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ABSTRACT. In this paper, we present an exponentially integrable numerical
method for stochastic wave equation with cubic nonlinearity and additive
space-time noise. We first apply the spectral Galerkin method to discretize
the original equation and show that this spatial discretization possesses an en-
ergy evolution law and certain exponential integrability property. Then the
exponential integrability property of the exact solution is deduced by proving
the strong convergence of the semi-discretization. To propose a fully discrete
numerical method which could inherit both the energy evolution law and the
exponential integrability, we use the splitting technique and averaged vector
field method in the temporal direction. Combining these structure-preserving
properties with regularity estimates of the exact and the numerical solutions,
we obtain the strong convergence rate of the proposed scheme. Finally, numer-
ical experiments verify the theoretical results.

1. Introduction. As a kind of commonly observed physical phenomena, the wave
motions are usually described by stochastic partial differential equations (SPDEs)
of hyperbolic type. The main objective of this paper is to numerically investigate
the following stochastic wave equation with cubic nonlinearity, driven by an additive
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e du(t) = v(t)dt, in O x (0,7,
dv(t) = Au(t)dt — f(u(t))dt + dW (t), in O x (0,77, (1)
u(0) =wup, v(0) = vy, in O,

where O = (0,1)% with d < 2, T € (0,00) and ug,vo : @ — R are deterministic
functions. Assume that A = Z?:I 88—; is the Laplace operator with homogeneous
Dirichlet boundary condition, and the nonlinear term f(u) = c3u®+cou?+ciu+tcq is
assumed to be a polynomial with ¢3 > 0 and c¢g, ¢1, co € R. Throughout this paper,
W is an L? := L?(O;R)-valued Q-Wiener process with respect to a filtered proba-
bility space (Q, F, {F; }+>0,P), i.e., there exists an orthonormal basis {e, }ren+ of L?
and a sequence of mutually independent real-valued Brownian motions {S}ren+
such that Wi(z,t) = >, .+ Qzep(x)Bk(t) with Q being a self-adjoint, positive
definite and finite trace operator.

For the well-posedness of stochastic wave equation, we refer to [8, 9] for the
existence and uniqueness of the mild solution with more general polynomial drift
coefficients, and to [17] with more general driving noises. As an intrinsic quantity
of the wave equation, the evolution law of the energy holds,

Vi(u(t),v(t)) =Vi(uo,vo) + %TT(Q)t —l—/o (v(s),dW (8)) 2, a.s.

where (-, )72 denotes the L2-inner product and the energy Vi is defined in (8) (see
Lemma 2.3 for more details), has been established in [8]. Besides, by studying the
exponential moment of V;, the exponential integrability property of the solution
of the stochastic wave equation has been firstly shown in [1]. Further utilizing
the uniform exponential integrability property and regularity estimate of the spec-
tral Galerkin method applied to (1), we prove that the exact solution admits the
following exponential integrability property

T
E (exp </0 c||u(s)||i6ds>> <C,

where ¢ € R is arbitrary, T € (0,00), C := C(ug,vo, Q,T,¢,d) and d < 2.

The numerical resolution of the stochastic wave equation is a vibrant field of
research with many ongoing studies (for example, see [2, 5, 7, 11, 22, 21, 29, 25]
and the references cited therein). In the context of the stochastic wave equation
with cubic nonlinearity, the literature primarily mentions a unique partial-implicit
midpoint-type difference method, suitable for one-dimensional cases (d=1), which
maintains the energy functional in a dynamically consistent manner, as proposed in
[28]. From a numerical perspective, devising methods that preserve both the energy
evolution law and the exponential integrability property of the original system is
both natural and crucial. For example, in the realm of energy-preserving numerical
methods, we refer to the time splitting method applied to the stochastic nonlinear
Schrodinger equation [13], and the exponential integrator used for the stochastic
linear wave equation [10]. In terms of methods that ensure exponential integrability,
we note the explicit splitting scheme for the stochastic parabolic equation [4], the
stopped increment-tamed Euler approximations for stochastic differential equations
[20], and both the finite difference method and the splitting fully discrete scheme
for the stochastic nonlinear Schrédinger equation [14, 15].
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Despite these advancements, there remains a gap in the research for fully discrete
schemes that can simultaneously inherit the energy evolution law and exponential
integrability in the case of stochastic nonlinear wave equations with non-globally
Lipschitz coefficients. In the present paper, we propose a strategy to design nu-
merical methods preserving these two important properties. The idea is based on
splitting the original equation in temporal direction into a deterministic Hamilton-
ian system and a stochastic system. We combine the splitting technique with the
averaged vector field (AVF) method, and apply spectral Galerkin method in spatial
direction to present the following scheme

N | =N
v, + U
Uz+1 :urjyl_’_h m 2m+1,
N N 1
Uy + U
i =y ey ([ g ol - )
0

N ~N
Upni1 =1 + PNOWn,

where N € NT = {1,2,---}, h = T/M with M € NT is the time step-size, m €
Zy = {0,1,--- M — 1}. Here Py is the spectral Galerkin projection operator
defined in (14), and 6W),, is the increment of the Wiener process defined in (27).

The averaged vector field method (AVF) can be viewed as a kind of the discrete
gradient approach to construct numerical schemes with conservation properties,
which has been discussed in the deterministic wave equation (see [18]). Furthermore,
we show that the proposed numerical method admits the following energy evolution
law

tm+1
Vi(ull 1o 1) =Va(ul o) + / (05 (5), PydWW (5)) 12
t

m

+ : ST ((PQE)(PYQ2)") ds,

where v+ is a auxiliary splitting process (we refer to (26) for details), and the

following exponential integrability property

M
E <exp (chz ||ufv||2L6>> <C,
i=1

where ¢ € R is arbitrary, C := C(ug,v0,Q,T,¢,d) and d < 2.

Let ||(—A)%Q%H52(Lz) < oo with 8 € [1,2], where the index 8 quantifies
the spatial regularity of the Wiener process (see Propositions 3.2-3.3). Note that
we do not assume that @@ commutes with A in the numerical analysis. Based on
the numerical exponential integrability and energy evolution law, we obtain the
following strong convergence result when Xo = (ug,v9)’ € HP, 3 € [1,2] (see
section 2 for the definition of the Sobolev interpolation space).

Theorem 1.1. Letd=1,>1ord=2,8=2. Let v =min(5,2) and T > 0.

Assume that Xo € HP, ||(—A)%Q%HLZ(L2) < 0o. Ford =1, there exists hg > 0
such that for h < hg and p > 1,

sup B [(u(tn) = a3 + lo(tm) = o |3-)7] < C (07 +237), (2)

MELN +1

where C = C(Xo,Q,T,p) >0, Ne Nt m € Zp 1, Me N" Mh=T.
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When d = 2, it holds that
sup  E [(u(tn) = w13 + lo(tm) = o [3-0)7] < Cu (BPAR7 +A57)  (3)

MEZLM+1
for sufficiently small € > 0, where C; = Cy(p, X0,Q,T) > 0, N € N*, M ¢
Nt Mh=T.

To the best of our knowledge, this is the first result regarding both the exponential
integrability and the strong convergence rate of full discretizations for stochastic
wave equations with cubic nonlinearity.

The rest of this paper is organized as follows. Section 2 presents an abstract
formulation of the stochastic wave equation, and introduces some properties of the
corresponding group. In section 3, the regularity estimate and exponential inte-
grability property of the mild solution of the spectral Galerkin discretization are
studied. The analysis of strong convergence for the spectral Galerkin discretiza-
tion is also presented. Section 4 is devoted to constructing the numerical method
which preserves the energy evolution law and exponential integrability property,
and deducing its LP(€; H) error estimate. Numerical experiments are carried out
in section 5 to verify theoretical results.

2. Preliminary and framework. In this section, we first set forth an abstract
formulation of (1) for the stochastic wave equation, and introduce some properties
of the unitary group generated by the dominant operator. Throughout this paper,
the constant C' may be different from line to line but never depending on N and h.

Assume that the eigenvalues 0 < A; < Ao < --- and that the correspond-
ing eigenfunctions {e;}3°, of the operator —A, i.e., with —Ae; = N\je;, i € NT,
form an orthonormal basis in L?. Define the interpolation space H" := D((—A)?)
for r € R equipped with the inner product (z,y)y, = <(—A)5x,(—A)3y>L2 =

oo
> Ai(x,ei)r2(y, ei)r2 and the corresponding norm |z, = (m,x)éﬂ/ﬁ Further-
i=1
more, we introduce the product space H" := H" xH" !, r € R, endowed with the in-

ner product (X1, Xo)ur = (1, Z2) g + (Y1, Y2) -1 for any X; = (r1,71) " and X, =

o 1/2
)T = (X, X)i" = (l2llZ, +yl2,_.)

