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Abstract

Spacecraft reorientation with attitude pointing constraints and the uncertainty
of inertia and external disturbance is investigated in this paper. By introducing
the potential function into the design of non-singular fixed-time sliding mode
surface, the proposed controller can achieve fixed-time convergence and the con-
vergence time of attitude error can be predetermined by selecting appropriate
parameters. Meanwhile, the attitude pointing constraints can be satisfied all
the time. The designed sliding surface and potential function have two equilib-
rium points, which guarantees the unwinding-free performance. Furthermore,
an adaptive sliding mode control scheme is developed to handle the system
lumped disturbance. Rigorous Lyapunov analyses are employed to ensure prac-
tical fixed-time closed-loop stability in the presence of system disturbance un-
certainties and attitude pointing constraints. Therefore, the fixed-time stabil-
ity, the feasibility of attitude pointing constraints and disturbance rejection are
achieved simultaneously with the proposed controller. Numerical simulations
are provided to demonstrate the effectiveness and superiority of the proposed
method.
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1. Introduction

Spacecraft reorientation refers to the attitude maneuver of a spacecraft from
the current value to a desired one. During attitude maneuver, spacecrafts carry-
ing photosensitive sensors (such as telescopes) are not allowed to point directly
towards the sun [1, 2]. Meanwhile, the communication antenna of the spacecraft
is required to point towards the earth or a neighboring satellite for maintain-
ing communications [1, 2, 3, 4]. Such restrictions are called attitude pointing
constraints. In this article, the two types of attitude pointing constraints are
addressed during the attitude maneuver.

Sliding mode control (SMC) [5, 6,7, 8,9, 10, 11, 12, 13] , an efficient nonlinear
control scheme , has been widely researched in spacecraft attitude control, such
as [14, 15, 16, 17]. In [18], a fast terminal sliding mode controller is proposed,
and a finite-time convergence sliding mode controller is developed in [19]. Then,
a fixed-time convergence sliding mode controller is proposed in [20]. Following
these works, finite-time convergence sliding mode controller [21, 22] and fixed-
time sliding mode controller [23, 24] are developed for the spacecraft attitude
tracking. However, all of the SMC methods mentioned above can not deal with
the attitude pointing constraints.

In most of the existing researches on tackling the attitude pointing con-
straints, there are mainly two streams. The first stream is called trajectory
planning method, which utilizes geometric search algorithms or optimization
methods for solving the attitude trajectory by considering attitude pointing
constraints. For example, path search algorithm [3, 25] and optimal control
method is utilized in [26, 27, 28] for calculating the maneuvering trajectory.
Then, another controller has to be designed for tracking the planned attitude
trajectory satisfying the attitude pointing constrains. The problem of this type
of method is that the computation overhead is usually high. The second stream

is based on the potential function (PF) method. The idea of this method is to



formulate the attitude pointing constraints into an energy-like functions, which
is used for constructing the Lyapunov function in the controller design. A ‘re-
pulsive force’ increases if the attitude gets closer to the surface of the attitude
pointing constraint function, which forces the constraints to be satisfied. PF is
usually integrated with other control schemes in order to obtain extra perfor-
mance benefits. For example, there are PF-based proportional and derivative
(PD) controller [29], PF-based backsteping controller [2], and PF-based sliding
mode controller [30, 31]. However, only the asymptotic stability is obtained
while the fixed-time convergence cannot be achieved in [2, 29, 30, 31]. To the
best of our knowledge, the fixed-time convergence have not been achieved in the
existing literature for handling the attitude pointing constrains.

The dynamics of rigid spacecraft is widely formulated by the quaternions as
it can overcome singularity of Euler angles. Due to the redundancy of the unit
quaternion definition, each attitude corresponds to two opposite quaternion,
that is (g, —q). The “unwinding” phenomenon might occur, which may lead to
unnecessarily large rotations of the spacecraft [29]. The unwinding phenomenon
is solved by introducing the anti-unwinding potential function [2, 29, 31] and
anti-unwinding sliding mode function [32, 16], but only asymptotic time stability
is obtained. Recently, some fast convergence algorithms have been researched
while considering unwinding-free performance, for example, the finite-time sta-
bility is achieved in [33, 34], and a fixed-time convergence controller is proposed
in [35, 36]. However, in most of the existing literature, there are few anti-
unwinding fixed-time convergence controllers for spacecraft reorientation task.

