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In this paper, we investigate a backward doubly stochastic recursive optimal control problem wherein the cost 

function is expressed as the solution to a backward doubly stochastic differential equation. We present the dy- 

namical programming principle for this type of optimal control problem and establish that the value function is 

the unique Sobolev weak solution to the associated stochastic Hamilton-Jacobi-Bellman equation. 
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. Introduction 

Backward stochastic differential equation (BSDE in short) has been

ntroduced by Pardoux and Peng [1] . Independently, Duffie and Epstein

2] introduced BSDE from economic background. In ref. [2] , they pre-

ented a stochastic differential recursive utility which is an extension

f the standard additive utility with the instantaneous utility depending

ot only on the instantaneous consumption rate but also on the future

tility. The recursive optimal control problem is presented as a kind of

ptimal control problem whose cost function is described by the solu-

ion of BSDE. In ref. [3] , Karoui, Peng and Quenez gave the formulation

f recursive utilities and their properties from the BSDE point of view.

n 1992, Peng [4] got the Bellman’s dynamic programming principle

or this kind of problem and proved that the value function is a viscos-

ty solution of one kind of quasi-linear second-order partial differential
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quation (PDE in short) which is the well-known as Hamilton-Jacobi-

ellman equation. Later in 1997, Peng [5] virtually generalized these

esults to a much more general situation, under Markovian and even

on-Markovian framework. In this Chinese version, Peng used the back-

ard semigroup property introduced by a BSDE under Markovian and

on-Markovian framework. He also proved that the value function is a

iscosity solution of a generalized Hamilton-Jacobi-Bellman equation.

n 2007, Wu and Yu [6] gave the dynamic programming principle for

ne kind of stochastic recursive optimal control problem with the ob-

tacle constraint for the cost functional described by the solution of a

eflected BSDE and showed that the value function is the unique vis-

osity solution of the obstacle problem for the corresponding Hamilton-

acobi-Bellman equation. 

In 1994, the study of backward doubly stochastic differential equa-

ions (BDSDE in short) was initiated by Pardoux and Peng [7] . The
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{ 𝑡 𝑡 
quations involve two independent standard Brownian motions with

wo different directions of stochastic integral: a standard forward 𝑑𝑊𝑡 

nd a backward 𝑑𝐵𝑡 . They proved the existence and uniqueness of solu-

ions to this equation and established a connection between BDSDE and

 classical solution for stochastic partial differential equations (SPDE

n short) under smoothness assumptions on the coefficients. Bally

nd Matoussi [8] provided a probabilistic representation of the solu-

ion in the Sobolev space of semilinear stochastic PDEs in terms of

DSDE. This kind of Sobolev weak solution result concerning stochas-

ic PDEs can also be found in refs. [9] and [10] . In 2005, Shi, Gu, and

iu [11] established a comparison theorem for BDSDEs, while Aman

12] obtained the uniqueness and existence of solutions to reflected

DSDEs. 

In our research, we investigate a stochastic recursive optimal control

roblem where the control system is governed by the classical stochastic

ifferential equation, while the cost function is represented by the so-

ution of a backward doubly stochastic differential equation. This type

f recursive optimal control problem is of practical significance, par-

icularly in arbitrage-free incomplete financial markets where “insider

rading ” exists. An individual with access to insider information can gain

n unfair advantage over other investors and potentially generate larger

rofits, which could be modeled using a BDSDE in financial market mod-

ls. Specifically, there are two types of investors with varying levels of

nformation about the future price evolution in a market that is influ-

nced by an additional source of randomness. The ordinary trader only

as access to “public information ” i.e., market prices of underlying as-

ets contained in the filtration 𝑊 

0 ,𝑡 . However, an insider who has access

o a larger filtration 𝑊 

0 ,𝑡 ∨ 𝐵 
𝑡,𝑇 

, including insider information, can gain a

ignificant advantage. For instance, an insider may know the functional

aw of the price process, or he may be aware of a significant change in

he business policy or scope of a security issue, or he may be able to

stimate whether his portfolio is better than others. It is worth noting

hat BDSDE techniques offer powerful tools to analyze the problem of

ortfolio optimization for an insider trader, where the investment strat-

gy still satisfies the property that locally optimal is equal to globally

ptimal. 

Our primary interest is to determine whether the dynamic program-

ing principle holds for this recursive optimal control problem. For-

unately, the BDSDE properties allow us to achieve this objective. Un-

ike the HJB equation in previous work [4,6] , the corresponding HJB

quation that we obtain is a SPDE in a Markovian framework. In the

tochastic case where the diffusion may be degenerate, the HJB equa-

ion may not have a classical solution. To overcome this issue, Crandall,

shii, and Lions [13] introduced the concept of viscosity solutions in the

arly 1980s, which has yielded fruitful results. However, the viscosity

olution of the HJB equation cannot provide a reasonable probabilistic

nterpretation of a solution pair ( 𝑌 , 𝑍) of BSDE, as there is no established

elationship between the Z component of the solution and the HJB equa-

ion. In this paper, we propose a different type of weak solution for HJB

quations in a Sobolev space, in which the 𝑍 component is implicitly

ncluded in the weak definition. Wei, Wu, and Zhao [14] have demon-

trated that the value function is the unique Sobolev weak solution of

he related HJB equation using the nonlinear Doob-Meyer decomposi-

ion theorem introduced in the study of BSDEs. 

In our paper, we address the problem of establishing a connection

etween the Sobolev weak solution of the HJB equation and BDSDE.

nlike in the case of BSDE, there is no Doob-Meyer decomposition the-

rem available for BDSDEs, and hence it is not immediately clear how

o derive equations similar to Lemma 4.1 and 4.2 in ref. [14] . To tackle

his issue, we draw inspiration from the reflected solution of BDSDE in

12,15] . Specifically, we introduce an increasing process into the equa-

ion, which acts as a minimal force that drives the cost function upwards.

y doing so, we are able to establish the desired connection between the

obolev weak solution of the HJB equation and BDSDE. 

The paper is structured as follows. In Section 2 , we present the pre-

iminaries and assumptions. In Section 3 , we formulate a stochastic re-
2

ursive optimal control problem, where the cost function is defined by

he solution of a BDSDE. We demonstrate that the dynamic program-

ing principle is valid for this optimal control problem. In Section 4 ,

e establish that the value function of the problem is the sole weak

olution in a Sobolev space for the related stochastic Hamilton-Jacobi-

ellman equation. 

. Preliminaries and assumption 

In this section, we present preliminary results on the BDSDEs which

rovide the foundation for the recursive optimal control problem. 

Let us first introduce the setting in which we want to study

tochastic optimal control problem. We consider a probability space

Ω,  , 𝑃 ) , where 𝑇 > 0 is a fixed constant throughout this paper.

e define two independent standard Brownian Motion processes

𝑊𝑡 ; 0 ≤ 𝑡 ≤ 𝑇
}

and 
{
𝐵𝑡 ; 0 ≤ 𝑡 ≤ 𝑇

}
with values respectively in 𝑅𝑑 and

𝑙 , defined on (Ω,  , 𝑃 ) . Let  denote the class of 𝑃 -null sets of

. For each 𝑡 ∈ [0 , 𝑇 ] , we define 𝑡 ∶= 𝑊 

0 ,𝑡 ∨ 𝐵 
𝑡,𝑇 

, where 𝑊 

𝑠,𝑡 =  ∨{
𝑊𝑟 − 𝑊𝑠 ; 𝑠 ≤ 𝑟 ≤ 𝑡

}
, 𝐵 

𝑡,𝑇 
=  ∨ 𝜎

{
𝐵𝑟 − 𝐵𝑡 ; 𝑡 ≤ 𝑟 ≤ 𝑇

}
. It is important

o note that 
{𝑡 ; 𝑡 ∈ [0 , 𝑇 ]

}
is neither increasing nor decreasing, and it

oes not constitute a filtration. However, { 𝑊 

0 ,𝑡 , 𝑡 ∈ [0 , 𝑇 ]} is a filtration.

We shall also introduce the following spaces of processes, which will

e frequently utilized in the forthcoming discussion 

2 = { 𝜉 is an 𝑇 − measurable random variable s.t. 𝐸( |𝜉|2 ) < +∞} 
2 = 

{ 

{ 𝜓𝑡 , 0 ≤ 𝑡 ≤ 𝑇 } is a predictable process s.t. 𝐸 ∫ 𝑇 

0 |𝜑𝑡 |2 𝑑𝑡 < +∞
} 

2 = 

{ 

{ 𝜑𝑡 , 0 ≤ 𝑡 ≤ 𝑇 } is a predictable process s.t. 𝐸( sup 
0 ≤ 𝑡 ≤ 𝑇 

|𝜑𝑡 |2 ) < +∞
} 

Let us now consider two functions 𝑓 ∶ [0 , 𝑇 ] × 𝑅 ×𝑅𝑑 → 𝑅, and

 ∶ [0 , 𝑇 ] ×𝑅 × 𝑅𝑑 → 𝑅𝑙 with the property that ( 𝑓 ( 𝑡, 𝑦, 𝑧 ))𝑡 ∈[0 ,𝑇 ] and

 𝑔( 𝑡, 𝑦, 𝑧 ))𝑡 ∈[0 ,𝑇 ] are 𝑡 - progressively measurable for each ( 𝑦, 𝑧 ) in 𝑅 × 𝑅𝑑 ,

nd we also make the following assumptions on 𝑓 and 𝑔 throughout the

aper: 

(H2.1) For any ( 𝑦, 𝑧 ) ∈ 𝑅 × 𝑅𝑑 

( ⋅, 𝑦, 𝑧 ) ∈ 2 (0 , 𝑇 ; 𝑅 ); 𝑔( ⋅, 𝑦, 𝑧 ) ∈ 2 (0 , 𝑇 ; 𝑅𝑙 ) 

(H2.2) There exist constants 𝐿 > 0 and 0 < 𝛼 < 1 , such that for any

, 𝑦′ ∈ 𝑅, 𝑧, 𝑧′ ∈ 𝑅𝑑 , 

𝑓 ( 𝑡, 𝑦, 𝑧 ) − 𝑓 ( 𝑡, 𝑦′, 𝑧′) | ≤ 𝐿 ( |𝑦 − 𝑦′| + |𝑧 − 𝑧′|) 
𝑔( 𝑡, 𝑦, 𝑧 ) − 𝑔( 𝑡, 𝑦′, 𝑧′) | ≤ 𝐿 |𝑦 − 𝑦′| + 𝛼|𝑧 − 𝑧′|
here exists constants 𝐶 such that for all ( 𝑡, 𝑦, 𝑧 ) ∈ [0 , 𝑇 ] × 𝑅 × 𝑅𝑑 

𝑓 ( 𝑡, 𝑦, 𝑧 ) | ≤ |𝑓 ( 𝑡, 0 , 0) | + 𝐶( |𝑦 | + |𝑧 |) , |𝑔( 𝑡, 𝑦, 𝑧 ) | ≤ |𝑔( 𝑡, 0 , 0) | + 𝐶( |𝑦 | + |𝑧 |) 
he proof of the following well-known result on BDSDEs can be found

n Pardoux and Peng [7] 

𝑡 = 𝜉 + ∫
𝑇 

𝑡 

𝑓 ( 𝑠, 𝑌𝑠 , 𝑍𝑠 ) 𝑑𝑠 + ∫
𝑇 

𝑡 

𝑔( 𝑠, 𝑌𝑠 , 𝑍𝑠 ) 𝑑⃖⃖𝐵⃖ 𝑠 

−∫
𝑇 

𝑡 

𝑍𝑠 𝑑𝑊𝑠 , 0 ≤ 𝑡 ≤ 𝑇 (1) 

here 𝜉 ∈ 2 (Ω, 𝑇 , 𝑃 ; 𝑅 ) is a 𝑇 -measurable random variables, and

𝑇 = 𝑊 

0 ,𝑇 ∨ 𝐵 
𝑇 ,𝑇 

= 𝑊 

0 ,𝑇 . 

We observe that Eq. 1 involves two independent Brownian motions

 and 𝐵. The 𝑑𝑊 integral is an Itô’s integral, whereas the 𝑑⃖⃖𝐵 integral is

 backward Itô’s integral. The additional noise 𝐵 in the equation can be

nterpreted as extra information that is generally not observable in the

arket, but is accessible to a specific investor. Consequently, the central

roblem is to demonstrate how this investor can exploit the additional

nformation to optimize the utility, while adhering to the admissible

ortfolios’ standard class, that is, by selecting an optimal strategy that

s entirely “legal ”. 

Then from Theorem 1.1 in ref. [7] , there exists a unique solution

( 𝑌 , 𝑍 ) , 0 ≤ 𝑡 ≤ 𝑇 } ∈ 2 (0 , 𝑇 ; 𝑅 ) ×2 (0 , 𝑇 ; 𝑅𝑑 ) . 
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We shall recall the fundamental results on BDSDEs, starting with the

wo precise estimates of the solutions. 

roposition 2.1. Let {( 𝑌𝑡 , 𝑍𝑡 ) ∈ 2 (0 , 𝑇 ; 𝑅 ) ×2 (0 , 𝑇 ; 𝑅𝑑 ) , 0 ≤ 𝑡 ≤ 𝑇 } be

he solution of the above BDSDE (1) , then for some 𝜉 ∈ 2 (Ω, 𝑇 , 𝑃 ; 𝑅 ) and

∫
𝑇 

0 
( |𝑓 ( 𝑡, 0 , 0) |2 + |𝑔( 𝑡, 0 , 0) |2 ) 𝑑𝑡 < ∞

e have { 

sup 
0 ≤ 𝑠 ≤ 𝑇 

|𝑌𝑠 |2 +( 

∫
𝑇 

0 
|𝑍𝑠 |2 𝑑𝑡) } 

< ∞ (2)

roposition 2.2. Let ( 𝜉, 𝑓, 𝑔) and ( 𝜉′, 𝑓 ′, 𝑔′) be two triplets satisfying the

bove assumption (H2.1) and (H2.2). Suppose ( 𝑌 , 𝑍) is the solution of

he BDSDE ( 𝜉, 𝑓, 𝑔) and ( 𝑌 ′, 𝑍′) is the solution of the BDSDE ( 𝜉′, 𝑓 ′, 𝑔′) .
efine 

𝜉 = 𝜉 − 𝜉′, △𝑓 = 𝑓 − 𝑓 ′, △𝑔 = 𝑔 − 𝑔′

𝑌 = 𝑌 − 𝑌 ′, △𝑍 = 𝑍 − 𝑍′

hen there exists a constant 𝐶 such that { 

sup 
0 ≤ 𝑠 ≤ 𝑇 

|△ 𝑌𝑠 |2 +( 

∫
𝑇 

0 
|△𝑍𝑠 |2 𝑑𝑡) } 

≤ 𝐶𝐸
{|△ 𝜉|2 } (3) 

. Formulation of the problem and the dynamic programming 

rinciple 

In this section, we present a formulation of a backward doubly

tochastic recursive optimal control problem. We then establish that

he dynamic programming principle holds for this type of optimization

roblem. 

We define the admissible control set  as follows 

 ∶= { 𝑣 ( ⋅) ∈ 𝑝 | 𝑣 ( ⋅) take value in 𝑈 ⊂ 𝑅𝑘 } . 

n admissible control is an element of the admissible control set  .

ote that 𝑈 is a compact subset of 𝑅𝑘 , a condition that is often met in

ractical applications. 

For a given admissible control, we consider the following control

ystem 

 

𝑑 𝑋
𝑡,𝜁 ; 𝑣 
𝑠 = 𝑏 ( 𝑠, 𝑋𝑡,𝜁 ; 𝑣 

𝑠 , 𝑣𝑠 ) 𝑑 𝑠 + 𝜎( 𝑠, 𝑋𝑡,𝜁 ; 𝑣 
𝑠 , 𝑣𝑠 ) 𝑑𝑊𝑠 , 𝑠 ∈ [ 𝑡, 𝑇 ] 

𝑋
𝑡,𝜁 ; 𝑣 
𝑡 = 𝜁

(4) 

here 𝑡 ≥ 0 is regarded as the initial time and 𝜁 ∈ 2 (Ω, 𝑊 

0 ,𝑡 , 𝑃 ; 𝑅
𝑛 ) as

he initial state, the mappings 

 ∶ [ 0 , 𝑇 ] ×𝑅𝑛 × 𝑈 ⟶ 𝑅𝑛 

∶ [ 0 , 𝑇 ] ×𝑅𝑛 × 𝑈 ⟶ 𝑅𝑛 ×𝑑 

atisfy the following conditions: 

(H3.1) For every fixed 𝑥 ∈ 𝑅𝑛 , 𝑏 ( ⋅, 𝑥, ⋅) and 𝜎( ⋅, 𝑥, ⋅) are continuous in

 𝑡, 𝑣 ) ; 
(H3.2) there exists a 𝐿 > 0 , such that, for all 𝑡 ∈ [0 , 𝑇 ] , 𝑥, 𝑥′ ∈ 𝑅𝑛 ,

, 𝑣′ ∈ 𝑈

𝑏 ( 𝑡, 𝑥, 𝑣 ) − 𝑏 ( 𝑡, 𝑥′, 𝑣′) | + |𝜎( 𝑡, 𝑥, 𝑣 ) − 𝜎( 𝑡, 𝑥′, 𝑣′) | ≤ 𝐿 ( |𝑥 − 𝑥′| + |𝑣 − 𝑣′|) 
roposition 3.1. It is worth noting that the conditions (H3.1) and

H3.2) guarantee the existence of a unique strong solution { 𝑋𝑡,𝜁 ; 𝑣 
𝑠 ∈

2 (0 , 𝑇 ; ℝ𝑛 ) , 0 ≤ 𝑡 ≤ 𝑠 ≤ 𝑇 } for the control system (4) . Furthermore, for

ny 𝑡 ∈ [0 , 𝑇 ] , 𝜁, 𝜁 ′ ∈ 2 (Ω, 𝑊 

0 ,𝑡 , 𝑃 ; 𝑅
𝑛 ) , 𝑣 ( ⋅) , 𝑣′( ⋅) ∈  and 𝛿 ∈ [0 , 𝑇 − 𝑡 ] ,

he following estimates hold 
3

𝑊 
𝑡 

{ 

sup 
𝑡 ≤ 𝑠 ≤ 𝑇 |𝑋𝑡,𝜁 ; 𝑣 

𝑠 |2 } 

≤ 𝐶(1 + |𝜁 |2 ) 
𝑊 
𝑡 

{ 

sup 
𝑡 ≤ 𝑠 ≤ 𝑇 |𝑋𝑡,𝜁 ; 𝑣 

𝑠 − 𝑋𝑡,𝜁 ′; 𝑣′
𝑠 |2 } 

≤ 𝐶 |𝜁 − 𝜁 ′|2 + 𝐶 𝐸𝑊 
𝑡 

{ 

∫
𝑇 

𝑡 

|𝑣𝑠 − 𝑣′𝑠 |2 𝑑𝑠} 

{ 

sup 
𝑡 ≤ 𝑠 ≤ 𝑡 + 𝛿 |𝑋𝑡,𝜁 ; 𝑣 

𝑠 − 𝜁 |2 } 

≤ 𝐶𝛿

here the constant 𝐶 depends on 𝐿, 𝑇 , and the compact set 𝑈 . 

For a given admissible control 𝑣 ( ⋅) , we consider the following

DSDE 

𝑡,𝜁 ; 𝑣 
𝑠 = Φ( 𝑋𝑡,𝜁 ; 𝑣 

𝑇 
) + ∫

𝑇 

𝑠 

𝑓 ( 𝑟, 𝑋𝑡,𝜁 ; 𝑣 
𝑟 , 𝑌 𝑡,𝜁 ; 𝑣 

𝑟 , 𝑍𝑡,𝜁 ; 𝑣 
𝑟 , 𝑣𝑟 ) 𝑑𝑟 

+∫
𝑇 

𝑠 

𝑔( 𝑟, 𝑋𝑡,𝜁 ; 𝑣 
𝑟 , 𝑌 𝑡,𝜁 ; 𝑣 

𝑟 , 𝑍𝑡,𝜁 ; 𝑣 
𝑟 ) 𝑑⃖⃖𝐵 𝑟 − ∫

𝑇 

𝑠 

𝑍𝑡,𝜁 ; 𝑣 
𝑟 𝑑𝑊𝑟 , 𝑡 ≤ 𝑠 ≤ 𝑇 

(5) 

here 

∶ 𝑅𝑛 → 𝑅, 

 ∶ [0 , 𝑇 ] × 𝑅𝑛 × 𝑅 × 𝑅𝑑 × 𝑈 → 𝑅 

 ∶ [0 , 𝑇 ] ×𝑅𝑛 ×𝑅 × 𝑅𝑑 → 𝑅𝑙 

nd they satisfy the following conditions: 

(H3.3) 𝑓 and ℎ are continuous in 𝑡 . 

