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Abstract

In this paper, we study asymptotic behaviors of an estimator of the number of oper-
ating sensors in a sensor network based on the Good-Turing estimator. The asymptotic
normality, some moderate deviations and deviation inequalities of the estimator are ob-
tained. Our approach is based on the tail probability estimates and moderate deviations
for occupancy problems. Applying these asymptotic behaviors, we give a performance
analysis for the estimator of the number N of operating nodes when the deviations of the
estimator are in (

√
N, o(N)). These estimates also provide a method to build confidence

interval of N .

Keywords: Asymptotic behavior, confidence interval, Good-Turing estimator, asymptotic
normality, moderate deviation, sensor network.

1 Introduction

In large-scale sensor networks, knowing the number N of operating nodes of a sensor net-
work is crucial to network operation since the number of operating sensors can vary with
time and the density of operating sensors may affect some network operations significantly.
Budianu, Ben-David and Tong first used the Good-Turing algorithm to estimate the number
of operating sensors and presented a performance analysis in [1] [2] based on large deviations
for occupancy problems. The sensor network considered has operating sensors, each having
an ID that is an element of finite set N = {x1, · · · , xN} with |N | = N . The vector sample
X := (X1, · · · , Xn) received ID scan be modeled as an i.i.d. sampling with uniform distribu-
tion in a finite N , i.e., px := P (Xi = x) = 1

N , for any x ∈ N . For each k ≥ 0, Sk is the set
of all the elements of N that appear in the vector sample X exactly k times and Sk = |Sk|
denotes the total number of Sk. Set S = N − S0, Pk =

∑
x∈Sk px. The probability P0 is

called the missing mass and 1 − P0 the coverage of the sample X. An estimator of N was
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defined in [1] [2] by

N̂ =
S

1− P̂0

=
N(1− Γ0,N )

1− P̂0

,

where Γ0,N = S0/N , and P̂0 = S1/n is the Good-Turing estimator for the missing mass
P0 which was proposed in [3]. Since the publication of the Good-Turing estimators, these
estimators have been used extensively in language modeling applications. Their theoretical
properties have been studied widely in the recent years. For example, see [4] for consistency
and convergence rates, [5], [6], [7] and [8] for concentration inequalities, [9], [10], [11], [12] and
[13] for asymptotic normality and large deviations, [14] and [15] for optimality and minimax
properties.

It is natural to consider asymptotic behaviors for N̂ , for example, estimates of the order
of magnitude of the bias, the asymptotic normality, the large deviations, etc. The large
deviations have been considered in [1] [2] and the rate function of large deviations is obtained
by solving a numerical optimization problem. Since the denominator of the estimator N̂ can
be close to zero, there is no estimate for the order of magnitude of the bias.

In this paper, we consider the asymptotic normality, deviation inequalities and moderate
deviations of N̂ . The main results are two moderate deviation results which provide a precise
exponential convergence rate or precise tail probabilities for deviations probabilities:

P
(
|N̂ −N | ≥ rNν

)
= P

(∣∣∣∣∣N̂N − 1

∣∣∣∣∣ ≥ rNν−1

)
, r > 0, (1.1)

where ν ∈ (1/2, 1). When ν = 1, this is large deviation problem. We consider two types of
moderate deviations. The first one is the following moderate deviations: for any sequence of
positive numbers with bN →∞ and bN = o(

√
N),

lim
N→∞

1

b2N
logP

(√
N

bN

∣∣∣∣∣N̂N − 1

∣∣∣∣∣ > x

)
= − x2

2σ2
, x > 0, (1.2)

where σ > 0 is a constant defined by in (3.2). The moderate deviations only give us a precise
exponential convergence rate. Another one is Cramér-type moderate deviations, i.e.,

P
(√

N
(
N̂
N − 1

)
> xσ

)
1− Φ(x)

→ 1,

P
(√

N
(
N̂
N − 1

)
< −xσ

)
Φ(−x)

→ 1, for any 0 < x = o(bN ),

(1.3)

where Φ is the standard normal distribution function, and bN is a sequence of positive numbers
with bN → ∞ and bN = O(

√
N). We prove that the Cramér-type moderate deviations

hold for bN = N1/6. In i.i.d case, the N1/6 is the best order (see [16]). The Cramér-type

moderate deviations tell us that the relative errors of the tail probabilities of
√
N
(
N̂
N − 1

)
and the standard normal distribution convergence 0 uniformly in (0, o(N1/6)). In particular,
(1.3) implies the asymptotic normality. The method of cumulants (cf. [17]) is an important
method of the Cramér-type moderate deviations. Recently, Feray, Meliot and Nikeghbali (see
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[18]) developed the mod-φ convergence to study precise deviations, including the Cramér-type
moderate deviations.

