materi-
als through Eulerian-Lagrangian contact, which can be
employed by a commercial code Abaqus (e.g., [185-190]).
In the CEL method, the Lagrangian structure is allowed
to deform freely within the Eulerian mesh. The movement
of Eulerian material is governed by the Eulerian volume
fraction (EVF) of each element, which is defined as fol-
lows: when EVF =1, the element is filled with Eulerian
material, when EVF =0, the element contains no material;
and when 0 < EVF < 1, the element is partially filled with
Eulerian material (see Fig. 17a). The interaction between
Eulerian and Lagrangian domains typically employs a
general contact approach based on the penalty contact
method, where the velocity of the Lagrangian boundary
can be converted into a force on the Eulerian region, while
the pressures in the Eulerian material exert forces on the
Lagrangian domain.

Several studies have utilized the CEL method to model
debris flow (see [185-187]). Figure 17b illustrates the
CEL model for debris flow simulation, where the bedrock
is represented using Lagrangian elements, while the initial

Fig. 17 Illustration of CEL
method in debris flow simu- 0.0 0.0 0.0 0.0
lation: (a) The scheme of

00 Eulerian (Air)

Eulerian (Initial volume)

Eulerian volume fraction (EVF)
technique; (b) the debris flow
modelling using CEL; (¢) The
variation of shear strength of 0.0
soil with velocity (from [185])
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debris flow volume and eroded soil layer are modelled
using Eulerian elements. To account for the entrainment
process (i.e., the erosion of soils by the initial debris
flow), the elasto-plastic behaviour of the soil layer before
entrainment is transformed into fluid-like behaviour after
entrainment based on the shear strength of the soil. Fig-
ure 17c depicts this transformation: if the velocity of the
soil layer is smaller than v,, the soil layer exhibits elasto-
plastic behaviour as characterized by the Mohr—Coulomb
model. If the velocity of the soil layer is less than v, the
state is intermediate between solid and fluid, and if it is
greater than Vs the state follows a rheological behaviour
similar to flow.

7 Discussion and Future Work
7.1 Discussion

Continuum mechanics-based numerical approaches pro-
vide significant advantages in solving complex boundary
value problems and delivering rational assessments for
large-scale engineering challenges. The numerical meth-
ods for surface erosion are detailed in Table 5, including
both one-phase and two-phase models, each featured in
distinct philosophies:

The one-phase model, the most prevalent approach
in current surface erosion numerical analysis, simulates
the erosion process using RANS equations for the fluid
and empirical formulae for the mudline geometry. It is
highly efficient in surface erosion simulation. However,
it employed the equations for fluids not disturbed by soil
particles, which does not satisfy the actual physical mech-
anism. Additionally, using empirical formulae limits its
applicability, as they may not suit conditions beyond their
derivation background.

In contrast, the two-phase model offers a more compre-
hensive analysis by incorporating the soil domain. Within
this model, the Eulerian-Eulerian two-phase flow model

effectively considers particle—fluid and particle—particle
interactions, facilitating commercial codes like FLUENT
and OpenFOAM. Nevertheless, it is crucial to acknowl-
edge that the Eulerian-Eulerian type primarily suits sheet
flow conditions, characterised by a uniform particle layer
moving under high flow velocity [18]. Moreover, consider-
ing particle—fluid interaction terms are limited to pressure
gradient and drag forces, which might not fully encap-
sulate real-world conditions. The Lagrangian-Lagrangian
type, such as PFEM, MPM, and SPH, excels in tracking
fluid—solid interfaces and soil deformation. However, it
predominantly focuses on the entrainment phase of ero-
sion, neglecting deposition. This focus, coupled with a
reliance on empirical erosion formulae, limits its accuracy
in fully capturing surface erosion (e.g., [73, 150, 166]).
Lastly, the Eulerian—Lagrangian hybrid type combines
the Eulerian approach’s fluid simulation strengths with
the Lagrangian method’s efficiency in representing soils.
However, research on its application to surface erosion
simulation remains scarce.

