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a b s t r a c t

This paper presents a systematic methodology for analyzing and optimizing an innovative antenna
mount designed for phased array antennas, implemented through a novel 2-PSS&1-RR circular-rail
parallel mechanism. Initially, a comparative motion analysis between the 3D model of the mount and
its full-scale prototype is conducted to validate effectiveness. Given the inherent complexity, a kinematic
mapping model is established between the mount and the crank-slider linkage, providing a guiding
framework for subsequent analysis and optimization. Guided by this model, feasible inverse and forward
solutions are derived, enabling precise identification of stiffness singularities. The concept of singularity
distance is thus introduced to reflect the structural stiffness of the mount. Subsequently, also guided by
the mapping model, a heuristic algorithm incorporating two backtracking procedures is developed to
reduce the mount's mass. Additionally, a parametric finite-element model is employed to explore the
relation between singularity distance and structural stiffness. The results indicate a significant reduction
(about 16%) in the antenna mount's mass through the developed algorithm, while highlighting the
singularity distance as an effective stiffness indicator for this type of antenna mount.
© 2024 China Ordnance Society. Publishing services by Elsevier B.V. on behalf of KeAi Communications
Co. Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/

4.0/).
1. Introduction mount is susceptible to the accumulation of joint errors and can
In fields such as aerospace, radio astronomy and defense, a
diverse array of support equipment is required, such as deployable
mechanisms for spaceborne antennas [1e8], space deployable
platforms for in-orbit service stations [9,10], and various types of
antenna mounts. As an important point of research, the antenna
mount is a mechanism designed to support and implement the
pointing of antennas of various equipment, including radar sys-
tems, radio telescopes, and more [11]. A traditional and typical
antenna mount can be defined as follows: It consists of two
orthogonal active axes, which are stacked one upon the other. Each
of these axes is actuated by a servo motor and gearbox. This
particular perpendicular-axis mount offers the benefits of a simple
structure and control. Nonetheless, due to the serial nature of the
two axes in terms of the mechanical arrangement, this type of
.
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become cumbersome when tasked with supporting a large-
dimension antenna systems. In consideration of these drawing
backs, researchers have explored the utilization of parallel mech-
anisms as antenna mounts, capitalizing on their notable benefits,
which include high stiffness, precision, and light weight. The
notable Stewart platform [12] (also called Gough hexapod) had
been directly employed as antenna mounts of radio telescopes, and
this attempt was first presented in the work of Dunlop et al. [13].
Many scholars have delved deeply into the relevant theories
[14e19], and some practical implementations have been intro-
duced. Examples include a 1.5 m optical telescope [20,21] and the
AMiBA radio telescope [22]. Dunlop et al. also transformed the
Stewart platform into a 3-degree-of-freedom (DoF) parallel mech-
anism known as the Kiwibot [23]. Based on the Kiwibot design, it
further evolved into a novel parallel mechanism named the Can-
terbury tracker [24], characterized by its two DoFs and the elimi-
nation of singularities within its workspace [25]. Various lower-
mobility parallel mechanisms, such as 3-RPS, 3-RSR and others,
have been theoretically studied and explored for antenna mounts
in published Refs. [26e30]. Xu et al. also explored the possibility of
lf of KeAi Communications Co. Ltd. This is an open access article under the CC BY
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employing hybrid parallel mechanisms for antenna mounts and
verified their effectiveness by fabricating principle prototypes
[31e33]. Moreover, certain spherical parallel mechanisms origi-
nally designed for applications such as camera pointing, stabilized
platforms, and robotic wrists possess theoretical potential to be
utilized as antenna mounts [34e40]. However, these mechanisms
are relatively complex, demanding elaborate designs to achieve
0�e90� pitch motion and 0�e360� azimuth motion (i.e., fully
steerable). Additionally, they are not suitable for non-centrally
symmetric antennas, such as phased array antennas with rectan-
gular fronts.

As a distinctive type of parallel mechanism, the circular-rail
parallel mechanism (CRPM) possesses unlimited azimuth motion
of the moving platform. Recently, scholars worldwide, particularly
those from Russia, have conducted comprehensive research on this
type of mechanism, covering aspects such as type synthesis, motion
analysis, singularity analysis, workspace analysis, dimensional
synthesis, andmore [41e47]. Inspired by this kind of mechanism, in
2017, we introduced an innovative antenna mount (IAM) concept
[48] for phased array antennas with rectangular fronts (also
reflector antennas [49]) to replace traditional serial-type antenna
mounts, aiming to achieve lightweight and simple structure,
extensive motion capabilities, and absence of singularities. This
IAM is a 2-PSS&1-RR CRPM, effortlessly capable of achieving pitch
motion from 0 to 90� and azimuth motion from 0� to 360�. After
years of effort, we have fabricated a principle prototype to verify the
feasibility of this IAM concept. Initially, our research on this IAM
was relatively basic and simple. For instance, the design heavily
relied on iterative attempts within CAD software to determine
suitable values of various structural parameters, aiming to achieve
the intended workspace. We conducted only elementary research
on singularities within the workspace of the IAM, lacking explo-
ration of potential singularities beyond this area. Consequently, we
were unable to evaluate their impact on the IAM's performance,
particularly concerning structural stiffness. Additionally, we
observed that the circular base (including the rail) of the prototype
accounted for a considerable portion of its overall mass, and the
high cost of manufacturing the circular gear also posed a challenge.
Therefore, this research aims to propose a systematic approach to
analyze and optimize the IAM. However, directly analyzing and
optimizing this IAM is considerably challenging due to its complex
kinematic and constraint characteristics; hence, the emphasis
should be on leveraging the inherent structural features of the IAM
to achieve a simplified analysis. For example, we can focus solely on
the pitch motion of the IAM due to its axisymmetry at any fixed
pitch angle.

Extensive simulations and experiments have revealed notable
resemblances between the pitch motion of the IAM and the motion
of the (planar) crank-slider linkage (CSL) [50], providing an insight
into indirectly investigating the IAM's pitch motion through the
study of the CSL's. This approach promises substantial simplifica-
tion in the research on the IAM, due to the thorough understanding
developed over the past centuries regarding the motion charac-
teristics of the CSL. As a result, this paper successfully establishes a
kinematic mapping model between the CSL and the IAM to
construct an analytical framework. Within this framework, various
challenging analysis problems are addressed, encompassing the
utilization of the CSL's multi-solution nature to determine feasible
forward and inverse solutions to the IAM, determining singular
configurations within the IAM through the CSL's dead-point and
boundary singularities, and further identifying singularity types
through visual graphical methods. Building upon the aforemen-
tioned work, the concept of singularity distance is introduced as a
means to evaluate how singularities impact the stiffness of the IAM
within its tasked workspace. Following this, utilizing the
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framework and integrating the backtracking method, an efficient
optimization algorithm is developed to reduce the mass of the IAM.