Robust adaptive stability has been achieved under both uncertainties and
disturbances [37]. For further, robust adaptive finite-time convergence is ob-
tained in [38]. The uncertainty of disturbance has been studied in the extensive
literature on spacecraft attitude control. In [15, 16], the uncertainty has been
overcome with the precisely known upper bound of disturbance. The adaptive
control algorithms have been used to deal with the disturbance with unknown
bound information in [17, 38, 22, 35], finite-time or fixed-time attitude conver-

gence has been achieved, while considering uncertainty of inertia and external



disturbances. However, for spacecraft reorientation task, although the uncer-
tainty of disturbance has been considered in [29, 30, 31], none of the preceding
schemes have considered the fixed-time stability of spacecraft attitude control.

Motivated by these considerations, a novel PF-based non-singular fixed-time
anti-unwinding sliding surface is proposed, which not only inherits the advan-
tages of SMC, but also has the ability to deal with attitude pointing constraints.
By applying the novel sliding surface and the adaptive control method, the prac-
tical fixed-time attitude convergence is achieved, while considering the attitude
pointing constrains, the uncertainty of inertia and external disturbance torque,
and the winding phenomenon. The main contributions are summarized as fol-
lows:

(1) By introducing the PF into the design of the non-singular fixed-time
sliding surface, the fixed-time convergence and attitude pointing constrains can
be satisfied simultaneously.

(2) An adaptive SMC scheme is proposed to achieve the disturbance re-
jection and ensure the fixed-time convergence of attitude error, although the
upper bounds of the uncertainties of inertia matrix and external disturbances
are unknown.

(3) By introducing the sign function into sliding surface and potential func-
tion, the unwinding phenomenon is also prevented.

The rest of this paper is organized as follows. Some preliminary results are
given in Section 2. In Section 3, the adaptive fixed-time PF-based SMC law
is proposed. In Section 4, some simulation results are given for testing the

proposed method. Finally, some conclusions are made in Section 5.

2. Preliminaries

2.1. Notations, definitions and lemmas
Given the variable & = [21, 22, -+ ,2,] € R™, the function sig? () is de-
fined by sig” (x)= [|x1|781gn(;1c1), |xo|Vsign(as), - -, |xn|WSign(3cn)]T with v > 0,

where sign(-) is the sign function. |||, and ||| represent the 1, 2 norms of



vector &, respectively, satisfying that ||x||; > ||x||. I, is an n dimensional iden-
tity matrix. For y = [y1,v2,93] € R?, y* denotes the cross product of y and
it is a skew-symmetric matrix given by y* = [0, —ys3, ¥2; ¥3,0, —y1; —¥y2, y1,0].

The unit quaternion q = [qo, a’ }T is used to describe spacecraft attitude,
where q, = [q1, 2, q3] T is the vector part, g is the scalar part and ||q|| = 1. The
identity quaternion q; = [1,0,0,0] " represents the origin in the attitude space.
(-)* is the quaternion conjugate and g* = [qo, qu]T. For the quaternion g
and p, the quaternion multiplication ® is defined as

GoPo — 4, Py

gop= o
qopP, +poq + 49, P,

In addition, ¢ ® p = [q], p where [q], = gols + [0,—q, ;q,,q)].

Definition 1. [20] Consider the following nonlinear system

&(t) = f(x(t), (0) = o, f(0) =0, z(t) e R" (1)

The origin of (1) is said to be globally finite-time stable if it is globally asymp-
totically stable and any solution x(t,xo) reaches the equilibrium point at some
finite-time moment, i.e. x (t,x9) = 0,V > T (o), where T : R™ — Ry U {0}
is a settling-time function. The origin of (1) is said to be fized-time stable if
it is globally finite-time stable and the settling-time function T is bounded, i.e.,

AT nax > 0: T (o) < Thax, Vo € R™.

Lemma 1. [1] Consider system (1), if there exists a continuous radially un-

bounded function V : R" — Ry U{0}, V(0) =0 such that
V(x(t) < = (p VP (1) + p2V72 (2(1))" + 0

where 0 < ¥ < o0, p1,p2,p1,p2 and v are positive constants with pyv < 1
and pav > 1. Then, the system is practical fized-time stable. Moreover, the

trajectories of the closed-loop system is bounded in fixed time T as

. a9 N a9\
{tlgr%w(t)lV(w(t))Smm{pl () () }}




where 0 < 0 <1 is a scalar and the fized-time T is bounded by
T <1/(pi0° (1 - p1v)) +1/ (p36” (pav — 1))

Lemma 2. [39] Given variable z,y € R, andp > 1, ¢ > 1 such that (p —1) (¢ —1) =
1, Ve > 0, the inequality xy < %|x|p + q%|y\q holds.
Lemma 3. [40] Given variable x = [z1,22, -+ ,2,] € R", the inequality

(1+p)/2
S P > (Z?:l |x1|2) holds, where p € (0,1) is a Teal number.