(H3.4) for some 𝐿 > 0 and 0 < 𝛼 < 1 all 𝑥, 𝑥′ ∈ 𝑅𝑛 ; 𝑦, 𝑦′ ∈
 ; 𝑧, 𝑧′ ∈ 𝑅𝑑 ; 𝑣, 𝑣′ ∈ 𝑈

𝑓 ( 𝑡, 𝑥, 𝑦, 𝑧, 𝑣 ) − 𝑓 ( 𝑡, 𝑥′, 𝑦′, 𝑧′, 𝑣′) | + |Φ( 𝑥 ) − Φ( 𝑥′) |
≤ 𝐿 ( |𝑥 − 𝑥′| + |𝑦 − 𝑦′| + |𝑧 − 𝑧′| + |𝑣 − 𝑣′|) 
𝑔( 𝑡, 𝑥, 𝑦, 𝑧 ) − 𝑔( 𝑡, 𝑥′, 𝑦′, 𝑧′) | ≤ 𝐿 ( |𝑥 − 𝑥′| + |𝑦 − 𝑦′|) + 𝛼|𝑧 − 𝑧′|

(H3.5) The function Φ ∈ 2 (Ω, 𝑊 

0 ,𝑇 , 𝑃 ; 𝑅 ) . 
(H3.6) ∀( 𝑦, 𝑧 ) ∈ 𝑅 × 𝑅𝑑 , 𝑓 ( ⋅, 𝑦, 𝑧, ⋅) ∈ 2 , 𝑔( ⋅, 𝑦, 𝑧 ) ∈ 2 . 

(H3.7) 𝑓 is measurable in ( 𝑡, 𝑥, 𝑦, 𝑧, 𝑣 ) and for any 𝑟 ∈ [ 𝑡, 𝑇 ] 

∫
𝑇 

0 
|𝑓 ( 𝑟, 0 , 0 , 0 , 𝑣𝑟 ) |2 𝑑𝑟 ≤ 𝑀 

unctions 𝑓 and 𝑔 are continuous and controlled by 𝐶(1 + |𝑥 | + |𝑦 | + |𝑧 |) .
Then there exists a unique solution {( 𝑌 𝑡,𝜁 ; 𝑣 

𝑠 , 𝑍
𝑡,𝜁 ; 𝑣 
𝑠 ) ∈ 2 (0 , 𝑇 ; 𝑅 ) ×

2 (0 , 𝑇 ; 𝑅𝑑 ) , 𝑡 ≤ 𝑠 ≤ 𝑇 } . Furthermore, the solution satisfies the follow-

ng estimates, which follow from the estimates in Proposition 3.1 . 

roposition 3.2. 

𝑊 
𝑡 

{ 

sup 
𝑡 ≤ 𝑠 ≤ 𝑇 |𝑌 𝑡,𝜁 ; 𝑣 

𝑠 |2 + ∫
𝑇 

𝑡 

|𝑍𝑡,𝜁 ; 𝑣 
𝑟 |2 𝑑𝑟} 

≤ 𝐶(1 + |𝜁 |2 ) 

𝑊 
𝑡 

{ 

sup 
𝑡 ≤ 𝑠 ≤ 𝑇 |𝑌 𝑡,𝜁 ; 𝑣 

𝑠 − 𝑌 𝑡,𝜁 ′; 𝑣′
𝑠 |2 + ∫

𝑇 

𝑡 

|𝑍𝑡,𝜁 ; 𝑣 
𝑟 − 𝑍𝑡,𝜁 ′; 𝑣′

𝑟 |2 𝑑𝑟} 

≤ 𝐶|𝜁 − 𝜁 ′|2 + 𝐶𝐸𝑊 
𝑡 

{ 

∫
𝑇 

𝑡 

|𝑣𝑟 − 𝑣′𝑟 |2 𝑑𝑟} 

here the constant 𝐶 depends on 𝐿 and 𝑇 . 

Given a control process 𝑣 ( ⋅) ∈  , we introduce the associated cost

unctional 

( 𝑡, 𝑥 ; 𝑣 ( ⋅)) ∶= 𝑌 𝑡,𝑥 ; 𝑣 |𝑠 = 𝑡 , ( 𝑡, 𝑥 ) ∈ [0 , 𝑇 ] × 𝑅𝑛 (6) 
𝑠 
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nd we define the value function of the stochastic optimal control prob-

em 

 ( 𝑡, 𝑥 ) ∶= 𝑒𝑠𝑠 sup 
𝑣 ( ⋅)∈ 

𝐽 ( 𝑡, 𝑥 ; 𝑣 ( ⋅)) , ( 𝑡, 𝑥 ) ∈ [0 , 𝑇 ] ×𝑅𝑛 (7) 

emark 3.1. In this stochastic optimal control problem, the term 𝐵 in

he cost function represents additional information that is not generally

vailable in the market but is known to a specific investor. For example,

n insider may have knowledge of the functional law of the price process

r may be aware of significant changes in the business policy before they

ccur, but they are unable to influence these factors. The admissible

ontrol 𝑣 ( ⋅) is independent of the Brownian motion 𝐵, and the process

 𝑋
𝑡,𝜁 ; 𝑣 
𝑠 } is a 𝑊 

0 ,𝑠 -measurable random process. However, the solution of

he BDSDE (5) , given by ( 𝑌 𝑡,𝜁 ; 𝑣 
𝑠 , 𝑍

𝑡,𝜁 ; 𝑣 
𝑠 ) , is the big 𝜎-field 𝑡 -measurable

andom process. 

Now we continue our study of the control problem (7) and prove

hat the celebrated dynamic programming principle still holds for this

ptimization problem. Our proof draws inspiration from the work of

eng on the dynamic programming principle for recursive problems, as

resented in the Chinese version [4] , as well as that of Wu and Yu in

ef. [6] . 

Let us now consider the following subspace of  

 𝑡 ∶=
{ 

𝑣 ( ⋅) ∈  | 𝑣 ( 𝑠 ) 𝑖𝑠 𝑊 

𝑡,𝑠 𝑝𝑟𝑜𝑔𝑟𝑒𝑠𝑠𝑖𝑣𝑒𝑙𝑦 𝑚𝑒𝑎𝑠𝑢𝑟𝑎𝑏𝑙𝑒, ∀𝑡 ≤ 𝑠 ≤ 𝑇
} 

 

𝑡 
∶=

{ 

𝑣𝑠 =
𝑁 ∑
𝑗=1 

𝑣𝑗 𝑠 𝐼𝐴𝑗 
|𝑣𝑗 𝑠 ∈  𝑡 , { 𝐴𝑗 }𝑁 

𝑗=1 𝑖𝑠 𝑎 𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 (Ω, 𝑊 

0 ,𝑡 )

} 

Firstly, we will establish that: 

roposition 3.3. Under the assumptions (H3.1)-(H3.7), the value function

 ( 𝑡, 𝑥 ) defined in (7) is 𝐵 
𝑡, 𝑇 

measurable. 

roof. First we can prove 

𝑠𝑠 sup 
𝑣 ( ⋅)∈ 

𝐽 ( 𝑡, 𝑥 ; 𝑣 ( ⋅)) = 𝑒𝑠𝑠 sup 
𝑣 ( ⋅)∈ 𝑡 

𝐽 ( 𝑡, 𝑥 ; 𝑣 ( ⋅)) (8)

 

𝑡 
is the subset of  , then 

𝑠𝑠 sup 
𝑣 ( ⋅)∈ 

𝐽 ( 𝑡, 𝑥 ; 𝑣 ( ⋅)) ≥ 𝑒𝑠𝑠 sup 
𝑣 ( ⋅)∈ 𝑡 

𝐽 ( 𝑡, 𝑥 ; 𝑣 ( ⋅)) . 

o show Eq. 8 , we consider the inverse inequality. For any 𝑣 ( ⋅) , 𝑣 ( ⋅) ∈  ,

y Proposition 3.2 , we have { |𝑌 𝑡,𝑥 ; 𝑣 
𝑡 − 𝑌 𝑡,𝑥 ;𝑣 

𝑡 |2 } ≤ 𝐶𝐸 ∫
𝑇 

𝑡 

|𝑣𝑟 − 𝑣𝑟 |2 𝑑𝑠 
ote that  

𝑡 
is dense in  , then for each 𝑣 ( ⋅) ∈  , there exists a se-

uence { 𝑣𝑛 ( ⋅)}∞𝑛 =1 ∈  

𝑡 
such that 

lim 

 →∞
𝐸
{ |𝑌 𝑡,𝑥 ; 𝑣𝑛 

𝑡 − 𝑌 𝑡,𝑥 ; 𝑣 
𝑡 |2 } 

= 0 

o there exists a subsequence, we denote without loss of generality

 𝑣𝑛 ( ⋅)}∞𝑛 =1 such that 

lim 

 →∞
𝑌
𝑡,𝑥 ; 𝑣𝑛 
𝑡 = 𝑌 𝑡,𝑥 ; 𝑣 

𝑡 , 𝑎.𝑠. 

o that 

lim 

 →∞
𝐽 ( 𝑡, 𝑥, 𝑣𝑛 ( ⋅)) = 𝐽 ( 𝑡, 𝑥, 𝑣 ( ⋅)) , 𝑎.𝑠. 

y the arbitrariness of 𝑣 ( ⋅) and the definition of essential supremum, we

et 

𝑠𝑠 sup 
𝑣 ( ⋅)∈ 𝑡 

𝐽 ( 𝑡, 𝑥 ; 𝑣 ( ⋅)) ≥ 𝑒𝑠𝑠 sup 
𝑣 ( ⋅)∈ 

𝐽 ( 𝑡, 𝑥 ; 𝑣 ( ⋅)) 

hen we obtain (8) . 

Secondly, we want to prove 

𝑠𝑠 sup 
𝑣 ( ⋅)∈ 𝑡 

𝐽 ( 𝑡, 𝑥 ; 𝑣 ( ⋅)) = 𝑒𝑠𝑠 sup 
𝑣 ( ⋅)∈ 𝑡 

𝐽 ( 𝑡, 𝑥 ; 𝑣 ( ⋅)) 
4

bviously, 

𝑠𝑠 sup 
𝑣 ( ⋅)∈ 𝑡 

𝐽 ( 𝑡, 𝑥 ; 𝑣 ( ⋅)) ≥ 𝑒𝑠𝑠 sup 
𝑣 ( ⋅)∈ 𝑡 

𝐽 ( 𝑡, 𝑥 ; 𝑣 ( ⋅)) 

ext we will proof the inverse inequality by considering the partition of

robability space 

𝑡,𝑥 ;
∑𝑁 

𝑗=1 𝑣
𝑗 𝐼𝐴𝑗 =

𝑁 ∑
𝑗=1 

𝐼𝐴𝑗 
𝑋𝑡,𝑥 ; 𝑣𝑗 , 𝑌

𝑡,𝑥 ;
∑𝑁 

𝑗=1 𝑣
𝑗 𝐼𝐴𝑗 =

𝑁 ∑
𝑗=1 

𝐼𝐴𝑗 
𝑌 𝑡,𝑥 ; 𝑣𝑗 

𝑡,𝑥 ;
∑𝑁 

𝑗=1 𝑣
𝑗 𝐼𝐴𝑗 =

𝑁 ∑
𝑗=1 

𝐼𝐴𝑗 
𝑍𝑡,𝑥 ; 𝑣𝑗 

∀𝑣 ( ⋅) ∈  

𝑡 
, we have 

( 𝑡, 𝑥 ; 𝑣 ( ⋅)) = 𝐽 ( 𝑡, 𝑥 ;
𝑁 ∑
𝑗=1 

𝑣𝑗 ( ⋅) 𝐼𝐴𝑗 
) =

𝑁 ∑
𝑗=1 

𝐼𝐴𝑗 
𝐽 ( 𝑡, 𝑥 ; 𝑣𝑗 ( ⋅)) 

ote that 𝑣𝑗 ( ⋅)( 𝑗 = 1 , 2 , ⋯ , 𝑁) are 𝑊 

𝑡, 𝑠 progressively measurable, then

( 𝑡, 𝑥, 𝑣𝑗 ( ⋅))( 𝑗 = 1 , 2 , ⋯ , 𝑁) are 𝐵 
𝑡, 𝑇 

measurable. By the comparison the-

rem of the BDSDE in ref. [11] , we assume that 

( 𝑡, 𝑥, 𝑣1 ) ≥ 𝐽 ( 𝑡, 𝑥, 𝑣𝑗 ) ∀𝑗 = 2 , 3 , ⋯ , 𝑁 

o 

𝑠𝑠 sup 
𝑣 ( ⋅)∈ 𝑡 

𝐽 ( 𝑡, 𝑥 ; 𝑣 ( ⋅)) = 𝑒𝑠𝑠 sup 
𝑣 ( ⋅)∈ 𝑡 

𝑁 ∑
𝑗=1 

𝐼𝐴𝑗 
𝐽 ( 𝑡, 𝑥 ; 𝑣𝑗 ( ⋅)) 

≤
𝑁 ∑
𝑗=1 

𝑒𝑠𝑠 sup 
𝑣 ( ⋅)∈ 𝑡 

𝐼𝐴𝑗 
𝐽 ( 𝑡, 𝑥 ; 𝑣𝑗 ( ⋅)) 

≤ 𝑒𝑠𝑠 sup 
𝑣 ( ⋅)∈ 𝑡 

𝐽 ( 𝑡, 𝑥 ; 𝑣1 ( ⋅)) = 𝑒𝑠𝑠 sup 
𝑣 ( ⋅)∈ 𝑡 

𝐽 ( 𝑡, 𝑥 ; 𝑣 ( ⋅)) 

hen we can get 

𝑠𝑠 sup 
𝑣 ( ⋅)∈ 𝑡 

𝐽 ( 𝑡, 𝑥 ; 𝑣 ( ⋅)) ≤ 𝑒𝑠𝑠 sup 
𝑣 ( ⋅)∈ 𝑡 

𝐽 ( 𝑡, 𝑥 ; 𝑣 ( ⋅)) 

owever, when 𝑣 ( ⋅) ∈  𝑡 , the cost functional 𝐽 ( 𝑡, 𝑥 ; 𝑣 ( ⋅)) is 𝐵 
𝑡, 𝑇 

measur-

ble. So 

 ( 𝑡, 𝑥 ) = 𝑒𝑠𝑠 sup 
𝑣 ( ⋅)∈ 𝑡 

𝐽 ( 𝑡, 𝑥 ; 𝑣 ( ⋅)) 

s 𝐵 
𝑡,𝑇 

measurable. □

Next, we shall investigate the continuity properties of the value func-

ion 𝑢 ( 𝑡, 𝑥 ) with respect to 𝑥 and 𝑡 . We establish the following estimates:

emma 3.4. For each 𝑡 ∈ [0 , 𝑇 ] , 𝑥 and 𝑥′ ∈ 𝑅𝑛 , we have 

( 𝑖 ) 𝐸|𝑢 ( 𝑡, 𝑥 ) − 𝑢 ( 𝑡, 𝑥′) |2 ≤ 𝐶|𝑥 − 𝑥′|2 
( 𝑖𝑖 ) 𝐸|𝑢 ( 𝑡, 𝑥 ) | ≤ 𝐶(1 + |𝑥 |) . (9) 

roof. utilizing the estimate: 𝐸(sup 𝑡 ≤ 𝑠 ≤ 𝑇 |𝑌 𝑡,𝑥 ; 𝑣 
𝑠 |2 ) ≤ 𝐶(1 + |𝑥 |2 ) , for each

dmissible control 𝑣 ( ⋅) ∈  , we have 

|𝐽 ( 𝑡, 𝑥 ; 𝑣 ( ⋅)) | ≤ 𝐶(1 + |𝑥 |) (10)

nd 

|𝐽 ( 𝑡, 𝑥 ; 𝑣 ( ⋅)) − 𝐽 ( 𝑡, 𝑥′; 𝑣 ( ⋅)) |2 ≤ 𝐶|𝑥 − 𝑥′|2 
n the other hand, utilizing the comparison theorem of the BDSDE pre-

ented in ref. [11] , for each 𝜀 > 0 , ∃𝑣 ( ⋅) , 𝑣′( ⋅) ∈  such that 

( 𝑡, 𝑥 ; 𝑣′( ⋅)) ≤ 𝑢 ( 𝑡, 𝑥 ) ≤ 𝐽 ( 𝑡, 𝑥, 𝑣 ( ⋅)) + 𝜀 

( 𝑡, 𝑥′; 𝑣 ( ⋅)) ≤ 𝑢 ( 𝑡, 𝑥′) ≤ 𝐽 ( 𝑡, 𝑥′, 𝑣′( ⋅)) + 𝜀 

rom the estimate (10) we can get 

 𝐶(1 + |𝑥 |) − 𝜀 ≤ 𝐸|𝐽 ( 𝑡, 𝑥 ; 𝑣′( ⋅)) | ≤ 𝐸|𝑢 ( 𝑡, 𝑥 ) |
≤ 𝐸|𝐽 ( 𝑡, 𝑥 ; 𝑣 ( ⋅)) | + 𝜀 ≤ 𝐶(1 + |𝑥 |) + 𝜀 

rom the arbitrariness of 𝜀 , we can obtain (ii). 
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Similarly 

( 𝑡, 𝑥 ; 𝑣′( ⋅)) − 𝐽 ( 𝑡, 𝑥′; 𝑣′( ⋅)) − 𝜀 ≤ 𝑢 ( 𝑡, 𝑥 ) − 𝑢 ( 𝑡, 𝑥′) 

≤ 𝐽 ( 𝑡, 𝑥 ; 𝑣 ( ⋅)) − 𝐽 ( 𝑡, 𝑥′; 𝑣 ( ⋅)) + 𝜀 

𝑢 ( 𝑡, 𝑥 ) − 𝑢 ( 𝑡, 𝑥′) |
≤ max { |𝐽 ( 𝑡, 𝑥 ; 𝑣 ( ⋅)) − 𝐽 ( 𝑡, 𝑥′; 𝑣′( ⋅)) |, |𝐽 ( 𝑡, 𝑥 ; 𝑣 ( ⋅)) − 𝐽 ( 𝑡, 𝑥′; 𝑣 ( ⋅)) |} + 𝜀 

|𝑢 ( 𝑡, 𝑥 ) − 𝑢 ( 𝑡, 𝑥′) |2 
≤ 2max { 𝐸|𝐽 ( 𝑡, 𝑥 ; 𝑣′( ⋅)) − 𝐽 ( 𝑡, 𝑥′; 𝑣′( ⋅)) |2 , 𝐸|𝐽 ( 𝑡, 𝑥 ; 𝑣 ( ⋅)) 

− 𝐽 ( 𝑡, 𝑥′; 𝑣 ( ⋅)) |2 } + 2 𝜀2 

≤ 2 𝐶|𝑥 − 𝑥′|2 + 2 𝜀2 

hen we can obtain (9) . □

Additionally, we have: 

emma 3.5. ∀𝑡 ∈ [0 , 𝑇 ] , ∀𝑣 ( ⋅) ∈  , for all 𝜁 ∈ 2 (Ω, 𝑊 

0 ,𝑡 , 𝑃 ; 𝑅
𝑛 ) , we have

( 𝑡, 𝜁 ; 𝑣 ( ⋅)) = 𝑌
𝑡, 𝜁 ; 𝑣 ( ⋅) 
𝑡 

roof. We first study a simple case: 𝜁 is the following form: 𝜁 =
𝑁 

𝑖 =1 𝐼𝐴𝑖 
𝑥𝑖 , where { 𝐴𝑖 }𝑁 

𝑖 =1 is a finite partition of (Ω, 𝑊 

0 ,𝑡 ) , and 𝑥𝑖 ∈ 𝑅𝑛 

or 1 ≤ 𝑖 ≤ 𝑁 , so 

𝑡, 𝜁 ; 𝑣 
𝑠 = 𝑌

𝑡,
∑𝑁 

𝑖 =1 𝐼𝐴𝑖 𝑥𝑖 ; 𝑣 
𝑠 =

𝑁 ∑
𝑖 =1 

𝐼𝐴𝑖 
𝑌
𝑡, 𝑥𝑖 ; 𝑣 
𝑠 

rom the definition of cost functional. We deduce that 

𝑡,𝜁 ; 𝑣 
𝑡 = 

𝑁 ∑
𝑖 =1 

𝐼𝐴𝑖 
𝑌
𝑡,𝑥𝑖 ; 𝑣 
𝑡 =

𝑁 ∑
𝑖 =1 

𝐼𝐴𝑖 
𝐽 ( 𝑡, 𝑥𝑖 ; 𝑣 ( ⋅)) 

= 𝐽 ( 𝑡,
𝑁 ∑
𝑖 =1 

𝐼𝐴𝑖 
𝑥𝑖 ; 𝑣 ( ⋅)) = 𝐽 ( 𝑡, 𝜁 ; 𝑣 ( ⋅)) 

herefor, for simple functions, we get the desired result. 