The subsequent layout of this paper encompasses the following
sections. Section 2 elaborates on the operational principles of the
IAM, validating the feasibility of the proposed concept through a
comparative analysis between the 3D model and the principle
prototype. Section 3 establishes a kinematic mapping model that
interrelates the IAM and the CSL. Section 4 determines the feasible
forward and inverse solutions to the IAM, guided by the mapping
model. Section 5 locates and further identifies the singularities
inherent to the IAM, using themappingmodel. Section 6 focuses on
designing an efficient optimization algorithm for reducing the
IAM's mass, guided by the mapping model. Section 7 presents the
optimization results and conducts an in-depth discussion. Finally,
Section 8 culminates by presenting several pivotal conclusions
derived from the research.
2. Innovative antenna mount

Our previous work in Ref. [48] had performed a brief intro-
duction of the 2-PSS&1-RR circular-rail parallel mechanism con-
sisting of the IAM, and established a simple 3D model to verify the
effectiveness of the IAM by numerical simulation. This section will
carry out amore in-depth investigation by the comparison between
the fabricated principle prototype and the 3D model to verify the
effectiveness further.
2.1. Operational principle

Presented in Fig. 1(a) is the schematic diagram of the IAM for
phased array antennas, in which its antenna front is connected to
the column through a revolute joint (pitch axis), followed by
another revolute joint (azimuth axis) in series. On a circular rail
with a radius of R, there are two actuators, labeled A1 and A2, that
can slide along the rail. The upper ends of two equal-length rods
(limbs), P1A1 and P2A2, are connected to the rotation axis P1P2
through 3-DoF compound joints (equivalent to the ball joint) and
the lower ends are connected to points A1 and A2 through another
3-DoF compound joints, as shown in Figs.1(a) and 1(c). The rotation
axis P1P2 is parallel to the pitch axis at the top of the column, with a
height difference of d. The positions of points P1 and P2 are pre-
sented in Fig. 1(b).

In the established global coordinate system O-XYZ, the rail plane
is defined as the XOY plane with its center at the origin O. The
central axis of the column is aligned with the Z-axis. The projection
(B) of the midpoint P of the line segment P1P2 onto the XOY plane
lies in the X-axis. The orientation of the Yeaxis is determined in
accordance with the right-hand rule. A local coordinate system,
denoted as o-xyz (colored in blue), is affixed to the front, aligning its
axes in parallel with those of O-XYZwhen the front is in the position
depicted in Fig. 1(a).

When the two actuators asynchronously rotate about the Z-axis
on their respective half rails, the pitch motion of the front is ach-
ieved, and the pitch angle is denoted as 4. When they synchro-
nously rotate about the Z-axis on the rail, the front achieves the
azimuthmotion. The azimuth angle is denoted as g, as shown in the
top view of Fig. 1(a). The angular position of the actuators is
denoted as q. If q ¼ qz, then 4 ¼ 0, and hence the front is in the
zenith position, colored in red. If q ¼ qh, then 4 ¼ 90�, and thus the
front is in the horizon position, colored in blue. In this way,
continuous increase of q from qz to qh and the synchronous rotation
of the two actuators by 360� along the rail, supplies the tasked
workspace (TWS), as follows



Fig. 1. Schematic diagram of innovative antenna mount (IAM): (a) Front view of antenna mount; (b) Bottom view of antenna front; (c) Side view of limbs. Point P represents the
midpoint of P1 and P2, as shown in Fig. 1(c). While point O' represents the midpoint of O1 and O2, as shown in Fig. 1(b).
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TWSbfð4;gÞj42 ½0;90+�;g2 ½0;360+�g (1)

which is necessary to most steerable antennas. In addition, the
maximum workspace that the front can attain is named as the
maximum workspace (MWS), and it is obvious that the TWS is
contained in the MWS. The TWS can be further partitioned into a
0�e90� pitch-angle space (PAS) and a 0�e360� azimuth angle space
(AAS).

2.2. 3D model and prototype

The implementation of the IAM concept in Fig. 1, i.e. the 3D
model, is presented in Fig. 2(a). According to Fig. 2(a), the IAM is a
parallel mechanism composed of 3 kinematic chains, a central
chain composed of two revolute joints, and two identical side
Fig. 2. Innovative antenna mount (front in horizon p
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chains composed of two compound joints and a prismatic joint. The
compound joint is equivalent to a ball joint. As a result, the IAM can
be considered as a 2-PSS&1-RR parallel mechanism (The IAM can
also be viewed as a 2-RSS&1-RR parallel mechanism since the cir-
cular moving pair is equivalent to a revolute joint). In Ref. [48], we
had proven that within the TWS the mechanism has two DoFs: a
rotation about the column axis (azimuth motion) and a rotation
about the pitch axis (pitch motion).

To verify the effectiveness of the proposed IAM, we have man-
ufactured a full-scale prototype of the 3D model, as shown in
Fig. 2(b). The comparisons between themotion of the 3Dmodel and
the prototype, including pitch and azimuth motions, are shown in
Figs. 3 and 4, respectively. It can be seen from these figures that the
motions of the 3D model and the prototype agree well, and the
experimental results of the prototype affirm that the IAM indeed
osition): (a) 3D model; (b) Full-scale prototype.
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possesses two DoFsethe pitch and azimuth motionse within the
TWS.

The values of the relevant structural parameters, including
lengths, areas, and masses, presented in Figs. 1 and 2 are listed out
in Table 1. It can be seen from Table 1 that the mass (Mb) of the base
(including the rail) accounts for nearly half of the total mass (M) of
the IAM prototype. On the other hand, when the antenna front is in
the horizon position (the extreme position), the distance between
the two actuators remains substantial, as indicated by the bidi-
rectional green arrow in Fig. 2(b). This phenomenon suggests that
the circular rail is not fully utilized. Therefore, there is potential to
minimize the radius of the circular rail to further reduce themass of
the IAM. However, an inappropriate reduction in the rail radiusmay
lead to the IAM's inability to meet some necessary requirements
such as the TWS, collision-free of actuators and so on. Therefore, a
detailed study of the kinematics of the IAM is necessary to elucidate
the relation between the rail radius and these requirements. Given
the complexities of the IAMea 2-PSS&1-RR circular rail parallel
mechanismethis study aims to heuristically establish a kinematic
mapping model between the CSL and the IAM, simplifying the
analysis process. Utilizing this model and analysis outcomes, a
heuristic approach will be employed to optimize the IAM, aiming to
achieve mass reduction.
3. Kinematic mapping model