We will apply our results to give a performance analysis for the number N of operating
nodes when the deviations of the estimator are in (

√
N, o(N)). These estimates also provide a

method to build confidence interval of N . Our approach is based on tail probability estimates
and moderate deviations for occupancy problems. Our analysis provides a more refined
performance analysis for the number N of operating nodes.

The study of moderate deviations in information theory started with the work by Altuğ-
Wagner [19], [20] and Polyanskiy-Verdú [21] on channel coding. We refer to [22], [23], [24],
[25], [26] for some progress.

The paper is organized as follows. In section 2, we introduce the model and the Good-
Turing estimator. The main results in asymptotic behaviors are stated in Section 3. In
Section 4, we give a performance analysis and build confidence intervals for the number N of
operating nodes by the Cramér-type moderate deviations. Some simulations and numerical
results are also demonstrated in Section 4. The proofs of the theoretical results are given in
Section 5.

2 Sensor network with mobile access and Good-Turing esti-
mator

2.1 Sensor network with mobile access

In this paper, the model considered is the Sensor Network with Mobile Access (SENMA)
(cf.[1]). A key feature of SENMA is the presence of the mobile access points (APs) that have
high processing power and act as mobile base stations for sensors. In SENMA, the sensors
may transmit the collected data to the mobile access points in the form of packets, and each
packet may contain the ID of the transmitting sensor. The sensor network considered has
operating sensors, each having an ID that is an element of set N , with |N | = N . The mobile
AP collects n packets, each of them containing the ID of the transmitting sensor. We denote
by Xi ∈ N the ID in the ith received packet and by X := (X1, · · · , Xn) the vector sample of
received IDs. The unknown N is assumed to remain constant during collection.

For SENMA, packet collection can be modeled as an i.i.d. sampling with uniform distri-
bution, i.e.,

px := P (Xi = x) =
1

N
, for any x ∈ N . (2.1)

This model is identical to an urn model with replacement. Note that some of the received
packets may come from the same sensor. The set of received IDs is denoted by

S := {x ∈ N ;Xk = x for some 1 ≤ k ≤ n}. (2.2)

2.2 An estimator of the number of operating sensors

Consider a finite set N , a uniform distribution P on N and a sample X := (X1, · · · , Xn),
where Xi ∈ N are i.i.d random variables with distribution P . For each x ∈ N , set px =
P (Xi = x) = 1/N . For each k, the set Sk is composed of all the elements of N that appear
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in the vector sample X exactly k times and Sk = |Sk| denotes the total number of Sk. Set

Pk =
∑
x∈Sk

px. (2.3)

The probability P0 is called the missing mass. An estimator for the missing mass is Good-
Turing estimator proposed in [3]:

P̂0 =
S1

n
. (2.4)

The Good-Turing estimator can be used to estimate the number of operating sensors. Under
the uniform distribution assumption, the missing mass is given by

P0 = 1− S

N
,

where S = |S|. Then S0 = N − S. Using the estimated value of P0, we have the following
estimator for N :

N̂ =
S

1− P̂0

=
S

1− S1/n
. (2.5)

The number of operating sensors is explained using urns and balls. The number of
operating sensors corresponds to the number of available urns, and the number of available
samples to the number of balls. There are n balls that are thrown (one by one) in N urns,
each ball falling in any of the urns with equal probability. The number of balls in an urn
corresponds to the number of packets received from a sensor. Assume that all urns are
initially empty. Set

Γi,N :=
Si
N
, i = 0, 1, 2, · · · , (2.6)

the fraction of urns that contain exactly i balls (or sensors that appear i times in the current
sample). Then

N̂

N
=
S

N

1

1− S1
N
N
n

=
n
N (1− Γ0,N )
n
N − Γ1,N

,

and so, the relative error N̂−N
N can be written as

N̂

N
− 1 =

Γ1,N − n
NΓ0,N

n
N − Γ1,N

. (2.7)

Therefore, in order to study the estimator of the number of operating sensors in a sensor
network, we need to consider asymptotic behaviors of Γ0,N , Γ1,N and Γ1,N − n

NΓ0,N .