Given a general 𝜁 ∈ 2 (Ω, 𝑊 

0 ,𝑡 , 𝑃 ; 𝑅
𝑛 ) , we can choose a sequence of

imple function { 𝜁𝑖 } which converges to 𝜁 in 2 (Ω, 𝑊 

0 ,𝑡 , 𝑃 ; 𝑅
𝑛 ) . Conse-

uently, by Proposition 3.2 we have 

{ |𝑌 𝑡,𝜁 ; 𝑣 
𝑡 − 𝑌

𝑡,𝜁𝑖 ; 𝑣 
𝑡 |2 } ≤ 𝐸{ 𝐶|𝜁 − 𝜁𝑖 |2 } → 0 , 𝑎𝑠 𝑖 → ∞

o 

𝐸{ |𝐽 ( 𝑡, 𝜁 ; 𝑣 ( ⋅)) − 𝐽 ( 𝑡, 𝜁𝑖 ; 𝑣 ( ⋅)) |2 } ≤ 𝐸{ 𝐶|𝜁 − 𝜁𝑖 |2 } → 0 , 𝑎𝑠 𝑖 → ∞

ith the help of 𝑌
𝑡,𝜁 ; 𝑣 
𝑡 = 𝐽 ( 𝑡, 𝜁 ; 𝑣 ( ⋅)) , the proof is completed. □

We present the following result for the value function of our recur-

ive optimal control problem: 

emma 3.6. Fixed 𝑡 ∈ [0 , 𝑇 ) and 𝜁 ∈ 2 (Ω, 𝑊 

0 ,𝑡 , 𝑃 ; 𝑅
𝑛 ) , for each 𝑣 ( ⋅) ∈  ,

e have 

 ( 𝑡, 𝜁 ) ≥ 𝑌
𝑡, 𝜁 ; 𝑣 ( ⋅) 
𝑡 , 𝑎.𝑠. (11)

n the other hand, for each 𝜀 > 0 , there exists an admissible control 𝑣 ( ⋅) ∈  

uch that 

 ( 𝑡, 𝜁 ) ≤ 𝑌
𝑡, 𝜁, ; 𝑣 ( ⋅) 
𝑡 + 𝜀, 𝑎.𝑠. (12)

roof. In order to prove this lemma, Proposition 3.1 and

roposition 3.2 are of paramount importance. 

We first proof (11) . When 𝜁 is a simple function: 𝜁 =
∑𝑁 

𝑖 =1 𝐼𝐴𝑖 
𝑥𝑖 , for

ll 𝑣 ( ⋅) ∈  , We have 

𝑡,𝜁 ; 𝑣 
𝑡 = 𝑌

𝑡,
∑𝑁 

𝑖 =1 𝐼𝐴𝑖 𝑥𝑖 ; 𝑣 
𝑡 =

𝑁 ∑
𝑖 =1 

𝐼𝐴𝑖 
𝑌 𝑡,𝑥𝑖 ; 𝑣 
𝑡 =

𝑁 ∑
𝑖 =1 

𝐼𝐴𝑖 
𝐽 ( 𝑡, 𝑥𝑖 ; 𝑣 ( ⋅)) ≤ 𝑢 ( 𝑡, 𝜁 ) 

f 𝜁 ∈ 2 (Ω, 𝑊 

0 ,𝑡 , 𝑃 ; 𝑅
𝑛 ) , we can choose a sequence of simple functions

 𝜁𝑖 } which converges to 𝜁 in 2 (Ω, 𝑊 

0 ,𝑡 , 𝑃 ; 𝑅
𝑛 ) . Consequently, similar to
5

emma 3.5 , we have 

{ |𝑌 𝑡,𝜁 ; 𝑣 
𝑡 − 𝑌

𝑡,𝜁𝑖 ; 𝑣 
𝑡 |2 } ≤ 𝐸{ 𝐶|𝜁 − 𝜁𝑖 |2 } → 0 , 𝑎𝑠 𝑖 → ∞

{ |𝑢 ( 𝑡, 𝜁 ) − 𝑢 ( 𝑡, 𝜁𝑖 ) |2 } → 0 , 𝑎𝑠 𝑖 → ∞

hen there exists a subsequence, without loss of generality we use same

otation, such that 

lim 

 →∞
𝑌
𝑡,𝜁𝑖 ; 𝑣 
𝑡 = 𝑌

𝑡,𝜁 ; 𝑣 
𝑡 , 𝑎.𝑠, lim 

𝑖 →∞
𝑢 ( 𝑡, 𝜁𝑖 ) = 𝑢 ( 𝑡, 𝜁 ) , 𝑎.𝑠. 

ere 𝑌
𝑡,𝜁𝑖 ; 𝑣 
𝑡 ≤ 𝑢 ( 𝑡, 𝜁𝑖 ) , 𝑖 = 1 , 2 , ⋯ , so 𝑌

𝑡,𝜁 ; 𝑣 
𝑡 ≤ 𝑢 ( 𝑡, 𝜁 ) , 𝑎.𝑠. . 

We now turn to (12) . We first consider the case that 𝜁 is a bound

andom variable, suppose that |𝜁 | ≤ 𝑀, and construct a simple random

ariable 𝜂 =
∑𝑁 

𝑖 =1 𝐼𝐴𝑖 
𝑥𝑖 , where { 𝐴𝑖 }𝑁 

𝑖 =1 is a finite partition of (Ω, 𝑊 

0 ,𝑡 ) ,
uch that 

( 𝑖 ) |𝜂| ≤ |𝜁 |
 𝑖𝑖 ) |𝜂 − 𝜁 | ≤ min { 𝜀 

6
√
𝐶 

,
𝜀2 

36 𝐶(1 + 2 𝑀) 
} 

or any 𝑣 ( ⋅) ∈  , By the comparison theorem of the BDSDE in ref.

11] and the Proposition 3.2 , we have 

𝑌
𝑡,𝜁 ; 𝑣 
𝑡 − 𝑌

𝑡,𝜂,𝑣 
𝑡 | ≤ 𝜀 

3 
, |𝑢 ( 𝑡, 𝜁 ) − 𝑢 ( 𝑡, 𝜂) | ≤ 𝜀 

3 

hen, for each 𝑥𝑖 , we can choose an 𝑊 

𝑡, 𝑠 -adapted admissible control 𝑣𝑖 ( ⋅)
uch that 

 ( 𝑡, 𝑥𝑖 ) ≤ 𝑌
𝑡,𝑥𝑖 ; 𝑣𝑖 
𝑡 + 𝜀 

3 

e denote 𝑣 ( ⋅) ∶=
∑𝑁 

𝑖 =1 𝐼𝐴𝑖 
𝑣𝑖 ( ⋅) , then 

𝑡,𝜁 ; 𝑣 
𝑡 ≥ − |𝑌 𝑡,𝜁 ; 𝑣 

𝑡 − 𝑌
𝑡,𝜂; 𝑣 
𝑡 | + 𝑌

𝑡,𝜂; 𝑣 
𝑡 ≥ − 𝜀 

3 
+

𝑁 ∑
𝑖 

𝐼𝐴𝑖 
𝑌
𝑡,𝑥𝑖 ; 𝑣𝑖 
𝑡 

≥ − 𝜀 

3 
+

𝑁 ∑
𝑖 

𝐼𝐴𝑖 
( 𝑢 ( 𝑡, 𝑥𝑖 ) −

𝜀 

3 
) = −2 

3 
𝜀 + 𝑢 ( 𝑡, 𝜂) 

≥ − 𝜀 + 𝑢 ( 𝑡, 𝜁 ) 

herefore, for a bounded random variable 𝜁 , we have the desired result

12) . 

Given a general 𝜁 ∈ 2 (Ω, 𝑊 

0 ,𝑡 , 𝑃 ; 𝑅
𝑛 ) , we note that 𝜁 has the follow-

ng form 

=
∞∑
𝑖 =1 

𝐼𝐴𝑖 
𝜁𝑖 

here { 𝐴𝑖 }∞𝑖 =1 is a partition of (Ω, 𝑊 

0 ,𝑡 ) , 𝜁𝑖 is a bounded random variable.

o, for every 𝜁𝑖 , there exists 𝑣𝑖 ( ⋅) ∈  , such that 

 ( 𝑡, 𝜁𝑖 ) ≤ 𝑌
𝑡,𝜁𝑖 ; 𝑣𝑖 
𝑡 + 𝜀 

e denote 𝑣 ( ⋅) =
∑∞

𝑖 =1 𝐼𝐴𝑖 
𝑣𝑖 ( ⋅) and get 

 ( 𝑡, 𝜁 ) = 𝑢 ( 𝑡,
∞∑
𝑖 =1 

𝐼𝐴𝑖 
𝜁𝑖 ) =

∞∑
𝑖 =1 

𝐼𝐴𝑖 
𝑢 ( 𝑡, 𝜁𝑖 ) ≤

∞∑
𝑖 =1 

𝐼𝐴𝑖 
( 𝑌 𝑡,𝜁𝑖 ; 𝑣𝑖 

𝑡 + 𝜀 ) 

= 

∞∑
𝑖 =1 

𝐼𝐴𝑖 
𝑌
𝑡,𝜁𝑖 ; 𝑣𝑖 
𝑡 + 𝜀 = 𝑌

𝑡,𝜁 ; 𝑣 
𝑡 + 𝜀 

he proof is now completed. □

Now we start to discuss the (generalized) dynamic programming

rinciple for our recursive optimal control problem. 

Firstly we introduce a family of (backward) semigroups which is

riginal from Peng’s idea in ref. [4] . Given the initial condition ( 𝑡, 𝑥 ) ,
n admissible control 𝑣 ( ⋅) ∈  , a positive number 𝛿 ≤ 𝑇 − 𝑡 and a real-

alue random variable 𝜂 ∈ 2 (Ω, 𝑡 + 𝛿, 𝑃 ; ℝ ) , we denote 

𝑡,𝑥 ; 𝑣 
𝑡,𝑡 + 𝛿[ 𝜂] ∶= 𝑌𝑡 
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here ( 𝑌𝑠 , 𝑍𝑠 ) is the solution of the following BDSDE with the horizon

 + 𝛿

𝑠 = 𝜂 + ∫
𝑡 + 𝛿

𝑠 

𝑓 ( 𝑟, 𝑌𝑟 , 𝑍𝑟 ) 𝑑𝑟 + ∫
𝑡 + 𝛿

𝑠 

𝑔( 𝑟, 𝑌𝑟 , 𝑍𝑟 ) 𝑑⃖⃖𝐵⃖ 𝑟 

−∫
𝑡 + 𝛿

𝑠 

𝑍𝑟 𝑑𝑊𝑟 , 𝑡 ≤ 𝑠 ≤ 𝑡 + 𝛿

bviously, 

𝑡,𝑥 ; 𝑣 
𝑡,𝑇 

[Φ( 𝑋𝑡,𝑥 ; 𝑣 
𝑇 

)] = 𝐺𝑡,𝑥 ; 𝑣 
𝑡,𝑡 + 𝛿[ 𝑌

𝑡,𝑥 ; 𝑣 
𝑡 + 𝛿 ] 

Then our (generalized) dynamic programming principle holds. 

heorem 3.7. Under the assumption (H3.1)-(H3.7), the value function

 ( 𝑡, 𝑥 ) obeys the following dynamic programming principle: for each 0 < 𝛿 ≤
 − 𝑡 , 

 ( 𝑡, 𝑥 ) = 𝑒𝑠𝑠 sup 
𝑣 ( ⋅)∈ 

𝐺𝑡,𝑥 ; 𝑣 
𝑡,𝑡 + 𝛿[ 𝑢 ( 𝑡 + 𝛿, 𝑋𝑡,𝑥 ; 𝑣 

𝑡 + 𝛿 )] 

roof. We have 

 ( 𝑡, 𝑥 ) = 𝑒𝑠𝑠 sup 
𝑣 ( ⋅)∈ 

𝐺𝑡,𝑥 ; 𝑣 
𝑡,𝑇 

[Φ( 𝑋𝑡,𝑥 ; 𝑣 
𝑇 

)] = 𝑒𝑠𝑠 sup 
𝑣 ( ⋅)∈ 

𝐺𝑡,𝑥 ; 𝑣 
𝑡,𝑡 + 𝛿[ 𝑌

𝑡,𝑥 ; 𝑣 
𝑡 + 𝛿 ] 

= 𝑒𝑠𝑠 sup 
𝑣 ( ⋅)∈ 

𝐺𝑡,𝑥 ; 𝑣 
𝑡,𝑡 + 𝛿[ 𝑌

𝑡 + 𝛿,𝑋𝑡,𝑥 ; 𝑣 
𝑡 + 𝛿 ; 𝑣 

𝑡 + 𝛿 ] 

orm Lemma 3.6 and the comparison theorem of double BDSDE 

 ( 𝑡, 𝑥 ) ≤ 𝑒𝑠𝑠 sup 
𝑣 ( ⋅)∈ 

𝐺𝑡,𝑥 ; 𝑣 
𝑡,𝑡 + 𝛿[ 𝑢 ( 𝑡 + 𝛿, 𝑋𝑡,𝑥 ; 𝑣 

𝑡 + 𝛿 )] 

On the other hand, from Lemma 3.6 , for every 𝜀 > 0 , we can find an

dmissible control 𝑣 ( ⋅) ∈  such that 

 ( 𝑡 + 𝛿, 𝑋𝑡,𝑥 ;𝑣 
𝑡 + 𝛿 ) ≤ 𝑌

𝑡 + 𝛿,𝑋𝑡,𝑥 ;𝑣 
𝑡 + 𝛿 ;𝑣 

𝑡 + 𝛿 + 𝜀 

or each 𝑣 ( ⋅) ∈  , we denote ̃𝑣 ( 𝑠 ) = 𝐼{ 𝑠 ≤ 𝑡 + 𝛿} 𝑣 ( 𝑠 ) + 𝐼{ 𝑠>𝑡 + 𝛿} 𝑣 ( 𝑠 ) . From the

bove inequality and the comparison theorem, we get 

𝑡 + 𝛿,𝑋𝑡,𝑥 ;𝑣 
𝑡 + 𝛿 ;𝑣 

𝑡 + 𝛿 ≥ 𝑢 ( 𝑡 + 𝛿, 𝑋𝑡,𝑥 ;𝑣 
𝑡 + 𝛿 ) − 𝜀, 𝑢 ( 𝑡, 𝑥 ) ≥ 𝑒𝑠𝑠 sup 

𝑣 ( ⋅)∈ 
𝐺𝑡,𝑥 ;𝑣 
𝑡,𝑡 + 𝛿[ 𝑢 ( 𝑡 + 𝛿, 𝑋𝑡,𝑥 ;𝑣 

𝑡 + 𝛿 ) − 𝜀 ] 

y Proposition 2.2 , there exists a positive constant 𝐶0 such that 

 ( 𝑡, 𝑥 ) ≥ 𝑒𝑠𝑠 sup 
𝑣 ∈ 

𝐺𝑡,𝑥 ;𝑣 
𝑡,𝑡 + 𝛿[ 𝑢 ( 𝑡 + 𝛿, 𝑋𝑡,𝑥 ;𝑣 

𝑡 + 𝛿 )] − 𝐶0 𝜀 

herefore, letting 𝜀 ↓ 0 , we obtain 

 ( 𝑡, 𝑥 ) ≥ 𝑒𝑠𝑠 sup 
𝑣 ∈ 

𝐺𝑡,𝑥 ;𝑣 
𝑡,𝑡 + 𝛿[ 𝑢 ( 𝑡 + 𝛿, 𝑋𝑡,𝑥 ;𝑣 

𝑡 + 𝛿 )] 

ecause 𝑣 ( ⋅) acts only on [ 𝑡, 𝑡 + 𝛿] for 𝐺𝑡,𝑥 ;𝑣 
𝑡,𝑡 + 𝛿 , from the definition of 𝑣 ( ⋅)

nd the arbitrariness of ̃𝑣 ( ⋅) , we know that the above inequality can be

ritten as 

 ( 𝑡, 𝑥 ) ≥ 𝑒𝑠𝑠 sup 
𝑣 ∈ 

𝐺𝑡,𝑥 ; 𝑣 
𝑡,𝑡 + 𝛿[ 𝑢 ( 𝑡 + 𝛿, 𝑋𝑡,𝑥 ; 𝑣 

𝑡 + 𝛿 )] 

hich is our desired conclusion. □

. Sobolev weak solution for the stochastic HJB 

quation corresponding to the stochastic recursive control 

roblem 

In this section we consider the Sobolev weak solution for the SHJB

quation related to the stochastic recursive optimal control problem. 

We give some preliminary results of the BDSDE which are useful for

he sobolev weak solutions for the recursive optimal control problem.

n order to facilitate understanding and narration, we divided it into

everal parts. 

Part I 

Consider the control system defined by (4) 

 

𝑑𝑥𝑡,𝑥 ; 𝑣 𝑠 = 𝑏 ( 𝑠, 𝑥𝑡,𝑥 ; 𝑣 𝑠 , 𝑣𝑠 ) 𝑑𝑠 + 𝜎( 𝑠, 𝑥𝑡,𝑥 ; 𝑣 𝑠 , 𝑣𝑠 ) 𝑑𝑊𝑠 , 𝑠 ∈ [ 𝑡, 𝑇 ] 
𝑥𝑡,𝑥 ; 𝑣 𝑡 = 𝑥. 

(13) 

atisfying the following conditions: 
6

(H4.1) The coefficient b is 2 times continuously differentiable in x

nd all their partial derivatives are uniformly bounded, 𝜎 is 3 times

ontinuously differentiable in 𝑥 and all their partial derivatives are uni-

ormly bounded, and |𝑏 ( 𝑡, 𝑥, 𝑣 ) | + |𝜎( 𝑡, 𝑥, 𝑣 ) | ≤ 𝐿 (1 + |𝑥 |) , where 𝐿 is a

onstant. 

And the cost function defined by the following BDSDE 

𝑡,𝑥 ; 𝑣 
𝑠 = Φ( 𝑥𝑡,𝑥 ; 𝑣 

𝑇 
) + ∫

𝑇 

𝑠 

𝑓 ( 𝑟, 𝑥𝑡,𝑥 ; 𝑣 𝑟 , 𝑦𝑡,𝑥 ; 𝑣 𝑟 , 𝑧𝑡,𝑥 ; 𝑣 𝑟 , 𝑣𝑟 ) 𝑑𝑟 

+∫
𝑇 

𝑠 

𝑔( 𝑟, 𝑥𝑡,𝑥 ; 𝑣 𝑟 , 𝑦𝑡,𝑥 ; 𝑣 𝑟 , 𝑧𝑡,𝑥 ; 𝑣 𝑟 ) 𝑑⃖⃖𝐵 𝑟 − ∫
𝑇 

𝑠 

𝑧𝑡,𝑥 ; 𝑣 𝑟 𝑑𝑊𝑟 (14) 

here 

∶ 𝑅𝑛 → 𝑅, 

 ∶ [0 , 𝑇 ] × 𝑅𝑛 × 𝑅 × 𝑅𝑑 × 𝑈 → 𝑅 

 ∶ [0 , 𝑇 ] ×𝑅𝑛 ×𝑅 × 𝑅𝑑 → 𝑅𝑙 

atisfying the conditions as same as that denoted in Section 3 . 