Due to the intricate nature of the IAM, this section introduces a
kinematic analysis model from the similarity between the IAM and
the CSL, aiming to solve subsequent problems of both forward and
inverse kinematics, singularity analysis, and mechanism optimi-
zation in a simpler way. This model consisting of a mapping from
the kinematic characteristics of the CSL to those of the IAM, leading
to a considerable simplification in the kinematic analysis process. In
view of the axisymmetry of the azimuth motion, the below analysis
focuses solely on the pitch motion.
Fig. 3. Comparison of pit
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3.1. Mapping relation between innovative antenna mount and
crank-slider linkage

According to the characteristics of the pitchmotion of the IAM in
Fig. 1, it is considerably like the motion that a CSL possesses. Hence,
in this case, the IAM can be mapped as a CSL for the convenience of
discussion, as shown in Fig. 5. The antenna front is equivalent to the
crank of the CSL, the limb is equivalent to the coupler, the actuator
is equivalent to the slider, and the rail is equivalent to the slide. If
the antenna front undergoes pitch motion driven by the limbs, it is
equivalent to the crank undergoing pitch motion driven by the
coupler. If R is infinitely large, the circular rail will transform into a
straight line, and thus the sliding of the actuator on the rail be-
comes identical to the linear sliding of the slider on the CSL slide.
Therefore, this mapping appears highly reasonable. In fact, our
extensive simulations and experiments have demonstrated the
correctness and rationality of the mapping.

On the other hand, the motion range of the actuator is limited.
As shown in Fig. 6(a), the two actuators are constrained within an
interval Ib in order to avoid the collision between them. According
to the geometric relation in Fig. 6(b), we have

Ib ¼ ½qb;p� qb� (2)

where, qb ¼ arctanððSw=2Þ=ðR� Sl=2Þ Þ ¼ arctanðSw=ð2R� SlÞ Þ
Therefore, as illustrated in Fig. 5(a), there is a boundary on the rail,
circled by the red dashed line. In order to map this boundary into
the CSL, a barrier can be artificially added into the CSL. As a result,
the IAM is mapped into a crank-slider linkagewith barriers (CSL-B),
and the mapping model in Fig. 5 is named as the kinematic map-
pingmodel (KMM). The mapping details between the IAM and CSL-
B is summarized in Table 2. Thereinto, the concept of singularity
distance (Ds and ds) in this table will be introduced in Section 5.

As a result, the usage of the KMM is summarized in Fig. 7. If we
intend to conduct particular research on the IAM, we can carry out
the corresponding research on the CSL-B, according to the KMM.
ch motion (g ¼ 0�).



Fig. 4. Comparison of azimuth motion (4 ¼ 45�).

Table 1
Structural parameters of prototype.

Parameter Length/mm

d d1 d2 H R L w w0 Sl Sw

Value 9.4 127 204 124.80 125.61 147.11 39.72 60 75 75

Parameter Area/mm2 Mass/kg

A1 A2 A3 A4 M Mb Mc Ml

Value 928.9 50.27 725.71 130.38 6.111 3.142 0.323 0.017

*M represents the total mass of the IAM prototype andMb represents the total mass
of the base and rail. The total mass of the base, limbs and the column are denoted as
Mblc¼Mbþ2MlþMc¼3.499 kg.
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Conversely, employing the obtained research results, relevant
methods or techniques, and appropriate reasoning, the corre-
sponding research on the IAM is carried out according to the KMM.
This research is more in-depth compared to the initial one on the
CSL-B. Sections 4 to 8 will demonstrate the practical application of
the KMM (In all figures of Sections 4 and 5, the "barrier" in Fig. 5(b)
will not be involved, so it is not drawn for simplicity.).
Fig. 5. Kinematic mapping model: (a) Innovative anten
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4. Kinematic analysis

Simulated and experimental results indicate that the IAM pos-
sesses multiple solutions to both forward and inverse kinematics,
making it challenging to determine the feasible solutions. Hence,
this section employs the KMM proposed in Section 3 to identify the
feasible solutions, coupled with the singularity analysis in Section 5
to ensure the absence of singularities within these feasible
solutions.

4.1. Inverse kinematics

Referring to the geometric relation in Figs. 1(a) and 1(c), the
following relations are obtained:

�
PB

2 þ BC
2 ¼ l2

l2 þ A1D
2 ¼ L2

(3)

where, PB ¼ H� Rpsinð4� aÞ, BC ¼ Rpcosð4� aÞ� Rcos q,

A1D ¼ Rsinq� d1;Rp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 þ d2

p
and a ¼ arctanðd =wÞ.
na mount; (b) Crank-slider linkage with barriers.



Fig. 6. Boundary interval.

Table 2
Mapping details between IAM and CSL-B.

IAM Front Limbs Actuators Rail Motion range Ib Angular position q Pitch angle 4 Singularity distance Ds

CSL-B Crank coupler Slider Slide Restricted stroke Sr position x Pitch angle 4 Singularity distance d

*The concept of singularity distance will be introduced in Section 5.

Fig. 7. Usage of kinematic mapping model.
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Substituting the relevant terms into Eq. (3) yields.

½H�RPsinð4�aÞ �2þ½RPcosð4�aÞ�Rcos q �2þðRsinq�d1Þ2 ¼ L2

(4)

For the inverse kinematics, expanding and rearranging the
equation above gives
d1 sinqþ RPcosð4� aÞcosq ¼ d21 þ H2 þ R2P þ R2 � L2 � 2HRPsinð4� aÞ
2R

(5)
and Eq. (5) is denoted as

a1sin qþ b1cos q ¼ B1 (6)

where, a1 ¼ d1, b1 ¼ Rpcosð4� aÞ and B1 ¼

141
�
d21 þ H2 þ R2p þ R2 � L2 � 2HRpsinð4� aÞ

�.
ð2RÞ. Hence, Eq. (6)

can be transformed into as follows

A1cosðq� u1Þ ¼ B1 (7)

where A1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a21 þ b21

q
and u1 ¼ arccosðb1 =A1Þ. Eq. (7) has two

solutions, which can be illustrated by the CSL-B in Fig. 8. By sam-
pling at 4 ¼ 0�; 45�; 90�, it is found that there exist two inverse
solutions, i.e., the positions of the slider, symmetric about the
branch line. In order to distinguish these two kinds of inverse so-
lution, the sliders are colored with blue (first solution) and green
(second solution), respectively. In the case of 4 ¼ 0�, if the blue



Fig. 8. Two kinds of inverse solution of CSL-B. The red dashed line is the branch line which divides two groups of different inverse solutions.
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slider continuously moves to the left the crank will continuously
rotate from 4 ¼ 0� to 4 ¼ 90�. Hence, the pitch motion of the front
traversing the TWS is achieved, namely, i.e., the first solution is
feasible.