(z2,y2) ', and the corresponding norm || X|
for X = (x,9) 7.

Given two separable Hilbert spaces (H, | - [|z) and (H, || - I 7)s L(H,H) and
L1(H, H ) are the Banach spaces of all linear bounded operators and the nuclear

operators from H to H , respectively. The trace of an nonnegative operator 7 €
Li(H) :=L1(H, M) is Te(T) = > pen+ (T frs fr)r, where { fi}ren+ is any orthonor-
mal basis of H. In particular, if 7 is a nonnegative operator, then Tr(7) =
Tz, (3)- Denote by Ly(H,H) the space of Hilbert-Schmidt operators from H
into H, equipped with the norm || - ch(ﬂﬁ) = (D kent | fk||i~[)% For convenience,
we denote Lo(H) := Lo(H,H) and LP := LP(O,R),p > 1.
Denote X = (u,v)". The abstract form of (1) is

dX(t) = AX(t)dt + F(X (t))dt + GAW (t), t€ (0,17, A

X(0) = Xo, W

where



STRONGLY CONVERGENT EXPONENTIAL INTEGRABLE SCHEME FOR SWE 219

Here and below we denote I by the identity operator defined in L2. Moreover, we
define the domain of operator A by

v

D(A):{XGH:AX:[AU

}EH::LQXH*},

then the operator A generates a unitary group E(t), t € R, on H, given by

) (-NEsE
E(t) = tA) =
o=ewi=[_ o o)
where C(t) = cos(t(—A)2) and S(t) = sin(t(—A)2) are the cosine and sine opera-
tors, respectively.

Unless otherwise specified, throughout this article, we always assume that Xy €
H! and Tr(Q) < co. As a result, the mild solution of (4), that is,

X(t)=E({t)Xo+ /0 E(t— s)F(X(s))ds + /0 E(t—s)GdW(s), a.s. (5)

exists. We refer to [8, 9] for the well-posedness of the mild solution for the stochastic
wave equation.

The following lemma concerns with the temporal Holder continuity of both sine
and cosine operators.

Lemma 2.1. For r € [0,1], there exists a positive constant C' := C'(r) such that
1(S(t) = S())(=A) 2|2y < C'(E—5)",
(C(#) = C()) (D)% |l rzy < C'(E—9)"

forallt>s>0.

The proof of Lemma 2.1 is analogous to that of [10, (4.1)] and thus is omitted
here. It indicates that

I(E(t) — E(s))X|a < C'(t — )" [| X |mr
for r € [0, 1].

Lemma 2.2. For allt € R, C(t) and S(t) satisfy a trigonometric identity in the
sense that ||S(t)z||3. + |C(t)z]]3: = ||z||3 for any x € L.

The above lemma yields that for all ¢t € R,
[E@)X | = || X|[m- for any X € H",r € R. (6)

Denote the smooth potential function by F'(§) := %354 + 0—3253 + 0—2152 + o€, € € R.
Then the function F' : R — R satisfies

MMW—MSAFMWMSMMW+® (7)

for some positive constants a1, as, b1, bo. We define the Lyapunov energy functional
Vi :H' - R as

1 1
Vo) = gl + 5lolf+ [ Fu)iz+c Gizh, @

then we have the following energy evolution law of (1) .
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Lemma 2.3. The stochastic wave equation (1) admits the energy evolution law

1 t
Viult), o(t)) =Va(uo, vo) + 3 Tr (Q) 1 +/ (W(s), dW (s))por a5, (9)
0
for all t € RT. In particular, it possesses the averaged energy evolution law

E(VA(u(0) o(1))) =Vi o, 00) + 3T (Q)

for allt e RT.

The proof of the above lemma can be given by similar procedures in [8] by
using finite dimensional approximation, It6’s formula and then taking limits. For
simplicity, we omit the details.

To derive the exponential integrability property of the exact and numerical so-
lution, we will frequently use the following Gagliardo—Nirenberg inequalities,

d
[l zs < CHVuH“LzHquL;“, with a = §’d <2, (10)
1 1
ullLee < [[Vull7a[lull72, whend=1, (11)
1 1
IVul s < C||Aulf7.[|Vul}., when d = 2, (12)
1 3
lull Lo < Cl|Aull {2 ]|ull}s, when d = 2, (13)

and and the Sobolev embedding H! < L> for d = 1 and H' < L9 g < oo for
d = 2. The main assumption for d < 2 in this paper is due to the usage of the
above Gagliardo—Nirenberg equalities.

3. Exponential integrability property of stochastic wave equation. This
section is devoted to analyzing the spatial spectral Galerkin method of (4). We
present the existence, uniqueness and regularity estimate for the solution to the
spectral Galerkin discretization, including the uniform boundedness of the solution
in L?(Q;C([0, T]; H”))-norm and Hélder continuity of the solution in LP(£2; H)-norm.
By giving the strong convergence of the spectral Galerkin method, we show the
exponential integrability property of the exact solution of (1).

3.1. Spectral Galerkin method. In this subsection, we study the spectral Galerkin
method for stochastic wave equation (4). The spectral Galerkin method has been
used to discretize SPDEs in spatial direction (see e.g., [15, 21| and references
therein). For the considered equation and N € Nt we define a finite dimen-
sional subspace Uy of L? spanned by {ej,es,--- ,en}, and the projection operator
Py :H" — Uy by

N
Py¢ = (Cedpees, VCEH, r>-1, (14)

i=1
which satisfies || Pn||z(z2) < 1. Define Ay : Uy — Uy by

N
AnG = APNC = PyAC ==Y Ni(C ei)r2ei, V¢ EUn. (15)

i=1
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By denoting X~ = (u™¥,v™) T, the spectral Galerkin method applied to (4) yields

dXN(t) = ANXN(t)dt + Fy (XN (t))dt + GndW (t), t < (0,T),

16
xN(0) = X¢', (16)
where
N 0 I 0 0
XN =|" |, Ay= ,IFXN[ },G{}
0 LJ(J)V} N L\N 0} N (X —Py (f(u®)) N7 Py
with uév = PNuom(])V = Pywvg. Similarly, the discrete operator Ay generates a

unitary group

CN(t) (—AN)_ESN(t)

En(t) = exp(tAn) = |:(AN);SN(t) On ()

where Cy(t) = cos(t(—An)2) and Sy(t) = sin(t(—Ax)2) are the discrete cosine
and sine operators defined in Uy, respectively. It can be verified straightforwardly
that

Cn(t)PnC = C(t)Pn¢ = PnC(t)¢, Sn(t)Pn¢ = S(t)Pn¢ = PyS(t)C

for any ¢ € H", r > —1.

Thanks to the Lyapunov function V; in (8), one can repeat the arguments in
the proof of [8, Theorem 4.2] and obtain the existence and uniqueness of the mild
solution of (16) and a priori estimate of X~ (). As a consequence, the energy
evolution law of X () follows.

Lemma 3.1. Let T > 0. The spectral Galerkin discretization (16) has a unique
mild solution given by

XN(t)=Ext) XY + /t En(t —s)Fn(XN(s))ds + t En(t —s)GndW(s) (17)

fort € [0,T). Moreover, forp > 2, there exists a positive constant C := C(Xo, T, Q,p)
such that

sup ||XNHL;D(Q;C([O7T];H1)) <C. (18)
NeNt
Proposition 3.1. The mild solution X (t) satisfies the energy evolution law
1
VitV (1), 0% (1) =Va (o) + 5T (PNQE)(PQE) ) 8
t
—|—/ (WM (s),dW (s)) L2, a.s. (19)
0
In particular, it admits the averaged energy evolution law
1
BV (0, 0¥ (1) =Vauld, o) + 3T (PyQ1)(PvQY)) 1, te BT,

Due to the definition of Py and the assumption Tr(Q) < oo, it can be verified that
Tr ((PNQ%)(PNQ%)*) is uniformly bounded with respect to N for any N € N,.
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3.2. Exponential integrability and regularity estimates of the spatial dis-
cretization. In this part, we show the exponential integrability property of X% .
In [12, Section 5.4], the authors first obtain the exponential integrability of spectral
Galerkin method of 2-dimensional stochastic wave equation driven by multiplicative
noise on a non-empty compact domain. We would like to remark that the expo-
nential integrability has been applied to study the large deviation principle and
the well-posedness of SPDEs, as well as the strong convergence of the stochastic
numerical scheme. For details, we refer to [3, 4, 13, 19] and references therein.