Lemma 4. [41] Given variable x = [z1,22, -+ ,2,] € R", the inequality

St wil? = ntP (0 |@il)” holds, where p > 1 is a real number.

2.2. Attitude error kinematics and dynamics of rigid spacecraft

According to [17], the quaternion-based attitude error kinematics and dy-

namics of a rigid spacecraft can be described by

Jw.+J(Guwi — w)Gwy) + w*Jw=u+d
Aoy = 2 (qeowe + @ we) (2)
Geo = —3ql,we, we =w — Guwy
where q, = [ge0, q/,]T is the unit error quaternion which can be given by g, =
qa,2q, go €R, q.p, € R, |l@.]| =1, w € R? and w. € R? represent angular
velocity and angular velocity error with respect to inertial frame, respectively,
G(q.) = (a4 — al,a,) I3+24.,4., —2qc0q’, is the rotation matrix, wy € R? is
the desired angular velocity, w = [u1, uz, uz] € R? stands for the control torque,
J = Jo+AJ € R?>*3 denotes the symmetric and positive definite inertia matrix,
J g is the nominal value of the inertia matrix J, AJ is the inertia uncertainty,
and d € R3 is the external disturbance torques.
A rest-to-rest attitude maneuver is considered in this paper, it follows that

wq = wg = 0. According to (2), one has w, = w. Then, the unit-quaternion

error kinematics and dynamics of rigid spacecraft can be written as

1 1 -q/,

Qezgqe@)wzg w (3)
g’ + qeols



Jw=-wJw+u +d (4)

where @ = [0, w].

For dynamics of rigid spacecraft in (4), we make the following assumptions.

Assumption 1. For symmetric positive-definite inertia matriz J, the following

properties are assumed to be satisfied

17 < 1)1 < S (5)

Amin () [2]* < 27T T& < Apax (J) [|2]?, V2 € R? (6)

where S and S are unknown positive constants, Amin (J) and Amax (J) are min-

imum and mazximum eigenvalue of J, respectively.

Assumption 2. The external disturbance d is assumed to satisfy ||d|| < d,

where d is an unknown positive constant.

2.8. Attitude pointing constraints

As illustrated in Fig. 1, during the attitude maneuver, the attitude not only
is required to move from the current value to the desired one, but also has to
be kept outside of a forbidden zone while inside of a mandatory zone [2].

Attitude Forbidden Zone is defined by a set of attitudes that prevent the
optical sensor of the spacecraft from direct exposure to certain celestial objects.
For example, the sun and the moon. As shown in Fig. 1, x5, j =1,2,--- ,n,
denotes the jth object vector, which is a unit vector pointing towards the jth
unwanted object in the inertial frame. Let y, and y/1 be the unit sensor boresight
vector in the body frame and the inertial frame, respectively. Then, it follows

that

’

Y = R' (q9) yy (7)

where R (q) = (¢ — q, q,) I3+24q,q, —2qoq; is the rotation matrix. Thus, the

attitude forbidden zone can be expressed by the following attitude constraint:

a:ir]yll > €08 Ujmin (8)
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Fig. 1. Attitude constrained spacecraft reorientation.

Attitude Mandatory Zone is defined by a set of attitudes that ensure the
communication antenna pointing towards a ground base station or a neighboring
satellite. As illustrated in Fig. 1, xo represents a unit vector pointing to a
ground base station in the inertial frame. y, and ylz denote the unit antenna
vector in the body frame and the inertial frame, respectively, and y; can be
obtained by y'2 =R' (@) y,. The attitude mandatory zone can be expressed

by the following attitude constraint:
T
Ty Yo < COS 02maw (9)
According to [2], (8) and (9) can be rewritten into the following convex form:
T T
q Mqu<0, q M2q>0 (10)
where

T X T
T1;Y1 Y1 Ty

Mlj = —COSQjmin.L; (11)

X
Y1 T1j Ay



Ay = 2yl + ylw]—j — :cijl, and M is similarly defined as M ;. Noting

that ¢} ® q; = q;, the convex form of (10) can be rewritten as
q! M;q. <0, g/ Mg, >0

where M; = ([qd]L)—r M [q,]; and M can be obtained in a similar manner.