As for the second solution, it can be proved that the solution is
unfeasible. For example, if the slider at 4 ¼ 0� moves to the left
(without crossing the branch line), the crank will rotate counter-
clockwise and is out of the TWS, as shown in Fig. 9(a). However, if
the slider moves to the right, the crank is in the TWS constantly. In
this case, the crank and coupler will be eventually co-linear, which
Hsinð4� aÞ þ Rcosqcosð4� aÞ ¼ d21 þ H2 þ R2P þ R2 � L2 � 2Rd1sinq
2RP

(12)
indicates themaximumpitch angle is 4m, less than 90�, as shown in
Fig. 9(b). To sum up, the feasible solution to the CSL-B is only the
first one. According to the KMM, we can find the similar phe-
nomena presented in Figs. 8 and 9 for the IAM.

The two solutions of Eq. (7), denoted as q*1 and q*2, can be
formulated as follows

8>>><
>>>:

q*1 ¼ �arccos
B1
A1

þ u1

q*2 ¼ arccos
B1
A1

þ u1

(8)

According to Fig. 8, the feasible solution of the CLS-B is on the
left side of the branch line. Hence, it is inferred from the KMM that
the feasible solution to the IAM is greater. Since

q*2 � q*1 ¼ 2arccos
B1
A1

>0 (9)

the feasible solution is q*2. As a result, the explicit expression of the

inverse solution q*2, redenoted as q, is

q ¼ arccos
d21 þ H2 þ R2P þ R2 � L2 � 2HRPsinð4� aÞ

2R
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d21 þ ½RPcosð4� aÞ �2

q

þ arccos
RPcosð4� aÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

d21 þ ½RPcosð4� aÞ �2
q (10)

In this way, the angular position interval Ia of the actuator
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corresponding to the 0�e90� pitch angles of the front can be
formulated as follows

Ia ¼ ½qz; qh� ¼ ½qð0�Þ; qð90�Þ � (11)

4.2. Forward kinematics

Regarding the forward kinematics, Eq. (5) can be rearranged into
the following expression
Similarly, the equation above is denoted as the following form

a2sinð4� aÞ þ b2cosð4� aÞ ¼ B2 (13)

where a2 ¼ H; b2 ¼ R cos q and B2 ¼�
d21 þ H2 þ R2P þ R2 � L2 � 2Rd1sin q

�.
ð2RPÞ. Consequently, Eq.

(13) can be transformed into as follows

A2 cosð4� a� u2Þ¼B2 (14)

where A2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a22 þ b22

q
;u2 ¼ arccos b2

A2
. Eq. (14) also has two solu-

tions denoted as 4*
1 and 4*

2, respectively, as illustrated in Fig. 10.
Three slider positions are sampled, and two circles are constructed
with O1 and O2 as their centers, intersecting at two points. Con-
necting these points withO1 andO2 yields two configurations of the
CSL-B colored with red and green, respectively. These two config-
urations each have a crank located at a different position, corre-
sponding to two forward solutions 4*

1 and 4*
2, respectively. If the

slider is in the initial position, and it continuously moves to the left-
spanning the initial, middle, and end positions-4*

1 will gradually
increase from 0� to 90�, hence it is a feasible solution. Simulta-
neously, 4*

2 will also gradually increase, but 4*
2 is greater than 90�

and the crank is on the left side of the column axis. This phenom-
enon indicates that the crank is interfering with the column, ac-
cording to Fig. 1. Hence, 4*

2 is not a feasible solution. Referring into

Fig. 10, it can be found that 4*
1 <4*

2.

The two solutions (4*
1 and 4*

2) of Eq. (14) are given by



Fig. 9. Unfeasible solution: (a) Left motion; (b) Right motion.
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8>>><
>>>:

4*
1 ¼ �arccos

B2
A2

þ aþ u2

4*
2 ¼ arccos

B2
A2

þ aþ u2

(15)

and

4*
2 � 4*

1 ¼ 2arccos
B2
A2

>0 (16)

Therefore, the desired forward solution to the IAM is 4*
1 according

to the KMM. It is redenoted as 4, and its explicit expression is as
follows

4 ¼ �arccos
d21 þ H2 þ R2P þ R2 � L2 � 2Rd1sinq

2RP
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H2 þ ðRcosqÞ2

q þ a

þ arccos
Rcosqffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

H2 þ ðRcosqÞ2
q (17)

In summary, only the configurations of the CSL-B where the crank
and coupler colored in red represent the feasible solutions to the
IAM, including both inverse solution and forward solution. Hence
Fig. 10. Forward solutions: The light red links correspond the first forwar
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below, the CSL-B only draws this kind of configurationwhose crank
and coupler colored in red.
5. Singularity analysis

Singular configurations are particular poses of the end-effector,
for which parallel mechanisms lose their inherent rigidity, and in
which the end-effector will have uncontrollable DoFs. The most
common method for singularity analysis involves assessing the
conditional number (denoted as Cond(�)) of the Jacobian matrix
[51]. In our initial research [48], we utilized this approach to
demonstrate the absence of singularities within the TWS. However,
we did not account for the impact of the potential singularities
(outside the TWS) on the motion performance within the TWS. In
this section, we will employ the KMM to identify singular config-
urations of the IAM and adopt the visual graphical approach to
recognize their types.
5.1. Stiffness singularity

The configuration of the dead-point singularity [52] of the CSL-B
is shown in Fig. 11(a), where the axis of the coupler is perpendicular
to the slide. As a result, the coupler is unable to supply any
component force along the motion direction of the slider. Inspired
d solution and the light green links correspond the second solution.



Fig. 11. Phenomenon of dead-point singularity: (a) Dead-point singularity of CSL-B; (b) Front view of singular configuration; (c) Side view of singular configuration.
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by this phenomenon and according to the KMM, it is found that the
similar singularity occurs outside the TWS of the IAM if the limb
axis and the column axis are coplanar, as shown in Figs. 11(b) and
11(c). In this case, the plane (colored in green) determined by the
column axis and limb axis is perpendicular to the motion direction
of the actuator, This fact implies that the force exerted by the limb is
entirely confined within this plane, with no any component force
available to drive the actuator. Hence, if we manually drag the
antenna front as the manner in Figs. 11(b) and 11(c), the actuators
will not move. This phenomenon indicates that this configuration
of the IAM has the similar singular characteristics as those of the
CSL-B (dead-point singularity).

