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Abstract

Stochastic variational inequalities (SVIs) have been used widely in modeling various
optimization and equilibrium problems subject to data uncertainty. The sample average
approximation (SAA) solution is an asymptotically consistent point estimator for the
true solution to a stochastic variational inequality. Some central limit results and large
deviation estimates for the SAA solution have been obtained. The purpose of this paper
is to study the convergences in regimes of moderate deviations for the SAA solution.
Using the delta method and the exponential approximation, we establish some results on
moderate deviations. We apply the results to the hypotheses testing for the SVIs, and
prove that the rejection region constructed by the central limit theorem has the probability
of the type II error with exponential decay speed. We also give some simulations and
numerical results for the tail probabilities.
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1 Introduction

Stochastic variational inequality (SVI) has been used widely in engineering and economics as
a model for a large class of equilibrium problems subject to data uncertainty, and is closely
related to stochastic optimization problems. Let us first recall the model.

Let (92, F, P) be a probability space, and let £ be a random vector on the probability
space (9, F, P) taking its values in a closed subset = of R%. Let O be an open subset of
R?, and let F' be a measurable function from O x = to RY, such that for each x € O the
expectation fo(z) = E[F(z,&)] is well defined. Let S be a polyhedral convex set in R?. The
stochastic variational inequality (SVI) problem is to find a point € S N O such that

0 € fo(z) + Ng(x), (1.1)
where Ng(z) C R? denotes the normal cone to S at x:

Ns(z) = {v= (v}, - ,v)T € R, (v,5 — ) <0 for each s € S},



and (-, -) denotes the scalar product of two vectors of the same dimension. The point z € SNO
is called a solution to (1.1).

Let &, -+ ,&, be independent and identically distributed (i.i.d.) random variables with
distribution same as that of £. Define the sample average function f, : O x 2 — R? by

Fulaw) = ;ZF(;U,@-(@)). (1.2)

The sample average approximation (SAA) problem is to find a point = € S N O such that
0 € fu(z,w) + Ng(z). (1.3)

The point € SN O is called a solution to (1.3). Let xg denote a solution to (1.1) and let
x, denote a solution to (1.3). We refer to a solution to (1.1) or its normal map formulation
as a true solution, and a solution to (1.3) or its normal map formulation as a SAA solution.

It is known that under certain regularity conditions, the sample average approximation
(SAA) solution almost surely converges to a true solution as the sample size n goes to infinity,
see Giirkan, Ozge and Robinson [11], King and Rockafellar [12], and Shapiro, Dentcheva and
Ruszczynski [28, Section 5.2.1]. Xu [35] obtained an exponential rate in which the SAA
solutions converge to the set of true solutions in probability under some assumptions on the
moment generating functions of certain random variables, see [29] for related results on the
exponential convergence rate. King and Rockafellar [12, Theorem 2.7] and Shapiro, Dentcheva
and Ruszczyniski [28, Section 5.2.2] provided the asymptotic distribution of SAA solutions.
The asymptotic distribution result is not directly usable for confidence regions and hypothesis
testings because it contains a function that depends discontinuously on the true solution. Lu
and Budhiraja [16], Lu [17, 18], and Lamm, Lu and Budhiraja [13] proposed some new
estimators and established their central limit theorems. They constructed asymptotically
exact confidence regions and individual confidence intervals for the SVI by applying their
asymptotic distribution results (see Demir [5] for related results on the confidence regions).
In more detail, set z = xg — fo(zo) and z, = z, — fn(zy). Then \/ﬁEal/Qd(f)s(zO)(zn — 20)
converges to a g-dimensional standard normal random variable (see Theorem 7 in [16]), i.e.,

\/ﬁEal/Qd(f)s(Zo)(Zn — 20) 4 N(0, Iy),

where ¥ is the covariance matrix of F'(xg, &), and d(f)s(z0) is the B-derivative of the normal
map (fo)s evaluated at zg. For application to statistical inference, it is required to estimate
Yo and d(f)s(20) using the z, and the sample data. It is natural to estimate ¥y by the sample
covariance matrix of {F(zy,&;),7i = 1,--- ,n}. It is problematic to estimate d(f)s(zp) since
d(f)s(-) is not continuous. In [18], Lu found that d(f)s(z0)(zn — 20) and d(fn)s(zn)(zn — 20)
have the same asymptotic distribution. In [16], the authors gave a function ®y : HEI(O) X
R? x €2 — RY such that

VS 20, (20) (20 — 20) % N(0,1,),

where ®,(-) = ®,(2,(w),-,w). These results were used to construct confidence regions and
individual confidence intervals for the SVIs in [16, 17, 18, 13]. Liu and Zhang [14] builded
the confidence regions based on error bound. Chen, Pong and Wets [2] proposed a two-
stage stochastic variational inequality model. Chen, Shapiro and Sun [3] studied convergence



of sample average approximation of the two-stage stochastic generalized equations. For a
more detailed discussion and further references in stochastic variational inequalities, we refer
to the recent book [10] and its references. Gwinner, Jadamba, Khan and Raciti in [10]
present a comprehensive treatment of stochastic variational inequalities, including theory
and applications.

In this paper, we study the convergences in regimes of moderate deviations for the SAA
solution. We obtain some moderate deviation principles. Roughly, for any positive sequence
A(n),n > 1 in regime of moderate deviations, i.e.,

lim A\(n) = oo, and lim v = 00, (1.4)

n—00 n—00 )\( )

we have that for any § > 0, the probabilities P (H%Zalpd(f)s(zo)(zn — Z())H > 5) and
‘ > 5> , P (Hﬂz,;l/?@n(zn)(zn —z0)|| > 5) ,

. A2 (n)s?
are approximated by exp ¢ —=—5— ¢, for example,
A2(n)o?
’ >(5> %exp{—(;)}. (1.5)

These give a precise rate of deviation between the SAA solution and the true solution when
1 < An) < +/n, where a, < b, means a,/b, — 0. The results are also used to the
hypotheses testings. We show that the rejection region constructed by the central limit
theorem has the probability of the type II error with exponential decay speed.

The paper is organized as follows. In Section 2, we recall conceptions and properties
on the normal map formulation, piecewise linear functions, and large deviations. The main
results and their proofs are presented in Section 3 and Section 4, respectively. In Section 5,
we apply the moderate deviations to the hypotheses testing problems. In the last section, we
give some simulations and numerical results.

<H S 2d( 1) 5(20) (2n — 20)

<H %, 2d(fn) s (2n) (2n = 20)

2 Preliminaries

In this section, we first recall conceptions and properties on the normal map formulation,
piecewise linear functions, B-differentiability and Hadamard differentiability (cf. [21, 22],[27],[32]).
Then we introduce some assumptions and moment conditions, and give some explanations

for the moment conditions. Finally, we recall differentiability and deviation inequalities for
the solution of the SVIs. Some notations and some basic properties in large deviations are
also included in this section (cf. Dembo and Zeitouni [4]).

2.1 Conceptions

A subset K of R? is called a cone if uz € K whenever x € K and p is a positive real number.
For a set C' C R, int (C') or C° denotes its interior, and cone (C) is the smallest cone that
contains it. A subset C' of RY is said to be affine if Az + (1 — \)y € C for every z,y € C and



real number A. The affine hull aff (C') of a convex set C' is defined to be the intersection of
all the affine sets which contains C. The related interior ri (C') of C' is defined as the interior
which results when C' is regarded as a subset of aff (C).