3. Adaptive fixed-time disturbance rejection controller design

In this section, a novel fixed-time PF-based sliding surface is proposed to
address attitude pointing constrains. Then an adaptive SMC scheme and update
strategy of parameters are presented for handling the inertial uncertainty and

external disturbance torque.

3.1. Potential function
Following [42], a modified version is constructed as below:

Vo= Vat Vad Y 01,9197 4 gyelde2) ™ (12)
j=1

Vv,
where V,(q.) = |lq. — sign (qe0) g;||* is the attractive potential function, V. is
the repulsive potential function, ¢1; = —quMque >0, 3 = q;rlf/[gqe > 0,

01; and gy are positive weighting parameters, and § > 0 is a design variable.

Lemma 5. The potential function (12) has the following properties:
1) Vp(q.) > 0, Yq, and V, = 0 if and only if q. = £q;;
2) V, > o, where o = min{01;,02} >0, j=1,2,...,n.

For obtaining more potential function information, the gradient of V,, is given

by

VV, = VVo (Vi +1) + VoV, (13)
where
"\ 2001, - —26 -
VvV, = Ae(&m]‘) Mque + Qz e(&pg) M2q€

j=1 (5<P1j)2 (6p2)



The Hessian matrix of V, can be derived as
V2V, = V2V, (V; + 1) + 2VV,VV,[ + V, V3V, (14)

where

n -1
2601 ;€9%15)
VQV,‘ — Z J T
j=1 (0p15)
((5<P1j)2M1j + 46 (8¢p1;) M1;q.q9] M1; + 25M1jqequM1j>
95096092
(0¢2)"

3.2. A PF-based SMC

(((5(,02)2](4-2 — 46 (6(,02) ngeszg — 25M2qesz2> (15)

A novel PF-based fixed-time anti-unwinding sliding surface is constructed

as follows:

S = (w — pw)V; + sign (¢eo) f(qeo) (16)

where @ = —Vec (g.* ® VV,), Vec(q) denotes the vector part of q, f(q.,) =
[fl(qel)afQ(q62)3f3(QE3)]Ta
k218i8°2 (qei) + koosig™ (qei), if [qeil > €

fi(gei) = . ) . (17)
l1qei + l28ign(qeq )5 if [gei| <€

the switching method (17) is used to avoid the singularity, & > 0 is a small
constant, p, ko1, koo > 0 are the positive constants, 0 < as < 1, B2 >
1, 1 = ko (2 — 042) €a271 + koo (2 — /32) 85271 and Iy = ko (QQ — 1) €a272 +

Koz (B2 — 1) 7272 are deigned to ensure the existence of fl(qez) around |ge;| = e.

Remark 1. By introducing the term w = —Vec(gq,* ® VV,) into the sliding
function (16), the constructed sliding surface S not only has the ability of han-
dling the attitude pointing constraints, but also can guarantee the practical

fixed-time convergence, which will be shown in Theorem 1.

10



8.8. Controller Design

Then, an adaptive SMC control law is designed below
u= (~Kusig™ (S) — Kizsig” (8)) /V: + taa (18)
where 0 < a; < 1, ﬁl > 1, w > 0, K11 = k‘nIg, K12 = k‘1213,

(karanlge|™ " + k2262|qa|6271)qa7 if |gei| > €
(ll + 2y ‘QEiD Gei» if ‘QEi| <e

fi(qei) =

and

do  d(Vec(g.* @ V)

dt dt

= —Vec (qz ®VV,+aq., ® [Vzque})

o =

1 A\ 1 -
= —Vec <<2qE ® w> @VV,+q., ® [V2Vp(2qe ® w)})
The part of adaptive compensation u,q is given by
Ugq = —AOV, 'S (19)

. . . 2 .
where 8 = V2wl + V2 + (uVe |l + [Vl (w = #) | + 17 (@en)ll) +1, Vi =
T
1 T ey ~ . . .
5 (VV,) w, 4 represents the estimation value of v, v is an
a2, +qeols
unknown positive constant which will be stated later, and the corresponding

adaptive update law is designed as
¥ =0 (=7 +0|S|]) (20)

where o, > 0.
By applying the proposed control law (18) to system (3) and (4), the practical
fixed-time convergence, the satisfaction of attitude pointing constraints (8) and

(9) and disturbance rejection capability are proven by the following theorem.

Theorem 1. Applying control law (18) to system (3) and (4), the following
statements can be verified.