Lemma 3.2. Let T > 0. There exist a constant o > Tr(Q) and a positive constant
C:=C(Xo,T,Q, ) such that

sup E [exp (Vl(“N(S)’”N(S)))] <c. (20)

s€[0,T] exp(as)

Proof. Denote
(Gay+rx.ey (V1)) (1, 0) :=(DuVi(u,v), v) 2 + (Do Vi(u,v), Au— f(u)) L2

+ = (D Vi(u,v) Py Q7 e;, PyQ2e;) e
=1

|~

Notice that D, Vi (u,v) = f(u) — Au, D,Vi(u,v) = v and D2 V;(u,v) = I. Similar
to the estimates (5.43) in [12, Section 5.4], one has that

(gAN+FN,GN (‘/1)) (UN,UN)
() = A oY)+ 0N, Py (A — FY) s+ STHPYQE (PQE))

1
:iTr(PNQ%(PNQ%)*).
Then we get that for o > 0,
(gAN-HFN,GN (Vl)) (U‘Na N 2€Xp Oét ; PNQ2 ei>%2
@)+ SV b < M@+ T o TQ)
=Tr —_— i —Tr —_— r(Q).
-2 2exp(at) & vooRtaie =5 exp(at) o

Let U(s) = —2Tr(Q), a > Tr(Q). To sum up, we have verify the condition (27)
n [14, Lemma 3.1], i.e

400

> (DA (u,0), (PNQ2)e;)?+T(s) < aVi(u,v),

(gANJrFN,GN (VEL))(,U/7 U)+ m i=1

for u,v € PN H. Thus, we conclude that
Vi(u (1), 0™ (1)) / L UGs) N N
E d < V;
o (Mt -+, st S oo
which implies (20). O

Corollary 3.1. Let d =1,2. For any ¢ > 0, it holds that

T
sup E[exp (/ cuN(s)HZLads) } < 0.
NeN+ 0
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Proof. By applying Jensen’s inequality, we get
T

Blesp( | ellu™ (@)Fed)] <E[ 7 exp(cTlu® (9]0

_—/ sup Elexp(cT[[u” (s)[|70))ds < sup Elexp(cT|u™ (t)]Z0)]-
s€[0,T] te[0,T]

Based on the Gagliardo-Nirenberg inequality (10) with a = ¢, we have that

E [exp ( / c||uN<s>||isds>>

< sup E [exp(cCT|[Vu™ ()| 73 [[u™ (8)[72%)]
t€[0,T]

||V“N(t)||%2 a N 2 "

< sup E {exp ( exp (exp(iozT)Hu O)]|72(cCT) == 21*11) .
te[0,7] 2 exp(at) 1—a L2

In the last step, we have used the Young inequality

1
lullv] < 5 eL:LIlFat) +(2exp(at)) =7 |v| T2 Then the Hélder and the Young inequalities

imply that for some small € > 0,

e Jex (| ' clu (9)eds) |

vul (t)]|?
< sup B [eup (LT 02
te[0,T) 2exp(at)

< Cled) s 5 [ox (M) exp(ela™ (]1)].

te[0,T) 2 exp(at)

1 2 _a
) exp (e||u t)||72 + — = exp(21 i aaT)(cCT) eyt

)

Then using (7) and the definition (8) and taking € < aje™*7, we get

r N 2
exp ( / cllu (5)|L6d5>]

<Cle.d) sup E {exp (W“NW> exp <€fOF(2W + bl)]

t€[0,7] 2exp(at)

<Cled) suwp B oy (W)] _

t€[0,T] exp(at)

E

Applying Lemma 3.2, we complete the proof. O

Note that when d = 1, using the Gagliardo—Nirenberg inequality (11), one can
obtain that for any ¢ > 0, sup E [exp (fOT c||uN(s)H%oodsﬂ < 0.
NeN+
Now we show the higher regularity estimate of the solution of (16) in two different
cases, i.e., the case d = 1 in Proposition 3.2 and the case d = 2 in Proposition 3.3.

The main reason is due to the fact that in the case d = 1, one can use the Gagliardo—
Nirenberg inequality (11).

Proposition 3.2. Letp >1,d=1, g € [1,2], ||(7A)H%Q%||£2(Lz) <oo, T>0
and Xo € HP. Then the mild solution of (16) satisfies

sup | XN| o uc(o. ey < C(Xo, T, Q,p).
NeN
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Proof. For the stochastic convolution, using the unitary property (6) of Ex(-) and
then applying the Burkholder—Davis—Gundy inequality, we have

P
E sup / En(t — s)GndW (s)
te[0,T) HA
P
<E sup |Ex(0)llpe sup / By (3)GndW (s)
t€[0,T] te[0,T] HA

T -1 1 :
SC(/O 1(=A) "7 Q2|7 (z2yds | < C.

Now it suffices to estimate || fg En(t — s)FN (XN (s))ds o .c(0,7]:m9))- Since

l—(—A)éS(t - S)PN(f(UN(S)))]
—C(t = s)Pn(f(u™(s))) ’

it suffices to estimate E[t:Eé%] fo (- IPN(f(uN(s)))Hdes)P}. Now we first

consider the case of § € [1,2). Using the Sobolev embedding H' < L* and the
argument in the proof of [16, Lemma 4], i.e

1£ @™ () llga-1 < OO+ [ ()| Zoe + 1™ (8)[s-1),

En(t—s)Fn(XN(s)) =

we have

[ = patr@om] i <@ [0 1Y@+ e @l

Based on the Holder inequality and the Young inequality, we obtain

E sup ( / t ||<—A>‘*?PN<f<uN<s>>>|Luzs)p

t€(0,T]

T
<CE / (L4 [ ()l + 6™ (3) jgo—r)*Pds

<C+O/ 1+ ||U ) dS +C/ ]EHU ”Hﬁ 1

which, together with Lemma 3.1 shows the desired result for the case § € [1,2).
With regard to the case that § = 2, we can use the verified result in the case
B € [1,2) and the fact that

1£ @™ ()l < O+ [ () 1)
for any small € € (0,1). We omit further tedious details. O

The following regularity estimate of XV is for the case d = 2. Compared to
Proposition 3.2, one needs to use the Sobolev embedding theorem in 2d to deal
with the cubic nonlinearity.

Proposition 3.3. Letd =2, T > 0, X, € H? and ||(—A)%Q%H£2(Lz) < o0. Then
for any p > 2, there exists a positive constant C' := C(Xo, Q,T,p) such that

sup XM Lo oseo.rm2)) < C(Xo, Q, T, p). (21)
S
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Proof. We only present the proof for p = 2 here, since the proof for general p > 2
is similar. Similar to the proof of Proposition 3.2, it only suffices to get a uniform
bound of X under the C([0, T]; L?(Q; H?))-norm. We introduce another Lyapunov
functional

1 1 1
Va(u, o) = o {|Au|[ga + 5 [1Vo¥[ [ + 520, ™)) e

By applying the It6’s formula to Vo and the commutativity between A and Py, we
get

dVa(u™ (t),vN (1)) (22)
=1, (t)dt + (Voo (t), VPN dW () 12 + %Tr ((VPNQ%)(VPNQ%)*) dt,
where
11() = (V™ (), D2 (1) V™ (0™ (1) .

Making use of the Holder inequality and the Gagliardo—Nirenberg inequality (12),
we have

L (1) <OIVu™ (@)1 74 (1 + u™ (@)l ) [[v™[| 2
<CIAWN (O 2 [Vu® @)l 22 (1 + [[u™ (@) ]|z ) [1o™ ()] 2

By further applying the Gagliardo—Nirenberg inequality (13) and using the Young
inequality, we get

1 3
Li(t) < CIAWY (@) 2 [Vu™ @)l 2 (1 + [[Au™ @11 1™ @)1 £6) 0™ ()] 2
8 8
< C(I\VuN(t)llizIIUN(t)IIiz Ve Ol 2 o™ @117 ™ (O 2s + IIAuN(t)IIiz)-

On the other hand, using the Cauchy-Schwarz inequality and the Young inequality
and the fact that H! — L%, we deduce that

(=)™ (), f(@™ () 2] < 1(=A)u™ (0|21 F (@™ ()] 2
C~'1(00,01,02703)
2
Cl (COa C1,C2,C3, d)
2
The above inequality leads to %(UN7UN? > LAulN|2, — %HUNH%l - %C’g Thus,

by Young’s inequality and the fact that H' — LS, we obtain that

8 8
L(t) < C(IIVUN(t)HizIIUN(t)Hiz F Ve O 2 0" @l 2 llu™ ()16 + HAuN(t)Hiz)

1 -
<SlIAu™ )l + ™ (@)1 + Calco, e1, 2, ¢3)

1 -
<1 @®)7: + [u™ (@)1 + Caeo, e1, 2, c3).