Obviously, under the above assumptions (H3.1)-(H3.7) and (H4.1),

or a given control 𝑣 ( ⋅) ∈  , there exists a unique solution ( 𝑦𝑡,𝑥 ; 𝑣 𝑠 , 𝑧𝑡,𝑥 ; 𝑣 𝑠 ) ∈
2 (0 , 𝑇 ; 𝑅 ) ×2 (0 , 𝑇 ; 𝑅𝑑 ) . We introduce the associated cost function 

( 𝑡, 𝑥 ; 𝑣 ) ∶= 𝑦𝑡,𝑥 ; 𝑣 𝑠 |𝑠 = 𝑡 , ( 𝑡, 𝑥 ) ∈ [0 , 𝑇 ] × 𝑅𝑛 (15) 

nd define the value function of the stochastic optimal control prob-

em 

 ( 𝑡, 𝑥 ) ∶= 𝑒𝑠𝑠 sup 
𝑣 ∈ 

𝐽 ( 𝑡, 𝑥 ; 𝑣 ) , ( 𝑡, 𝑥 ) ∈ [0 , 𝑇 ] × 𝑅𝑛 (16) 

According to the conclusion in previous section, we know that the

elebrated dynamic programming principle still holds for this recursive

tochastic optimal control problem. We therefore deduce the following

tochastic HJB equation 

 ( 𝑠, 𝑥 ) = Φ( 𝑥 ) + sup 
𝑣 ∈ 

{ 

∫
𝑇 

𝑠 

(  ( 𝑟, 𝑥, 𝑣 ) 𝑢 ( 𝑟, 𝑥 ) + 𝑓 ( 𝑟, 𝑥, 𝑢 ( 𝑟, 𝑥 )) , 𝜎∇ 𝑢 ( 𝑟, 𝑥 ) , 𝑣 ) 𝑑𝑟 

+ ∫
𝑇 

𝑠 

𝑔( 𝑟, 𝑥, 𝑢 ( 𝑟, 𝑥 ) , 𝜎∇ 𝑢 ( 𝑟, 𝑥 )) 𝑑⃖⃖𝐵 𝑟 

} 

(17) 

here  is a family of second order linear partial differential operators

 ( 𝑟, 𝑥, 𝑞) 𝜑 = 1 
2 
𝑡𝑟 [ 𝜎( 𝑟, 𝑥, 𝑣𝑡 ) 𝜎( 𝑟, 𝑥, 𝑣𝑡 )𝑇 𝐷2 𝜑 ] + ⟨𝑏 ( 𝑟, 𝑥, 𝑣𝑡 ) , 𝐷𝜑 ⟩

art II 

We define the weight function 𝜌 is continuous positive on 𝑅𝑛 satis-

ying ∫
𝑅𝑛 𝜌( 𝑥 ) 𝑑𝑥 = 1 and ∫

𝑅𝑛 |𝑥 |2 𝜌( 𝑥 ) 𝑑𝑥 < ∞. 

Denote by 𝐿2 ( 𝑅𝑛 , 𝜌( 𝑥 ) 𝑑𝑥 ) the weighted 𝐿2 -space with weight func-

ion endowed with the norm 

𝑢 ‖𝐿2 ( 𝑅𝑛 ,𝜌( 𝑥 ) 𝑑𝑥 ) =
[ 
∫𝑅𝑛 

|𝑢 ( 𝑥 ) |2 𝜌( 𝑥 ) 𝑑𝑥] 1 2 
We set 𝐷 ∶= { 𝑢 ∶ 𝑅𝑛 → 𝑅 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑢 ∈ 𝐿2 ( 𝑅𝑛 , 𝜌( 𝑥 ) 𝑑𝑥 ) 𝑎𝑛𝑑 𝜕𝑢 

𝜕𝑥𝑖 
∈

2 ( 𝑅𝑛 , 𝜌( 𝑥 ) 𝑑𝑥 )} , where 𝜕𝑢 

𝜕𝑥𝑖 
is derivative with respect to 𝑥 in the weak

ense. Note that 𝐷 equipped with the norm 

𝑢 ‖𝐷 =
[ 

∫𝑅𝑛 
|𝑢 ( 𝑥 ) |2 𝜌( 𝑥 ) 𝑑𝑥 + ∑

1 ≤ 𝑖 ≤ 𝑛 ∫𝑅𝑛 

|||| 𝜕𝑢 𝜕𝑥𝑖 

||||
2 
𝜌( 𝑥 ) 𝑑𝑥

] 

1 
2 

s a Hilbert space, which is a classical Dirichlet space. Moreover, 𝐷 is a

ubset of the Sobolev space 𝐻1 ( 𝑅𝑛 ) . 
We set 𝐻 ∶= { 𝑢 ∶ 𝑢 ∈ 𝐿2 ( 𝑅𝑛 , 𝜌( 𝑥 ) 𝑑𝑥 ) 𝑎𝑛𝑑 ( 𝜎∗ ▽𝑢 ) ∈ 𝐿2 ( 𝑅𝑛 , 𝜌( 𝑥 ) 𝑑𝑥 )}

quipped with the norm 

𝑢 ‖𝐻 

=
[ 
∫𝑅𝑛 

|𝑢 ( 𝑥 ) |2 𝜌( 𝑥 ) 𝑑𝑥 + ∫𝑅𝑛 

||( 𝜎∗ ∇ 𝑢 ( 𝑥 ))||2 𝜌( 𝑥 ) 𝑑𝑥] 1 2 
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𝐺
𝑠,𝑠 𝑠
We say 𝑢 ∈ 𝐿2 ([0 , 𝑇 ] , 𝐻) if ∫ 𝑇 

0 ‖𝑢 ( 𝑡 ) ‖2 𝐻 

𝑑𝑡 < ∞. 

Let 𝑇 be a strictly positive real number and 𝑈 a nonempty compact

et of 𝑅𝑘 . 

Part III 

Then, we introduce some equivalence norm. 

The solution of SDE (13) generates a stochastic flow, and the inverse

ow is denoted by ̂𝑥𝑡,𝑥,𝑣 𝑠 . It is known from [16] that 𝑥 → 𝑥𝑡,𝑥,𝑣 𝑠 is differen-

iable and we denote by 𝐽 (𝑥𝑡,𝑥,𝑣 𝑠 ) the determinant of the Jacobian matrix

f 𝑥𝑡,𝑥,𝑣 𝑠 , which is positive and 𝐽 (𝑥𝑡,𝑥,𝑣 𝑡 ) = 1 . For 𝜑 ∈ 𝐶∞
𝑐 ( 𝑅

𝑛 ) we define

 process 𝜑𝑡 ∶ Ω × [0 , 𝑇 ] × 𝑅𝑛 → 𝑅 by 𝜑𝑡 ( 𝑠, 𝑥 ) = 𝜑 (𝑥𝑡,𝑥,𝑣 𝑠 ) 𝐽 (𝑥𝑡,𝑥,𝑣 𝑠 ) . Follow-

ng Kunita [17] , we can define the composition of 𝑢 ∈ 𝐿2 ( 𝑅𝑛 ) with the

tochastic flow by ( 𝑢 ◦𝑥𝑡, ⋅,𝑣 𝑠 , 𝜑 ) = ( 𝑢, 𝜑𝑡 ( 𝑠, ⋅)) . Indeed, by a change of vari-

ble, we have 

 𝑢 ◦𝑥𝑡, ⋅,𝑣 𝑠 , 𝜑 ) = ∫𝑅𝑛 
𝑢 ( 𝑦 ) 𝜑 (𝑥𝑡,𝑥,𝑣 𝑠 ) 𝐽 (𝑥𝑡,𝑥,𝑣 𝑠 ) 𝑑𝑦 = ∫𝑅𝑛 

𝑢 ( 𝑥𝑡,𝑥,𝑣 𝑠 ) 𝜑 ( 𝑥 ) 𝑑𝑥 

In ref. [8] , V. Bally and A. Matoussi proved that 𝜑𝑡 ( 𝑠, 𝑥 ) is a semi-

artingale and admits the following lemma 4.1 and lemma 4.2 . 

emma 4.1. For 𝜑 ∈ 𝐶2 
𝑐 ( 𝑅

𝑛 ) , we have 

𝑡 ( 𝑠, 𝑥 ) = 𝜑 ( 𝑥 ) −
𝑑 ∑
𝑗=1 

∫
𝑠 

𝑡 

𝑑 ∑
𝑖 =1 

𝜕 

𝜕𝑥𝑖 
( 𝜎𝑖,𝑗 ( 𝑟, 𝑥 ) 𝜑𝑡 ( 𝑟, 𝑥 )) 𝑑𝑊 𝑗 

𝑟 + ∫
𝑠 

𝑡 

𝐿∗ 
𝑟 𝜑𝑡 ( 𝑟, 𝑥 ) 𝑑𝑟 

here 𝐿∗ 
𝑡 is the adjoint operator of 𝐿𝑡 . 

The next lemma, known as the norm equivalence result and proved

n ref. [8] plays an important role in the proof of the main result. 

emma 4.2. Assume that (H4.1) holds. Then for any 𝑣 ∈  there ex-

st two constants 𝑐 > 0 and 𝐶 > 0 such that for every 𝑡 ≤ 𝑠 ≤ 𝑇 and 𝜑 ∈
1 ( 𝑅𝑛 ; 𝜌( 𝑥 ) 𝑑𝑥 ) 

∫𝑅𝑛 
|𝜑 ( 𝑥 ) |𝜌( 𝑥 ) 𝑑𝑥 ≤ ∫𝑅𝑛 

𝐸( |𝜑 ( 𝑥𝑡,𝑥 ; 𝑣 𝑠 ) |) 𝜌( 𝑥 ) 𝑑𝑥 ≤ 𝐶 ∫𝑅𝑛 
|𝜑 ( 𝑥 ) |𝜌( 𝑥 ) 𝑑𝑥 

oreover, for every 𝜓 ∈ 𝐿1 ([0 , 𝑇 ] × 𝑅𝑛 ; 𝑑𝑡 ⊗ 𝜌( 𝑥 ) 𝑑𝑥 ) 

∫𝑅𝑛 ∫
𝑇 

𝑡 

|𝜓( 𝑠, 𝑥 ) |𝑑 𝑠𝜌( 𝑥 ) 𝑑 𝑥 ≤ ∫𝑅𝑛 ∫
𝑇 

𝑡 

𝐸 ( |𝜓( 𝑠, 𝑥𝑡,𝑥 ; 𝑣 𝑠 ) |) 𝑑 𝑠𝜌( 𝑥 ) 𝑑 𝑥 
≤ 𝐶 ∫𝑅𝑛 ∫

𝑇 

𝑡 

|𝜓( 𝑠, 𝑥 ) |𝑑 𝑠𝜌( 𝑥 ) 𝑑 𝑥 
The constants 𝑐 and 𝐶 depend on 𝑇 , on 𝜌 and on the bounds of deriva-

ives of the 𝑏 and 𝜎. The proof is similar to the proof of Proposition 5.1

n [8] , hence we omit it. 

We now provide the definition of a Sobolev solution for the SHJB

q. 17 . 

efinition 4.1. We say that 𝑉 ( 𝑡, 𝑥 ) is a weak solution of the Eq. 17 , if

 ( 𝑡, 𝑥 ) is 𝐵 
𝑡,𝑇 

-measurable stochastic variable and 

(i) 𝐸
𝐵 
𝑡,𝑇 ( 𝑉 ( 𝑡, 𝑥 )) ∈ 𝐿2 ([0 , 𝑇 ]; 𝐻) , 𝑖.𝑒. 

𝐵 
𝑡,𝑇 

{ 

∫
𝑇 

0 
‖𝑉 ( 𝑡 ) ‖2 

𝐻 

𝑑𝑡

} 

= 𝐸
𝐵 
𝑡,𝑇 ( 𝑉 ( 𝑡, 𝑥 ))

{ 

∫
𝑇 

0 

( 

∫𝑅𝑛 
|𝑉 ( 𝑡, 𝑥 ) |2 𝜌( 𝑥 ) 𝑑𝑥} 

+ 𝐸
𝐵 
𝑡,𝑇 ( 𝑉 ( 𝑡, 𝑥 ))

{ 

∫𝑅𝑛 
|( 𝜎∗ ∇ 𝑉 )( 𝑡, 𝑥 ) |2 𝜌( 𝑥 ) 𝑑 𝑥) 

𝑑 𝑡

} 

< ∞ (18) 

(ii) For any non-negative 𝜑 ∈ 𝐶1 , ∞([0 , 𝑇 ] × 𝑅𝑛 ) and for any 𝑣 ∈  
𝑐 

7

𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑉 ( 𝑟, 𝑥 ) , 𝜕𝑟 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑟𝑑 𝑥 + ∫𝑅𝑛 
( 𝑉 ( 𝑠, 𝑥 ) , 𝜑 ( 𝑠, 𝑥 )) 𝑑𝑥 

≥ ∫𝑅𝑛 
(Φ( 𝑥 ) , 𝜑 ( 𝑇 , 𝑥 )) 𝑑𝑥 + ∫𝑅𝑛 ∫

𝑇 

𝑠 

( 𝑓 ( 𝑟, 𝑥, 𝑉 , 𝜎∗ ∇ 𝑉 , 𝑣𝑟 ) , 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑟𝑑 𝑥 

+ ∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑔( 𝑟, 𝑥, 𝑉 , 𝜎∗ ∇ 𝑉 ) , 𝜑 ( 𝑟, 𝑥 )) 𝑑⃖⃖𝐵⃖ 𝑟 𝑑𝑥 

+ ∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑣 
𝑟 𝑉 ( 𝑟, 𝑥 ) , 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑟𝑑 𝑥 (19) 

here ( 𝐿𝑟 𝑉 ( 𝑟, 𝑥 ) , 𝜑 ( 𝑟, 𝑥 )) = ∫
𝑅𝑛 ( 1 2 (∇ 𝑉 𝜎)( 𝜎∗ ∇ 𝜑 ) + 𝑉 𝑑𝑖𝑣 ( 𝑏 − 𝐴 ) 𝜑 ) 𝑑𝑥 with

𝑖 =
1 
2 
∑𝑛 

𝑘 =1 
𝜕𝑎𝑘,𝑖 

𝜕𝑥𝑘 
. 

(iii) For any non-negative 𝜑 ∈ 𝐶1 , ∞
𝑐 ([0 , 𝑇 ] × 𝑅𝑛 ) and for any small

 > 0 , there exists a control 𝑣′ ∈  , such that 

𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑉 ( 𝑟, 𝑥 ) , 𝜕𝑟 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑟𝑑 𝑥 + ∫𝑅𝑛 
( 𝑉 ( 𝑠, 𝑥 ) , 𝜑 ( 𝑠, 𝑥 )) 𝑑𝑥 − 𝜀 

≤ ∫𝑅𝑛 
(Φ( 𝑥 ) , 𝜑 ( 𝑇 , 𝑥 )) 𝑑𝑥 + ∫𝑅𝑛 ∫

𝑇 

𝑠 

( 𝑓 ( 𝑟, 𝑥, 𝑉 , 𝜎∗ ∇ 𝑉 , 𝑣′𝑟 ) , 𝜑 ( 𝑟, 𝑥 ))drdx 

+ ∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑔( 𝑟, 𝑥, 𝑉 , 𝜎∗ ∇ 𝑉 ) , 𝜑 ( 𝑟, 𝑥 )) 𝑑⃖⃖𝐵⃖ 𝑟 𝑑𝑥 

+ ∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑣′
𝑟 𝑉 ( 𝑟, 𝑥 ) , 𝜑 ( 𝑟, 𝑥 ))drdx (20) 

Prior to presenting the main result of this section, we shall first recall

he comparison theorem for BDSDE in [11] . 

emma 4.3. Let ( 𝜉, 𝑓, 𝑔) and ( 𝜉′, 𝑓 ′, 𝑔) be two parameters of BDSDEs. As-

uming that each one satisfies all the assumptions (H2.1) and (H2.2), we

urther suppose the following 

≤ 𝜉′, 𝑎.𝑠, 𝑓 ( 𝑡, 𝑦, 𝑧 ) ≤ 𝑓 ′( 𝑡, 𝑦, 𝑧 ) , 𝑎.𝑠.𝑎.𝑒., ∀( 𝑦, 𝑧 ) ∈ 𝑅 × 𝑅𝑑 

et ( 𝑌 , 𝑍) be the solution of the BDSDE with parameter ( 𝜉, 𝑓, 𝑔) and ( 𝑌 ′, 𝑍′)
s the solution of the BDSDE with parameter ( 𝜉′, 𝑓 ′, 𝑔) . Then 

𝑡 ≤ 𝑌 ′
𝑡 , 𝑎.𝑒. ∀ 0 ≤ 𝑡 ≤ 𝑇 

emma 4.4. Let (H3.1)-(H3.7) and (H4.1) hold, then for any 𝑣 ∈  , the

alue function satisfies 

 ( 𝑠, 𝑥𝑡,𝑥,𝑣 𝑠 ) ≥ 𝐸

{ 

∫
𝑠′

𝑠 

𝑓 ( 𝑟, 𝑥𝑡,𝑥,𝑣 𝑟 , 𝑦𝑡,𝑥,𝑣 𝑟 , 𝑧𝑡,𝑥,𝑣 𝑟 , 𝑣𝑟 ) 𝑑𝑟 

+ 𝑔( 𝑟, 𝑥𝑡,𝑥,𝑣 𝑟 , 𝑦𝑡,𝑥,𝑣 𝑟 , 𝑧𝑡,𝑥,𝑣 𝑟 ) 𝑑⃖⃖𝐵⃖ 𝑟 + 𝑉 ( 𝑠′, 𝑥𝑡,𝑥,𝑣 
𝑠′

) |𝑊 

𝑡,𝑠 ∨ 𝐵 
𝑠,𝑇 

} 

∀𝑡 ≤ 𝑠 ≤ 𝑠′ ≤ 𝑇 (21) 

nd for any small 𝜀 > 0 , there exists a 𝑣′ ∈  , such that 

 ( 𝑠, 𝑥𝑡,𝑥,𝑣′𝑠 ) − 𝜀 ≤ 𝐸

{ 

∫
𝑠′

𝑠 

𝑓 ( 𝑟, 𝑥𝑡,𝑥,𝑣′𝑟 , 𝑦𝑡,𝑥,𝑣
′

𝑟 , 𝑧𝑡,𝑥,𝑣
′

𝑟 , 𝑣𝑟 ) 𝑑𝑟 

+ 𝑔( 𝑟, 𝑥𝑡,𝑥,𝑣′𝑟 , 𝑦𝑡,𝑥,𝑣
′

𝑟 , 𝑧𝑡,𝑥,𝑣
′

𝑟 ) 𝑑⃖⃖𝐵⃖ 𝑟 +𝑉 ( 𝑠′, 𝑥
𝑡,𝑥,𝑣′

𝑠′
) |𝑊 

𝑡, 𝑠 ∨ 𝐵 
𝑠, 𝑇 

}
∀𝑡 ≤ 𝑠 ≤ 𝑠′ ≤ 𝑇 (22)

roof. According to the dynamic programming principle, as derived

bove (
𝑠, 𝑥𝑡,𝑥,𝑣 𝑠 

)
= ess sup 

𝑣 ∈ 
𝐺𝑡,𝑥,𝑣 

𝑠,𝑠′

[
𝑉
(
𝑠′, 𝑥𝑡,𝑥,𝑣 

𝑠′

)]
, ∀𝑡 ≤ 𝑠 ≤ 𝑠′ ≤ 𝑇 

et 

𝑡,𝑥,𝑣 
′

[
𝑉
(
𝑠′, 𝑥𝑡,𝑥,𝑣 ′

)]
∶= 𝑦𝑡,𝑥,𝑣 𝑠 
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e the solution to the following BDSDE 

̃𝑡,𝑥,𝑣 𝑠 = 𝑉 ( 𝑠′, 𝑥𝑡,𝑥,𝑣 
𝑠′

) + ∫
𝑠′

𝑠 

𝑓 ( 𝑟, 𝑥𝑡,𝑥,𝑣 𝑟 , 𝑦𝑡,𝑥,𝑣 𝑟 , 𝑧𝑡,𝑥,𝑣 𝑟 , 𝑣𝑟 ) 𝑑𝑟 

+∫
𝑠′

𝑠 

𝑔( 𝑟, 𝑥𝑡,𝑥,𝑣 𝑟 , 𝑦𝑡,𝑥,𝑣 𝑟 , 𝑧𝑡,𝑥,𝑣 𝑟 ) 𝑑⃖⃖𝐵 𝑟 − ∫
𝑠′

𝑠 

𝑧𝑡,𝑥,𝑣 𝑟 𝑑𝑊𝑟 , 𝑖.𝑒. 