(1) S and 4 are uniformly ultimately bounded.

11



(i4) V. is bounded, and the attitude pointing constraints (8) and (9) are
satisfied all the time.

(4i1)

Jim (S]] < S
where Sy, s a positive constant and Ty is bounded by Ty < 1/ (k110 (M1 — 1))+
1/ (k120 (1= A12)), M1 = 2 (a1 4+1) > 1,0 < A2 =2 (B1+1) <1, kyy =
Augl=Au ) (K1), k12 = 222 A in (K 12), and 6 is a scalar satisfying 0 <
0 <1.

(iv) After the attitude trajectory reaches the sliding surface, the attitude
error quaternion g, would converge to a small neighborhood of the desired value
+q; and angular velocity w would converge to a small neighborhood of zero in
a fized-time T3, i.e.,

tl—i>mT3 |gei| < €qs tl_if% |wi| < ew (21)

£q = max{€ey, €}, €y = pee + (€5 +Sm) /0

where Ef = k21632 + kQQng, T3 = T1+T2, T2 1s bounded by T2 § 1/ (I$2291 (1 — )\22))+
1/(&216‘1 (A1 — 1)), A1 = %(0424-1) > 1,0 < Ao = %(ﬁg-ﬁ-l) <1, ko1 =

V’itﬂ 317221 gnd koy = 2‘22":‘!&)(, Vi max 15 mazimum value of V..
PrOOF (i) Construct a Lyapunov function as follows:

1 1
Vi==-S"JS + —~2 292
1=35 + 207 (22)

where 4 = y—4. In view of system (3) and (4), the derivative of V7 with respect

to t can be given as
) O 1.
YG:SJS+§SJS+—W
o
:ST<VT(—wXJw+u+d—pJCJ) + Vo d (w — po)

+ sign (geo) Jf(qev)) - %STJS — 54/ (23)

12



By applying Assumption 1, Assumption 2 and Young’s inequality in Lemma
2, it follows that

~ V8 w  Jw < V| J|[|w|?IS]| < SVillw|?| S|

2 4 2 g\s
< XSV w2 S]] +& (24)
V.STd < xav2ls|? + L 925
g < xdV7||S|| +4X (25)

ST (—WJ«Q +Vpd (w — p) + sign (geo) Jf(qev))
) . : X . 2 g
<SISIP (w6l + 1Vl = o) + IF@l) + 5 (26)
1 . 1-
=8TJS < =98I (27)
2 2
Then, combining (23), (24), (25),(26) and (27) yields

Vi <8+ (xSV2 |t + xdV? + xS (Villol + Vi (@ — )]

R

r d
H1F@al) +53)ISI = Fijo+ £+ 5

&

d
<V, 8Tu+~9|S|? -5y /o o T2y

(28)

where 7 = max {XS, xd, %@} is the the unknown positive constant, and 0 is
defined in (19).

Considering adaptive update law (20) and the Young’s inequality in Lemma

2, one has
= 5¥/e = =30|IS|* + <73 (29)
A ~ ~ S . S
FY=H (=7 +7) < =57+ 37 (30)

Substituting (29),(30) and the designed control law (18) into (28) yields

Vl SST( — K21Siga1 (S) — K22$igB1 (S)

4 2 = 2 E 52 i S
538 ) +~0]IS]2 = 3]SI - 53° + 57 +4 +3
1 )\11 )\
<—kKn (STJS) — K12 ( )
+ JriJrg
27 4 T2y

13



<—-cWi + 9. (31)

where ¢ = min {s11,K12,06}, A1 = 2 (a1 +1) > 1,0 < A2 = (81 +1) <1,
ki = 2237 M0 (K1) fAmax (), Fi2 = 222 A in (K12) /Amax (J), Je =
%72 + % + % < 00 according to the boundedness of 7, x, d, S and . Based on
the boundedness theorem, S and 4 are uniformly ultimately bounded.

(#3) The feasibility of (8) and (9) can be verified by the following arguments.
From (22) and (31), it is straightforward to prove that ||.S]| is bounded. Since
the second term |sign (geo) f (@4,)|| in (16) is also bounded according to the
definition of f(q,,) and the fact that |g.;| <1, i =1,2,3 as ||g.|| = 1. Then
l(w — p@w)V,|| is bounded. If we assume that V;. is unbounded, then it follows
that w = pw. Then, one has

o,
-2

y . 1 ~, * *
v, 4. =5V, (4.9 @) = ~Vec(q,” ® VV;) ' Vec(q.” ® VV,) <0

e
which implies that V}, is bounded. Hence, V. is bounded, which contradicts to
the assumption. Therefore, V. is bounded, which means (8) and (9) are satisfied.