Normal map. For any function g from a subset O of R? to R? and for any closed and
convex set C in RY, the normal map induced by ¢g and C' is a function g¢ : HEI(O) — RY,
defined as

go(2) = g(Mle(2)) + (2 — He(z)) for each z € TILHO). (2.1)
where II¢(z) denotes the Euclidean projection of z on C, i.e., ||[Il¢(2) — z|| = infyec ||y — 2||,
and Hal (O) is the set of points z € R? such that IIx(z) € O.

For fo and S defined as above, the normal map induced by fo and S is a function
(fo)s: H§1(O) — RY, defined as

(fo)s(z) = fo(Ils(2)) 4+ (2 — g(2)) for each z € Hgl(O), (2.2)

If a point x € S N O satisfies (1.1), then the point z = x — fy(x) satisfies IIg(z) = = and

(fo)s(z) = 0. (2.3)

Conversely, if z satisfies (2.3), then x = Ilg(z) satisfies  — fy(x) = z and solves (1.1). Thus,
equation (2.3) is an equivalent formulation for (1.1), and is referred to as the normal map
formulation of (1.1).

The normal map induced by f,, and S is similarly defined to be a function on Hgl(O):
(fn)s(z) = fnMg(2)) + (z — g(z)) for each z € Hgl(O). (2.4)
The normal map formulation of the SAA problem (1.3) is

(fn)s(z) = 0. (2.5)

where (2.5) is related to (1.3) in the same manner as (2.3), that is, if a point z € SN O
satisfies (1.3), then the point z = z — f,,(z) satisfies IIg(z) = x and (2.5). Conversely, if z
satisfies (2.5), then x = IIg(2) satisfies x — f,(z) = z and solves (1.3).

Polyhedral subdivision. A polyhedral subdivision of R? is defined to be a finite collec-
tion of convex polyhedra, I' = {71, ...,vm} C RY, satisfying the following three conditions:

1. Each ~; is of dimension gq.
2. The union of all the ~; is RY.

3. The intersection of any two «; and 7;, 1 < i # j < m, is either empty or a common
proper face of both 7; and ~;.

If each of the ; is a polyhedra cone, then I' is referred to as a conical subdivision.

Piecewise affine function. A continuous function f : R? — R™ is piecewise affine if
there exists a finite family of affine functions f; : RY — R™, j = 1,...,k, such that for all
x € R? f(z) € {fi(z),..., fu(x)}. The affine functions f;, i = 1,...,k, are referred to as
the selection functions of f. When each selection function is linear, the function f is called
piecewise linear.



Normal manifold. Ilg is a piecewise affine function. It coincides with an affine function
on each of a family of finitely many ¢-dimensional polyhedral convex sets. This family is
called the normal manifold of S, and each set in this family is called an g-cell. The relative
interiors of all cells form a partition of RY.

B-differentiable. We denote a norm in a normed linear space by || -||. Let X, and ) be
two Banach spaces, and let U be an open subset of X'. A function g : U — ) is said to be
B-differentiable at a point z € U if there is a positively homogeneous function G : U — ),
such that

9w +v) = g(@) + G(v) + o(v). (2.6)

Recall that o(v) means lim, |0 [[o(v)||/|lv]] = 0 and a function G : U — Y is positively
homogeneous if G(Az) = AG(x) for any A > 0 and € U with Az € U. Such a function
G is called the B-derivative of g at x and is denoted as dg(z). If dg(z) is a bounded linear
function, then g is Fréchet differentiable at x and dg(x) is the Fréchet derivative of g at x.

Hadamard differentiability. Let us recall some conceptions of Hadamard differentia-
bility (see Shapiro [27], van der Vaar and Wellner [32]). Let X and ) be two Banach spaces.
A map g defined on a subset Dy of X with values in Y is called Hadamard (directional)
differentiable at z if there exists a continuous mapping G : X +— ) such that

lim 9(x +thhyn) — g(x)

n—00 tn

= G(h) (2.7)

holds for all sequences ¢,, converging to 0+ and h,, converging to h in X’ such that z+t,h, € D,
for every n. Such a function G is called the H-derivative of g at  and is also denoted as

dg(z).

When g is Lipschitz continuous in a neighborhood of z, Hadamard directional differen-
tiability is equivalent to B-differentiability (Shapiro [26]).

IIg is B-differentiable. For all points z in the relative interior of a cell, the B-derivative
dllg(z) is the same.

Let f : R? — R™ be a piecewise affine function with the corresponding subdivision I'. Set
I(z) ={yeTiz e} (2.8)

and
I(x) = {cone(y — z);v € ['(z)}. (2.9)
Then, the family I"(x) is a conical subdivision of R?. The B-derivative df (x) of f at = is a

piecewise linear function from R? to R™, whose corresponding subdivision is exactly I"(x).
From Theorem 2.2 in Lu [18], for any z € R? and y € U,epa)7,

df (z)(y — =) = —df (y)(z — y). (2.10)

2.2 Assumptions.

In the rest of the paper, let U be a nonempty compact subset of O, and let C*(U, R?) denote
the Banach space of continuously differentiable mappings f : U — RY, equipped with the
norm

[fllo = sup [|f ()] + sup [|df (z)]|. (2.11)
zelU zelU
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Two basic assumptions in this paper are as follows.
(Al). The map z — F(x,&(w)) is continuously differentiable on O for a.s. w € Q, and
there exists a positive random variable x such that

17 (2, 6(w)) = F(a', gl + [|daF' (2, §(w)) = daF' (2, §(W))]| < £(w)|z =2/, (2.12)

for all z,2’ € O and a.s. w € , where the notation d,F(x,&(w)) stands for the partial
derivative of F w.r.t. x, a ¢ X ¢ matrix. Furthermore, E(x?) < oo, and

E(|F(z,é)|I°) <00, E(||deF(z,&(w))|?) < 00, forall z € O. (2.13)

(A2). Suppose that z( solves the variational inequality (1.1) and that zy belongs to the
interior of U. Let 2y = xg — fo(zo), L = dfo(xo), K = Ts(xo) N {20 — zo}*+, and assume that
the normal map Lg induced by L and K, defined as Li(h) = L(Ilx(h)) + h — Ik (h) for
each h € R%, is a homeomorphism from R? to R?, where the tangent cone Ts(x¢) is defined
by

Ts(xzo) = {v € RY, there exists ¢t > 0 such that x4+ tv € S}. (2.14)

Let
M, (t) = E (exp{(t, F(z,&) — fo(x))}), teRY ze€U

be the moment generating function of the random variable F'(z,&) — fo(z), and let
M (T) = E(exp{(T,do F(x,§) — do fo(x))}), T €R™, 2eU

be the moment generating function of the random variable d, F(z, &) — dg fo(z).