̃𝑡,𝑥,𝑣 𝑠 = 𝐸

{ 

∫
𝑠′

𝑠 

𝑓 ( 𝑟, 𝑥𝑡,𝑥,𝑣 𝑟 , 𝑦𝑡,𝑥,𝑣 𝑟 , 𝑧𝑡,𝑥,𝑣 𝑟 , 𝑣𝑟 ) 𝑑𝑟 +∫
𝑠′

𝑠 

𝑔( 𝑟, 𝑥𝑡,𝑥,𝑣 , 𝑦𝑡,𝑥,𝑣 𝑟 , 𝑧𝑡,𝑥,𝑣 𝑟 ) 𝑑⃖⃖𝐵⃖ 𝑟 

+ 𝑉
(
𝑠′, 𝑥𝑡,𝑥,𝑣 

𝑠′

)|𝑊 

𝑡, 𝑠 ∨ 𝐵 
𝑠, 𝑇 

} 

(23)

y utilizing the comparison theorem for BDSDE in Lemma 4.3 , obtaining

ur desired result can be achieved effortlessly. □

To introduce the next lemma, we first define the following BDSDE.

et 𝐴𝑡,𝑥,𝑣 
𝑠 be a continuous increasing process with 𝐴𝑡,𝑥,𝑣 

𝑡 = 0 and 𝐴𝑡,𝑥,𝑣 
𝑠 ∈

2 , we define the BDSDE as follows 

𝑡,𝑥 ; 𝑣 
𝑠 = Φ( 𝑥𝑡,𝑥 ; 𝑣 

𝑇 
) + ∫

𝑇 

𝑠 

𝑓 ( 𝑟, 𝑥𝑡,𝑥 ; 𝑣 𝑟 , 𝑦𝑡,𝑥 ; 𝑣 𝑟 , 𝑦𝑡,𝑥 ; 𝑣 𝑟 , 𝑣𝑟 ) 𝑑𝑟 + 𝐴𝑡,𝑥,𝑣 
𝑇 

− 𝐴𝑡,𝑥,𝑣 
𝑠 

+∫
𝑇 

𝑠 

𝑔( 𝑟, 𝑥𝑡,𝑥 ; 𝑣 𝑟 , 𝑦𝑡,𝑥 ; 𝑣 𝑟 , 𝑦𝑡,𝑥 ; 𝑣 𝑟 ) 𝑑⃖⃖𝐵⃖ 𝑟 − ∫
𝑇 

𝑠 

𝑧𝑡,𝑥 ; 𝑣 𝑟 𝑑𝑊𝑟 (24) 

he following proposition provides the existence and uniqueness of the

olution to Eq. 24 . 

roposition 4.5. We assume (H3.1)-(H3.7) and (H4.1), then there ex-

sts a unique pair of processes ( 𝑦𝑡,𝑥,𝑣 𝑠 , 𝑧𝑡,𝑥,𝑣 𝑠 ) ∈ 2 of solution (24) such that
𝑡,𝑥,𝑣 
𝑠 + 𝐴𝑡,𝑥,𝑣 

𝑠 is continuous and that 

sup 
𝑡 ≤ 𝑠 ≤ 𝑇 |𝑦𝑡,𝑥,𝑣 𝑠 |2 < ∞ (25)

roof. In the case where 𝐴𝑡,𝑥,𝑣 
𝑡 = 0 , we can make the change of variable

 

𝑡,𝑥,𝑣 
𝑠 ∶= 𝑦𝑡,𝑥,𝑣 𝑠 + 𝐴𝑡,𝑥,𝑣 

𝑠 and treat the equivalent BDSDE 

 

𝑡,𝑥 ; 𝑣 
𝑠 = Φ( 𝑥𝑡,𝑥 ; 𝑣 

𝑇 
) + 𝐴𝑡,𝑥,𝑣 

𝑇 
+ ∫

𝑇 

𝑠 

𝑓 ( 𝑟, 𝑥𝑡,𝑥 ; 𝑣 𝑟 , 𝑦 
𝑡,𝑥 ; 𝑣 
𝑟 − 𝐴𝑡,𝑥,𝑣 

𝑟 , 𝑧𝑡,𝑥 ; 𝑣 𝑟 , 𝑣𝑟 ) 𝑑𝑟 

+ ∫
𝑇 

𝑠 

𝑔( 𝑟, 𝑥𝑡,𝑥 ; 𝑣 𝑟 , 𝑦 
𝑡,𝑥 ; 𝑣 
𝑟 − 𝐴𝑡,𝑥,𝑣 

𝑟 , 𝑧𝑡,𝑥 ; 𝑣 𝑟 ) 𝑑⃖⃖𝐵⃖ 𝑟 − ∫
𝑇 

𝑠 

𝑧𝑡,𝑥 ; 𝑣 𝑟 𝑑𝑊𝑟 (26) 

he BDSDE (26) has a unique solution. □

In this stochastic optimal control problem, the process 𝑦𝑡,𝑥,𝑣 𝑠 is

ontrolled by 𝑉 ( 𝑠, 𝑥𝑡,𝑥,𝑣 𝑠 ) and 𝑦𝑡,𝑥,𝑣 𝑠 ≤ 𝑉 ( 𝑠, 𝑥𝑡,𝑥,𝑣 𝑠 ) , 𝑎.𝑠. . In this problem,

 ( 𝑡, 𝑥 ) ∶= 𝑒𝑠𝑠 sup 𝑣 ∈ 𝑦𝑡,𝑥,𝑣 𝑠 |𝑠 = 𝑡 , so for any 𝑣 ( ⋅) , 𝑦𝑡,𝑥,𝑣 𝑡 is controlled by 𝑢 ( 𝑡, 𝑥 )
nd 𝑦𝑡,𝑥,𝑣 𝑡 ≤ 𝑢 ( 𝑡, 𝑥 ) . To express 𝑢 ( 𝑡, 𝑥 ) we employ the penalization method

nd the comparison theorem of BDSDE to construct a BDSDE with an

ncreasing process. 

emma 4.6. We assume (H3.1)-(H3.7) and (H4.1), then the solution of

quation (14) is controlled by 𝑉 ( 𝑠, 𝑥𝑡,𝑥,𝑣 𝑠 ) and 𝐸|𝑉 ( 𝑠, 𝑥𝑡,𝑥,𝑣 𝑠 ) |2 < ∞. More-

ver there exists a unique increasing process ( 𝐴𝑡,𝑥,𝑣 
𝑟 ) with 𝐴𝑡,𝑥,𝑣 

𝑡 = 0 and

[( 𝐴𝑡,𝑥,𝑣 
𝑇 

)2 ] < ∞ such that 𝑉 ( 𝑠, 𝑥𝑡,𝑥,𝑣 𝑠 ) coincides with the unique solution 𝑦𝑡,𝑥,𝑣 𝑠 

f the BDSDE 

𝑡,𝑥,𝑣 
𝑡 = 𝑉 ( 𝑇 , 𝑥𝑡,𝑥,𝑣 

𝑇 
) + ∫

𝑇 

𝑡 

𝑓 ( 𝑟, 𝑥𝑡,𝑥,𝑣 𝑟 , 𝑦𝑡,𝑥,𝑣 𝑟 , 𝑧𝑡,𝑥,𝑣 𝑟 , 𝑣𝑟 ) 𝑑𝑟 + 𝐴𝑡,𝑥,𝑣 
𝑇 

− 𝐴𝑡,𝑥,𝑣 
𝑡 

+ ∫
𝑇 

𝑡 

𝑔( 𝑟, 𝑥𝑡,𝑥,𝑣 𝑟 , 𝑦𝑡,𝑥,𝑣 𝑟 , 𝑧𝑡,𝑥,𝑣 𝑟 ) 𝑑⃖⃖𝐵⃖ 𝑟 − ∫
𝑇 

𝑡 

𝑧𝑡,𝑥,𝑣 𝑟 𝑑𝑊𝑟 (27) 

here 𝑧𝑡,𝑥,𝑣 𝑟 = 𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣 𝑟 ) in the sense of Definition 4.1 . 

To prove Lemma 4.6 , we consider the following family of BDSDEs

arameterized by 𝑛 = 1 , 2 , ⋯ 

𝑡,𝑥,𝑣 ; 𝑛 
𝑡 = 𝑉 ( 𝑇 , 𝑥𝑡,𝑥,𝑣 

𝑇 
) + ∫

𝑇 

𝑡 

𝑓
(
𝑠, 𝑥𝑡,𝑥,𝑣 

𝑠 
, 𝑦𝑡,𝑥,𝑣 ; 𝑛 

𝑠 
, 𝑧𝑡,𝑥,𝑣 ; 𝑛 

𝑠 
, 𝑣𝑠 

)
𝑑𝑠 

+ 𝑛∫
𝑇 (

𝑉 ( 𝑠, 𝑥𝑡,𝑥,𝑣 
𝑠 

) − 𝑦𝑡,𝑥,𝑣 ; 𝑛 
𝑠 

)
𝑑𝑠 + ∫

𝑇 

𝑔
(
𝑠, 𝑥𝑡,𝑥,𝑣 

𝑠 
, 𝑦𝑡,𝑥,𝑣 ; 𝑛 

𝑠 
, 𝑧𝑡,𝑥,𝑣 ; 𝑛 

𝑠 

)
𝑑⃖⃖𝐵 𝑠 
𝑡 𝑡 

8

−∫
𝑇 

𝑡 

𝑧𝑡,𝑥,𝑣 ; 𝑛 
𝑠 

𝑑𝑊𝑠 (28) 

n important observation is that, for each 𝑛 > 0 , the process 𝑦𝑡,𝑥,𝑣 ; 𝑛 𝑠 is

ounded above by 𝑉 ( 𝑠, 𝑥𝑡,𝑥,𝑣 𝑠 ) . 

emma 4.7. We have, for each 𝑛 = 1 , 2 , ⋯ 

 ( 𝑠, 𝑥𝑡,𝑥,𝑣 
𝑠 

) ≥ 𝑦𝑡,𝑥,𝑣 ; 𝑛 
𝑠 

roof. If it is not the case, then there exist 𝛿 > 0 and a positive integer 𝑛

uch that the measure of {( 𝜔, 𝑠 ); 𝑦𝑡,𝑥,𝑣 ; 𝑛 𝑠 − 𝑉 ( 𝑠, 𝑥𝑡,𝑥,𝑣 𝑠 ) − 𝛿 ≥ 0} ⊂ Ω × [ 𝑡, 𝑇 ]
s nonzero. We then can define the following stopping times 

∶= min [ 𝑇 , inf { 𝑠 ; 𝑦𝑡,𝑥,𝑣 ; 𝑛 
𝑠 

≥ 𝑉 ( 𝑠, 𝑥𝑡,𝑥,𝑣 
𝑠 

) + 𝛿}] 

∶= inf { 𝑠 ≥ 𝜎; 𝑦𝑡,𝑥,𝑣 ; 𝑛 
𝑠 

≤ 𝑉 ( 𝑠, 𝑥𝑡,𝑥,𝑣 
𝑠 

)} 

t is seen that 𝜎 ≤ 𝜏 and 𝑃 ( 𝜏 > 𝜎) > 0 . Since 𝑉 ( 𝑠, 𝑥𝑡,𝑥,𝑣 𝑠 ) − 𝑦𝑡,𝑥,𝑣 ; 𝑛 𝑠 is right-

ontinuous, we have 

𝑡,𝑥,𝑣 ; 𝑛 
𝜎

≥ 𝑉 ( 𝜎, 𝑥𝑡,𝑥,𝑣 
𝜎

) + 𝛿 (29) 

𝑡,𝑥,𝑣 ; 𝑛 
𝜏

≤ 𝑉 ( 𝜏, 𝑥𝑡,𝑥,𝑣 
𝜏

) (30) 

ow let 𝑦𝑡,𝑥,𝑣 ; 𝑛 𝜏 = 𝑉 ( 𝜏, 𝑥𝑡,𝑥,𝑣 𝜏 ) , consider the following BDSDEs 

𝑡,𝑥,𝑣 ; 𝑛 
𝑠 

= 𝑉 ( 𝜏, 𝑥𝑡,𝑥,𝑣 
𝜏

) + ∫
𝜏

𝑠 

𝑓
(
𝑟, 𝑥𝑡,𝑥,𝑣 

𝑟 
, 𝑦𝑡,𝑥,𝑣 ; 𝑛 

𝑟 
, 𝑧𝑡,𝑥,𝑣 ; 𝑛 

𝑟 
, 𝑣𝑟 

)
𝑑𝑟 

+ 𝑛∫
𝜏

𝑠 

(
𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣 

𝑟 
) − 𝑦𝑡,𝑥,𝑣 ; 𝑛 

𝑟 

)
𝑑𝑟 + ∫

𝜏

𝑠 

𝑔
(
𝑟, 𝑥𝑡,𝑥,𝑣 

𝑟 
, 𝑦𝑡,𝑥,𝑣 ; 𝑛 

𝑟 
, 𝑧𝑡,𝑥,𝑣 ; 𝑛 

𝑟 

)
𝑑⃖⃖𝐵 𝑟 

− ∫
𝜏

𝑠 

𝑧𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

𝑑𝑊𝑟 (31) 

𝑡,𝑥,𝑣 
𝑠 

= 𝑉 ( 𝜏, 𝑥𝑡,𝑥,𝑣 
𝜏

) + ∫
𝜏

𝑠 

𝑓
(
𝑟, 𝑥𝑡,𝑥,𝑣 

𝑟 
, 𝑦𝑡,𝑥,𝑣 

𝑟 
, 𝑧𝑡,𝑥,𝑣 

𝑟 
, 𝑣𝑟 

)
𝑑𝑟 

+∫
𝜏

𝑠 

𝑔
(
𝑟, 𝑥𝑡,𝑥,𝑣 

𝑟 
, 𝑦𝑡,𝑥,𝑣 

𝑟 
, 𝑧𝑡,𝑥,𝑣 

𝑟 

)
𝑑⃖⃖𝐵 𝑟 − ∫

𝜏

𝑠 

𝑧𝑡,𝑥,𝑣 
𝑟 

𝑑𝑊𝑟 (32) 

y Comparison Theorem implies 𝑦𝑡,𝑥,𝑣 ; 𝑛 𝑠 ≤ 𝑦𝑡,𝑥,𝑣 𝑠 ≤ 𝑉 ( 𝑠, 𝑥𝑡,𝑥,𝑣 𝑠 ) , where 𝜎 ≤
 ≤ 𝜏. This is contrary with (29) . The proof is complete. □

roof of Lemma 4.6.. Since the solution of the BDSDE is no longer

 super-martingale, the proof method used in Lemma 4.1 [14] is not

pplicable in our situation. Instead, we rely on the properties of BDSDE

nd limitation theory to develop our proof strategy. 

We first consider the BDSDEs (28) , and we denote 

𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

∶= 𝑛∫
𝑟 

𝑡 

(
𝑉 ( 𝑠, 𝑥𝑡,𝑥,𝑣 

𝑠 
) − 𝑦𝑡,𝑥,𝑣 ; 𝑛 

𝑠 

)
𝑑𝑠 (33) 

nd 

𝑛 ( 𝑠, 𝑥𝑡,𝑥,𝑣 𝑠 
, 𝑦𝑡,𝑥,𝑣 ; 𝑛 

𝑠 
, 𝑧𝑡,𝑥,𝑣 ; 𝑛 

𝑠 
, 𝑣𝑠 ) ∶= 𝑓 ( 𝑠, 𝑥𝑡,𝑥,𝑣 

𝑠 
, 𝑦𝑡,𝑥,𝑣 ; 𝑛 

𝑠 
, 𝑧𝑡,𝑥,𝑣 ; 𝑛 

𝑠 
, 𝑣𝑠 ) 

+ 𝑛 ( 𝑉 ( 𝑠, 𝑥𝑡,𝑥,𝑣 
𝑠 

) − 𝑦𝑡,𝑥,𝑣 ; 𝑛 
𝑠 

) (34) 

or each 𝑛 , ( 𝑦𝑡,𝑥,𝑣 ; 𝑛 𝑠 , 𝑧𝑡,𝑥,𝑣 ; 𝑛 𝑠 ) is the unique solution of Eq. 28 with 𝑡 mea-

urable process valued in 𝑅 ×𝑅𝑑 . 