(7i7) To analyze the practical fixed-time stability, we construct a Lyapunov

function as follows:
1o

Considering system (3) and (4) with control law (18), the derivative of V, with

respect to t can be given by
. . 1 .
Vo=8"JS + 5sTJS
<V, ST (= Kasig™ (S) — Kasig™ () )
d 9
7O||S|1? + — + — 33
S|P + -+ 5 (3)
As is proved in property 1 and property 2, S, 4 and V,. are bounded. According
to the definition of @ and VV,, w and VV, are bounded since V,. is bounded.
Then, in view of the definition of S, w is bounded since V,. and @ are bounded.

Then, V;, f(q,,) and & are bounded. Hence, there must exist a positive con-

stant ¥ such that 79| S| + % + % < 9. Therefore, according to Lemma 3 and

14



Lemma 4, we can obtain that
‘./2 S ST (7K21$iga1 (S) - KQQSig’Bl (S)) + )
< =k VoM — K1 VoM + 9 (34)

where k11, K12, A1, A12 has been defined in (31). In view of Lemma 1, the

trajectories of the closed-loop system (34) is bounded in fixed time 7T as

lim S(t) | Vo < mi (Y o v = (35)
ti)lgl Q_mln Kjll 1_9 7H12 1_9

and the fixed-time T3 is bounded by 71 < 1/ (k110 (A11 — 1))+1/ (k120 (1 — A\12)),
0 is a scalar satisfying 0 < 6 < 1.

According to (35), it is straightforward to obtain that

ISI < Sm = y|min§ 26,7 (=5 | 526127 (15 (36)

(iv) When t > Ti, one has ||S|| < Sp,. Then, to analyze the fixed-time

stability, a Lyapunov function is constructed as follows:

1 .
Vo= 3 |a0,d., + (1 = sign (4.0) g.0)” (37)

in which there are two equilibriums (g;, —q;). Since V,. is bounded, then we
can obtain ||@| < €5. Noting the fact that ||q,,| < 1, and V,. > g according to

Lemma 5, thus, the derivative of V3 with respect to ¢ is given by

. 1 1
Vs =51 a0, F(de,) + sign (geo) gq;rv@’ + sign (geo) qu;S
L
<
>~ 2‘/7‘ qev.f(qev) + 191 (38)

where 0 < 01 < £[1qu, | 1@+, 1]/ (2V2) < gz /2+Sm/ (20) < 5c. Noting
that the inequality (1 — |geo])® < (1 = geo) (1 + geo) = ¢J,q,, holds, hence, we
can obtain that V3 < g/ q., from (37). Then, we consider the following two
cases.

Case I: for the case of |ge;| > €, according to the definition of f(q,,) in (17),

Lemma 3 and Lemma 4, it follows that

Vs < —ro1 Va2 — kpa V3?2 4194 (39)

15



where A\y; = %(0424—1) > 1,0 < Aoy = %(ﬂg-ﬁ-l) <1, ko1 = 2Vk21 312z

7, max

and Koo = 2&?;3}(. From Lemma 2 , we can conclude that the trajectory of the
closed-loop system is practical fixed-time stable and it will converge to a small
neighborhood Dy within Ty after the system trajectory reaches the neighbor-
hood of sliding surface satisfying ||.S|| < Sy, where Ty < 1/ (k22601 (1 — Aa2)) +

1/ (k2161 (A21 — 1)),

: . el B! w7 -5z (W o
Dy : {tlngls V3(q.(t)) < min {F&zf (1 = 91> Koy (1_91) } }

and 6; is a scalar satisfying 0 < #; < 1. This implies tlirg 1gey || < €ew, With
—13

1 9 o1 - ) a2
Eep 1= min{?nzf"’l (1 _191) - , 2hiny 22 (1 _101> 22} (40)

where T3 = T1 + Tg.