The following assumptions will be required in this paper.
(A3). There exists a constant # > 0 such that

021t
M, (t) < exp — for any z € U, t € R%. (2.15)
(A4). There exists a constant ¥ > 0 such that
9?7 x
M (T) < exp — for any x € U, T € R4, (2.16)

(A5). There exists a constant ¢ > 0 such that
E (exp{¢|x[}) < oo, (2.17)
(A6). There exists a constant ¢ > 0 such that

ilelgE (exp{¢l| F (2, ) F(x,6)"}) < o0, (2.18)

Remark 2.1. The (A1) is a basic condition in the variational inequality (cf. [28, Theorem
5.15 in Section 5.2.1]). Some sufficient conditions on (A2) were discussed in [18, P.1465]
(also see [21, 24]). If for some &y € (0,1),

igBE (exp{do (| F(w, )1 + |duF (,€)|1*)}) < o0, (2.19)
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then it is obvious that (A6) holds. By the Taylor expansion, we have

k=2
oo o
(42%)* (2t)* k

SEDS A 3 B (IF@OI g2

k=2 k=2

- (4t2)k 2 .- 55_2 2(k—1
<1+ o T > E(]\F(x,f)H‘ ))

k=2 70 k=2

2 (4t a2
<t1+3 Sol 4 20 b fexp (ol .91

k=2 70

4¢* 5

<exp (TOE (GXP{%HF(%@H) :

Therefore, (A3) is valid. Similarly, (A4) is valid. In particular, if E(e®EI*) < oo for some
do € (0,1), and F(x,§) satisfies the linear growth condition in & and k in (A1) is also linear
growth in ||£]|, i.e., for some constant L € (0,00), for any z,2' € U,

1@, ) + llde F (2, O < L1+ [I€]]),

and

|F(e,€) — F@,€)] + [daF (2, €) — deF (!, €)]) < L1+ €Dl — 2]
then (A3)-(A6) hold.

2.3 Differentiability and deviation inequalities for the solution of the SVI.

By Theorem 4 in [13], under the assumptions (A1)-(A5), there exist positive real numbers
081, 11, M1 and o7 such that for each € > 0 and each n > 1,

n M ne
P([[fn = folliu = €) < Bre “1+€qlexp{—}. (2.20)

Because fj is differentiable at zy and Ilg is B-differentiable, the normal map (fy)s is
B-differentiable at zy by the chain rule of B-differentiability, with

d(fo)s(z0)(h) = dfo(zo)(dlls(20)(h)) + h — dllg(2o)(h). (2.21)

It was shown in [22] that L is exactly d(fo)s(20), the B-derivative of (fy)s at 2.
Since dIlg(zp) is a piecewise affine function,

s (z0)]| = sup JASCOWI sz o= sup 14U0)s )R]
heRa Il heRa il

< 0. (2.22)



Lemma 2.1. [Lemma 1 in [16]] Assume that the assumptions (A1) and (A2) hold. Then
there exists 6 > 0 such that

inf { | Lk (21) — Li(20)]
|21 — 22|

;21 7'5 29,221,229 € Rq} > 5, (2.23)

and for each n > 6=, one can choose neighborhoods Uy of xo in U, Vy of zo in RZ, and T
of fo in CH(U,RY), and a function z : Tg — RY satisfying

1. 2(fo) = 20;

2. for each f € Ty, z(f) is the unique point in Vo with (f(:))s(z(f)) = 0, and z(f) =
IIs(z(f)) is the unique point in Uy with 0 € f(x(f)) + Ns(z(f));

3. z is Lipschitz on 'y with Lipschitz constant 7.

Furthermore, the functions z(f) and x(f) are B-differentiable at fo with
dz(fo)(9) = (Lx) o (—g(x0)), and dz(fy) = Mg o dz(fy). (2.24)
For each w € Q and integer n with f,, € I'g, set
zn = 2(fn) and z, = g(zy).

Then z, is the unique solution for (2.5) in V{, and z,, is the unique solution for the variational
inequality 0 € f,(-) + Ng(+) in Up.

Take € > 0 such that {f € CL(U,R%); ||f — fol1u < €0/d} C Tp. Then by Theorem 7 in
[13], under the assumptions (A1)-(A5), there exist positive real numbers Sy, po, Mo and oy
such that for each € > 0, each n > 1 and each € € (0, ¢),

_ My ne
P(n — ol 2 ©) < P (20— 20ll 2 ) < o™ + P exp {UO} . (2.25)
Let ¥y denote the covariance matrix of F'(zg, &) and let 0 < pq < po < -+ < pg be the
all eigenvalues of ¥y. Set p = min{y; > 0;1 < i < ¢}. Let [ be the number of positive
eigenvalues of ¥y counted with regard to their algebraic multiplicities. As the same in [18],
we decompose Y as

so=uf [ S|oa=lwnr @ty [50 3] [e] (226

where Uy is a ¢ X ¢ orthogonal matrix, Dy is diagonal matrix where the diagonal elements are
decreasing positive eigenvalues, and the elements in matrices (Up); and (Up)2 are the first
and the last ¢ — [ rows of Uy respectively.

Let 3, denote the sample covariance matrix of {F'(z,, &)} ;:

T

S= 3 P 8) - 2 S F@n ) | [ Fln &)~ 2 3 P 6)
A Z




Take pp with 0 < pg < p. Let 0 < p < py <--- < pg be the all eigenvalues of 3, and let I,
be the number of {1 <1i < ¢q;pu; > po}. Next, we write X, as

Y, = UIAU,, (2.27)

where U, is a g X q orthogonal matrix, A,, is diagonal matrix where the diagonal elements are
decreasing positive eigenvalues. Let D,, be the upper-left submatrix of A, whose diagonal
elements are at least pg. Let (Up); be the submatrix of U, that consists of its first I,, rows,
and let (U, )2 be the submatrix that consists of the remaining rows of U,,.

2.4 Large deviations

We conclude the section by introducing some notations, some basic properties in large devia-
tions (see Dembo and Zeitouni [4]). Let (X, p) be a separable metric space and let A(n),n > 1
be a sequence of positive numbers satisfying A\(n) — oo. Let Z,: @ — X, n > 1, be a se-
quence of measurable maps and let I : X — [0, 00| be a good rate function, i.e., {I <[} is
compact for all [ < co. {Z,,n > 1} is said to satisfy a large deviation principle (LDP) with
speed A\?(n) and with good rate function I if for any open subset G of X,

1
o > _ '
hnlglorgf () logP(Z, € G) > :;Ielgl(x), (2.28)

and for any closed subset F' of X,

1
li ——logP(Z, € F) < —inf I(x). 2.29
msup vy o (Zn € F) < - inf I(z) (2:29)
The exponential approximation ([4, Theorem 4.2.13]). Let Z, and Z,, n > 1, be
two sequence of measurable maps taking their values in X. If {Z,,n > 1} satisfies a large
deviation principle with speed A?(n) and with good rate function I and for any € > 0,

1

then {Z/,n > 1} also satisfies the large deviation principle with the speed A?(n) and with
the good rate function 1.

The contraction principle ([4, Theorem 4.2.1]). Let X and ) be two separable metric
spaces and f : X — Y is continuous. If {Z,,,n > 1} satisfies a large deviation principle with
speed A\%(n) and with good rate function I, then {Z! = f(Z,),n > 1} satisfies the large
deviation principle with the speed A\?(n) and with the good rate function I t, where the rate
function I given by

It(y) :=inf{I(z);z € X, f(z) =y}, y€ V. (2.31)

The following delta method in large deviation theory is given by Gao and Zhao in [§].

The delta method (Theorem 3.1 in Gao and Zhao [8]). Let X and ) be two separable
Banach spaces. Let ®: Dy C X — ) be Hadamard (directional) differentiable at z. Let Z,:
Q — Dg, n > 1, be a sequence of maps and let r,, n > 1, be a sequence of positive real



numbers satisfying r,, — oco. If {rn(Zn —z),n> 1} satisfies a large deviation principle with
speed A\?(n) and with good rate function I, then, for any ¢ > 0,

1
lim sup () log P (||rn(®(Zy) — @(2)) — d®(2)(1n(Zn — 2))|| = 6) = —oc0. (2.32)
n—oo
In particular, {r,(®(Z,) — ®(2)),n > 1} and {d®(2)(rn(Z, —2)),n > 1} satisfy a same large
deviation principle.