We begin by establishing the existence of a limit ( 𝑦𝑡,𝑥,𝑣 𝑠 , 𝑧𝑡,𝑥,𝑣 𝑠 ) for the

equence ( 𝑦𝑡,𝑥,𝑣 ; 𝑛 𝑠 , 𝑧𝑡,𝑥,𝑣 ; 𝑛 𝑠 ) . By observing that 𝑓𝑛 ( 𝑠, 𝑥
𝑡,𝑥,𝑣 
𝑠 , 𝑦𝑡,𝑥,𝑣 ; 𝑛 𝑠 , 𝑧𝑡,𝑥,𝑣 ; 𝑛 𝑠 , 𝑣𝑠 )

 𝑓𝑛 +1 ( 𝑠, 𝑥
𝑡,𝑥,𝑣 
𝑠 , 𝑦𝑡,𝑥,𝑣 ; 𝑛 𝑠 , 𝑧𝑡,𝑥,𝑣 ; 𝑛 𝑠 , 𝑣𝑠 ) , it follows from the comparison theorem

hat 𝑦𝑡,𝑥,𝑣 ; 𝑛 𝑡 ≤ 𝑦𝑡,𝑥,𝑣 ; 𝑛 +1 𝑡 , 0 ≤ 𝑡 ≤ 𝑇 . Moreover, according to Lemma 4.7 the

DSDE solution 𝑦𝑡,𝑥,𝑣 ; 𝑛 𝑠 is bounded above by 𝑉 ( 𝑠, 𝑥𝑡,𝑥,𝑣 𝑠 ) . Hence, by the

ominated convergence theorem, we can establish the convergence

f 

𝑡,𝑥,𝑣 ; 𝑛 
𝑡 ↑ 𝑦𝑡,𝑥,𝑣 𝑡 , 0 ≤ 𝑡 ≤ 𝑇 , a.e. (35) 
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rom the BDSDE (28) , we have 

𝑡,𝑥,𝑣 ; 𝑛 
𝑇 

− 𝐴𝑡,𝑥,𝑣 ; 𝑛 
𝑡 

= 𝑦𝑡,𝑥,𝑣 ; 𝑛 𝑡 − 𝑉 ( 𝑇 , 𝑥𝑡,𝑥,𝑣 
𝑇 

) − ∫
𝑇 

𝑡 

𝑓 ( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

, 𝑦𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

, 𝑧𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

, 𝑣𝑟 ) 𝑑𝑟 

−∫
𝑇 

𝑡 

𝑔( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

, 𝑦𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

, 𝑧𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

) 𝑑⃖⃖𝐵⃖ 𝑟 + ∫
𝑇 

𝑡 

𝑧𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

𝑑𝑊𝑟 

≤ |𝑦𝑡,𝑥,𝑣 ; 𝑛 𝑡 | + |𝑉 ( 𝑇 , 𝑥𝑡,𝑥,𝑣 
𝑇 

) | + ∫
𝑇 

𝑡 

𝑓 ( 𝑟, 0 , 0 , 0 , 𝑣𝑟 ) 𝑑𝑟 

+ ∫
𝑇 

𝑡 

( 𝐿 |𝑥𝑡,𝑥,𝑣 
𝑟 

| + 𝐿 |𝑦𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

| + 𝐿 |𝑧𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

|) 𝑑𝑟 
+ |∫ 𝑇 

𝑡 

𝑔( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

, 𝑦𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

, 𝑧𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

) 𝑑⃖⃖𝐵 𝑟 | + |∫ 𝑇 

𝑡 

𝑧𝑡,𝑥,𝑣,𝑛 
𝑟 

𝑑𝑊𝑟 |
≤ |𝑉 ( 𝑡, 𝑥 ) | + |𝑉 ( 𝑇 , 𝑥𝑡,𝑥,𝑣 

𝑇 
) | + ∫

𝑇 

𝑡 

𝑓 ( 𝑟, 0 , 0 , 0 , 𝑣𝑟 ) 𝑑𝑟 

+ ∫
𝑇 

𝑡 

( 𝐿 |𝑥𝑡,𝑥,𝑣 
𝑟 

| + 𝐿 |𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

) | + 𝐿 |𝑧𝑡,𝑥,𝑣,𝑛 
𝑟 

|) 𝑑𝑟 
+ |∫ 𝑇 

𝑡 

𝑔( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

, 𝑦𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

, 𝑧𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

) 𝑑⃖⃖𝐵 𝑟 | + |∫ 𝑇 

𝑡 

𝑧𝑡,𝑥,𝑣,𝑛 
𝑟 

𝑑𝑊𝑟 |
ecause for any 𝑣𝑟 , 𝐸 ∫ 𝑇 

0 |𝑓 ( 𝑟, 0 , 0 , 0 , 𝑣𝑟 ) |2 𝑑𝑟 ≤ 𝑀 , we have 

|𝐴𝑡,𝑥,𝑣 ; 𝑛 
𝑇 

|2 
≤ 8 |𝑉 ( 𝑡, 𝑥 ) |2 + 8 𝐸|𝑔( 𝑥𝑡,𝑥,𝑣 

𝑇 
) |2 + 8 𝐸 ∫

𝑇 

𝑡 

|𝑓 ( 𝑟, 0 , 0 , 0 , 𝑣𝑟 ) |2 𝑑𝑟 
+ 8 𝐸 ∫

𝑇 

𝑡 

( 𝐿2 |𝑥𝑡,𝑥,𝑣 
𝑟 

|2 + 𝐿2 |𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

) |2 + 𝐿2 |𝑧𝑡,𝑥,𝑣,𝑛 
𝑟 

|2 ) 𝑑𝑟 
+ 8 𝐸 ∫

𝑇 

𝑡 

|𝑧𝑡,𝑥,𝑣,𝑛 
𝑟 

|2 𝑑𝑟 
hus we can define a 𝐶1 ( 𝑡, 𝑇 , 𝑥, 𝑣 ) independent of 𝑛 , such that 

|𝐴𝑡,𝑥,𝑣 ; 𝑛 
𝑇 

|2 ≤ 𝐶1 ( 𝑡, 𝑇 , 𝑥, 𝑣 ) + 8( 𝐿2 + 1) 𝐸 ∫
𝑇 

𝑡 

|𝑧𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

|2 𝑑𝑟 (36)

n the other hand, we use It ̂o ’s formula to |𝑦𝑡,𝑥,𝑣 ; 𝑛 𝑟 |2 
|𝑦𝑡,𝑥,𝑣 ; 𝑛 𝑡 |2 + 𝐸 ∫

𝑇 

𝑡 

|𝑧𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

|2 𝑑𝑟 
= 𝐸|𝑉 ( 𝑇 , 𝑥𝑡,𝑥,𝑣 

𝑇 
) |2 + 2 𝐸 ∫

𝑇 

𝑡 

𝑦𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

𝑓 ( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

, 𝑦𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

, 𝑧𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

, 𝑣𝑟 ) 𝑑𝑟 

+ 𝐸 ∫
𝑇 

𝑡 

|𝑔( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

, 𝑦𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

, 𝑧𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

) |2 𝑑𝑟 + 2 𝐸 ∫
𝑇 

𝑡 

𝑦𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

𝑑𝐴𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

≤ 𝐸|𝑉 ( 𝑇 , 𝑥𝑡,𝑥,𝑣 
𝑇 

) |2 
+ 2 𝐸 ∫

𝑇 

𝑡 

|𝑦𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

|( |( 𝑓 ( 𝑟, 0 , 0 , 0 , 𝑣𝑟 ) | + 𝐿 |𝑥𝑡,𝑥,𝑣 𝑟 
| + 𝐿 |𝑦𝑡,𝑥,𝑣 ; 𝑛 

𝑟 
| + 𝐿 |𝑧𝑡,𝑥,𝑣 ; 𝑛 

𝑟 
|) 𝑑𝑟 

+ 𝐸 ∫
𝑇 

𝑡 

( |𝑔( 𝑟, 0 , 0 , 0) + 𝐿 |𝑥𝑡,𝑥,𝑣 
𝑟 

| + 𝐿 |𝑦𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

| + 𝛼|𝑧𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

|)2 𝑑𝑟 + 2 𝐸 ∫
𝑇 

𝑡 

𝑦𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

𝑑𝐴𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

≤ 𝐸|𝑉 ( 𝑇 , 𝑥𝑡,𝑥,𝑣 
𝑇 

) |2 + ∫
𝑇 

𝑡 

|𝑓 ( 𝑟, 0 , 0 , 0 , 𝑣𝑟 ) |2 𝑑𝑟 + 𝐸 ∫
𝑇 

𝑡 

|𝑦𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

|2 𝑑𝑟 
+ 𝐸 ∫

𝑇 

𝑡 

𝐿2 |𝑦𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

|2 + |𝑥𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

|2 𝑑𝑟 + 𝐸 ∫
𝑇 

𝑡 

(2 𝐿 + 𝐿2 

𝜀 
) |𝑦𝑡,𝑥,𝑣 ; 𝑛 

𝑟 
|2 + 𝜀 |𝑧𝑡,𝑥,𝑣 ; 𝑛 

𝑟 
|2 𝑑𝑟 

+ 𝐸 ∫
𝑇 

𝑡 

(4 + 𝛼2 

𝜀 
) |𝑔( 𝑟, 0 , 0 , 0) |2 + 𝐿2 (4 + 𝛼2 

𝜀 
) |𝑥𝑡,𝑥,𝑣 

𝑟 
|2 + 𝐿2 (4 + 𝛼2 

𝜀 
) |𝑦𝑡,𝑥,𝑣 ; 𝑛 

𝑟 
|2 

+ ( 𝛼2 + 3 𝜀 ) |𝑧𝑡,𝑥,𝑣,𝑛 
𝑟 

|2 |𝑑𝑟 + 2 𝐸[ 𝐴𝑡,𝑥,𝑣 ; 𝑛 
𝑇 

sup 
𝑡 ≤ 𝑠 ≤ 𝑇 

|𝑦𝑡,𝑥,𝑣 ; 𝑛 
𝑠 

|] 
≤ 𝐸|𝑉 ( 𝑇 , 𝑥𝑡,𝑥,𝑣 

𝑇 
) |2 + 𝐸 ∫

𝑇 

𝑡 

|𝑓 ( 𝑟, 0 , 0 , 0 , 𝑣𝑟 ) |2 𝑑𝑟 + (4 𝐿2 + 𝐿2 𝛼2 

𝜀 
+ 1) 𝐸 ∫

𝑇 

𝑡 

|𝑥𝑡,𝑥,𝑣 
𝑟 

|2 𝑑𝑟 
+ (5 𝐿2 + 𝐿2 ( 𝛼2 + 1) 

𝜀 
+ 2 𝐿 + 1) 𝐸 ∫

𝑇 

𝑡 

|𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

) |2 𝑑𝑟 + ( 𝛼2 + 4 𝜀 ) 𝐸 ∫
𝑇 

𝑡 

|𝑧𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

|2 𝑑𝑟 
+ (4 + 𝛼2 

𝜀 
) 𝐸 ∫

𝑇 

𝑡 

|𝑔( 𝑟, 0 , 0 , 0) |2 𝑑𝑟 + 1 
32( 𝐿2 + 1) 

𝐸|𝐴𝑡,𝑥,𝑣 ; 𝑛 
𝑇 

|2 
+ 64( 𝐿2 + 1) 𝐸 sup 

𝑡 ≤ 𝑠 ≤ 𝑇 
[ |𝑦𝑡,𝑥,𝑣 ;1 

𝑠 
|2 + |𝑉 ( 𝑠, 𝑥𝑡,𝑥,𝑣 

𝑠 
) |2 ] . 
9

here 0 < 𝜀 <
1 
4 (1 − 𝛼2 ) , so that 𝛼2 + 4 𝜀 < 1 . Then, we can define a

2 ( 𝑡, 𝑇 , 𝑥, 𝑣 ) satifying 

∫
𝑇 

𝑡 

||𝑧𝑡,𝑥,𝑣 ; 𝑛 𝑟 
||2 𝑑𝑟 ≤ 𝐶2 ( 𝑡, 𝑇 , 𝑥, 𝑣 ) +

1 
16
(
𝐿2 + 1

)𝐸|||𝐴𝑡,𝑥,𝑣 ; 𝑛 
𝑇 

|||2 
o that we have |||𝐴𝑡,𝑥,𝑣 ; 𝑛 

𝑇 

|||2 ≤ 2 𝐶1 ( 𝑡, 𝑇 , 𝑥, 𝑣 ) + 16
(
𝐿2 + 1

)
𝐶2 ( 𝑡, 𝑇 , 𝑥, 𝑣 ) (37) 

 { 𝑛2 ∫
𝑟 

𝑡 

(
𝑉
(
𝑠, 𝑥𝑡,𝑥,𝑣 

𝑠 

)
− 𝑦𝑡,𝑥,𝑣 ; 𝑛 

𝑠 

)2 
𝑑 𝑠 } 

≤ 2 𝐶1 ( 𝑡, 𝑇 , 𝑥, 𝑣 ) + 16
(
𝐿2 + 1

)
𝐶2 ( 𝑡, 𝑇 , 𝑥, 𝑣 ) . (38) 

or any 𝑛 , Inequality (38) continues to hold, with 𝐸|𝐴𝑡,𝑥,𝑣 ; 𝑛 
𝑇 

|2 bounded

y the constant 2 𝐶1 ( 𝑡, 𝑇 , 𝑥, 𝑣 ) + 16
(
𝐿2 + 1

)
𝐶2 ( 𝑡, 𝑇 , 𝑥, 𝑣 ) . As 𝑖 → ∞, we ob-

erve that 𝑦𝑡,𝑥,𝑣 ; 𝑛 𝑠 ↑ 𝑦𝑡,𝑥,𝑣 𝑠 and 𝑦𝑡,𝑥,𝑣 𝑠 = 𝑉
(
𝑠, 𝑥𝑡,𝑥,𝑣 𝑠 

)
. 

Next, we prove uniqueness. If there is another solution 𝐴′𝑡, 𝑥, 𝑣𝑟 and
′𝑡, 𝑥, 𝑣𝑟 satisfying (27) , then we apply Itô’s formula to ( 𝑦𝑡,𝑥,𝑣 𝑟 − 𝑦𝑡,𝑥,𝑣 𝑟 )2 ≡
 on [ 𝑡, 𝑇 ] and take expectation 

∫
𝑇 

𝑡 

||𝑧𝑡,𝑥,𝑣 𝑟 
− 𝑧′𝑡, 𝑥, 𝑣𝑟 

||2 𝑑𝑟 + 𝐸[( 𝐴𝑡,𝑥,𝑣 
𝑇 

− 𝐴′𝑡, 𝑥, 𝑣𝑇 ) 

− ( 𝐴𝑡,𝑥,𝑣 
𝑡 − 𝐴′𝑡, 𝑥, 𝑣𝑡 )]2 = 0 

or any 𝑡 ∈ [0 , 𝑇 ] . Thus 𝑧𝑡,𝑥,𝑣 𝑟 = 𝑧′𝑡, 𝑥, 𝑣𝑟 , 𝐴
𝑡,𝑥,𝑣 
𝑟 = 𝐴′𝑡, 𝑥, 𝑣𝑟 . 

Now we consider BDSDE (27) . We have that 𝑛 ( 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣 𝑟 ) − 𝑦𝑡,𝑥,𝑣 ; 𝑛 𝑟 ) is
ipschitz about 𝑦𝑡,𝑥,𝑣 ; 𝑛 𝑟 , and that 

∫
𝑇 

𝑡 ∫𝑅𝑛 

( |𝑓 ( 𝑟, 𝑥, 0 , 0 , 𝑣𝑟 ) |2 + |𝑉 ( 𝑟, 𝑥 ) |2 ) 𝜌( 𝑥 ) 𝑑 𝑥𝑑 𝑟 < ∞

nd 𝑏 , 𝜎 satisfy assumption (H3.1) and (H3.2). Thus by Proposition 2.3

n [7] , we know that 𝑧𝑡,𝑥,𝑣 ; 𝑛 𝑟 = 𝜎∗ ∇ 𝑦𝑡,𝑥,𝑣 ; 𝑛 𝑟 . Applying Itô’s formula to the

rocess |𝑦𝑡,𝑥,𝑣 ; 𝑛 𝑡 − 𝑦
𝑡,𝑥,𝑣 ; 𝑝 
𝑡 |2 

𝑦𝑡,𝑥,𝑣 ; 𝑛 𝑡 − 𝑦
𝑡,𝑥,𝑣 ; 𝑝 
𝑡 

|||2 + ∫
𝑇 

𝑡 

||𝑧𝑡,𝑥,𝑣 ; 𝑛 𝑟 
− 𝑧𝑡,𝑥,𝑣 ; 𝑝 

𝑟 
||2 𝑑𝑟 

= 2∫
𝑇 

𝑡 

[
𝑓
(
𝑟, 𝑥𝑡,𝑥,𝑣 

𝑟 
, 𝑦𝑡,𝑥,𝑣 ; 𝑛 

𝑟 
, 𝑧𝑡,𝑥,𝑣 ; 𝑛 

𝑟 
, 𝑣𝑟 

)
− 𝑓

(
𝑟, 𝑥𝑡,𝑥,𝑣 

𝑟 
, 𝑦𝑡,𝑥,𝑣 ; 𝑝 

𝑟 
, 𝑧𝑡,𝑥,𝑣 ; 𝑝 

𝑟 
, 𝑣𝑟 

)](
𝑦𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

− 𝑦𝑡,𝑥,𝑣 ; 𝑝 
𝑟 

)
𝑑𝑟 

+ ∫
𝑇 

𝑡 

|||𝑔(𝑟, 𝑥𝑡,𝑥,𝑣 𝑟 
, 𝑦𝑡,𝑥,𝑣 ; 𝑛 

𝑟 
, 𝑧𝑡,𝑥,𝑣 ; 𝑛 

𝑟 

)
− 𝑔

(
𝑟, 𝑥𝑡,𝑥,𝑣 

𝑟 
, 𝑦𝑡,𝑥,𝑣 ; 𝑝 

𝑟 
, 𝑧𝑡,𝑥,𝑣 ; 𝑝 

𝑟 

)|||2 𝑑𝑟 
+ 2∫

𝑇 

𝑡 

[
𝑔
(
𝑟, 𝑥𝑡,𝑥,𝑣 

𝑟 
, 𝑦𝑡,𝑥,𝑣 ; 𝑛 

𝑟 
, 𝑧𝑡,𝑥,𝑣 ; 𝑛 

𝑟 

)
− 𝑔

(
𝑟, 𝑥𝑡,𝑥,𝑣 

𝑟 
, 𝑦𝑡,𝑥,𝑣 ; 𝑝 

𝑟 
, 𝑧𝑡,𝑥,𝑣 ; 𝑝 

𝑟 

)]
(
𝑦𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

− 𝑦𝑡,𝑥,𝑣 ; 𝑝 
𝑟 

)
𝑑⃖⃖𝐵 𝑟 

− 2∫
𝑇 

𝑡 

(
𝑦𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

− 𝑦𝑡,𝑥,𝑣 ; 𝑝 
𝑟 

)(
𝑧𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

− 𝑧𝑡,𝑥,𝑣 ; 𝑝 
𝑟 

)
𝑑𝑊𝑟 

+ ∫
𝑇 

𝑡 

(
𝑦𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

− 𝑦𝑡,𝑥,𝑣 ; 𝑝 
𝑟 

)
𝑑
(
𝐴𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

− 𝐴𝑡,𝑥,𝑣 ; 𝑝 
𝑟 

)
o ( |||𝑦𝑡,𝑥,𝑣 ; 𝑛 𝑡 − 𝑦

𝑡,𝑥,𝑣 ; 𝑝 
𝑡 

|||2 
) 

+ 𝐸 ∫
𝑇 

𝑡 

||𝑧𝑡,𝑥,𝑣 ; 𝑛 𝑟 
− 𝑧𝑡,𝑥,𝑣 ; 𝑝 

𝑟 
||2 𝑑𝑟 

≤ 2 𝐿𝐸 ∫
𝑇 

𝑡 

(||𝑦𝑡,𝑥,𝑣 ; 𝑛 𝑟 
− 𝑦𝑡,𝑥,𝑣 ; 𝑝 

𝑟 
||2 + ||𝑦𝑡,𝑥,𝑣 ; 𝑛 𝑟 

− 𝑦𝑡,𝑥,𝑣 ; 𝑝 
𝑟 

|| ⋅ ||𝑧𝑡,𝑥,𝑣 ; 𝑛 𝑟 
− 𝑧𝑡,𝑥,𝑣 ; 𝑝 

𝑟 
||)𝑑𝑠

+
( 

𝐿2 + 𝐿2 𝛼2 

𝜀 

) 

𝐸 ∫
𝑇 

𝑡 

||𝑦𝑡,𝑥,𝑣 ; 𝑛 𝑟 
− 𝑦𝑡,𝑥,𝑣 ; 𝑝 

𝑟 
||2 𝑑𝑠 

+ ( 𝛼2 + 𝜀 ) 𝐸 ∫
𝑇 

𝑡 

||𝑧𝑡,𝑥,𝑣 ; 𝑛 𝑟 
− 𝑧𝑡,𝑥,𝑣 ; 𝑝 

𝑟 
||2 𝑑𝑠 

+ 𝐸 sup 
𝑡 ≤ 𝑟 ≤ 𝑇 

|𝑦𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

− 𝑦𝑡,𝑥,𝑣 ; 𝑝 
𝑟 

|( 𝐴𝑡,𝑥,𝑣 ; 𝑛 
𝑇 

− 𝐴
𝑡,𝑥,𝑣 ; 𝑝 
𝑇 

) 

≤
( 

𝐿2 + 𝐿2 ( 𝛼2 + 1) 
𝜀 

+ 2 𝐿
) 

𝐸 ∫
𝑇 

𝑡 

||𝑦𝑡,𝑥,𝑣 ; 𝑛 𝑟 
− 𝑦𝑡,𝑥,𝑣 ; 𝑝 

𝑟 
||2 𝑑𝑟 
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(
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t
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H