Case II: If |gei| < €, similar to Case I, one has

Vs < —0anVs — (1 — 62) nVs + 04 (41)

where n = 2Vl1 ,and 0 < 02 < 1. Clearly, if V3 > ¥1/(1 —63)n, then
Vs < —02nV3 < 0. Thus, all states in the closed-loop system (3) are bounded.
From the results (39) with |ge;| > €, it shows that the attitude tracking

errors will converge to the region |g.;| < ¢, in the fixed-time T3, with ¢, =

max{ecy,e}. Then, from definition of & and f (q.,), it yields that tli% || <
—13
es and tlimT 1fi (@en) | < €5 1= kaieg? +k22€q62. Since V, is bounded, then,
—13

observing the sliding mode surface S defined in (16), it follows that the velocity
tracking errors converge to the region |w;| < &, in the fixed-time T3, with
€ i= peg + (65 + Sm) /o. This completes the proof. O

To facilitate the implementation of the proposed control scheme, Algorithm

1 is given below.

Remark 2. Since the quaternion is adopted, then each attitude corresponds to
two different quaternions, i.e., ¢; and —q;. In most of the existing literatures,
only q; is treated as a stable equilibrium and this is called the unwinding phe-

nomenon (spacecraft rotates through an unnecessary large angle), which leads
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Algorithm 1
1: Obtain Vj,, V;., VV,, VV, and V2Vp with parameters of attitude pointing

constraints g1; and go and the desired attitude g, according to (12), (13)
and (14).
2: Obtain S with VV,, and f(q.,) according to (16).
3: Obtain adaptive compensation part uqq according to (19) and (3).
4: Obtain the controller u with S, V., VV,, VQVD and uqgq according to (18).
5: Solve the dynamic equations (3),(4) with w, (20) with the initial state

q. (0),w (0) and 5 (0).

to extra energy cost and longer maneuver time [29]. Here, it is avoided by

introducing the term sign (g.o) to the sliding surface S and potential function.

Remark 3. To implement the proposed control scheme, it is necessary to se-
lect appropriate parameters for controller. Then, the tuning ideas are given as
follows. According to the formulation of T, the smaller the convergence time
of sliding mode is, the smaller the controller parameter «; and the bigger the
controller parameters K11, K12 and (31 are required, which causes more con-
trol effort. With the definition of T5, it follows that the controller parameters
ko1, koo, g and Py determine the convergence time of the attitude error, the
smaller the convergence time of attitude tracking error, the smaller the con-
troller parameter «; and the bigger the controller parameters koq, koo and [

are required, but yield more energy consumption.

4. Numerical example

Assume that the photosensitive sensor and the high-gain communication
antenna are located on the y axis and the z axis of the spacecraft’s body frame,
respectively. Noting that both of the initial and the desired attitude must be
outside the forbidden zones and inside mandatory zone.

To manifest the fixed-time stability, anti-unwinding performance and the

uncertainty rejection capability of the proposed controller. Two numerical ex-
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amples are given to demonstrate the effectiveness of the proposed method. The
first one is used to verify the fixed-time convergence and the uncertainty rejec-
tion capability of the proposed control algorithm. To verify the anti-unwinding
performance, the second one is conducted with different initial attitude error
quaternion from the first one, such as g.o > 0 or g0 < 0. The norm inertia
matrix of spacecraft Jg is set as diag(10,12,14), for the rest-to-rest problem,
both of the initial and desired angular velocity are set as w (0) = [0,0,0] ",
wq = [0,070]T. The uncertainties of disturbance torque and inertia matrix of

spacecraft are considered, which are set as

d = 0.02 [sin (0.4¢) + 1, cos (0.4t) + 1, sin (0.4¢) + 1] (42)
sin(0.4t) cos(0.4t) sin(0.4¢)

AJ =0.02 | cos(0.4t) cos(0.4t) cos(0.4t) (43)
sin(0.4t) cos(0.4t) sin(0.4¢)

Moreover, the measurement noise of angular velocity is considered, which is
formulated as w,, = w + §, where w,, is the measurement output of angular

velocity and & = 10~ [sin (5) , cos (5t) , —sin (5t)] .

4.1. Example 1

In the first example, the initial and desired attitude are set as ¢ (0) =
[0.8074,0.5390, 0.2000, 0.1326]T, q, = [0.8150,—0.1000, —0.3500,0.4509] " re-
spectively, which means g.o (0) > 0. The parameters of the attitude forbidden
zones and the attitude mandatory zone are listed in Table 1. The parameters
of the controller Eq.(58) in [2] are listed in a table 2.

The trajectories of attitude error quaternion, angular velocity and control
inputs are plotted in Fig. 2, Fig. 3 and Fig. 4 respectively. Under the un-
certainties of inertia matrix and external disturbances and small measurement
noise, the attitude trajectories of the proposed controller converge to the desired
attitude at almost 19s, simultaneously, the steady accuracy of attitude error and
angular velocity error are less than 3104, In addition, the convergence speed

and steady-state accuracy with the proposed control scheme are better than
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controller in [2]. As discussed above, fixed-time convergence and uncertainty

rejection capability of the proposed controller are verified.