3 Main results

In this section, we state the main results which are four moderate deviation principles for
the solution of the SVIs, i.e., large deviations associated with the central limit theorems of
the solution of the SVIs. The results give some convergence rates of the solution of the SVIs.
The first basic result is the following theorem.

Theorem 3.1. Suppose that the assumptions (A1)-(A5) hold. Then

{ s iten =)= 1}

satisfies the LDP in RY with speed \*(n) and with rate function I defined by

1
Ik (y) = sup 4 (v,y) — —v'Y v
vERY { 2 } (31)

1 2
= sup {(v,y> ~ 3 HDé/z(Uo)wH } , yeRL
vERY

A(n)
satisfies the LDP in RY with speed \*(n) and with rate function I(y) = ||y||*/2.

In particular, if Yo is invertible, then Ik (y) = %yTEaly, and {ﬁEalLK(zn —20),n > 1}

Lu [18] proved that L (z, — 2z0) and d(fn)s(zn)(2n — 20) have the same asymptotic dis-
tribution. We will prove the following results.

Theorem 3.2. Suppose that the assumptions (A1)-(A5) hold. Then

Ja
{Mn)dws(zn)(zn )z 1} (3.2)

satisfies the LDP in RY with speed \%(n) and with rate function Iy defined by (3.1).

Theorem 3.3. Suppose that the assumptions (A1)-(A6) hold.
(1). Assume that X¢ is nonsingular. Then

ﬂ ~1/2 Zn)(Zn — 20), M
(S P fs(en) o o) = 1) (3.3

satisfies the LDP in RY with speed \*(n) and with rate function I(y) = ||y||*/2.
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(2). Assume that X is singular. Then

{3 |Pr 2 nats s e = 20| n 2 1 (3.4
satisfies the LDP in R with speed \*(n) and with rate function
y/2  ify=0
J(y) = (3.5)

+o00  otherwise.

In order to state the last moderate deviation result, let us recall the definition of the
estimator ®,, of the d(fy)s(zo) (see [13][16]). For each cell C; in the normal manifold of S,
define a function d; : R? — R by

4i(2) = d(2.C) = min o — 2. (3.6)

Note that dIlg(z) is the same function on the relative interior of a cell. We can define a
function ¥; : R? — RY by

U, (-) = dlIg(z)(-) for any z € ri(C}). (3.7)
Let g : N — R be a positive function satisfying
(i). anolog(n) = 00, nl;n;o % = 00,
(ii). Jlrgogq(n)exp{—;gg)}:Ofor ngmin{zlio,éj;,m},
(iii). nh_)rgo QZ(Z/Z) exp {—0g*(n)} = 0 for each positive real number 6,

where 0g and o are as in (2.25) and (2.20) respectively and x as in (Al).

Note that g(n) = nP for any p € (0,1/2) satisfies (i)—(iii).

Now for each integer n and any point z € R?, choose an index ig by letting C;, be a cell
that has the smallest dimension among all cells C; such that d;(z) < 1/g(n). Then define
functions A, (2) : R? — R? by

An(2)(h) = Wiy (), (3.5)

and @, : [T (0) x R? x Q — RY by
©,(2, h,w) = dfn(Tls(2))(An(2)(R)) + h = An(2)(h). (3.9)
Set @, (2,)(h) = @y (2n(w), h,w). Let 2z denote a point in the relative interior of the cell Cj,
associated with (n, z,,). Then dIlg(z}) = ¥;, and
D (2n)(h) = dfn(Is(2n))(dlls(2;)(R)) + b — dlls(z,)(h). (3.10)

By Lemma 3 in [16], A, is jointly continuous with respect to (z,h). By Theorem 9 in
[16], there exist positive number 7 and integer ng such that for each n > ny,

1A (20)(h) — dITs(z0) (h)]
P <g<”) sup Tl = )

< P(|lzn = 20l 2 70/2) + P(9(n)[zn — 20l > 1/2)
< 2P(g(n)]l2n — 20l = 1/2),

where 79 > 0 is the minimum of d;(zp) among all of the cells C; such that zy & C;.

(3.11)
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Theorem 3.4. Let

logn

. n .
nlgrolow =00 and hrrisolip () < 0. (3.12)
Suppose that the assumptions (A1)-(A6) hold.
(1). Assume that g is nonsingular. Then
{)\\(/Zznl/zén(zn)(zn —z),n > 1} (3.13)

satisfies the LDP in RY with speed \*(n) and with rate function I(y) = ||y||*/2.
(2). Assume that ¥ is singular. Then

el LA EE

‘> 1} (3.14)

satisfies the LDP in R with speed \*(n) and with rate function J(y) defined by (3.5).

Remark 3.1. If g(n) = o(nP) for some 0 < p < 1/2, then we can take \(n) = n'/>7P,

4 Proofs of Main Results

In this section, we show the main results. Our proofs are based on the moderate deviation
principle for i.i.d. random variables, the exponential approximation ([4, Theorem 4.2.13]),
Delta method in large deviations (Theorem 3.1 in Gao and Zhao [8])) and some properties of
the SVIs. Note that two exponential approximation random sequences have the same large
deviation principle.

4.1 Proof of Theorem 3.1

We first apply the moderate deviation principle for i.i.d. random variables to derive the
moderate deviations for {f, — fo,n > 1} (Lemma 4.2), and then use the exponential approx-
imation and Delta method in large deviations to show Theorem 3.1.

Let us first introduce a moderate deviation principle (MDP) in a separable Banach space
(cf. Theorem 1.1. in [1], Theorem 5 in [34]).

Lemma 4.1. Let B be a separable Banach space and let B* be its dual space. Let {Z,,n > 1}
be an i.i.d B-valued random sequence satisfying

E(9(Z)) =0, and E(¢*(Z1)) < oo for any g € B*

and

1 n
—_— Z Zi — 0 in probability.
Vin(n) 2

Assume that
E (exp{€||Z1||}) < oo for some € > 0.

12



Then {m vy Zi,n > 1} satisfies the LDP in B with speed A\?(n) and with good rate

function

1
I(z) = sup {g(z) — §E’ (92(21))} . (4.1)
geB*
In particular, for any r > 0
1
lim ———log P (|| Z,]| >r) = — inf I(z)=—r? inf I(2), 4.2
A 2 ) (I Znll = 7) nt (2) nt (2) (4.2)
since

I(rz) = r?1(2) for any r € R and z € B. (4.3)

It follows from the compactness of {I(z) < L} for L € (0,00) that inf),;>1 I(2) > 0.

Lemma 4.2. Let the assumptions (A1)-(A5) hold. Then
1), 1/ fa— fo),n > 1% satisfies the LDP in CY(U,RY) with speed \*>(n) and with
A(n)
good rate function I(f) satisfying

I(rf) = rI(f) for any r € R and f € C*(U,R?), and ”innf>1I(f) > 0. (4.4)

(2). {%(fn((ﬂ()) — fo(zo)),n > 1} satisfies the LDP in R? with speed A\*(n) and with
good rate function Ik defined by (3.1).