𝑉
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𝑉

𝑉

T

𝑉

B  

d  

m  

B

𝑦

B  

(

s

∫

T  

s  

𝑉  

i

∫

I

∫

+ ( 𝛼2 + 2 𝜀 ) 𝐸 ∫
𝑇 

𝑡 

||𝑧𝑡,𝑥,𝑣 ; 𝑛 𝑟 
− 𝑧𝑡,𝑥,𝑣 ; 𝑝 

𝑟 
||2 𝑑𝑟 

+ ( 𝐸 sup 
𝑡 ≤ 𝑟 ≤ 𝑇 

|𝑦𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

− 𝑦𝑡,𝑥,𝑣 ; 𝑝 
𝑟 

|2 ) 1 
4 ( 𝐸( 𝐴𝑡,𝑥,𝑣 ; 𝑛 

𝑇 
− 𝐴

𝑡,𝑥,𝑣 ; 𝑝 
𝑇 

)2 )
1 
2 

here 0 < 𝜀 <
1 
2 (1 − 𝛼2 ) , so that 𝛼2 + 2 𝜀 < 1 . We have 

∫
𝑇 

𝑡 

||𝑧𝑡,𝑥,𝑣 ; 𝑛 𝑟 
− 𝑧𝑡,𝑥,𝑣 ; 𝑝 

𝑟 
||2 𝑑𝑟 

≤ 𝐶𝐸 ∫
𝑇 

𝑡 

||𝑦𝑡,𝑥,𝑣 ; 𝑛 𝑟 
− 𝑦𝑡,𝑥,𝑣 ; 𝑝 

𝑟 
||2 𝑑𝑟 

+ ( 𝐸 sup 
𝑡 ≤ 𝑟 ≤ 𝑇 

|𝑦𝑡,𝑥,𝑣 ; 𝑛 
𝑟 

− 𝑦𝑡,𝑥,𝑣 ; 𝑝 
𝑟 

|2 ) 1 
4 ( 𝐸( 𝐴𝑡,𝑥,𝑣 ; 𝑛 

𝑇 
− 𝐴

𝑡,𝑥,𝑣 ; 𝑝 
𝑇 

)2 )
1 
2 

ince 𝐴𝑡,𝑥,𝑣 ; 𝑛 
𝑇 

is bounded and 𝑦𝑡,𝑥,𝑣 ; 𝑛 𝑟 is convergent 

lim 

,𝑝 →∞
𝐸 ∫

𝑇 

𝑡 

||𝑧𝑡,𝑥,𝑣 ; 𝑛 𝑟 
− 𝑧𝑡,𝑥,𝑣 ; 𝑝 

𝑟 
||2 𝑑𝑟 = 0 

hus, we conclude that 𝑧𝑡,𝑥,𝑣 𝑟 = 𝜎∗ ∇ 𝑦𝑡,𝑥,𝑣 𝑟 = 𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣 𝑟 ) . □

On the other hand, for any small 𝜀 > 0 , there exists a control 𝑣′ ∈  ,(
𝑟, 𝑥𝑡,𝑥,𝑣

′
𝑟 

)
satisfying (

𝑠, 𝑥𝑡,𝑥,𝑣
′

𝑠 

) ≤ 𝑦
𝑠,𝑥

𝑡,𝑥,𝑣′
𝑠 ,𝑣′

𝑠 + 𝜀 

emma 4.8. We assume (H3.1)-(H3.7) and (H4.1), then 𝑉 ( 𝑠, 𝑥𝑡,𝑥,𝑣
′

𝑠 ) is

ontrolled by a special 𝑦
𝑠,𝑥

𝑡,𝑥,𝑣′
𝑠 ,𝑣′

𝑠 + 𝜀 . Same as the proof of Lemma 4.6 , there

xists a unique increasing process ( 𝐴𝑡,𝑥,𝑣′
𝑟 ) with 𝐴𝑡,𝑥,𝑣′

𝑡 = 0 and 𝐸[( 𝐴𝑡,𝑥,𝑣′

𝑇 
)2 ] <

such that 𝑉 ( 𝑠, 𝑥𝑡,𝑥,𝑣
′

𝑠 ) coincides with the unique solution 𝑦𝑡,𝑥,𝑣 𝑠 of the

DSDE 

𝑡,𝑥,𝑣′

𝑡 = 𝑉 ( 𝑇 , 𝑥𝑡,𝑥,𝑣
′

𝑇 
) + 𝜀 + ∫

𝑇 

𝑡 

𝑓 ( 𝑟, 𝑥𝑡,𝑥,𝑣′
𝑟 

, 𝑦𝑡,𝑥,𝑣
′

𝑟 
, 𝑍𝑡,𝑥,𝑣′

𝑟 
, 𝑣′

𝑟 
) 𝑑𝑟 

− ( 𝐴𝑡,𝑥,𝑣′

𝑇 
− 𝐴𝑡,𝑥,𝑣′

𝑡 ) + ∫
𝑇 

𝑡 

𝑔( 𝑟, 𝑥𝑡,𝑥,𝑣′
𝑟 

, 𝑦𝑡,𝑥,𝑣
′

𝑟 
, 𝑍𝑡,𝑥,𝑣′

𝑟 
) 𝑑⃖⃖𝐵 𝑟 − ∫

𝑇 

𝑡 

𝑍𝑡,𝑥,𝑣′

𝑟 
𝑑𝑊𝑟 

here 𝑍𝑡,𝑥,𝑣′
𝑟 = 𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣

′
𝑟 ) in the sense of Definition 4.1 

The proof of Lemma 4.8 is similar to that of Lemma 4.6 . 

heorem 4.9. Under the assumption (H3.1)-(H3.7) and (H4.1), the value

unction 𝑉 ( 𝑡, 𝑥 ) defined in (16) is the unique Sobolev solution of the SPDE

17) . 

roof. Existence: In the context of stochastic recursive optimal control,

he value function 𝑉 ( 𝑡, 𝑥 ) defined in (16) satisfies the Bellman dynamic

rogramming principle. Based on Lemma 4.6 and Lemma 4.8 , for any

 ∈  , there have a unique increasing process 𝐴𝑡,𝑥,𝑣 
𝑠 , 𝑉 ( 𝑠, 𝑥𝑡,𝑥,𝑣 𝑠 ) satisfies

he following BDSDE 

 ( 𝑠, 𝑥𝑡,𝑥,𝑣 
𝑠 

) = 𝑉 ( 𝑇 , 𝑥𝑡,𝑥,𝑣 
𝑇 

) + ∫
𝑇 

𝑠 

𝑓 ( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

) , 𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

) , 𝑣𝑟 ) 𝑑𝑟 

+ ( 𝐴𝑡,𝑥,𝑣 

𝑇 
− 𝐴𝑡,𝑥,𝑣 

𝑠 
) + ∫

𝑇 

𝑠 

𝑔( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

) , 𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

)) 𝑑⃖⃖𝐵⃖ 𝑟 

−∫
𝑇 

𝑠 

𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

) 𝑑𝑊𝑟 . (39) 

ence, it follows readily that 

 ( 𝑠, 𝑥𝑡,𝑥,𝑣 
𝑠 

) ≥ 𝑉 ( 𝑇 , 𝑥𝑡,𝑥,𝑣 
𝑇 

) + ∫
𝑇 

𝑠 

𝑓 ( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

) , 𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

) , 𝑣𝑟 ) 𝑑𝑟 

+∫
𝑇 

𝑠 

𝑔( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

) , 𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

)) 𝑑⃖⃖𝐵 𝑟 

−∫
𝑇 

𝑠 

𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

) 𝑑𝑊𝑟 (40) 

oreover, for any small 𝜀 > 0 there exists a control 𝑣′ ∈  , such that

 ( 𝑠, 𝑥𝑡,𝑥,𝑣
′

𝑠 ) satisfies the following BDSDE 

 ( 𝑠, 𝑥𝑡,𝑥,𝑣′ ) − 𝜀 

𝑠 

10
= 𝑉 ( 𝑇 , 𝑥𝑡,𝑥,𝑣
′

𝑇 
) + ∫

𝑇 

𝑠 

𝑓 ( 𝑟, 𝑥𝑡,𝑥,𝑣′
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣′
𝑟 

) , 𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣′
𝑟 

) , 𝑣′
𝑟 
) 𝑑𝑟 

−( 𝐴𝑡,𝑥,𝑣′

𝑇 
− 𝐴𝑡,𝑥,𝑣′

𝑠 
) + ∫

𝑇 

𝑠 

𝑔( 𝑟, 𝑥𝑡,𝑥,𝑣′
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣′
𝑟 

) , 𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣′
𝑟 

)) 𝑑⃖⃖𝐵⃖ 𝑟 

−∫
𝑇 

𝑠 

𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣′
𝑟 

) 𝑑𝑊𝑟 (41) 

hen we have 

 ( 𝑠, 𝑥𝑡,𝑥,𝑣′
𝑠 

) − 𝜀 

≤ 𝑉 ( 𝑇 , 𝑥𝑡,𝑥,𝑣
′

𝑇 
) + ∫

𝑇 

𝑠 

𝑓 ( 𝑟, 𝑥𝑡,𝑥,𝑣′
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣′
𝑟 

) , 𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣′
𝑟 

) , 𝑣′
𝑟 
) 𝑑𝑟 

+∫
𝑇 

𝑠 

𝑔( 𝑟, 𝑥𝑡,𝑥,𝑣′
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣′
𝑟 

) , 𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣′
𝑟 

)) 𝑑⃖⃖𝐵⃖ 𝑟 

−∫
𝑇 

𝑠 

𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣′
𝑟 

) 𝑑𝑊𝑟 (42) 

y applying the equivalence of norm result ( Lemma 4.6 ) we can de-

uce that 𝐸( 𝑉 ) ∈ 𝐿2 ([ 𝑡, 𝑇 ] , 𝐻) . Indeed, in the stochastic recursive opti-

al control problem, the cost function can be viewed as a solution of

DSDE 

𝑡,𝑥,𝑣 
𝑠 

= Φ( 𝑥𝑡,𝑥,𝑣 
𝑇 

) + ∫
𝑇 

𝑠 

𝑓 ( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

, 𝑦𝑡,𝑥,𝑣 
𝑟 

, 𝑧𝑡,𝑥,𝑣 
𝑟 

, 𝑣𝑟 ) 𝑑𝑟 

+ ∫
𝑇 

𝑠 

𝑔( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

, 𝑦𝑡,𝑥,𝑣 
𝑟 

, 𝑧𝑡,𝑥,𝑣 
𝑟 

) 𝑑⃖⃖𝐵⃖ 𝑟 − ∫
𝑇 

𝑠 

𝑧𝑡,𝑥,𝑣 
𝑟 

𝑑𝑊𝑟 

ased on the standard estimates of BDSDEs, along with assumptions

H3.1)-(H3.7) and (H4.1), it is clear that there exist constants 𝐾 and 𝐶

uch that 

𝑅𝑛 

𝐸( |𝑦𝑡,𝑥,𝑣 𝑡 |2 + ∫
𝑇 

𝑡 

|𝑧𝑡,𝑥,𝑣 
𝑟 

|2 𝑑𝑟 ) 𝜌( 𝑥 ) 𝑑𝑥 
≤ 𝐾 ∫𝑅𝑛 

𝐸 |Φ( 𝑥𝑡,𝑥,𝑣 
𝑇 

) |2 𝜌( 𝑥 ) 𝑑 𝑥 + 𝐾 ∫𝑅𝑛 ∫
𝑇 

𝑡 

𝐸|𝑓 ( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

, 0 , 0 , 𝑣𝑟 ) |2 𝑑𝑟𝜌( 𝑥 ) 𝑑𝑥 
≤ 𝐾𝐶 ∫𝑅𝑛 

|Φ( 𝑥 ) |2 𝜌( 𝑥 ) 𝑑𝑥 + 𝐾𝐶 ∫𝑅𝑛 ∫
𝑇 

𝑡 

|𝑓 ( 𝑟, 𝑥, 0 , 0 , 𝑣𝑟 ) |2 𝑑 𝑟𝜌( 𝑥 ) 𝑑 𝑥 
≤ 𝐾𝐶 ∫𝑅𝑛 

|Φ( 𝑥 ) |2 𝜌( 𝑥 ) 𝑑𝑥 + 𝐾𝐶 ∫𝑅𝑛 ∫
𝑇 

𝑡 

𝑀𝑑 𝑟𝜌( 𝑥 ) 𝑑 𝑥 

= 𝐾𝐶 ∫𝑅𝑛 

|Φ( 𝑥 ) |2 𝜌( 𝑥 ) 𝑑𝑥 + ( 𝑇 − 𝑡 ) 𝑀𝐶𝐾 < ∞ (43) 

hus, for any 𝑣 , 𝑦𝑡,𝑥,𝑣 𝑟 ∈ 𝐻 , where 𝐻 is a Hilbert space. Note that 𝑉 ( 𝑡, 𝑥 ) =
up 𝑣 ∈ 𝑦𝑡,𝑥,𝑣 𝑡 and since 𝑈 is compact set of 𝑅𝑘 , we can conclude that

 ( 𝑡, ⋅) is also an element of 𝐻 . Moreover, due to the validity of Eq. 40 ,

t follows that for any non-negative 𝜑 ∈ 𝐶∞
𝑐 ( 𝑅

𝑛 ) , we have 

𝑅𝑛 

( 𝑉 ( 𝑠, 𝑥𝑡,𝑥,𝑣 
𝑠 

) , 𝜑 ( 𝑥 )) 𝑑𝑥 

≥ ∫𝑅𝑛 

( 𝑉 ( 𝑇 , 𝑥𝑡,𝑥,𝑣 
𝑇 

) , 𝜑 ( 𝑥 )) 𝑑𝑥 

+∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑓 ( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

) , 𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

) , 𝑣𝑟 ) , 𝜑 ( 𝑥 )) 𝑑 𝑟𝑑 𝑥 

+∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑔( 𝑟, 𝑥, 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

) , 𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

)) , 𝜑 ( 𝑥 )) 𝑑⃖⃖𝐵⃖ 𝑟 𝑑𝑥 

−∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣 
𝑟 

) , 𝜑 ( 𝑥 )) 𝑑 𝑊𝑟 𝑑 𝑥 (44) 

t turns out that 

𝑅𝑛 

( 𝑉 ( 𝑠, 𝑥 ) , 𝜑 ( 𝑠, 𝑥 )) 𝑑𝑥 

≥ ∫𝑅𝑛 

(Φ( 𝑥 ) , 𝜑 ( 𝑇 , 𝑥 )) 𝑑𝑥 + ∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑓 ( 𝑟, 𝑥, 𝑉 ( 𝑟, 𝑥 ) , 𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥 ) , 𝑣𝑟 ) , 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑟𝑑 𝑥 

+∫ 𝑛 ∫
𝑇 

( 𝑔( 𝑟, 𝑥, 𝑉 , 𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥 )) , 𝜑 ( 𝑟, 𝑥 )) 𝑑⃖⃖𝐵 𝑟 𝑑𝑥 

𝑅 𝑠 
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M

−

T

∫

B  

n

∫

T

∫

T

∫

U  

D

∫

B

∫

T

∫

S

∫

A  

𝜀

∫

T

∫

−∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥 ) , 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑊𝑟 𝑑 𝑥 (45) 

oreover, by applying Lemma 4.1 , we obtain that 

∫𝑅𝑛 ∫
𝑇 

𝑠 

𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥 ) 𝜑 ( 𝑟, 𝑥 ) 𝑑 𝑊𝑟 𝑑 𝑥 

= −∫𝑅𝑛 

𝑑 ∑
𝑗=1 

∫
𝑇 

𝑠 

(
𝑛 ∑
𝑖 =1 

𝜎𝑖,𝑗 ( 𝑟, 𝑥 )
𝜕𝑉 

𝜕𝑥𝑖 
( 𝑟, 𝑥 ) , 𝜑 ( 𝑟, 𝑥 )) 𝑑𝑊 𝑗 

𝑟 

= ∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑣 𝑉 ( 𝑟, 𝑥 ) , 𝜑 ( 𝑟, 𝑥 )) 𝑑𝑟 − ∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑉 ( 𝑟, 𝑥 ) , 𝜕𝑟 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑟𝑑 𝑥 (46) 

aking (46) into (45) , we have that 

𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑉 ( 𝑟, 𝑥 ) , 𝜕𝑟 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑟𝑑 𝑥 + ∫𝑅𝑛 

( 𝑉 ( 𝑠, 𝑥 ) , 𝜑 ( 𝑠, 𝑥 )) 𝑑𝑥 

≥ ∫𝑅𝑛 

(Φ( 𝑥 ) , 𝜑 ( 𝑇 , 𝑥 )) 𝑑𝑥 + ∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑓 ( 𝑟, 𝑥, 𝑉 ( 𝑟, 𝑥 ) , 𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥 ) , 𝑣𝑟 ) , 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑟𝑑 𝑥 

+∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑔( 𝑟, 𝑥, 𝑉 ( 𝑟, 𝑥 ) , 𝜎∗ ∇ 𝑉 ) , 𝜑 ( 𝑟, 𝑥 )) 𝑑⃖⃖𝐵⃖ 𝑟 𝑑𝑥 

+∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑣 
𝑟 
𝑉 ( 𝑟, 𝑥 ) , 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑟𝑑 𝑥 (47) 

y virtue of the same techniques, because (42) holds, so for any non-

egative 𝜑 ∈ 𝐶∞
𝑐 ( 𝑅

𝑛 ) , we take 𝜀 = 𝜀′

∫𝑅𝑛 𝜑 ( 𝑥 ) 𝑑𝑥 , then 

𝑅𝑛 

( 𝑉 ( 𝑠, 𝑥𝑡,𝑥,𝑣′
𝑠 

) , 𝜑 ( 𝑥 )) 𝑑𝑥 − 𝜀′

≤ ∫𝑅𝑛 

(Φ( 𝑥𝑡,𝑥,𝑣
′

𝑇 
) , 𝜑 ( 𝑥 )) 𝑑𝑥 

+∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑓 ( 𝑟, 𝑥𝑡,𝑥,𝑣′
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣′
𝑟 

) , 𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣′
𝑟 

) , 𝑣′
𝑟 
) , 𝜑 ( 𝑥 )) 𝑑 𝑟𝑑 𝑥 

+∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑔( 𝑟, 𝑥𝑡,𝑥,𝑣′
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣′
𝑟 

) , 𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣′
𝑟 

)) , 𝜑 ( 𝑥 )) 𝑑⃖⃖𝐵⃖ 𝑟 𝑑𝑥 

−∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥𝑡,𝑥,𝑣′
𝑟 

) , 𝜑 ( 𝑥 )) 𝑑 𝑊𝑟 𝑑 𝑥 (48) 

his is equivalent to 

𝑅𝑛 

( 𝑉 ( 𝑠, 𝑥 ) , 𝜑 ( 𝑠, 𝑥 )) 𝑑𝑥 − 𝜀′

≤ ∫𝑅𝑛 

(Φ( 𝑥 ) , 𝜑 ( 𝑇 , 𝑥 )) 𝑑𝑥 + ∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑓 ( 𝑟, 𝑥, 𝑉 ( 𝑟, 𝑥 ) , 𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥 ) , 𝑣′
𝑟 
) , 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑟𝑑 𝑥 

+∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑔( 𝑟, 𝑥, 𝑉 ( 𝑟, 𝑥 ) , 𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥 )) , 𝜑 ( 𝑟, 𝑥 )) 𝑑⃖⃖𝐵⃖ 𝑟 𝑑𝑥 

−∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥 ) , 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑊𝑟 𝑑 𝑥 (49) 

aking (46) into (49) , we obtain 

𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑉 ( 𝑟, 𝑥 ) , 𝜕𝑟 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑟𝑑 𝑥 + ∫𝑅𝑛 

( 𝑉 ( 𝑠, 𝑥 ) , 𝜑 ( 𝑠, 𝑥 )) 𝑑𝑥 − 𝜀′

≤ ∫𝑅𝑛 

(Φ( 𝑥 ) , 𝜑 ( 𝑇 , 𝑥 )) 𝑑𝑥 + ∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑓 ( 𝑟, 𝑥, 𝑉 ( 𝑟, 𝑥 ) , 𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥 ) , 𝑣′
𝑟 
) , 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑟𝑑 𝑥 

+∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑔( 𝑟, 𝑥, 𝑉 ( 𝑟, 𝑥 ) , 𝜎∗ ∇ 𝑉 ( 𝑟, 𝑥 )) , 𝜑 ( 𝑟, 𝑥 )) 𝑑⃖⃖𝐵⃖ 𝑟 𝑑𝑥 

+∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑣′

𝑟 
𝑉 ( 𝑟, 𝑥 ) , 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑟𝑑 𝑥 (50) 

niqueness: Let 𝑉 be another solution of the SPDE (17) . By

efinition 4.1 , one gets that for any 𝑣 ∈  

𝑅𝑛 ∫
𝑇 

𝑠 

(𝑉 ( 𝑟, 𝑥 ) , 𝜕𝑟 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑟𝑑 𝑥 + ∫𝑅𝑛 