Table 1: Parameters of attitude constraints (8) and (9).

Mandatory Zone s = [—0.2676, —0.8236,0.5001] T, 62,,,4,=60 deg
Forbidden Zone 1 = [—0.8926,0.4375,0.1091] ",  61,,in=15 deg
Forbidden Zone @15 = [0.2939,0.9045, —0.3090]T,  famin=40 deg
Forbidden Zone @3 = [—0.0812,0.7442,0.6630] ",  03,,in,=20 deg

The obtained 3D and 2D attitude trajectories of y,l and y,2 are plotted in
Fig. 4 and Fig. 5, respectively. The “circle” and “star” denote initial and the
desired position of y/1 and yl2, respectively. As shown in these figures, the atti-
tude trajectories generated by proposed controller and controller Eq.(58) in [2]
both arrive at the desired attitude quaternion g,. In addition, the satisfaction
of attitude pointing constraints (8) and (9) can also be verified, since the tra-
jectory of y; stay in the mandatory zones and the trajectory of y/1 do not touch
the forbidden zones during the attitude maneuver. Compared with controller
Eq.(58) in [2], the length of trajectory y; and y, under proposed controller is

shorter.

4.2. Example 2

In this example, the initial and desired attitude are set as g (0) = [0.8174,0.5390,
0.2000,0.0366] T, g, = [~0.5900,0.1000,0.3500, —0.7207] T, which means that

Table 2: Parameters of controllers.

The controller in [2] Eq.(58) « = 30, k11 = k12 = ki3 = k2 = 1.5

The proposed controller a1 = ag = 0.8, 011 = 012 = 013 = 02 = 1.5,
81 =p2=3,0=0.013, ¢ =0.01, 6 = 100
kin =kia =koo =1, ko1 =4
Jn (0) = 0.01, g = 0.01.

19



g, under Lee controller [2]
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Fig. 3. Angular velocity.
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Control torque under Lee controller [2]
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Fig. 5. 3D trajectories.
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Fig. 6. 2D trajectories.

deo (0) < 0. The parameters of the attitude forbidden zones and the attitude
mandatory zone are listed in Table 1, and the proposed controller parameters
are listed in a table 3.

Compared with example 1, for the case of geo (0) > 0, the attitude error
quaternion converge to the equilibrium point g, and for the case of g.o (0) < 0,
the attitude error quaternion converge to the equilibrium point —q;, which ver-
ifies the anti-unwingding performance of the proposed controller and controller

in [2].

Table 3: Parameters of controllers.

The controller in [2] Eq.(58) a = 40, k11 = k1o = k13 = ke = 1.2

The proposed controller a1 =as = 0.8, 011 = 012 = 013 = 02 = 1.5,
B1=p02=3,0=0.02,¢=0.01, § =100
k11 =kio =koo =1, ko1 = 2.5
Jy, (0) = 0.01, pu = 0.01.
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g, under Lee controller [2]
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Control torque under Lee controller [2]
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Fig. 9. Control torque.

The obtained 3D and 2D attitude trajectories of y/l and y/2 are plotted in
Fig. 10 and Fig. 11, respectively. As shown in these figures, the satisfaction
of attitude pointing constraints (8) and (9) can also be verified, in the presence
of disturbance uncertainty, the trajectory of y'2 stay in the mandatory zones
and the trajectory of y/1 do not touch the forbidden zones during the attitude

maneuver.

5. Conclusion

In this paper, a novel attitude controller is designed to maintain the fixed-
time convergence and the satisfaction of attitude pointing constraints while
considering the inertial uncertainty and external disturbance torque for space-
craft reorientation maneuvers. A novel PF-based non-singular fixed-time anti-
unwinding sliding surface is constructed, which not only inherits the advantages
of non-singular fixed-time SMC, but also has the ability to address the atti-

tude pointing constraints. The unwinding phenomenon raised by quaternion
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redundancy is avoided with the designed sliding manifold and potential func-
tion. Moreover, by introducing adaptive parameters to estimate system lumped
disturbance, the capability of disturbance rejection can be guaranteed with the
proposed adaptive SMC scheme and update strategy of parameters, meanwhile,
the fixed-time stability has been proven by employing rigorous Lyapunov anal-

yses.
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