However, the dead-point singularity of the CSL-B occurs only
when the crank is used as the driver while the IAM's driver is not
the antenna front but the two actuators. Therefore, the visual
graphical approach in Refs. [53e55] is employed to further analyze
this singular configuration and identify its type, the analysis pro-
cedure is presented in Fig. 12. Fig. 12(a) gives the freedom line
pattern of branch chains, and hence the constraint line pattern of
the antenna front (moving platform) can be given by the general-
ized Blanding rules (GBRs) [53e55], as shown in Fig. 12(b). Further
application of the GBRs yields the freedom line pattern of the an-
tenna front, as shown in Fig. 12(c). It can be seen from Fig. 12(c) that
the antenna front has a DoF rotating about the Z-axis, indicating in
this configuration the stiffness of the IAM is zero (the two actuators
Fig. 12. DoF analysis of stiffness-singular configuration by graphical approach: (a) Freedom
antenna front. In above figure, the pink lines and arrow represent DoFs as well as the blue
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have been locked). According to the definition and classification
method outlined in Ref. [56], we can further demonstrate that this
singularity belongs to the category of input transmission singular-
ity. Taking into account the zero stiffness characteristics exhibited
in this configuration, this singularity is deliberately named as
stiffness singularity.

As illustrated in Fig. 13, if dragging the front about the Z-axis by
hand, the antenna front will rotate about the Z-axis, while the two
actuators remain locked. This experimental phenomenon indicates
that, in this configuration, the two kinematic chains completely
lose their constraint effect on the front, which is in complete
agreement with the theoretical analysis results in Fig. 12. In the
vicinity of the stiffness singularity, the overall performance of the
mechanism (such as stiffness and precision) deteriorates [57],
leading to uncontrollable behavior. Therefore, the TWS of the IAM
must maintain a considerable distance from this stiffness
singularity.

Next, we utilize the screw theory to find the theoretical value of
the actuator position where the stiffness singularity occurs. Refer-
ring to Fig. 1, the screw of the column axis is

$c ¼ ½0;0;1;0;0;0�T (18)

The coordinates of OA1
��!

and A1P
��!

are as follows
line pattern of branch chains; (b) Constraint line pattern of antenna front; (c) DoF of
the constraints.



Fig. 13. Demonstration of stiffness singularity: (a) Rotation about þZ axis; (b) Rotation about -Z axis.
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OA1
��! ¼ ðRcosq;Rsinq;0ÞT; A1P

��!
¼ fRPcosð4� aÞ; d1;H � RPsinð4� aÞ gT

� ðRcosq;Rsinq;0ÞT

¼ fRPcosð4� aÞ � Rcosq; d1 � Rsinq;H � RPsinð4� aÞ gT
(19)

Hence, the screw of the limb axis is

$l ¼
�
A1P
��!

;OA1
��!� A1P

��!�T
¼ fRPcosð4� aÞ � Rcosq; d1 � Rsinq;H � RPsinð4

� aÞ; Rsinq½H þ RPsinða� 4Þ �;�Rcosq½H þ RPsinða
� 4Þ �;R½d1cosq� RPcosða� 4Þsinq � gT (20)

Due to the cop1anarity of the limb axis and the column axis,
hence

$c+$l ¼ R½d1cosq� RPcosða� 4Þsinq � ¼ 0 (21)

where symbol "+" re presents the reciproca1 product [52].
Furthermore, substituting Eq. (17) into Eq. (21) and simplifying the
resulting equation, we arrive at

�
d1cosq� RPcosða� 4Þsinq ¼ 0
0� < q<180� (22)

which is a trigonometric equation with respect to q in interval (0�,
180�), and hence is a typical constraint satisfaction problem (CSP).
After solving the equation in Eq. (22), its solution is denoted as qs, as
shown in Table 3. In this position the conditional number of the
Jacobian matrix J (see Ref. [48]) is about 7.2 � 106, as shown in
Table 3. This result indicates that there occurs the singularity if the
actuator is in the position qs, which is totally in agreement with our
Table 3
Important theoretical and experimental actuator positions.

Position Horizon (qh) Zenith (qz) Stiffn

Theoretical/(�) 142.41 99.34 94.90
Experimental/(�) 142.10 99.77 74.29
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analysis in Fig. 12.

5.2. Boundary singularity

As shown in Fig. 14(a), when the coupler axis is co-linear with
the crank axis, the boundary singularity occurs. Regardless of the
force applied to drag the slider, the CSL-B will remain motionless.
this phenomenon is attributed to the transmission angle of CSL-B
being 0, causing the inability of the coupler to provide any torque
for rotating the crank. the IAM theoretically exhibits a similar
phenomenon; if the limb axis is co-planar with the pitch axis, this
kind of singularity will occur. However, experimental observations
on the prototype have revealed that interference occurs within the
compound joint even before the prototype configuration reaches
the boundary singularity, as illustrated in Figs. 14(b) and14(c). The
interference prevents the prototype from reaching the boundary
singularity, suggesting that the IAM exhibits a boundary singularity
outside the TWS solely in theory.

Referring to Fig. 1(a), the screw of the pitch axis is

$p ¼f0;1;0; ð0;0;HÞ � ð0;1;0ÞgT ¼ ð0;1;0;�H;0;0ÞT (23)

Due to the coplanarity of the limb axis and the pitch axis, hence

$p+$1 ¼ �Rcosq½H þ RPsinða� 4Þ� þ H½Rcosq� RPcosða� 4Þ �
¼ 0

(24)

Furthermore, substituting Eq. (17) into Eq. (24) and simplifying,
we arrive at

�
Rcosqsin½a� 4ðqÞ � þ Hcosð4ðqÞ � a Þ ¼ 0
0� < q<180� (25)

which is also a trigonometric equation with respect to q in interval
(0�, 180�), and its solution, denoted as qb, is the theoretical actuator
ess singularity (qs) Boundary singularity (qb) Cond (J)

25.48 7.2 � 106

(28.13) 7.2 � 106



Fig. 14. Phenomenon of boundary singularity: (a) Boundary singularity of CSL-B; (b) Front view of configuration close to boundary singularity; (c) Side view of configuration close to
boundary singularity.
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position that produces the boundary singularity. As a summary, the
important actuator positions, including both theoretically calcu-
lated and experimentally measured values, are listed out in Table 3,
where the value in the brace "(,)" represents the actuator position
closest to the boundary singularity, i.e., the actuator position in
Figs. 14(b) and 4(c).

It can be seen from Table 3 that the theoretical values are
considerably approximate to the experimentally measured values,
indicating the reliability of both the theoretical methods and the
prototype. It can also be concluded from Table 3 that there are no
singularities in the TWS of the IAM, but there is a stiffness singu-
larity outside the TWS, which is closest to the zenith configuration
of the IAM. If the structural parameters of the IAM take on other
values, the TWS is also singularity-free, which can also be illus-
trated by the CSL-B. As shown in Fig. 15(a), the crank is in the zenith
position, the distance from the slider and the singularity, called
singularity distance for the CSL-B, is ds>0, the most common case.
For the extreme case, the crank is also in the zenith position but the
length of the coupler is reduced until it perpendicular to the slide,
the singularity distance is ds¼0. Hence, the TWS supplied by the
feasible solution of Eq. (10) or Eq. (17) is singularity-free according
to the KMM.