Proof. By Theorem 5 in [16], we have that

ﬂ||fn — foll.u — 0 in probability.
A(n) ’

Thus, applying Lemma 4.1 to B = CHU,RY) and Z,, = F(-,&,) — fo(-), we obtain (1). Taking
B =R? and Z,, = F(x0,&,) — fo(zo) in Lemma 4.1, we get (2). O

Lemma 4.3. Suppose that the assumptions (A1)-(A5) hold. Then for any e > 0,

imsup 15 t0g P (3975 Lo = 20) + (o) = ola)| 2 €) = =0, (45)

and L
ligas;p () log P (||zn — 20|| > €) = —o0, (4.6)
lim sup LlogP(Hazn — x9|| > €) = —o0. (4.7)

n—00 A2 (TL)

Proof. By Lemma 2.1, the functions z(f) and z(f) are B-differentiable at fo with dz(fy)(g) =
(Lx)~ ! o (—g(xp)). Thus, by the delta method in large deviation theory (see (2.32), or
Theorem 3.1 in Gao and Zhao [8]) and Lemma 4.2, we have that

li;n_)solipvtm log P <)?(/§) | (zn — 20) + L (fa(xo) — fo(zo))|| = 6> = o0,

13



which implies (4.5) since Lk is homeomorphism from R? to RY.
(4.6) and (4.7) are consequences of (2.25). Here, we give a proof using Lemma 4.2. Choose
€ > 0 such that B(fo,€) :== {f € CL(U,R9); ||f — follL,u < €} C Ty. Thus, by Lemma 4.2,

log P (fn ¢ To) < hm 1Sup 5 S

limsup ——— log P (|| fn — foll = €) = —cc.

1 1
nsoo A2(n) A%(n)
Note that on {f, € I'o}, || Lk (2zn — 20)|| > 0|2 — 20]|- By
P(llzn — 20l > €) < P(fn &€ To) + P (fn € Lo, |20 — 20l =€),

we have that

1
hmsup () log P (||zr, — 20| > €)
1
<hmsup () log P (||Lk (zn — 20)|| > de)
. 1
= lim sup —5— max log P (|| fn(x0) — fo(zo)|| > de/2),

g P (| Lic(en —20) = (fuan) = foan))] 2 6¢/2) | = o
Finally, For each w € Q and integer n with f, € T'g, x, = IIg(z,) and z¢ = II(z), thus

(4.7) holds. O

Proof of Theorem 3.1. By Lemma 4.3 and the exponential approximation ([4, Theorem 4.2.13]),
we obtain the first claim of Theorem 3.1 which implies the second one by the contraction
principle. O
4.2 Proof of Theorem 3.2

Proof of Theorem 3.2 is completed by two exponential approximations, i.e., (4.8) and (4.9).

Lemma 4.4. Suppose that the assumptions (A1)-(A5) hold. Then for any e > 0,

ligsolip () log P <)\\(FZ) ldTTs(20)(zn — 20) + dllg(2zn) (20 — 2n)|| > 6) = —00. (4.8)

Proof. Recall that 2o belongs to the interior of U,er(.,)y- By (4.6),

) 1
lim sup N2 (n )logP (Zn ¢ Uyer(z0)Y ) =~

n—oo

From [18, Theorem 2.2], when 2, € Uycr(z0)7,
dITs(20)(zn — 20) + dlls(zn) (20 — 2n) = 0.

Thus
n
P (A\(/;) |dILs(20)(2n — 20) + dllg(zn) (20 — 2n)|| > 6) < P (20 ¢ User(a)1)
and so, (4.8) holds.

14



Proof of Theorem 3.2. By the exponential approximation ([4, Theorem 4.2.13)), it is sufficient
that for any € > 0,

hTIlIisgp )\2( ] log P < \(F) ld(fo)s(20)(zn — 20) + d(fn)s(zn)(z0 — 2zn)|| > e> = —o00. (4.9)

Let I'; be a closed subset of I'g such that fy € I'{ (the interior of I';). Recall that
xo = Ig(20) is a solution to (1.1). On {f, € I'1}, x, = IIg(z,) is a solution to (1.3). From
(2.21), we have

d(fo)s(z0)(zn — 20) = dfo(zo)(dIls(20)(2n — 20)) + 2n — 20 — dllg(20)(2n — 20).  (4.10)
Similarly, on {f, € I'1},

d(fn)s(zn) (20 — 2n) = dfn(zn)(dlls(2)(20 — 2n)) + 20 — 20 — dllg(2)(20 — 2n). (4.11)
It follows that on {f, € I'1},

[d(fo)s(20)(2n — 20) + d(fn)s(2n) (20 — 20) ||
<|ldfo(xo)(dILs(20)(2n — 20)) + dfn(2n)(dILs(2n) (20 — 2n)) |

+ [|dILs(20) (2n — 20) + dlls(25) (20 — 2n) ||
<|ldfo(z0)(dls(20)(2n — 20)) — dfn(zn)(dlls(20)(2n — 20))||

+ [|dfn(zn) (s (20) (20 — 20)) + dfn(2n)(dlLs(2n) (20 — 2n)) ||

+ |dILs(20) (2 — 20) + dlls(2n) (20 — 2n) ||
< ||dfo(zo) — dfn(zn)| [|[dLs(20)(zn — 20) ||

+ ldfn(xn) — dfo(zo)l[[|dlls (20)(2n — 20) + dlLs(2n)(20 — 2n)||

+ ([|dfo(zo) || + 1)[dILs(20) (2 — 20) + dILs(2n)(20 — 2n)||-

Therefore, for any € > 0,6 > 0,

{):(/zlldff)(m)(dﬂs(zo}(zn ) + ) (AT (20) 20 — )] > }

C{fn & T1} U {||dfo(z0) — dfn(zn)|| > 0) U {){%Hdﬂs(zo)ﬂﬂ(zn — 2| > 365}
(4.12)
U {){%Hdﬂs(zo)(zn — 20) + dlLs(zn) (20 — 20)|| > 365}
\/ﬁ €
U {)\(n)HdHS(ZO)(Zn —20) + dUg(z,) (20 — 2n)|| > ST } .

Since fp € I'?, by Lemma 4.2,

li ! TN (fngT1)=

imsu og P | —00.
By Lemma 4.4,

1 n .
nlgﬂgo N2(n) log P < \(/;) |d11s(20)(2n — 20) + dlls(zn) (20 — 2zn)|| > 35> — o0,
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and

lim

1
n—o00 \2(n)

log P <)\\(C7:)||dl'[5(zo)(zn — 20) + dTTs(zn) (20 — )| > 3(de0(;0)u - 1>> - .

By (2.25) or Theorem 3.1,

- vn €
lim | log P 11 n=20) 2 55 ) = —cc.
lim Jim sup 77 )\2( j log <)\(n) laTTs (z0) | (20 — 20)ll = 55 00

Thus, it suffices for (4.9) to show that for any ¢ > 0,

log P (||dfo(x0) — dfn(xn)]| > 0) = —oc. (4.13)

limsup ——

1
oo A%(n)

Since fy is continuously differentiable, ||dfo(zo) — dfo(zn)|| < || f|l1,v]|2n — @ol|. Thus, by
(4.7), we have that for any § > 0,

) 1
lim sup (n )1OgP(de0(!Eo) dfo(zn)|| = &) = —oo. (4.14)
n—oo
By Lemma 4.2, we have that
1
lim sup ——— log P (||dfo(xn) — dfp(zn)|| > ) = —o0. (4.15)
WP N2 ()
Thus, by ||dfn(2n) — dfo(zo) || < l|dfn(wn) — dfo(xn)ll + ldfo(xn) — dfo(zo)]], (4.13) follows from
(4.14) and (4.15). Therefore, (4.9) is valid. O

4.3 Proof of Theorem 3.3

We use the exponential approximation method and the contraction principle to prove Theo-
rem 3.3.