(𝑉 ( 𝑠, 𝑥 ) , 𝜑 ( 𝑠, 𝑥 )) 𝑑𝑥 

≥ ∫ 𝑛 

(Φ( 𝑥 ) , 𝜑 ( 𝑇 , 𝑥 )) 𝑑𝑥 + ∫ 𝑛 ∫
𝑇 

( 𝑓 ( 𝑟, 𝑥, 𝑉 ( 𝑟, 𝑥 ) , 𝜎∗ ∇𝑉 ( 𝑟, 𝑥 ) , 𝑣𝑟 ) , 𝜑 ( 𝑟, 𝑥 )) 𝑑𝑟𝑑𝑥 
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+∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑔( 𝑟, 𝑥, 𝑉 ( 𝑟, 𝑥 ) , 𝜎∗ ∇𝑉 ( 𝑟, 𝑥 )) , 𝜑 ( 𝑟, 𝑥 )) 𝑑⃖⃖𝐵⃖ 𝑟 𝑑𝑥 

+∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑣 
𝑡 
𝑉 ( 𝑟, 𝑥 ) , 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑟𝑑 𝑥 (51) 

y Lemma 4.5 in [18] , we have 

𝑅𝑛 ∫
𝑇 

𝑠 

(𝑉 ( 𝑟, 𝑥 ) , 𝜕𝑟 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑟𝑑 𝑥 

= ∫𝑅𝑛 

Σ𝑑 
𝑗=1 ∫

𝑇 

𝑠 

(Σ𝑛 
𝑖 =1 ( 𝜎𝑖,𝑗 

𝜕𝑉 

𝜕𝑥𝑖 
( 𝑟, 𝑥 ) , 𝜑 ( 𝑟, 𝑥 ))) 𝑑 𝑊 𝑗 

𝑟 
𝑑 𝑥 

+∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝐿𝑣 
𝑟 
𝑉 ( 𝑟, 𝑥 ) , 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑟𝑑 𝑥 

= ∫𝑅𝑛 ∫
𝑇 

𝑠 

(( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥 ) , 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑊𝑟 𝑑 𝑥 

+∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝐿𝑣 
𝑟 
𝑉 ( 𝑟, 𝑥 ) , 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑟𝑑 𝑥 (52) 

aking (52) into (51) , we get 

𝑅𝑛 

(𝑉 ( 𝑠, 𝑥 ) , 𝜑 ( 𝑠, 𝑥 )) 𝑑𝑥 + ∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥 ) 𝜑 ( 𝑟, 𝑥 ) 𝑑 𝑊𝑟 𝑑 𝑥 

+∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝐿𝑣 
𝑟 
𝑉 ( 𝑟, 𝑥 ) , 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑟𝑑 𝑥 

≥ ∫𝑅𝑛 

(Φ( 𝑥 ) , 𝜑 ( 𝑇 , 𝑥 )) 𝑑𝑥 + ∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑓 ( 𝑟, 𝑥, 𝑉 ( 𝑟, 𝑥 ) 

𝜎∗ ∇𝑉 ( 𝑟, 𝑥 ) , 𝑣𝑟 ) , 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑟𝑑 𝑥 

+∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑔( 𝑟, 𝑥, 𝑉 ( 𝑟, 𝑥 ) , 𝜎∗ ∇𝑉 ( 𝑟, 𝑥 )) , 𝜑 ( 𝑟, 𝑥 )) 𝑑⃖⃖𝐵⃖ 𝑟 𝑑𝑥 

+∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝐿𝑣 
𝑟 
𝑉 ( 𝑟, 𝑥 ) , 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑟𝑑 𝑥 

o 

𝑅𝑛 

(𝑉 ( 𝑠, 𝑥 ) , 𝜑 ( 𝑠, 𝑥 )) 𝑑𝑥 

≥ ∫𝑅𝑛 

(Φ( 𝑥 ) , 𝜑 ( 𝑇 , 𝑥 )) 𝑑𝑥 + ∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑓 ( 𝑟, 𝑥, 𝑉 ( 𝑟, 𝑥 ) , 𝜎∗ ∇𝑉 ( 𝑟, 𝑥 ) , 𝑣𝑟 ) , 𝜑 ( 𝑟, 𝑥 )) 𝑑𝑟𝑑𝑥 

+∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑔( 𝑟, 𝑥, 𝑉 ( 𝑟, 𝑥 ) , 𝜎∗ ∇𝑉 ( 𝑟, 𝑥 )) , 𝜑 ( 𝑟, 𝑥 )) 𝑑⃖⃖𝐵⃖ 𝑟 𝑑𝑥 

−∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥 ) 𝜑 ( 𝑟, 𝑥 ) 𝑑 𝑊𝑟 𝑑 𝑥 (53) 

ccording to Definition 4.1 , it follows that for any sufficiently small

 > 0 , there exists a control 𝑣′ ∈  such that 

𝑅𝑛 ∫
𝑇 

𝑠 

(𝑉 ( 𝑟, 𝑥 ) , 𝜕𝑟 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑟𝑑 𝑥 + ∫𝑅𝑛 

(𝑉 ( 𝑠, 𝑥 ) , 𝜑 ( 𝑠, 𝑥 )) 𝑑𝑥 − 𝜀 

≤ ∫𝑅𝑛 

(Φ( 𝑥 ) , 𝜑 ( 𝑇 , 𝑥 )) 𝑑𝑥 + ∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑓 ( 𝑟, 𝑥, 𝑉 ( 𝑟, 𝑥 ) , 𝜎∗ ∇𝑉 ( 𝑟, 𝑥 ) , 𝑣′
𝑟 
) , 𝜑 ( 𝑟, 𝑥 )) 𝑑𝑟𝑑𝑥 

+∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑔( 𝑟, 𝑥, 𝑉 ( 𝑟, 𝑥 ) , 𝜎∗ ∇𝑉 ( 𝑟, 𝑥 )) , 𝜑 ( 𝑟, 𝑥 )) 𝑑⃖⃖𝐵⃖ 𝑟 𝑑𝑥 

+∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑣′

𝑟 
𝑉 ( 𝑟, 𝑥 ) , 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑟𝑑 𝑥 (54) 

aking (52) into (54) , we have 

𝑅𝑛 

(𝑉 ( 𝑠, 𝑥 ) , 𝜑 ( 𝑠, 𝑥 )) 𝑑𝑥 − 𝜀 

≤ ∫𝑅𝑛 

(Φ( 𝑥 ) , 𝜑 ( 𝑇 , 𝑥 )) 𝑑𝑥 + ∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑓 ( 𝑟, 𝑥, 𝑉 ( 𝑟, 𝑥 ) , 𝜎∗ ∇𝑉 ( 𝑟, 𝑥 ) , 𝑣′
𝑟 
) , 𝜑 ( 𝑟, 𝑥 )) 𝑑𝑟𝑑𝑥 

+∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑔( 𝑟, 𝑥, 𝑉 ( 𝑟, 𝑥 ) , 𝜎∗ ∇𝑉 ( 𝑟, 𝑥 )) , 𝜑 ( 𝑟, 𝑥 )) 𝑑⃖⃖𝐵⃖ 𝑟 𝑑𝑥 

−∫ 𝑛 ∫
𝑇 

( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥 ) 𝜑 ( 𝑟, 𝑥 ) 𝑑 𝑊𝑟 𝑑 𝑥 (55) 

𝑅 𝑠 
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et us make the change of variable 𝑦 = 𝑥𝑡,𝑥,𝑣 𝑟 in each term of (53) , then 

𝑅𝑛 

(𝑉 ( 𝑠, 𝑥 ) , 𝜑 ( 𝑠, 𝑥 )) 𝑑𝑥 = ∫𝑅𝑛 

(𝑉 ( 𝑠, 𝑥𝑡,𝑦,𝑣 
𝑠 

) , 𝜑 ( 𝑦 )) 𝑑𝑦 (56) 

𝑅𝑛 

(Φ( 𝑥 ) , 𝜑 ( 𝑇 , 𝑥 )) 𝑑𝑥 = ∫𝑅𝑛 

(Φ( 𝑥𝑡,𝑦,𝑣 
𝑇 

) , 𝜑 ( 𝑦 )) 𝑑𝑦 (57) 

𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑓 ( 𝑟, 𝑥, 𝑉 ( 𝑟, 𝑥 ) , 𝜎∗ ∇𝑉 ( 𝑟, 𝑥 ) , 𝑣𝑟 ) , 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑟𝑑 𝑥 

= ∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑓 ( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

) , ( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

) , 𝑣𝑟 ) , 𝜑 ( 𝑦 )) 𝑑 𝑟𝑑 𝑦 (58) 

𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑔( 𝑟, 𝑥, 𝑉 ( 𝑟, 𝑥 ) , 𝜎∗ ∇𝑉 ( 𝑟, 𝑥 )) , 𝜑 ( 𝑟, 𝑥 )) 𝑑⃖⃖𝐵⃖ 𝑟 𝑑𝑥 

= ∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑔( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

) , 𝜎∗ ∇𝑉 ( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

)) , 𝜑 ( 𝑦 )) 𝑑⃖⃖𝐵⃖ 𝑟 𝑑𝑦 (59) 

𝑅𝑛 ∫
𝑇 

𝑠 

(( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥 ) , 𝜑 ( 𝑟, 𝑥 )) 𝑑 𝑊𝑟 𝑑 𝑥 

= ∫𝑅𝑛 ∫
𝑇 

𝑠 

(( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

) , 𝜑 ( 𝑦 )) 𝑑 𝑊𝑟 𝑑 𝑦 (60) 

hus, inequality (53) can be simplified as follows 

𝑅𝑛 

𝑉 ( 𝑠, 𝑥𝑡,𝑦,𝑣 
𝑠 

) 𝜑 ( 𝑦 ) 𝑑𝑦 

≥ ∫𝑅𝑛 

Φ( 𝑥𝑡,𝑦,𝑣 
𝑇 

) 𝜑 ( 𝑦 ) 𝑑𝑦 + ∫
𝑇 

𝑠 ∫𝑅𝑛 

( 𝑓 ( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

) , 

( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

) , 𝑣𝑟 ) , 𝜑 ( 𝑦 )) 𝑑 𝑦𝑑 𝑟 

+∫𝑅𝑛 ∫
𝑇 

𝑠 

( 𝑔( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

, 𝑉 ( 𝑟, 𝑥 ) , 𝜎∗ ∇𝑉 ( 𝑟, 𝑥 )) , 𝜑 ( 𝑦 )) 𝑑⃖⃖𝐵⃖ 𝑟 𝑑𝑦 

−∫
𝑇 

𝑠 ∫𝑅𝑛 

(( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

) , 𝜑 ( 𝑦 )) 𝑑 𝑦𝑑 𝑊𝑟 (61) 

ince 𝜑 is arbitrary, we have proven that for almost every 𝑦 

 ( 𝑠, 𝑥𝑡,𝑦,𝑣 
𝑠 

) 

≥ Φ( 𝑥𝑡,𝑦,𝑣 
𝑇 

) + ∫
𝑇 

𝑠 

𝑓 ( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

) , ( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

) , 𝑣𝑟 ) 𝑑𝑟 

+∫
𝑇 

𝑠 

𝑔( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

) , ( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

)) 𝑑⃖⃖𝐵⃖ 𝑟 

−∫
𝑇 

𝑠 

( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

) 𝑑𝑊𝑟 (62) 

et 

 

𝑡,𝑦,𝑣 

𝑠 
= Φ( 𝑥𝑡,𝑦,𝑣 

𝑇 
) + ∫

𝑇 

𝑠 

𝑓 ( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

) , ( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

) , 𝑣𝑟 ) 𝑑𝑟 

+ ∫
𝑇 

𝑠 

𝑔( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

) , ( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

)) 𝑑⃖⃖𝐵⃖ 𝑟 

− ∫
𝑇 

𝑠 

( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

) 𝑑𝑊𝑟 (63) 

hen 

 ( 𝑠, 𝑥𝑡,𝑦,𝑣 
𝑠 

) = Φ( 𝑥𝑡,𝑦,𝑣 
𝑇 

) + ∫
𝑇 

𝑠 

𝑓 ( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

) , ( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

) , 𝑣𝑟 ) 𝑑𝑟 

+ ∫
𝑇 

𝑠 

𝑔( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

) , ( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

)) 𝑑⃖⃖𝐵⃖ 𝑟 

+ (𝑉 ( 𝑠, 𝑥𝑡,𝑦,𝑣 
𝑠 

) − 𝑦 
𝑡,𝑦,𝑣 

𝑠 
) − ∫

𝑇 

( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣 
𝑟 

) 𝑑𝑊𝑟 (64) 

𝑠 

12
ere, note that 𝑉 ( 𝑠, 𝑥𝑡,𝑦,𝑣 𝑠 ) − 𝑦 
𝑡,𝑦,𝑣 
𝑠 ≥ 0 , By the comparison theorem for

DSDEs, we conclude that the solution of the BDSDE (14) is bounded

y 𝑉 ( 𝑟, 𝑥𝑡,𝑦,𝑣 𝑟 ) . Therefore, we have 

 ( 𝑠, 𝑥𝑡,𝑦,𝑣 
𝑠 

) ≥ 𝑦𝑠,𝑥
𝑡,𝑦,𝑣 
𝑠 ,𝑣 

𝑠 
(65) 

et us make the same change of variable 𝑦 = 𝑥𝑡,𝑥,𝑣
′

𝑟 in each term of (55) ,

hen (55) becomes 

𝑅𝑛 

𝑉 ( 𝑠, 𝑥𝑡,𝑦,𝑣′
𝑠 

) 𝜑 ( 𝑦 ) 𝑑𝑦 − 𝜀 

≤ ∫𝑅𝑛 

Φ( 𝑥𝑡,𝑦,𝑣
′

𝑇 
) 𝜑 ( 𝑦 ) 𝑑𝑦 + ∫

𝑇 

𝑠 ∫𝑅𝑛 

( 𝑓 ( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

) , 

( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

) , 𝑣′
𝑟 
) , 𝜑 ( 𝑦 )) 𝑑 𝑦𝑑 𝑟 

+∫
𝑇 

𝑠 ∫𝑅𝑛 

( 𝑔( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

) , ( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

)) , 𝜑 ( 𝑦 )) 𝑑 𝑦𝑑⃖⃖𝐵⃖ 𝑟 

−∫
𝑇 

𝑠 ∫𝑅𝑛 

( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

) 𝜑 ( 𝑦 ) 𝑑 𝑦𝑑 𝑊𝑟 

ince 𝜑 is arbitrary, we have proven that for almost every 𝑦 

 ( 𝑠, 𝑥𝑡,𝑦,𝑣′
𝑠 

) − 𝜀 

∫
𝑅𝑛 𝜑 ( 𝑦 ) 𝑑𝑦 

≤ Φ( 𝑥𝑡,𝑦,𝑣
′

𝑇 
) + ∫

𝑇 

𝑠 

𝑓 ( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

) , ( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

) , 𝑣′
𝑟 
) 𝑑𝑟 

+∫
𝑇 

𝑠 

𝑔( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

) , ( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

)) 𝑑⃖⃖𝐵⃖ 𝑟 

−∫
𝑇 

𝑠 

( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

) 𝑑𝑊𝑟 (66) 

et 𝑉 ( 𝑠, 𝑥𝑡,𝑦,𝑣
′

𝑠 ) = 𝑉 ( 𝑠, 𝑥𝑡,𝑦,𝑣
′

𝑠 ) − 𝜀 

∫𝑅𝑛 𝜑 ( 𝑦 ) 𝑑𝑦 . Then 

 ̃( 𝑠, 𝑥𝑡,𝑦,𝑣′
𝑠 

) + 𝜀 

∫
𝑅𝑛 𝜑 ( 𝑦 ) 𝑑𝑦 

≤ Φ( 𝑥𝑡,𝑦,𝑣
′

𝑇 
) + ∫

𝑇 

𝑠 

𝑓 ( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

) 

+ 𝜀 

∫
𝑅𝑛 𝜑 ( 𝑦 ) 𝑑𝑦 

, ( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

) , 𝑣′
𝑟 
) 𝑑𝑟 

+∫
𝑇 

𝑠 

𝑔( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

) + 𝜀 

∫
𝑅𝑛 𝜑 ( 𝑦 ) 𝑑𝑦 

, ( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

)) 𝑑⃖⃖𝐵⃖ 𝑟 

−∫
𝑇 

𝑠 

( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

) 𝑑 𝑊𝑟 +
𝜀 

∫
𝑅𝑛 𝜑 ( 𝑦 ) 𝑑 𝑦 

(67) 

efine 

𝑡,𝑦,𝑣′

𝑠 
= Φ( 𝑥𝑡,𝑦,𝑣

′

𝑇 
) + ∫

𝑇 

𝑠 

𝑓 ( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

) 

+ 𝜀 

∫
𝑅𝑛 𝜑 ( 𝑦 ) 𝑑𝑦 

, ( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

) , 𝑣′
𝑟 
) 𝑑𝑟 

+∫
𝑇 

𝑠 

𝑔( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

)+ 𝜀 

∫
𝑅𝑛 𝜑 ( 𝑦 ) 𝑑𝑦 

, ( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

)) 𝑑𝐵𝑟

− ∫
𝑇 

𝑠 

( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

) 𝑑 𝑊𝑟 +
𝜀 

∫
𝑅𝑛 𝜑 ( 𝑦 ) 𝑑 𝑦 

(68)

y (67) , we can know that 

 ̃( 𝑠, 𝑥𝑡,𝑦,𝑣′
𝑠 

) + 𝜀 

∫
𝑅𝑛 𝜑 ( 𝑦 ) 𝑑𝑦 

= Φ( 𝑥𝑡,𝑦,𝑣
′

𝑇 
) − ( 𝐾𝑡,𝑦,𝑣′ − 𝑉 ( 𝑠, 𝑥𝑡,𝑦,𝑣′

𝑠 
) − 𝜀 

∫
𝑅𝑛 𝜑 ( 𝑦 ) 𝑑𝑦 

) 

+∫
𝑇 

𝑠 

𝑓 ( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

) + 𝜀 

∫
𝑅𝑛 𝜑 ( 𝑦 ) 𝑑𝑦 

, ( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

) , 𝑣′
𝑟 
) 𝑑𝑟 

+∫
𝑇 

𝑠 

𝑔( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

, 𝑉 ( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

) + 𝜀 

∫ 𝑛 𝜑 ( 𝑦 ) 𝑑𝑦 
, ( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣′

𝑟 
)) 𝑑⃖⃖𝐵⃖ 𝑟 
𝑅
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−∫
𝑇 

𝑠 

( 𝜎∗ ∇𝑉 )( 𝑟, 𝑥𝑡,𝑦,𝑣′
𝑟 

) 𝑑 𝑊𝑟 +
𝜀 

∫
𝑅𝑛 𝜑 ( 𝑦 ) 𝑑 𝑦 

(69) 

ecause 𝐾
𝑡,𝑦,𝑣′
𝑠 − 𝑉 ( 𝑠, 𝑥𝑡,𝑦,𝑣

′
𝑠 ) − 𝜀 

∫𝑅𝑛 𝜑 ( 𝑦 ) 𝑑𝑦 ≥ 0 , so by the comparison theo-

em of BDSDEs, we know that 

 ̃( 𝑠, 𝑥𝑡,𝑦,𝑣′
𝑠 

) + 𝜀 

∫
𝑅𝑛 𝜑 ( 𝑦 ) 𝑑𝑦 

≤ 𝑦𝑠,𝑥
𝑡,𝑦,𝑣′
𝑠 ,𝑣′

𝑠 
+ 𝜀 

∫
𝑅𝑛 𝜑 ( 𝑦 ) 𝑑𝑦 

o 

 ( 𝑠, 𝑥𝑡,𝑦,𝑣′
𝑠 

) ≤ 𝑦𝑠,𝑥
𝑡,𝑦,𝑣′
𝑠 ,𝑣′

𝑠 
+ 𝜀 

∫
𝑅𝑛 𝜑 ( 𝑦 ) 𝑑𝑦 

(70) 

inally combining (65) and (70) , we know that 

 ( 𝑡, 𝑦 ) = sup 
𝑣 ∈ 

𝑦
𝑡,𝑦,𝑣 
𝑡 

Thus 𝑉 ( 𝑡, 𝑦 ) is also the value of sup 𝑣 ∈ 𝐽 ( 𝑡, 𝑦, 𝑣 ) , from uniqueness of

he solution of cost functional and the uniqueness of supremum, we get

niqueness of weak solution for SPDE (17) , i.e. 𝑉 ( 𝑡, 𝑥 ) = 𝑉 ( 𝑡, 𝑥 ) . □
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