According to Subsection 5.1, if the IAM is in the configuration of
the stiffness singularity, it gains an additional DoF, resulting in zero
stiffness. As a result, the closer the TWS of the IAM gets to this
configuration, the lower its stiffness becomes. To guarantee a high
stiffness of the IAM throughout the entire TWS, the concept of
singularity distance (Ds) can also be defined for the IAM, similar to
the singularity distance (ds) concept of the CSL-B. According to the
KMM, Ds can be defined as follows
Fig. 15. Demonstration of singularity distanc
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Ds ¼ qz � qs (26)

The singularity distance Ds will serve as a constraint of the
optimization problem in subsequent sections since it is an effective
and important indicator to guarantee the stiffness of the IAM,
which will be further demonstrated in Section 7.
6. Heuristic mechanism optimization

Given the motion characteristics of the CSL had been well
studied over the past few centuries, the motion features of the CSL-
B can be utilized as the guide for optimizing the IAM, according to
the KMM. This section will employ a heuristic approach combined
with the backtracking method to facilitate this process.
6.1. Optimization model

To reduce the IAM mass, the parameter H can be optimized in
advance. In light of Fig. 1, the front cannot interfere with the base,
during the pitch motion. Hence, in the horizon configuration, the
below relation should be satisfied.

H > wþw0 (27)

By taking a value slightly greater than wþw0 for H, not only is the
mass reduced, but also the structural frequency is improved. This
phenomenon arises because, with an identical cross-sectional area,
a decreased column height leads to reduced mass and an increased
fundamental frequency. The remaining parameters, d1, d2, w, and
w0 keep constant for simplicity since the base contributes
e: (a) Case of ds > 0; (b) Case of ds ¼ 0.
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predominantly to the total mass of the IAM. As a result, in form, the
mechanism optimization problem for reducing the IAM mass can
be formulated as follows
8><
>:

find ðR; LÞT
min GðR; LÞ ¼ 2pA1rRþ 2A2rLþ HA3r

s:t: ðR; LÞT2Df

(28)

where r is the material density of the prototype, G is the total mass
of the base, limbs and column, as well as the meaning of A1, A2, A3
can be found in Fig. 2(b) and Table 1. It is important to note that Df
represents the feasible region, whichmust ensure not only the TWS
but also the specified singularity distance L0. Furthermore, within
these two constraints, it should also be guaranteed that there is no
collision between the two actuators, as illustrated in Fig. 6. These
constraints are highly complex and mutually coupled, making it
challenging to formulating them explicitly in mathematical
expressions.

6.2. Heuristic double backtracking algorithm

Directly solving the optimization problem in Eq. (28) poses
challenges due to the implicit nature of Df. As a result, for simpli-
fication of the optimization problem, the relevant constraints are
decomposed into two parts, as shown in Fig. 16. The first part
consists of two constraints: the TWS (equivalent to 0�e90� PAS)
and the requirement of collision avoidance between the two ac-
tuators (equivalent to Ia3Ib according to Eqs. (2) and (11)); the
second part involves the requirement that the singularity distance
must be greater than the prespecified threshold (i.e., Ds�L0). This
treatment, if guided by the KMM, creates the favorable conditions
for utilizing the backtracking procedure [58] an algorithm that is
broad in its applicability and easy to implement. In this way, we can
conduct the first backtracking to achieve the goals of the TWS and
Ia3Ib. If Ds<L0 after the first backtracking, the second backtracking
is implemented to achieve the remaining goal of Ds�L0, as illus-
trated in Fig. 16. All of the process will be implemented in a heu-
ristic manner guided by the KMM, elaborated on below.

6.2.1. First backtracking
The goal of the first backtracking is to determine the appropriate

values for R and L to achieve the 0�e90� PAS of the IAM. The
principle to achieve this goal is illustrated in Fig. 17. In Fig. 17(a), the
restricted stroke Sr of the slider is zero, resulting in the PAS having
Fig. 16. Algorithm
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only one pitch angle (40 ¼ 41), which does not meet the require-
ment. In Fig. 17(b), increasing Sr to enlarge the PAS also fails to meet
the requirement. Finally, in Fig. 17(c), Sr is further increased until it
completely provides a 0�e90� PAS. According to the KMM, the
corresponding operation for the IAM is constantly increasing the
rail radius R from a small value until the 0�e90� PAS is achieved.

If suitable values for R and L yield the 0�e90� PAS, they must
make the function 'arccos' sense in Eq. (10), indicating the necessity
to confirm that the expression on the left-hand side of the below
expression falls within the interval [-1, 1] exactly, wherein the left
expression is redenoted as the right one for simplicity.

d21 þ H2 þ R2p þ R2 � L2 � 2HRpsinð4� aÞ
2R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d21 þ

�
Rpcosð4� aÞ �2q ¼ T1ð4Þ � L2ð4Þ

T2ð4Þ

(29)

Hence, for each 4 in the interval [0�, 90�], the relation should be
satisfied.

�1� T1ð4Þ � L2ð4Þ
T2ð4Þ

� 1 (30)

Consequently, we arrive at the inequality

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T1ð4Þ � T2ð4Þ

p
� Lð4Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T1ð4Þ þ T2ð4Þ

p
(31)

and let

Ið4Þ¼ ½T1ð4Þ � T2ð4Þ; T1ð4Þþ T2ð4Þ� (32)

Due to the 0�e90� PAS, the interval [0�, 90�] is sampled at nþ 1
points, denoted as 40;41;/;4n, where 40 ¼ 0� and 40 ¼ 90�. This
operation will produce nþ 1 intervals: Ið40Þ; Ið41Þ; /; Ið4nÞ, and
their intersection Il, which is a function of R, is defined as

Ilb
\n
i¼1

Ið4iÞ (33)

If Ils∅, it is redenoted as [a0, a1]. If the sampling points are
sufficiently dense and Il is not an empty set, then the pitch angle 4

can completely traverse the interval [0�, 90�], indicating the
achievement of the 0�e90� PAS of the IAM.
flowchart.
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6.2.2. Second backtracking
The first backtracking ensures that the IAM maintains a pitch

angle ranging from 0� to 90� without any collisions between ac-
tuators. However, it does not guarantee the magnitude of the sin-
gularity distance Ds, which quantifies the proximity of the TWS to
the singularity. Therefore, a second backtracking is required to
precisely control the singularity distance. The principle of con-
trolling the singularity distance is illustrated by the CSL-B in Figs.18
and 19. In Fig. 18(a), ds is less than the prespecified threshold L0, we
can increase the ds by simply increase the coupler length until it is
greater than L0, as shown in Fig. 18(b). According to the KMM, this
operation is equivalent to the increase in limb length L to increase
the singularity distance Ds for the IAM. As a result, there are two
cases when the crank is in the horizon position, as shown in Fig. 19.