The Frobenius norm of a matrix A = (ai;)pxq is defined as

P 4
22 layl

i=1 j=1

IA[] =

Lemma 4.5. Suppose that the assumption (A6) holds. Then for any e > 0,
. 1
imsu

novoe. A2(n)

Proof. By the moderate deviation principle (MDP) in separable Banach spaces (Lemma 4.1),

for any € > 0,
Z 6) = —00,

(4.17)

log P (|| — Sol| > ¢) = —oc. (4.16)

- Z F(,6)F(2,&)" — B(F(2,§)F(z,)")

limsup —— )\2( ] log P <sup

n— 00 zelU
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and

lim sup 21 log P (sup | fr(z) = fo(z)| > e) = —00. (4.18)
Using the same proof as (4.15), we can obtain for any € > 0,
. T T
lim sup +5 - /\2( log P (H ZF (@n, &) F (20, &) — E(F(20,6)F(20,8)" )| = 6) = —00,
(4.19)
and
. 1
h:ln_il(l)p () logP (H ZF Tn, &) — E(F(x0,£)) 26) = —00. (4.20)
Note that
T
1 < 1 ¢ 1 ¢
Sp = > | Flom &) = =D Flon &) | | Flon&) =~ > Flan &)
i=1 j=1 j=1
=— 2; P, &) F(an &) = 20 ; F(an, &) 2; F(an, &)
By (4.19) and (4.20), we obtain (4.16). O

Lemma 4.6. Let §? denote the set of ¢ X q non-negative definite symmetric matrices. For
each A = (a;j) € 8, let 0 < M (A) < -+ < Ag(A) be the all eigenvalues of A. Set S4(1) =
{A e 8% N_i41(A) > po}. For each A € S, we decompose A as

A=UTAU, (4.21)

where U is a q X q orthogonal matriz, A is diagonal matrix where the diagonal elements are
decreasing non-negative eigenvalues. Let D be the upper-left submatriz of A whose diagonal
elements are at least py. Let (U)1 be the submatriz of U that consists of its first | rows, and
let (U)q be the submatrix that consists of the remaining rows of U. Define

Ui (A) = U){ DU, Va(A) = (U){D'(U), AeSUl.
Then the maps W1 and Vo are continuous at g in Frobenius norm.

Proof. Let A, = (Al(;l)) € S9(1) converge to Ay = ¥y. For each n > 0, let U,, and A,, be the
decomposition of A,, in (4.21). If we write

A = _(Un>{1 (Un)gl] [(Dn)l 0 ] [(Un>11 (Un)IQ]
U (Un)3s 0 (Dn)2] [(Un)21 (Un)2z
_ -(Un){l(Dn)l (Un)gl(Dn)Q] [(Un)ll (Un)12]
_(UN>{2<Dn)1 (Un)gz<Dn)2 (Un)Ql (Un)22
— _(Un>{1 (Dn)1(Un)11 + (Un)gl (Dn)2(Un)21 (Un){l(Dn)l(Un)H + (Un)gl(Dn)Q(UN)22
_(Un)%(Dn)l(Un)ll + (Un)2T2(Dn)2(Un)21 (Un)sz(Dn)l(Un)w + (Un)g2(Dn)2(Un)22



Since the eigenvalues of a matrix are continuous functions of entries of the matrix, A,, tends
to Ag as n — oo. Note that (D)2 — 0, we have A, — Ul D,U, — 0. This yields that
UL D, U, converge to (Ug)T Do(Up)1. Thus, ¥y is continuous at Y.

Let AT denote generalized inverse of a matrix A. Then when A is a non-negative definite
matrix, then B = A" if and only if

ABA= A, BAB =B, (AB)T = AB, (BA)T = BA.

Using the characterization, it is easy to get that At — AT when A, — A. Noting that
Uy(A) = (U1(A)), by continuity of ¥ at 3o, we obtain that ¥y is continuous at Y.
O

Proof of Theorem 3.3. Let us first show (1). For any € > 0 and any § > 0,
j2) ﬂ
A(n)

<P (5712 - 2" 2 6) + P (A(“Z) ld(f)s () (2 = 20) = d(fo)s(20) (zn = 20) | = e/<25>)

P (A{f) d(fo)s(z0) (2n — 20| = e/<26>> .

S 2d( fa)s(z0) (20 — 20) — £ 2 d(fa) s (z0) (2 —zo>H>€>

By (4.16) and the delta method,

h;n_}sup 2 1 )logP (HZ 12 81/2“ > (5) = —00.
By (4.9),
imsup 1510 P (3975 A5 () o = 20) = dUfols o) = 20)] 2 ¢/28)) = o

By (2.25) or Theorem 3.1,

Jim lim sup )\21 jlog P (A(\/Z 1d(fo)s(20) (zn — 20)|| > e/(25)> - —co.

0—0 n—oo

Therefore, for any € > 0,

lim su
ey A?(

g P (3005 (5172 = 55 2 f)sten) o = 20)] 2 ) = e,

and so, by Theorem 3.2 and the exponential approximation ([4, Theorem 4.2.13]), we obtain

(1).

Next, let us show (2). By the Weyl theorem (see [31]),

max [ — pil < tr((Xn — o) (Bn — 20)") = (130 — ol
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Thus, by Lemma 4.5 and the contraction principle,

. 1
imsup 5o o P (a1 — gl > win{ (o — o) o) 2)

n—o0

<limsup ——— log P (HZ — Yol > (min{(p — po), po}/2)* 2) = —o0,

1
n—00 A2 (n)
which implies that

li log P (1 l
hmsup vy log (ln#1) =
Noting that on {l,, = [},

(Ap)is > po for each i = 1,--- ,l and (Ap)i; < po foreach i =141,--- ,q.

We define

Sn=Us |y o

D, 0 e o [Dyt 0
[ O}UnandEn—U [0 0

} Uy = (U)F D (U

(4.22)

(4.23)

(4.24)

By Lemma 4.6, there exist two functions Wi and Vs which are continuous at g in the

Frobenius norm such that on {/,, = [},
S =U1(8,), 8 = Uy(%,), and U1(Zg) = %o,  ¥a(Xg) = B
Since ¥y and ¥4 are continuous at Yo, for any € > 0, there exists § > 0 such that

sup  max {[|W1(3n) — W1 (Xo)|, [W2(Xn) — W2(Xo)[[} <e.
3 —%0I<8

Thus,
{maX{Hf]n — 20
and so, by Lemma 4.5 , for any € > 0,

i IEG IS (DT ESE

log P <maX{HE )

Jsz 5]} ==

limsup ———

n—00 AQ( )
which implies that

1 _ _
hmsup 2 () log P (H Dnl(Un)l — (Uo){DO 1<U0)1H > e) — o
By Theorem 3.2 and the contraction proinciple, we have
V172
{/\(n)DO / (UO)ld(fn)S(Zn)(Zn - ZO)an >1
satisfies the LDP in R! with speed A%(n) and rate function
= . 1/2 2 1/2
I(y) =inf { sup < (v, 2) — = HD Uo)lvH D) (Uo)hrz =1y
veRY
_ T 1/2 1/2 2
= sup < (v, (Uo)1 Dy "y) — B HDo (Uo)lvH
veR!
2 2
— sup {< VU o) ¢ [ DU } - Wit
veR!
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Applying the contraction principle,