14 8
1™ @)1l + 0™ Oz + ™ Ol o™ @172 + IIAuN(t)IIiz)

< (Il
< (I Ol + 0™ Ol + ™ O + 1o @1 + 140”03 )
< O+ Va(u™ (1), 0™ (1) + [lu™ @) I + [lv™ (01 22)-

Taking expectation on (22), using the above estimates of I; and V5, it follows
that

dEV, (u (), v™ (1))

= EL (t)dt + 5 Tr ((VPyQE)(VPx Q)" ) di
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< C (Va(u(8), o™ (1) + lu™ @OI%: + IV (@))% + 1) dt
1
+5Tr ((VPNQ%)(VPNQ%)*) dt.

By using the inverse equality [|u ||z < CAn||u’N|| 12 and the integrability of vV in
H! in (18), one could obtain the integrability of V5 and other terms on the right
hand side of the above equality. Taking the expectation on both sides and applying
the Gronwall inequality, we have

EVo(u (1), 0 (1)) <Cexp (1) (I Xoll2a + 5T (VPyQE)(VP¥QE) ) 1

t
[ B N @+ ¥ 9 )as)
which, combined with Lemma 3.1, shows the desired result. O

Next we derive the Holder continuity in temporal direction for the numerical
solution {u™}neny and { XV} yen with respect to LP(Q; L?)-norm and LP($; H)-
norm, respectively. Both results play a key role in our error analysis in Section
4.

Lemma 3.3. Assume that conditions in Lemma 3.1 hold. Then there exists C :=
C(X0,Q,T,p) > 0 such that for any 0 < s <t < T,

1
sup [ (£) = ™ (3)]| v (@uzy < Clt — s, sup [IXV(6) = XV (5)| o) < Clt — 5|
NeN NeN

Proof. From (16), we have
ul () = u? (s) =(Cw (t) = Cw(s)) Pr (o) + (—An) "2 (Sn(£) — S (5)) P (vo)

- "(—A)H(Sw(t — 1) — Sn(s — 1) Pu(f(u™))dr
- / t<—AN>*%sN<t—r)PN<f<uN>>dr
s [ AN TE SN 1) Sw(s ) PudV (1)

0

+/ (—=AN) "2 Sy (t — r)PydW (r).

Using the properties of Cy(t) and Sy (t) in Lemma 2.1 and the Burkholder-Davis—
Gundy inequality, as well as the Sobolev embedding theorem, gives

[u (£) — u™ (5) || Lo 0 2)

< Oft = s (Jlwoll o + ool ooz

S t
+C [ = ) raurards +C [ 110 s

Nl

‘ ( [ 1At =) = (s - r))PNQ%niz(mdr)

1
2

t
n ( / ||<—AN>—QSN<t—r>PNQ2||%2<L2>dr)
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<Ot —s| {14 |Juoll 1piergiry + llvollze(:zzy + sup |Ju® ()] )
=51 (14 ol + Bolloaay + 510 10Ol
< C|t— s,

which is the claim for V. To obtain the estimate of X%, it suffices to deal with
vN () — vV (s). Using the mild formulation of vV,

oV (1) — vV (s)

_ ((—AN)%SN(L‘) _ (_AN)%SN(S))PN(uO) + (Cn(t) — Cn(5)) Py (vo)
_ / (Cn(t = 1) — (s — 1) Pu(F(u™))dr
-/ Ol — )Py (™) )dr
4 /OS(CN(t —1) = Cn(s —7))PndW (r)

+/t O (t — 1) PrdW (r).

Using again the properties of Cn(t) and Sy(t) in Lemma 2.1 and the Burkholder—
Davis—Gundy inequality, as well as the Sobolev embedding theorem, gives

1™ (#) = o™ ()| o i)

< Cft = | (Jluoll o ey + ool (@2 )

S t
0 [ (= s + € [ 1) gpionds

[N

n ( / (- An) Ot — ) — O — r))PNQ%%2<L2>dr)

1
2

t
n ( A it - r>PNQ2||i2<L2>dr)

1
<Ot —s2 [ 1+ ||[woll Loy + llvollLeiaizzy + sup [Ju (#)]|3 )
= o1t (14 Btolioqqn + ollamiaa + 500 10Ol

< Clt —s|2,

which completes the proof.
O

3.3. Exponential integrability of stochastic wave equation. In this part, we
first prove that the spectral Galerkin approximation Xy converges to the solution
of (4) in strong sense based on Lemma 3.2.

Proposition 3.4. Assume thatd =1, 3>1 (ord=2, 3=2), Xo € H?, T >0
and ||(7A)%Q%||LQ(L2)< oo. Then for any p > 2, (16) satisfies that
_B

IX™ = Xl Lo @icqo i) = OAN?)-

Proof. For the sake of simplicity, we take the first component of XV as an example
to illustrate the desired result.
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Step 1: Strong convergence and limit of u”. We claim that {u™}yen+ is a
Cauchy sequence in LP(€2;C([0,T]; L?)). Notice that

uN (1) = (t) = (u (1) — Pvu™' (1) + ((Py = 1),

where N, N’ € NT. Without loss of generality, it may be assumed that N’ > N.
According to the expression of both u" and «V' | using the definition of Py, we
have

I(Py = Du™ ()12 = Z AP (1), 0 F et < A5 TV ()2,
1=N-+1
with 8 > 1. With respect to the term u™ (t) — Pyu™ (t), we have

() = F(5))) ds.

/ ’

uV (t) — uy = t— ~3 -8 uly
(1) = Pau¥ () = [ ()7 ES( = )Py (1

From the Sobolev embedding L < H-!, using the Holder inequality with the

exponent % + % = %, we obtain that
lu™ () = P (1)]] 2
< [ emrtst-ap (10 o) - 6 6)), 0

ds

6
L5

<c / H 1+|uN<s>|2+|uN'<s>\2) (") —u"(9)) |

<0 [+ @I+ 1Y )
0
(1™ () = Py ()22 + | (Py = D' (3)]]12 ) ds

which implies
lu™ (2) = Pru™ ()]
*% r N 2 N’ 2 ‘ N 2 N’ 2
SCAy*exp (O (Hu (s)llze + [lu (S)IILG) ds ) [ (14 [l (s)llzs + llu™ (s)llze)
0 0
x [luN' (5) |0 ds
due to the Gronwall’s inequality. Taking the pth moment and then using the Holder

and the Young inequalities, and the exponential moment bounds given in Corollary
3.1, we obtain

|u® — uN,||LP(Q;C([07T]:L2))

exp </0T (™ @2 + 1™ (5) ) ds) |

T
x| / (L ™ ()30 + ™ (lEo) ™ [z ds|

_8
<CAy?

L2r(5R)

L2P(QR)

Y
+Ax7 lu (S)HLP(Q;C([O,T];HL?))7
which leads to

’ s
[ = ™| Lo (aieqo.mizzy) < CAN®- (23)
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Similarly, we can prove that {v™N } yen+ is a Cauchy sequence in LP(€;C([0, T]; H™1))
which means that { X} yen+ is a Cauchy sequence in LP(Q;C([0, T]; H)). Indeed,
we can first decompose

(1) =o' (1) = (¥ (1) = Pao™' ) + (B = oY (1))
/ B ’ .
where ||(Py —I)vY Ol o @m-1) < CAR due to vV € HP~1in (18) and (21). Then
applying the Sobolev embedding L < H~! and Hélder’s inequality again, we get
[0 (1) = Pro™ (¢ >\|H :

| / Cn(t=5) (£ (5)) = F(u™(5)) dsllg-s
<c / (L N @0 + 1™ ()70 (¥ () = Pra™ ()]1z2 + 1Py = D™ (3)l]z2 ) ds.

We omit further tedious details for applying Gronwall’s arguments.
Step 2: Existence and uniqueness of the mild solution.