For the first case in Fig. 19(a), after the enlargement of the
coupler length the slider is exactly contained in the limited stroke
(Sr). According to the KMM, this phenomenon indicates that there is
no collision between the two actuators of the IAM, namely, the
increase in limb length is appropriate. However, for the case in
Fig. 19(b), the slider exceeds the barrier, indicating that the two
actuators collide with each other according to the KMM. This case
can be avoided by simply increasing Sr, as shown in Fig. 19(c).
Hence, from the KMM, this operation is equivalent to the increase
in rail radius R to avoid the collision between the two actuators of
the IAM.
6.3. Design of optimization algorithm

Ultimately, the two backtracking principles are implemented by
the pseudocode presented in Algorithm 1, which is named as the
heuristic double backtracking (HDB) algorithm. Thereinto, lines
1e8 are the implementation of the first backtracking to guarantee a
singularity-free 0�e90� PAS, without any collision between the two
actuators. Lines 9e20 implement the second backtracking to supply
a large enough singularity distance Ds.
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7. Results and discussion

This section begins with an illustration of the process and re-
sults of the HDB algorithm by an example. Parameters Sl, Sw, d, d1,
d2, w and w0, take the same values as those of the prototype, as
shown in Table 1. According to Eq. (27), the height of the column
can take H¼100 mm as well as step lengths take h1¼2 mm,
h2¼1 mm and h3¼1 mm, respectively. The number of sampled
points is n¼10, and they are 4 ¼ 0�; 10�;/;90�, respectively. The
initial backtracking value of the rail radius is R0¼75 mm and the
prespecified threshold for the singularity distance Ds is L0¼20�. All
of the data are listed out in Table 4.

After execution of the HDB algorithm, the results are reported in
Figs. 20 and 21 (values of R and L are rounded). It can be seen that
the optimization process consists of two backtracking procedures.
The first backtracking consists of 6 steps, and at the starting point
R¼75 mm, Ia is not contained in Ib; but as R increases to 85 mm, Ia is
entirely enclosed within Ib. However, the singularity distance
Ds¼5.64� is less than the prespecified threshold L0¼20�. Hence, the
second backtracking commences, comprising 5 steps with each
step comprising 1 to 3 sub-steps. It can be seen that the final Ds is
20.75� greater than the prespecified L0 and Ia is totally contained in
Ib. Hence, all the constraints in Fig. 16 are met, the HDB algorithm
terminates. In addition, in each step (including sub-steps), the
singularity lies outside Ia, indicating that the singularity remains
outside the TWS. This phenomenon verifies the claim made in
Section 5 that the feasible solution of Eq. (10) or Eq. (17) is
singularity-freewithin the TWS. The reduction in mass (DM) can be
calculated using the following expression

DM¼DR
R
Mb þ

2DL
L

Ml þ
DH
H

Mc (34)

where DR, DL and DH represent the reductions in rail radius, limb
length and column height, respectively. The total volume (Vblc)



Fig. 17. Principle of first backtracking. 40 represents the initial pitch angle and 41 represents the end pitch angle.

Fig. 18. Second backtracking - increasing singularity distance ds: (a) ds is not enough; (b) Increase ds by increasing coupler length.
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encompassing the base, the limbs and the column can be computed
as

Vblc ¼2pRA1 þ 2LA2 þ HA3 (35)

according to Fig. 2 and Table 1. Due to the materials are the same,
Vblc can represent the total mass of the base, limbs and the column.
As a result, the relations of ReL0 and LeL0 are shown in Fig. 22(a);
the relation between L0 and Vblc is shown in Fig. 22(b). In addition,
the x-coordinates of the squared points (representing the proto-
type) is its corresponding Ds. These figures reflect the relations
Fig. 19. Second backtracking - avoiding collision: (a) Case without co

Table 4
Initial values of HDB algorithm.

S1/mm Sw/mm d/mm d1/mm d2/mm w/mm w0/mm

75 75 9.4 127 204 39.72 60
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between the singularity distance Ds and the structural parameters
(R, L and Vblc) indirectly since each prespecified L0 is closely
approximate to its corresponding Ds given by the HDB algorithm.

It can be seen from Fig. 22 that R, L and Vblc increase as L0 in-
creases, which indicates that themass of the IAM increases with the
increase inL0. IfL0¼20�, the reduction in R and L are 36.61mm and
22.11 mm, respectively, while the reduction in Vblc compared to the
prototype is 233.89 cm3. If having the approximately identical
singularity distance as the prototype (near L0¼24.5� in Fig. 22), the
reductions in R, L and Vblc are 33.61 mm, 19.11 mm and 216.08 cm3,
llision; (b) Case with collision; (c) Theory of avoiding collision.

h/mm h1/mm h2/mm h3/mm R0/mm n L0/(�)

100 2 1 1 75 10 20



Fig. 20. Backtracking history of HDB algorithm-I: (a) First backtracking; (b) Second backtracking.

Fig. 21. Backtracking history of HDB algorithm-II: (a) First backtracking; (b) Second backtracking.

Fig. 22. Relations between L0 and structural parameters: (a) Relations of ReL0 and LeL0; (b) Relation of VblceDs.

G. Tan, X. Meng, X. Duan et al. Defence Technology 38 (2024) 136e154
respectively. The details before and after optimization by the HDB
algorithm are reported in Tables 5 and 6. It can be seen from Table 5
that the mas Mblc deceases from 3.499 kg to 2.514 kg with an effi-
ciency of 28%, and the total mass M of the IAM drops from 6.111 kg
to 5.126 kgwith an efficiency of 16%. Similarly, Table 6 indicates that
the mass Mblc is reduced from 3.499 kg to 2.590 kg with an effi-
ciency of 26%, and the total mass M of the IAM is reduced from
6.111 kg to 5.202 kg with an efficiency of 15%. These results
demonstrate the substantial reduction in masses (Mblc and M)
achievable using the HDB algorithm, indicating its effectiveness
150
and superiority.
To explore the relation between the IAM's stiffness and the

singularity distance Ds, the finite-element model (FEM) of the IAM
is established by the ANSYS Parametric Design Language (APDL), as
shown in Fig. 23(a). The modal analysis is performed and then the
fundamental frequency f (first-order frequency) in the zenith
configuration is extracted to characterize the stiffness of the IAM
within the TWS, as shown in Fig. 23(b). For the red points in the
figure, their corresponding Rs and Ls are obtained by the HDB al-
gorithm using finer step lengths h1¼1 mm, h2¼0.02 mm,



Fig. 23. Analysis of fundamental frequency: (a) Parametric FEM of IAM; (b) Fundamental frequency.