{H/\\(ZL)DO_ Y2 (Uo)d(fa) s () 20 — 20)

2
,n > 1} (4.28)

satisfies the LDP in R with speed A\?(n) and rate function

~ z 2
i) =it { 555 a1 = o} = 710,

Now, noting that

i, 2
H)\(mDnl/Q(Un)ld(fn)S(zn)(zn — %)

n

=32y (o~ #0)" dlfn)s(zn) (U1 Dy Un)rd(fn) s (2n) (zn — 20),

we have

2

v - o Ry
H)\(TL)D” 1/2(Un)ld(fn)5(2n)(2n — ZO) - H)\(TL)DO (UO)ld(fn)S(Zn)(Zn — ZO)

2
< || D3 (U1 = Vo) Dy (U |

\/rﬁ
'A(mdm)s(zﬂ)(zﬂ )

and for any € > 0, § > 0,

2
S D f)ston) o — 1)

2
{ | v wanatssten)en = 20| =22
{ln # B U{[[(U) T Dy (U1 — (U0)T Dy (Uo)a || > 6}
o{ | dtnisenn = 20| 2 Ve
)\(n) n)S\<n n 0 = .

Thus, by (4.22) , (4.26) and Theorem 3.2,

-]

2

lim sup

1
log P
n—00 A2 (n) ©8 <

- H)\\(/ZDO1/2(U0)1d(fn)5(2n)(2n — 20)

vn oo
H)\(WD"I/Q(U”)ld(fn)S(zn)(zn — 20)

2
26) = —00.

Finally, by (4.28) and (4.29), by the exponential approximation, we complete the proof of
(2). O

(4.29)

4.4 Proof of Theorem 3.4

The following exponential approximation is a main step of proof of Theorem 3.4.
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Lemma 4.7. Suppose that assumptions (A1)-(A5) hold. Then under the condition (3.12),
for any € > 0,

1171111_>sol<1>p () log P <)\\(/7Tz) | (2n) (2 — 20) — d(fo)s(20)(zn — 20)|| > e) = —o00. (4.30)
Proof. Set
v~ aup 12aon)() = d)s(an) ()]
" hero 7] '

Then for any € > 0, and any M > || fol1,v,

P ()\\(/Z) 1@ (20) (20 — 20) — d(fo)s(20)(2n — 20)|| > 6)

<P <)\\(/7?)Vn‘zn - ZOH > 5> (431)

Noting that on {f, € T'o}, x, = Hg(z,) and z¢ = Ig(z0), by (2.21), (3.8) and (3.10), we
have that on {f, € I'¢}, for any h € RY,

[®n(20)(h) — d(fo)s(20)(h)]
= (dfn(Is (20)) (An(20) (h)) — An(20) (R)) = (dfo(Ils(20))(dlls(20)(R)) — dlls(20)(R)) ||
<Ndfn(zn) (An(2n)(h)) — dfo(z0)(dlls(20) (h))[| + | An(2n)(h) — dIls(20) ()|
< |dfn(zn) (An(2n)(h) = dlls(20) ()| + ldfn(zn)(dIls(20)(R)) — dfo(zo)(dIls(20) ()|l
+ [ An(2) (h) — dlls(z0)(h)|]
< ([ldfu(@n) || + 1) [An(20)(h) — dlLs(z0) (R)|| + ||dfn(zn) — dfo(zn)|l[|dILs (20) |||
+ |l follv,ullzn — zoll||[|dILs (20)[[|2]-

Thus for any M > | foll1.v,

P(g(n)V, > 41(M + 1))

<P(f, @ To) + P (|dfu(an)]] = M)+ P  [dfo(n) — dfo(an) | dITs(z0) | > ZCL D)
g(n)
P (IIfolll,UHmn — o|[[[|dTTs (20| > T(]j(;) 1))
| An(2n)(h) — dIls(20)(h)|
+ P (g(n) sup T > T> .
By (2.20) .
P () — dian)ats(eo)] = TEED)
n(—TMH1) 2 (4.32)
<Bre ™1 4 T(Mi#exp { (g(n)ilis(m)ll) } ’
(Goyars o)
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and

LU)
M, exp {_n(M — || fo
(M — || follr,v) o1

Under the condition (3.12), by (2.25) and (3.11), there exists ng > 1 such that for all
n > ng,

<Bre " 4

1u)? } (4.33)

Vi g(n)e (3t t)”
p <||Zn — 2l > ) < Boe M 4 — e exp § —
(n)A(n)e ’
A(n) 47(M +1) (m)q o0
(1.34)
(M + 1)>
P Ty — X dllg(zp)|| > ———
(1ol — aollats o = 750
T(M+1) 2 4.35
<Boe M0 4 Mo ex _n(g(")\\foHl,UHdHS(ZO)H) ( )
=0 T(M+1) ) p % )
g(m)|foll1,ulldILs (zo0)ll
and A h) — dIlI h
P (s up L0 s,
heRa [~
< 2P(g(n)|lzn — 20l > 1/2) (4.36)
_ 2M n/(2g(n))? }
< 2Bpe ™0 + —— ——ex { .
B g T TP
Therefore,
. 1 Vn
AL — ) — - >
imsup 3500 P (3975 190 )0 = 20) = d(fo)s(eo) e — )] > )
1
< I — _logP > Ar(M 4+ 1)),
max{ msup 10108 P (g(n)Vi > 4r(M +1) .
. 1 vn g(n)e
— >
hrrln_>s<>1ip () log P <)\(n) llzn — 20|l > T L)
= — 0.
O]

Proof of Theorem 3.4. We only show (1). By Lemma 4.5 and Lemma 4.7, we have that for
any € > 0,

_ 1
lim sup

oo A2(n) log P (A\(/Z) HE;1/2<I>n(zn)(zn — 20) — Eal/Zd(fO)S(zo)(zn — ZO)H > E) - 0.

(4.38)

Thus, Theorem 3.4 follows from Theorem 3.1 and the exponential approximation ([4, Theorem
4.2.13)).

[
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5 Application to statistical inferences

In this section, we apply the moderate deviations to the hypotheses testing of zg. We show
that the rejection region constructed by the central limit theorems in [16] has the probability
of the type II error with an exponential decay speed. This property shows that the test has
very good behaviors in the sense of large sample.

Let o € (0, 1) be given. Assume that (A1)—(A6) hold . We consider the hypotheses testing
problem
H() 20 = ég,Hl 120 7é 20.

Let x2, denote a x? random variable with m degrees of freedom, and let x2,(a) denote the
number that satisfies P(x?2, > x2,(a)) = a for a € (0, 1).

Case 1: ¥ is nonsingular. For a € (0,1) given, by Theorem 2 in [16], we can take a
rejection region

{H”l/zznl/Q‘I’n(Zn)(zn B 30)H2 . xg(a)} |

By Theorem 3.4 (1), for each zZ # %y, the probability of the type II error

20:2>

N

Bn(2) =P (Hnlmz;l/z@n(zn)(zn - 20)H2 <)

gpuf) |72 (z0) 2 - 2]

> 30 Hz V2, (20) (2 — £)|| -

<P<)\(n) Hz;l%n(zn)(zn _ z)(

Z()ZZ?)