Denote by X = (u,v)" € H the limit of {X}ycn+. To show that the strong
limit X is the mild solution of (1), it suffices to prove that

X(t) = B(t)Xo + / "B(t— $)F(X(s))ds + / Bi—sGAW(s)  (24)

for any t € [0, T]. We take the convergence of {u™ } yen+ as an example to illustrate
the details, that is, to show that u satisfies

u(t) = C(tyuo + (—A) S (t)uo — / (—A)ES(t — 5)f (u(s))ds

+/0 (=A)725(t — s)dW (s).

To this end, we show that the mild form of the exact solution u!V is convergent to
that of u. The assumption on Xy yields that

1 _8
IC#HI = Pn)uollze + [(=A)"2S()(I — Pn)vollzz < CAp® (luollgs + [lvollgs—1)-
Notice that by Sobolev embedding theorem, it holds that for d =1,5 > 1,
t
(I — PN)/0 (=A)725(t = 5) f(u(s))ds| 2 < CAN? / 1S (u(s))llgs—rds
t
<O [ o) )ds
0
and for d =2,8 = 2,

t

(7 = PN)/O (—A)2S(t = ) f(uls))ds] 2 < CAfvg/O (L + u(s)lF)ds,

where € € (0,1) is small. Thanks to Propositions 3.2 and 3.3, the above term is
convergent. Based on the Sobolev embedding L5 < H! and (23), we have
¢

<—A>*15<t — 5)Px (f(u(s)) — f(u™(s))) ds

Lr(:C([0,T)L%))

< C/ L+ Jlu(s)lIZe + Ilu™ ()70 |2 iy l[u(s) — u™ ()l Lan(s2)ds
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_B
<CONy2.

For the stochastic term, by using the fact that S(t —s) = S(t)C(s) — C(¢)S(s),
the boundedness of C(-) and S(-), and the Burkholder-Davis—-Gundy inequality we
obtain that for p > 2,

[ / S(t = s)(I = Pn)dW ()| Le(osc(0,11;:12))
< / (I = Py)dW () | o@icqoryin)
+C||/ Y = Pn)dW (s)| e (e (j0,7;:L2))

_B _1.B8 1 -5
s# [ 10— P¥) A F A QA s < O,

Next, we use analogous steps to deal with the convergence of vV, i.e., to verify that
the limit v satisfies

v(t) = — (=A)"2S(t)ug + C(t vof/ C(t—s)f(u(s))ds

/ C(t — s)dW (s).
The convergence of —(—A)~2S(t)ud to —(—A)~2S(t)ug and that of C(t)vd to
C(t)vg is straightforward. The convergence of || f(f C(t—s)(I —PN)dW (s)|| -1 is

1

similar to that of || fot(—A)_E(—A)_%S(t —8)(I — PN)dW (s)||z> due to the fact
that C(t — s) = C(¢t)C(s) — S(t)S(s). It remains to show that

/Ct—sPNf ds—>/C’t—5 (s))ds, a.s. N — o0.
Notice that by Sobolev embedding theorem, it holds that for d = 1,5 > 1,
(- PN / C(t — ) f(u(s))dsllyr < CAx /Ota + ()12, )ds,
and for d =2, = 2,
Iz = PY) /Ot Ot — ) f(u(s))dsl|r < CAY® /Ot(l + ()|l )ds,
where € € (0, 1) is small. To verify the convergence of the term

/0 Ot — )Py (f(u(s)) — f(u™(s))) ds

Lp(C([0,TH-1))
we need repeat the procedures in the convergence proof of u and thus omit further
tedious details.

Combining the above properties of v and u, we complete the proof. O

From the proof of Proposition 3.4, we have the following exponential integrability
property of the exact solution.
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Proposition 3.5. Let d =1,2. For any c € R and T > 0, it holds that

T
E (exp (/0 c||u(s)|2L6ds>> < 0.

Proof. Due to Propositions 3.2-3.3 and Fatou’s lemma, we have IE[||X||§([O’T];H1)] <
C(X0,Q,T,p). From the Gagliardo—Nirenberg inequality (10) and the bounded-
ness of X and X% in LP(€;C([0,T];H')), it follows that u" converges to u in
LP(Q;C([0,T); L?)). By Jensen’s inequality and Fatou’s lemma, we have

T
E <exp ( / c|u<s>||%6ds>>

Then by applying Corollary 3.1, it holds that for any constant ¢ > 0,

E <exp (/O c||u(s)|%6d8>> < 0.

4. An exponentially integrable fully discrete method. The stochastic wave
equation with Lipschitz and regular coefficients has been systematically investigated
theoretically and numerically (see e.g., [17, 23, 27] and references therein). How-
ever, as far as we know, for stochastic wave equations with non-globally Lipschitz
coeflicients, there are no results about the fully discrete method preserving both
the energy evolution law and the exponential integrability property and the re-
lated strong convergence analysis. In this section, we propose an energy-preserving
exponentially integrable fully discrete method for stochastic wave equation (1) by
applying splitting AVF method to (16), and finally obtain a strong convergence
theorem for the fully discrete numerical method.

Let NyM € Nt and T = Mh and denote Zy+1 = {0,1,...,M}. For any
T > 0, we partition the time domain [0,7] uniformly with nodes t,, = mh, m =
0,1,--- M. One may use the non-uniform discretization, and the analysis of both
the convergence and structure-preserving properties is similar.

We first decompose (1) into a deterministic system on [t,,, tymt1],

IN

1T
— / Eexp (¢Tu(s)|7s) ds
T Jo

IN

1 T
lim 7 [ Bexp (e (9)]2) ds
0

N—o00

dulP(t) = v P(t)dt,  dvlP(t) = Axul P (t)dt — Py (f(ulP(1)))dt,  (25)

and a stochastic system on [t,, tymy1],

dulS(t) =0, dvN-3(t) = PydW(t). (26)
Then on each subinterval [t [ s tma1], u (t) starting from w5 (t,,) = uNP (ty41)
and vV (t) Startlng from v2¥% (t,,) = VNP (t;41) can be formally viewed as approx-
imations of u™ () with u ( m) = D(tm) and vV (t) with vV (t,,) = vNP(t,),

respectively.
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By further using the explicit solution of (26) and the AVF method to discretize
(25), we obtain the splitting AVF method

m+1 =u + ho" mtd

1
v%+1:vﬁ—%hANux+;—Jd%f(A f@ﬁ}kﬂu%+l—u%»dé>, (27)
ol 1 =0+ Pn6Win,

where u)) = Pyug, v’ = Pyvg, © +1 = %( m1 TV ) U,Nn_,_l = %(u%-u +upy) and
the incremnent 8W, i= W (tms1) — W(tn) = 355 (Beltm1) — Bultn)) Q.

Denote . .
I LI I -1

A(t) = 2 B(t) = 2
0=(ug 7) m0= (L 7)

and M(t) = I — AN§. By the spectral expansion of Ay, one can verify that

-1
B! — (M . (t) Miol (t)) A. Therefore, it holds that

., MM 0\ s M) =T ML)t
B (t)‘w):( 0 Ml(t))A(t):(Ml(t)ANt ZMl(t)I>'

This formula yields that (27) can be rewritten as

() -0 ()

0
o))

Here we omit the dependence on NV of B, A, M for simplicity since the error estimate
for the spectral Galerkin method has been established in the previous section.

In the appendix, we prove the well-posedness of the proposed scheme. Indeed, by
(40), there exists a sufficiently small Ay > 0 which is not depending on N such that
the numerical solution of (27) exists and is unique (see more details in appendix).
Throughout this section, we always require that the temporal step size h < hg.
When performing the numerical scheme (27), some iterations procedures are used
to approximate (27) since the AVF scheme is implicit. However, the overall error
analysis involving Picard’s iteration or Netwon’s iteration and the AVF scheme for
SWEs with non-globally Lipschitz coefficients is beyond the scope of this current
paper.

To study the strong convergence of the proposed numerical method, we first give
some estimates of the matrix B=1(-)A(-).

Lemma 4.1. For anyr >0,t >0, and w € H", | B~ (#)A(t)w|gr = ||w]|m--

Proof. When t = 0, B=1(0)A(0) = I. The desired property holds. When ¢ > 0,
B~1(¢)A(t) is unitary in H" if and only if the discrete scheme defined by
N

Upp 11 u +tvm+1,
U%HZU +tAnu +l,m€N+,

keeps the H"-norm of X} := (ul;,v2). This is true by considering the || X}V, |3, —

m’m

| XN||%.. Indeed, we have that

X2 e — 11X 1
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= lluma e = lumlige + lvmallEy = ol

:<u%+l,t’0 1>HT+< m+17tANum+l>Hrfl~

The definition of H" yields that || XN N olE =1 XN O

Following [6, Theorem 3], we give the following lemma which is applied to the
error estimate for (27).