7.2 Future Work

Continuum mechanics-based numerical simulations have
widely been employed in replicating the large-scale physi-
cal processes of surface erosion. Despite their achievements,
there still exist some future works:

A rational numerical approach for modelling surface ero-
sion without obstructing structures (e.g., riverbed erosion,
overtopping) as a typical fluid-soil interaction problem still
needs development. It is related to the following challenges:
(i) The seabed: Existing studies often concentrate on the
erosion surface while overlooking the underlying soils.
Although the two-phase model has considered soils, the
soils are limited in saturated sands. Additionally, although
few constitutive models are used to illustrate the behaviours
of soils (e.g., [73]), these constitutive models frequently
neglect the influence of surface erosion conditions. (ii) The
eroded particles: the initiation, transport, and sedimentation

Table 5 Comparisons between different finite element approaches in the existing literature

Model Approaches Advantages

limitations

The one-phase model
The two-phase model

ALE-FEM, FVM, FDM
FVM (Eulerian-Eulerian)

PFEM, MPM, SPH (Lagran-
gian-Lagrangian)

CEL, FVM-MPM, FEM-MPM

(Eulerian-Lagrangian)

High efficiency

Considering particle—fluid interaction and
particle—particle interactions, Available
of the commercial codes

Tracking both the interface and the entire
soil particles

Combining the robustness of the Eulerian
framework for simulating fluids and the
Lagrangian framework’s effectiveness
for simulating the granular mixture

The boundedness of empirical formulae
Suitable for the sheet flow

Inaccuracies of the whole erosion-induced
surface

Few works on surface erosion simulation
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of eroded particles in flow, which has the feature of particle
scale, is difficult to simulate by continuum mechanics at the
macroscale. (iii) The marine environment: The marine envi-
ronment involves complex wave-current coupling, and while
some simulations have addressed the wave-current cou-
pling (e.g., [47, 145]), further improvements are needed to
enhance the robustness and efficiency of these models. Addi-
tionally, two-phase models, such as PFEM and MPM, which
account for wave-current coupling, remain underdeveloped.

More significant work is extending the simulations
mentioned above to surface erosion with the disturbance
of structures (e.g., local scour), a typical fluid—structure-
soil interaction problem, which is more complex due to (i)
Fluid—structure interaction: Various structures (e.g., mono-
piles, jacket foundations, and the mooring lines) are sub-
jected to dynamic loading by the fluid. This interaction can
influence the flow condition. (ii) Soil-structure interaction:
the dynamically loading structures (e.g., the mooring line)
will influence the surrounding soil characteristics, which
can significantly influence the behaviour of surface erosion.
Although many models consider the structures in simula-
tion (e.g., [34, 48, 49, 191]), these models do not achieve
fully coupled simulation involves the hydraulic condition
(waves and currents), dynamically loaded structure, and soil
conditions.

In summary, rational continuum mechanics-based model-
ling can accurately estimate the evolution of surface erosion
in complex fluid-soil interaction problems and fluid—struc-
ture-soil interaction problems.

8 Conclusion

This study comprehensively reviewed the application of
continuum mechanics-based modelling approaches in soil
surface erosion and compared different numerical methods.
First, the main physical processes and factors of surface ero-
sion were summarised. After that, the mathematical equa-
tions of developing numerical simulations were reviewed
from physics-based governing equations of soils and fluids
and empiricism-based equations describing different stages
of surface erosion. Finally, two existing models based on
different numerical approaches were presented in terms of
Eulerian and Lagrangian descriptions. The main conclusions
are made as follows:

(1) Despite surface erosion being a multiphase phe-
nomenon influenced by factors like soil, hydraulic, and
structure conditions, numerous physics-based or empir-
icism-based mathematical models have been developed
to characterise it.

(2) The one-phase model, widely employed using the
FVM, FDM, and ALE, simulates the fluid phase using

@ Springer

NS equations and the mudline geometry using empirical
formulae. The accuracy is dependent on the empirical
formulae.

(3) The two-phase model, which accounts for fluid and
solid phases, provides a more detailed assessment of sur-
face erosion. Approaches within the Lagrangian frame-
work, such as PFEM, MPM, and SPH, are particularly
effective at capturing fluid—solid interactions and soil
deformations. Despite these strengths, these approaches
do not completely simulate the entire physical processes,
including the initiation and transport stages.

(4) A comprehensive and rational continuum mechanics-
based modelling approach that accurately estimates the
evolution of surface erosion within complex fluid-soil and
fluid—structure-soil interaction scenarios remains a work
in progress.
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