+p((\z;1/2q>n(zn><zo = 2) 1| = Inll/2

N X2()
> 2A() Il — )

20:2>,

where n = 3, /d(fo) (2)(20 — 2). Since d(fo)s(2) = Lk, by Lemma 2.1, n # 0.
Since for any € > 0,

i 1/2 _ 1/2 _
11111n_>solc1)p)\2( )logP<HE / H>ezo—z> = —o0,
and
lim sup log P( [|®n(2n) — d(fo)s(2)]| = €|z20 = 2 | = —o0,
i A?( )

we have that for any € > 0

limsup)\2( )logP<HE 129, (2,) — 1/2 d(fo)s( )H >e

n—o0

20::27) = —o0.
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2
Thus, by gees ]| — Y

Nn) 7 00 we have

. 1 5
lim sup ) log 3, (2) = —o0.

n—oo

Case 2: Y is singular. In this case, for ¢ > 0, for a € (0,1) given, we can take the
rejection region

{Hﬁ(Un)?D;” (U1 B(zn) (zn — )| > X;(a)} ,

Then, by Theorem 3.4 (2), the probability of the type II error with an exponential decay
speed.

6 An example and simulations

In this subsection, we apply the above results to the same example used in [17, 18, 16], and
give some simulations and numerical results.
In this example, ¢ =2,d =6, O =R?, § = R%r, F :R? x RS — R? is defined by

B eV €@ [ ¢®)
and the random vector £ = (f(l), e ,5(6))T follows the uniform distribution over the box

[0,2] x [0,1] x [0,2] x [0,4] x [-1,1] x [~1,1]. The true problem is

0 € fo(z) + Ngz2 (2),  fo(x) = Mo =, (6.2)
where /
1 1/2
My = L / } .
Then, II5'(0) = R? and ( fo)gz : R? — R is defined by
fo(2) if z € R2
f0(21,0)+ |:£:| ifze Ry xR_
2
(Fodez (2) = 130, 29) + ﬁ;] itz € R_ xR,
[21] if z € R2.
\ [?2

It is obvious that (fO)Ri (z) = 0 if and only if II(z) = 0. Thus, the solution to (6.2) is zy = 0,
and the solution of the corresponding normal map formulation is zgp = xg — E[F(z0,§)] = 0.
The covariance matrix of F(zg, &) = (£€®),£(9) is given by

S
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and the B-derivative d( fO)Ri (z) is a piecewise linear function represented by matrices

IR

in orthants Ri, R. x R_, R_ x R, and R? respectively, that is,

S e T S e P SO B Al P O P

where 14 denotes the indicator function of set A.
The sample average function f, : R? x  — R? is given by

fn(ﬁaw) = Mpx + by,

where
Ly gt Ly e 1y, e?
My =110 () Tsm j@f =150 o]
n Zizl gz n Zizl 5@ n Zizl gz

The sample average approximation (SAA) problem is
0€ fulz,w)+ NR?‘:’ (x),

and (fo)g2 : R? — R? is

( Mz + b, if z € R%
M, |7 +b, + Ol . eRy xR
0 22 i
(fn)Ri(z) = M, 0 + b, + 1 ifze R_ xR
Z9 0 *
b, + {Zl] if € R?2.
\ 22

Let z, be a solution of (fn)Ri(Z) =0 and set x,, = HRi(zn)- Then

—M; b, if z, € R%
—M,3by  if zn € Ry X R_
—M, 3b, ifzn €R_ xRy
—M, jby  if 2y, € R?,

Zn —

where M, 1 = My, and

1w (1) 1\ (2)
Mn,2 = [711 %;:1 21(3) (1)] ’ MTL,3 = [(1) 711 %;:1 2%4)] ) Mn74 = |:(1] g):| .
n £ui=154 n £ui=154

The B-derivative d( f")Ri (zn) is a piecewise linear function represented by matrices My 1,
M2, My 3, My, 4 in orthants R2 ) Ry x R_, R_ x Ry and R? respectively, that is,

d(fn)]Ri (zn):c :Mn,lxIRi (Zn) + Mn,gxIR+><R_ (Zn) + Mmgfo_ xRy (Zn) + Mn74xIR% (Zn)

25



Therefore

A(fo)z (20)(2n — 20)

_ 1 1/2:| M1
[1 2 (6.3)

VN ES PSS ) B ES y

Y [7225‘” ?Zﬁ&@] [722:15(6)]’
and 5
1 n
IR D D S
dfn 2 \#n n —_bn—_ n ! Y . 6.4
(fn)r2 (2n)(2n — 20) 22?21556)] (6.4)

It is obvious that the assumptions (A1)-(A6) hold. Now, applying Theorem 3.1, Theorem
3.2 and Theorem 3.3 to this example, we have that for any r > 0

n — 7'2
lim )gtn)logp ( /\(\/;)EO V24 fo)as (20) (zn — 20) | > 7“) —— (6.5)
VN o —1)2 or?
Jm s toe (| 050 sy ()= 20| > ) =< (60)
and
n 7’2
7};120 )ﬁtn) log P ( )\\(/T:)E,;l/Qd(fn)Ri (zn)(2n — 20)|| > r) == (6.7)

where ¥,, is the sample covariance matrix of {F'(zp,&)}7 ;:

T
Znnllz( «’B’I’Mé.l ZF xmfg) ( («Tn,fz)iZF(xn,fj)) .

=1

Roughly, (6.5), (6.6) and (6.7) can be written respectively by

P < 'A(@zol/2d(f0)Ri(zo)(zn — 20)| > 7«> ~ exp {—AQ(ZW } , (6.8)
P (| s s ) oo = 20| > 1) w2 e
R (B2 =0 atisa e -] > ) meo (-2 o)

Next, we give some simulations and numerical results for the tail probabilities

P<H\/§201/2 >r>,
n

>r>
>r>,

pi(a,r) = d(fo)w2 (20)(zn — 20)

patanr) = P (| S (b (o) — 0

and

patanr) = P (| S m (e (o) o = 0
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where 0 < o < 1/2 and r > 0. Set

n2a742
pla,r) =expy——F5—.

Case I: n fixed. We generate 10000 SAA problems with n = 1000, and consider
a = 1/3. The numerical results are summarized in the following Table. We select different r
to verify the effectiveness of the theorems.

r p1<1/3,7“) p2(1/3,7’) p3(1/3,7’) p<1/3,7“)
0.05 0.8853 0.8858 0.8855 0.8825
0.1 0.6098 0.6083 0.6081 0.6065
0.15 0.3228 0.3247 0.3252 0.3247
0.2 0.1367 0.1360 0.1375 0.1353
0.25 0.0462 0.0460 0.0461 0.0439

Table 1: n = 1000

Case II: n — oco. In this case, we also generate 10000 SAA problems with o = 1/3, but
n is from 200 to 1000 and r» = 0.3. The numerical results are summarized in the following
Table. From Table 1 and Table 2, we can see that the simulation results are highly consistent

n pi(1/3,0.3) p2(1/3,0.3) ps(1/3,0.3) p(1/3,0.3)

200 0.2107 0.2071 0.2084 0.2146
400 0.0865 0.0855 0.0867 0.0869
600 0.0437 0.0424 0.0430 0.0407
800 0.0217 0.0221 0.0219 0.0207
1000 0.0118 0.0112 0.0117 0.0111

Table 2: r =0.3
with the theorem results (Theorem 3.1, Theorem 3.2 and Theorem 3.3). Numerical results
demonstrate the validity of the estimates.
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