Lemma 4.2. For any r > 0 and h > 0, there exists a positive constant C := C(r)
such that for any w € H™2,

sup [|(Ex(h) =B~ (W)AR))wlur < Ch?|lwllgr+,
NeN+

sup |[(Ex(h) =B Y (h)w|g- < Ch|lw||gr+1.
NeN+

(29)

4.1. Useful a priori bounds and exponential moment of numerical solu-
tions. In this part, we provide several useful bounds on the numerical solution

of (26), as well as its energy evolution law. Denote Vi (ul), oY) = L1||ul)|?

sllol 1122 + [, F(uly)dx + Cy with Cy > by. Recall that by is defined in (7).

Proposition 4.1. Assume that T > 0, p > 1. Then the solution of (27) satisfies
sup  sup  E(V{(up, o)) < C, (30)

NeN+ meZnr+1
where N €e Nt , Mh=T, M e Nt C = C(X,,Q,T,p) > 0.
Proof. Fix t € Ty, = [tm, tm+1] with m € Zjs. Recall that the splitting process
ulNS o5 in (26) defined in T),,. Let ul5(t) = ulY |, vN-9(t,,) = vX, ;. Then on

m m—+17"Ym
the interval T,,,, we have

tm+1
Vi(uhy 1 vmyy) =Vi(ull 1, o0 40) +/ (VS (t), PndW (1)) 12
t

tma1 1 ’
[ S (@b PaQhy ) at
2

Due to the fact that du®Y:%(t) = 0 and dv}"*(t) = PydW (t), we can apply the Ito’s
formula to V{7 (ul5(¢),v:9(t)) and obtain that for p > 2

VY (upy (t), v S (1)) = VI (g (tm), vy (tm))

VS ), oS ()T (PyQ) (PN ) dr
¢

m

.
+p / VEL @S (1), 0 (1) WS (s), Pud W (1) 1

N t
plp—1 - 1
PSS [ S 0, ) (1), Qe
i=1"tm

Taking the expectation on both sides of the above equation, using the martingality
of the stochastic integral and applying the Hélder and Young inequalities,

E(VY (™ (1), v (8))) SE(VF (upy 1, Uprg1)

e / (1+ BP0 (), o5 (1)) ),
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which, together with the Gronwall inequality and the property that

‘/1( m+17 m+1) = ‘/l(uN UN)a (31)
leads to E(VF(ul 1, 0N 1)) < exp(Ch) (E(VF(uly,vl)) + Ch). Since Mh = T,
iteration arguments lead to

sup E(VY (41, 0m11)) < exp(CT)E(VE (ug’, v )) + exp(CT)CT,

mEZnm

which implies the estimate (30). O

From the above proof of Proposition 4.1, we get the following theorem which
shows that the proposed method admits the following evolution law of the energy
.

Theorem 4.1. Let T' > 0. Then the solution of (27) satisfies

)
tm+t1
VaCu o) Va0l + [ @S, P ()
t

m

+ /mm ST ((PQE)(PYQ2)) ds

where N € NT,m € Zyryq, Mh =T, M € N, v]N'5 s the splitting process defined
n (26) with zmtml value vN5(t,,) = 17N L1 In particular, it holds that

E(Vi (o)) Vil o) + 5T (PY Q1) (Py Q")
where N € Nt ' m € Zpri1, Mh=T, M € N*.

Beside the energy-preserving property, the proposed numerical method also in-
herits the exponential integrability property of the original system as following.

Proposition 4.2. Let d = 1,2, and T > 0. Then the solution of (27) satisfies

exp (mZ (e ||L°>

=0

for any ¢ > 0, where C := C(Xo,Q,T,c) >0, N e N" m &€ Zy 1, M e N* Mh =
T.

sup E <C (32)

NeNt+

Proof. Notice that

Vi (u%+17 Ur]r\{+1) = Vi(up® (tmg1)s v S (tmy1)),s
where vfx F(tpma1) is the solution~of (26) defined on [t tpt1] with X% (t,,) = o 4
and u2S (t,,) = ul ;. Denote Fy := (0,0)". Then for a > 0,

o0

1 1
(gﬁN,GN (Vl)) ( Ns)vnj\; S) + m Z«PNQg)*U%’S&i)%z
i=1

1
<-T ———Vi(uh®, o F)T
=9 r(Q)JreXp(at) 1(um » Um ) I'(Q)
Let U = —%Tr(Q), a > Tr(Q). Then using [14, Lemma 3.1], it holds that for
te [tmvtm-i-l];

R ) LY
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o (VAL (1), 05 1))
S exp ( exp(aty,) ) '

Thus, we have

N,S t N,S t t r7
© oy (RSO | [ OO,
exp(at) . exp(ar)
Vi (uVoS (). NS (4 t 7
—EI|E exp l(um ()7vm ())+/ (S) dr ‘]:t
exp(at) +,, exp(ar) m
<E[exp (‘/1(“%—&-1’17%—%1))} — e (Vl(uTvafX)ﬂ’
exp(aty,) exp(atym,)
where we use the fact that on [tm,,tm+1], 35 (tn) = o5, and ul¥(tm)
ul | and that the energy preservation of the AVF method, Vi(u® ;1,05 )
Vi (upy, vy )-
Repeating the above arguments on every subinterval [t;,¢41], I < m — 1, we
obtain

o {exp (W%M)] < exp (Vi (ulf, o)) exp < / " U(”)dr> .

exp(atm+1) exp(ar)
(33)

m

Now, we are in a position to show (32). By using Jensen’s inequality, the Gagliardo—
Nirenberg inequality (10), and the Young inequality, we have that

E [exp (Chz ||U2]-V||%G>‘| < sup E[exp(cT[u}[176)]

i—0 1€LM +1

< sup E {exp ( ” uiVH%Q > exp (exp(ia aD)||ulN |2 (cCT) 11a21aa)]
= PN i 2 .
1€ZN 41 QQXp(ati) l1—a L

Then the Holder and the Young inequalities imply that for small enough e > 0,

m

V' [|7.
E |exp | ch ulN |2 < C(e,d) su E[ex (’L)ex elluMN |3 }
p( > ||Ls> < Ced) s B e (il ) explelul )

N N

< C(e,d) sup E[exp (Vl(ul’vz))}
1€EZNM +1 eXp<ati)
By applying (33), we complete the proof. O

Assume that X, € H2, T > 0 and |[(=A)2Q2| < co. By introducing the Lya-
punov functional
1 2 1 2 1
Vo(ulf, o) = 3 [[Au|[2 + 2 V0|12 + (Al 7))o,
similar and tedious arguments as in the proof of [15, Lemma 3.3] yield that for any
p > 1, there exists a constant C' = C(Xy, Q, T, p) > 0 such that

E| s [u]n.|<cC.

MEZLN +1

The above estimate could be used to remove the infinitesimal factor in the strong
convergence order in (2) when d = 2.
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4.2. Strong convergence rate analysis. Based on the above exponential inte-
grability property of {ul }1<;<a and Lemma 3.3, we obtain the strong convergence
rate in temporal direction as follows. In Proposition 4.3 below, we use the index
~ = min (3, 2) to measure the convergence order since the order of convergence may
not exceed 1 when f < 2.

Proposition 4.3. Letd=1,8>1ord=2,=2. Let y =min (5,2) and T > 0.

Assume that X, € HP, ||(—A)B%Q%||£2(Lz) < 00. Ford =1, there exists hy > 0
such that for h < hg, p > 1,

sup B[ XN (tn) — X [I7] < CRO7, (34)

MEZLM+1

where C := C(p,X0,Q,T) >0, Ne N", M e N*, Mh=T.
When d = 2, it holds that

sup E[[|XN(t,) — XN|2P] < O hPAZP 35
P m N »

MEZLnr 41

for sufficiently small € > 0, where C; = Cy(p, X0,Q,T) > 0, N € Nt, M €
Nt Mh=T.