Table 5
Structural parameter values before and after optimization-I.

Parameter H/mm R/mm L/mm Ds/(�) Mblc/kg M/kg

Before 124.80 125.61 147.11 24.44 3.499 6.111
After 100 89 125 20.75(L0¼20) 2.514(28%) 5.126(16%)
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h3¼0.02 mm.
It can be seen that when L0¼0, the fundamental frequency f

approximately equals 0. This is because the corresponding singu-
larity distance Ds is approximately 0, indicating that the TWS of the
IAM is near the singular configuration. This phenomenon is totally
in agreement with the intuition. Within interval I1, frequency f in-
creases as L0 increases; but within interval I2, f decreases with the
increase in L0. This phenomenon can be attributed to the common
effect of two key factors. The first factor is configuration of the
stiffness singularity, discussed in Subsection 5.1; the closer the IAM
to this configuration the lower the stiffness. The second factor is the
rail radius R and the limb length L, the larger they are, the lower the
stiffness. In interval I1, with the increase in L0 from zero, the TWS
gradually moves away from the singular configuration, which
causes the increase in stiffness. On the other hand, as L0 increases
from zero, both R and L grow according to Fig. 22(a), resulting in
reduced stiffness. Since the effect of the first factor is dominant over
that of the second one, the overall tendency in interval I1 presents
an increase with the rise in L0. However in I2, since the effect of the
second factor is dominant over that of the first one, the overall
tendency of f in interval I2 presents a decrease as L0 increases. It is
evident that the length of I1 is much greater than that of I2, hence it
is necessary to maintain a sufficient Ds to achieve a high structural
stiffness of the IAM.

It can also be observed that, even with the same L0, the fre-
quency f obtained by the HDB algorithm is greater than that of the
prototype by about 8.57 Hz. This is because the lengths of R and L
are reduced after the optimization by the HDB algorithm, according
to Fig. 22(a) and Table 6. In addition, with the identical f as that of
the prototype, the threshold set by the HDB algorithm is reduced
from L0¼24.44� to L0¼17�, which implies that the mass of the IAM
can be reduced further according to Fig. 22. All of the facts further
demonstrate the superiority of the HDB algorithm.
Table 6
Structural parameter values before and after optimization-II.

Parameter H/mm R/mm L/mm

Before 124.80 125.61 147.11
After 100 92 128
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The trend illustrated in Fig. 23(b) suggests that the singularity
distance Ds is an effective stiffness indicator due to its positive
correlationwith the fundamental frequency f across a large interval
(I1) starting from 0. It is also indicated that Ds is an important
(perhaps even the most important) indicator to evaluate the stiff-
ness of the IAM within the TWS, because if Ds is fairly small,
improving the IAM stiffness through structure optimization-
increasing the cross-sectional areas of the constituent links of the
IAM-have little or even no effect. As a result, improving the stiffness
of the IAM should first concentrate on increasing the singularity
distance Ds, followed by structural enhancement. One of the pri-
mary loads for ground-based phased array antennas is wind
loading. Insufficient stiffness in the IAM can result in decreased
antenna front accuracy under wind loading conditions, leading to a
drastic deterioration in antenna electromagnetic (EM) perfor-
mance, such as reduced gain and increased side lobe level. There-
fore, the singularity distance Ds can play a significant role in
improving antenna EM performance. These in-depth studies will be
presented in our forthcoming work.

Fig. 22(b) also suggests that the mass will increase with the
increase in L0 (or Ds), hence, a larger singularity distance Ds is not
necessarily better. In view of this fact, it is necessary to strike a
balance between the mass of the IAM and its singularity distance.
For instance, the IAM with L0¼20� is a good choice since it pos-
sesses a significant mass reduction and a favorable fundamental
frequency of 29 Hz, according to Table 5 and Fig. 23(b). As a result,
we choose the optimization results in Table 5 as the preferable and
the 3D models before and after optimization are shown in Fig. 24.
From the figure, it can be visually observed that the dimensions of
the rail, limbs and column of the 3D model after optimization are
reduced significantly. Also, the reduction in distance (colored in
green bidirectional arrow) between the two actuators to the extent
of potential interference indicates the full utilization of the circular
rail. In addition, it is also observed in Fig. 25 that the 3Dmodel after
optimization can achieve a 0�e90� pitch motion and a 0�e360�

azimuth motion, namely, the TWS is achieved. All of the facts
demonstrate the effectiveness of the HDB algorithm further.

Guided by the KMM and the HDB algorithm, we are currently in
the process of designing and fabricating our large-scale prototype.
This prototype will serve as the platform for conducting extensive
Ds/(�) Mblc/kg M/kg

24.44 3.499 6.111
25.12(L0¼24.44) 2.590(26%) 5.202(15%)



Fig. 24. 3D models before and after optimization: (a) Original 3D model; (b) 3D model after optimization.

Fig. 25. Pitch motion and azimuth motion of 3D model after optimization: (a) Pitch motion (g¼0); (b) Azimuth motion (4 ¼ 45�).
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studies on structure optimization, motion/dynamical control, beam
control, electromechanical coupling, and other related aspects. The
findings and outcomes of these investigations will be comprehen-
sively detailed in our forthcoming work. Our ultimate aim is to
seamlessly integrate the proposed IAM into practical applications.

8. Conclusions

Aiming at analysis and optimization design of a 2-PSS&1-RR
circular-rail parallel mechanism for fully steerable phased array
antennas, this study presents several noteworthy innovations or
contributions, summarized as follows

(1) The effectiveness of the innovative antenna mount (IAM) has
been verified through a full-scale prototype, encompassing
152
crucial aspects such as mechanism DoF, pitch motion, and
azimuth motion.

(2) The kinematic mapping model (KMM) is an effective guiding
framework for analyzing and optimizing the IAM, charac-
terized by its concise and heuristic nature. Based on the
KMM, the stiffness singularity is successfully identified, and
hence the concept of singularity distance is introduced to
evaluate the structural stiffness of the IAM. Furthermore,
guided by the KMM, the novel HDB algorithm composed of
two succinct backtracking procedures is developed, signifi-
cantly reducing the total mass of the IAM (about 16%).

(3) The established parametric FEM of the IAM suggests a posi-
tive correlation between the fundamental frequency and the
singularity distance across a broad range, starting from zero.
This correlation suggests that the concept of singularity
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distance can effectively reflect the structural stiffness of the
IAM within the TWS. Consequently, it emerges as a prom-
ising technical indicator for designing this type of IAM.
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