Proof. Let g; = XN(t;) — XN for i € Zp1. Fix m € {1,---,M}. Using (28)
iteratively, we have

j+1

m—1 t

X = @ wam) Xy + Y [

j=0 “tj

m—1 t

+ Z/

j=0 “tj

From the above equation and (17), it follows that
em =(E(tm) — (B~ (WA(R)™) X'

@A™ (b i)

B R)AMR) B (h) (

J+1 0

PN(fol f(uév + ‘9(”?’-‘-1 - U?))d&)ds) ’

' J=_O /fj - (E(tm —s)— (B_lw)A(h))(m_l_j)) <PNd(I)/V(S)>
m—1 .t
J+1 g 0 B 1 (m—1—j)
= / (E(tm ) (—PN(f(uN(s)))) (B (AR)
-1 O
50 Ly 0ot ) )2
This implies that
! | (B = - @ s ) (Pm?v@))
Jj= J ]
m—1 .t ) 0 ) » .
= / (E“’” ) (PN(f(uN(S)))) B (R)AM)
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<Ch? | X |lgr + Errl, + Err?,

We first deal with the term Err2, and decompose it into several parts as following

2 5 o -1 0
Hrn = jZZ:O /tj (Bltm = 5) = Bltm—1 = s)B~ (1)) (PN(f(uN(S)))) * H
m—1 1 . ) 0 B ) I
up> [ Bt = 8700 (o)~ B A0

0

.B—l(h) (PN(fol f(uév +9(ujN+1 _ uf))dO)) ds|| =:T+1I

H

Using the Holder inequality, the Young inequality and (29), we have
0

mgo / 41 h) —B'(h)) (PN(f(“
<Ch Z / [ f(u™(s))[|2ds.

ds
H

i)

For the term II, denoting [] the integer part of ;, we obtain

molortiga 1 0
e p> / Btm—s = 9B (1) (PN(f(uN(S))—f(UN(t[-1))> “

mol et . 0
+ ; /tj E(tm— = s)B " (h) (PN(f(uN(t[%])) - f(UN]))> ds

&

H

m—1 41 . 0
+ ZO /t E(tm—l - S)]E (h) <PN i fo u +0 J+1 7 uf))d@)) ds

Kl J (%) H
m—1
| 2 / T (Bltm1 — 5) — (B (AR "B (h)
7=0
0
. d =:1I 11 11 I14.
<PN(f01f(u§.V + 0 fué\’))de)) i e
Now we estimate I1;, ¢+ = 1, 2, 3, 4, separately.
M~1(h) 0 1 tr
—1 _ - 2
Recall that B~ (h) = < 0 M-L(h) A and A(t) = Avt 1) where

M(h)=1- AN%Q. For the first term II;, using the boundedness of E(-), we have

tj+1

m—1
m<y [
=0
m= tit1
=
=0
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_1
By means of the inequalities |4++m| < C and ‘Aﬁ\ihhg < CA; 2 for some C > 1,
we have
o N N
m<ey [P e) - s |, s
j=0 “tj
moloeti
<o [T @) N e e ) - u )|, ds
7=0 tj
[l N N
+C / (u (s) +u” (tg)(u (s) —u (t[%]))HHAdS
7=0 tj
= (U N N
+C / u(s) —u (t[}i])H L ds
j=0 Ytj H-

Based on the Young inequality, Sobolev embedding L% < H~! and the Holder
inequality,

m=l eti
I <C /t (™ ()76 + ™ Gl ze + Dllu® (s) — w™ (tr2)) | L2 ds.
=0 't
Similarly, the term II5 satisfies
[ N 2
<oy [ (gl
=0 7

For the term IIs, using again Sobolev embedding L$ < H! and the properties of
B, as well as the mean value theorem, we have

deS.

M (tr2) — uft

tjya

1P (f (uf) /fu +0(uyy — ulY))df)||yds,

<Z / T o 0 M )0 N o

Then the fact that ujj\g_l - uév = %(T)ﬁ_l + ’UJN) and the property L8 < H™! yield
that
m—1

s <CR? Y () 7o + llufallFe + DUl + o] [[22)-
§=0

With respect to the term II4, using Lemma 4.2 and the boundedness of E(-) and
B~(:)A(-), we have

(B (tm—1 — t;) = (B (WAMR) " D)gl| 2 < Cmh?|glge, g € B,
On the other hand, it holds that
I(E(tm—1 —t;) = B (W)AR) "™ )g|lr2 < Cliglre, g € L2,
An interpolation argument yields that for v € [0, 2],
I(E(tm—1 = t;) = B (AR ™ )g|| 2 < OhZ gl -
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As a result, using Lemma 2.1, we have

I < Z/J+l tm—1—8) — E(tm-1 —t;))B7"(h)
—0

(euir N+eo< i) .

mZ / tm—1 —t;) — (B (R)A(R) ™ =) B~ (h)

Jj=

0
(sz(fo1 Fld +0(u’y — U§V))d9)) ds

—1

H
m tit1 0
< s—t; Blh( > ds
2 / =B oy (2 s + 0y, —wyan)) ||
> s H(h) ’ d
+Y [ ( ) s
=/, Pr(fy f(a) + 0y —ul))do)) |
m—1

ti+1
SC / (s —tj) /||fu +0(ul Uj'yq — N))||L2d9ds

tj+1
/t /Ilfu + 0,y — u) - dods.

For the case that d = 1,8 > 1, taking v = min(3,2), the Sobolev embedding
Hz+e < L for a small number € > 0 leads to

tjt1 1
[ [ + 0t — - avas
tj

tji+1 1
<0 [ [0 I 0 =+ 00 = oo B
tj

<Ch(L A+ [lug 12 3o+ gl g O Ul T+ gl )

<SCh(1+ Jlug I + lufya ) (gl + lufy g1 )-

&)
O

3 +e

Note that the energy evolution bound in Proposition 4.1 gives the upper bound of
”Ué‘VHLp(Q;Hl) for any p > 1.

For the case that d = 2, = 2, using the Sobolev embedding Hite L, for
€ > 0 sufficiently small,

ti+1 pl
/t / 1F Y + 00, — )|l d6ds (36)
<OR( 4 1 P+ et 2 )Y o or + ¥ )

To sum up, we have

m—1
ol
I <Ch3h S (L4 a2 + o 12 (U s + o s ),
=0
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where k =1 for d =1 and kK = 1 + € for d = 2. Based on the estimates of I and II,
we obtain

m—1 m—1
lemlla < Y ®jllejlla+ Y v; + Err), + Ch || X§Y [, (37)
=0 =0

where for j =0,1,--+,(m — 1), ®; = Ch(|JuN (t;)]|2s + ||u§V||%5 + 1), and

v =Ch [N () e

tj

+ChT AL+ [lug [F + N ) lug g -2 + lufia lig-1)
ti+1
+ C/ (™ ($)17e + ™ teDlze + Dllu™(s) = u™ (tz)) | r2ds
tj
+CR*(Juf 76 + lufialZe + Do llzz + llof [122).
By the discrete Gronwall’s inequality (see e.g., [15, Lemma 2.6]), we have

m—1 m—1
lemlli < | CHEIXY 0 + Brrty + S | e [ S @,
7=0 7=0

Taking the 2pth moment and using the Holder inequality, we have

m—1 P % m—1 %
Elenmli < |E Che | XY ur + Errk, + Z Y; Eexp [ 4p Z D,
j=0 j=0

According to the exponential integrability of u” and uX, the above inequality be-
comes

(S

m—1
1
Elenl# <CRPIXYE + C [E(Errl )] % + Cm®~3 | Y Byl
j=0

Thanks to Lemma 2.1 and an interpolation version of Lemma 4.2, we obtain

tm . L2 2P
E(Errk )% <C [ /0 (E(ty, —s) — (B~ (R)A(R) ™ -ENGNQ2 ) ds]
<C H(E(t ) — Bt )Gy Q||
su m — S) — m—1 — U[s 2
- ogsgptm LRDIEN L2 (H)
s 1 4p
+C swp || (Bltm-1 — tz)) = (B~ (W)AR) ™ E)GrQE
0<s<tm Lo (H)

SC(hQW + h4p)’

where GyQ2 = (0, PNQ2)T. This leads to

(NI

m—1
Elewmi < CRP| XY + C(7 + h?P) + Cm?~% | Y By
j=0



STRONGLY CONVERGENT EXPONENTIAL INTEGRABLE SCHEME FOR SWE 241

According to the Holder inequality, the a prior estimates of " and )Y and the
Holder continuity of u”, we obtain that for d = 1,

ti+1 4p
By <OKVE ( / IIf(uN(S))IIL2d8>

tj

4p
+ CRPPRYPE (1 + [luf IF. + llufr IF0 N g + llu lg)

4p
tjt+1
+CE </ (™ ()1 Zs + 1™ (Erepll7e + Dl[u® (s) - uN(t[;;])IIdes>
t,

J
_ 4p
+ Ch¥E [(lu 126 + luiallZe + 1174 22 + o 1 22)]
SC(hSP 4 pipt2r L p8p hsp) < Ch®P 4+ ChpiPt2r,
When d = 2, using the inverse inequality for spectral Galerkin approximation, i.e.,
o e+ e e < ONE ) I+ 2,
and the above argument, we obtain that
4 8 4p+2 4e
ijp < CRh® 4 Ch*P 2PN\ P.

As a consequence, when d = 1,

Ellen|3? < CRPE| XY (122 + C(hP 4 h?P) + CmPh?PHP 4 Om?PR*P < OhP,
and when d = 2,

Ellen|3? < CRPE|| XY |22 + C(hP 4 h?P) + CmPPh?PHP NP  Cm2PhiP
2e
< CRPAYY,

which completes the proof. 0

Finally, the above convergence result in Proposition 4.3, together with Proposi-
tion 3.4, implies Theorem 1.1.

5. Numerical experiments. In this section we provide some numerical examples
to illustrate the accuracy and capability of the method developed in the previous
section for the following d-dimensional stochastic nonlinear wave equation

du = vdt,
dv = Audt — uPdt + dW (t), in O x (0,T], (38)
u(0,2) =0, v(0,z)=1, in O

with O = (0,1)¢ ford = 1,2 and T = 1.

Example 5.1. We study the stochastic nonlinear wave equation (38) with 8 = 1,
2, 3 and 5 in 1-dimensional case. Furthermore, we choose the orthonormal basis
{er}ren+ of L2([0,1]) and the corresponding eigenvalues {nx }ren+ of Q as

ex(z) = V2sin(krx), Ukzwl_la k=1,2,..., z€][0,1].

We fix N = 100 (space discretization parameter) and then apply the method
(27) with different M = 2", r = 2,3,--- ,7 (time discretization parameter). In
general, structure-preserving numerical methods for nonlinear stochastic differen-
tial equations are implicit. In the course of numerical implementation, they are
approximated by means of the fixed point iteration or the Picard approximation at
each step. As a consequence, one needs to solve nonlinear algebraic equations, and
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the preservation of mathematical structures will be somewhat damaged due to the
fixed point iteration. It remains unclear to analyze the overall error of utilizing the
fixed point iteration or Newton’s method and implicit method for the considered
equation (we refer to [24] for a recent related study). Fig. 1(a) shows the temporal
error for various parameters 3, where the expectation in the error is approximated
by the mean of 1000 independent realizations. The splitting AVF method (27)
clearly converges with the rate 1/2 in time when 8 = 1 and with the rate 1 in time
when 8 = 2, 3 and 5, which coincide with the theoretical analysis.

Fig. 1(b) displays the spatial error for various parameters 8. Here, we fix M =
210 (time discretization) and apply the method (27) with different N = 2%, s =
4,5 -+ ,9 (space discretization). It can be observed that the proposed method (27)
is of order /2 in spatial direction. This coincides with our theoretical findings.

10°

Convergence Order
5
Convergence Order

<
—©—p=2

10° - —6—p1 'V',f’
- —B—p=2 o||—E—pes
- 3 107F | - Ordertine 05
g —8—p=5 ~Orderline 1.0
,—"* —fh=- Orderline 05 —Jk=-Orderline 15 N
* —=Orderline 1.0 =+ Orderline 25 -~
108 . . 100 .
10* h 10° 10! 07 10°
(a) Temporal error (b) Spatial error

FIGURE 1. Strong convergence order in time and space for the fully
discrete numerical method (27) applied to stochastic wave equation
(38).

Example 5.2. We study the stochastic nonlinear wave equation (38) with g = 2
in 2-dimensional case. In the sequel, we choose the orthonormal basis {ex;}x en+
of L?([0,1]?) and the corresponding eigenvalues {ny;}1 jen+ of Q as

1

Nkl = ma kJdl=1,2,..., (x,9)¢€ [0’1]2'

er, = 2sin(knz) sin(lmy),

Fig. 2(a) presents the evolution of discrete energy using the proposed methods
in Section 4, where the red line represents the discrete averaged energy along 500
trajectories. From Theorem 4.1, we noted that, the averaged energy evolution law
E(Vy (ul), v))) follows a linear evolution with growth rate %Tr((PNQ%)(PNQ%)*).
It can be observed from Fig. 2(a) that the discrete averaged energy obeys nearly
linear growth over 500 trajectories, which coincides with the theoretical analysis.

Now let us start with tests on the convergence rates. First of all, we consider the
spatial convergence rate of the numerical method (27). The middle figure in Fig.

2 displays the spatial approximation errors sup || Xn(t) — X (t)||pr(o.m) against N
0<t<T

on a log-log scale with N = 2% s=4,5,--- ,79.71‘5 can be observed that the slope is
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o2 , o, 822, 2 e, 622, =2

1 10N 10 0? h w*

(a) Energy linear growth (b) Spatial error (¢) Temporal error

FIGURE 2. : Energy-preserving property and strong convergence
order in space and time for the fully discrete numerical method
(27) applied to stochastic wave equation (38).

closed to 1 which is consistent with our previous theoretical result (see Proposition
3.4) on the spatial convergence order. Note that for the temporal discretization we
used here the proposed method (27) at a sufficiently small time step-size h = 2719.
In addition, N = 2! is used to simulate the reference solution.

To investigate the strong convergence order in temporal direction of (27) by
using various step-sizes h = 27", r = 2,3,--- ,7, we now fix N = 100. Again, the
“reference’ solution is approximated by the method (27) with a very small time step-
size h = 27'2. The right figure in Fig. 2 presents the strong approximation errors of
the proposed method (27) in temporal direction. It can be seen that this numerical
performance coincides with the theoretical assertion (see Proposition 4.3).

6. Appendix. Existence and uniqueness of numerical solution of (27). To
prove the well-posedness of the numerical scheme, we need to show that the existence
and uniqueness of numerical solution of the scheme at each (m+1)-th step . Assume

that d < 2, Tr(Q) < oo, hg > 0 to be determined later, the temporal step size h <
ho, and that (uN,v))T € H' is F;, -measurable and E[exp(Vl (ul vN)ematm) | <

m’ “m m?m

C for some a(Q, T, ugp,vp,d) > 1 and C(Q, T, ug,vo,d) > 0. The proof is similar to
that of [26, Lemma 8.1] by making use of the structure of the drift coefficient f and
the fact that (1) is a separable system.

Since the last equation in (27) has an explicit analytical solution, it suffices to
show the existence of a unique solution for the first two equations in (27), that is,

Upp1 =y + hﬁﬁJr%, (39)

1
ol =l + hANuquH% — hPy (/0 fl + ol — u%))d@) .

Finding the solution of the above system is equivalent to the solvability of finding
v such that

~ 1 1,1 !
- §hAN(u7Nn + §hv) + ihPN </ ful + 0hf1)d0> =0.
0
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Let y € R be a real variable. Choosing F (&,y) > 0 as the anti-derivative of
ih fol f(&+ 0hy)do for fixed £ € R, then it suffices to find v* which minimizes

1 . 1 1 ~ ~
17— s + g+ 5071 + | Pl .

The existence of the minimizer is guaranteed by the fact that f(-) is smooth and
its anti-derivative is bounded below. Furthermore, the uniqueness is obtained by
using the fact f(u) = c3u® + --- + ciu + cg is a polynomial with c3 > 0. Indeed,
there exists C(cs, c2,c1,¢9) > 0 such that (f(z) — f(y)) - (z —y) > —Cllz — y|*

Assume that we have two different numerical solutions (u1,1) and (ug,v2) in
Py (H) of (27) with the same initial condition (uY,vY). Then

m>

1 h_ 0 ~ -
v; — ihAN(u,Nn + =v;) + Py (F(u%mi)) = Uﬁ, 1=1,2.

2 Oy
Using c¢3 > 0 and the Poincaré inequality, we have that
h? -~ o~
0> (1+ M\ - C'h?) |01 — Ual|32 (40)

2
for some constant C’(c3, ¢a, ¢1, ¢p). By taking hg small enough such that 1+ )\12—0 >
C'h3, the uniqueness of the numerical solution of (27) follows.
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