3 Asymptotic behaviors for the estimator of number of op-
erating sensors

In this section, we state our main results. Their proof are postponed to Section 5. We assume
that for some β ∈ (0,∞), ∣∣∣ n

N
− β

∣∣∣ = O

(
1√
N

)
. (3.1)
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For example, n = [βN ] satisfies (3.1).
Define

σ2(β) =
e−β(1− e−β + β)

β(1− e−β)2
. (3.2)

Theorem 3.1 (Moderate deviations). Let bN , N ≥ 1 be a sequence of positive numbers with
bN →∞ and bN = o(

√
N). Then for any x > 0,

lim
N→∞

1

b2N
logP

(√
N

bN

(
N̂

N
− 1

)
> x

)
= − x2

2σ2(β)
, (3.3)

and

lim
N→∞

1

b2N
logP

(√
N

bN

(
N̂

N
− 1

)
< −x

)
= − x2

2σ2(β)
. (3.4)

Remark 3.1. Theorem 3.1 yields that { N̂N − 1, N ≥ 1} satisfies the moderate deviation
principle, that is, for any measurable set B ⊂ R,

− inf
x∈Bo

x2

2σ2(β)
≤ lim
N→∞

1

b2N
logP

(√
N

bN

(
N̂

N
− 1

)
∈ B

)

≤− inf
x∈B̄

x2

2σ2(β)
.

where Bo and B̄ denote the interior and the closure of the set B, respectively. (see [27]).

Theorem 3.2 (Cramér-type moderate deviations). (1). For 0 ≤ x ≤ o(N1/6),

P
(√

N
(
N̂
N − 1

)
≥ σ(β)x

)
1− Φ(x)

= 1 +O

(
1 + x2

N1/3

)
, (3.5)

and
P
(√

N
(
N̂
N − 1

)
≤ −σ(β)x

)
Φ(−x)

= 1 +O

(
1 + x2

N1/3

)
. (3.6)

where Φ is the standard normal distribution function.
(2). For 0 ≤ x ≤ o(N1/6),

P

(
1√
N̂

(
N̂ −N

)
≥ σ(β)x

)
1− Φ(x)

= 1 +O

(
1 + x2

N1/3

)
,

(3.7)

and

P

(
1√
N̂

(
N̂ −N

)
≤ −σ(β)x

)
Φ(−x)

= 1 +O

(
1 + x2

N1/3

)
.

(3.8)

Remark 3.2. Theorem 3.2 (2) is a self-normalized Cramér-type moderate deviation. It
plays an important role in statistical inferences. In the paper, we apply it to build confidence
intervals for the number of operating sensors.
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In particular, Theorem 3.2 yields the asymptotic normality.

Corollary 3.1 (Asymptotic normality). For x ∈ R,

lim
N→∞

P

(
√
N

(
N̂

N
− 1

)
≤ σ(β)x

)
= Φ(x), (3.9)

and

lim
N→∞

P

(
1√
N̂

(
N̂ −N

)
≤ σ(β)x

)
= Φ(x). (3.10)

Remark 3.3. Gao [13] studied the moderate deviation principle of the Good estimator. In
general occupation models, the result is just a moderate deviation principle for Γ1,N − n

NΓ0,N

which is a linear statistics for the occupation problem. The Cramér-type moderate deviations
for the occupation problem were studied in [28]. In this paper, we concern the estimator N̂
of the number of operating sensors that is a nonlinear functional of some statistics in the
occupation problem. Our study in this paper is based on the moderate deviation estimates
for the statistics in occupation problem (cf. Theorem 2.1 in [13], Theorem 2 in [28], also
see Lemma 5.9 and Lemma 5.3 for some special cases). In order to derive the moderate
deviation principle and the Cramér-type moderate deviations of the estimator N̂ from that
of some statistics in occupation problem, we need to establish some comparison theorems
and concentration inequalities of Γm,N . Lemma 5.5 gives such a comparison theorem on
the Cramér-type moderate deviations. Proposition 3.1 presents a concentration inequality of
Γm,N . Our main results provide a complete description of convergence of the estimator N̂ in
the regime (

√
N, o(N)).

Our results on moderate deviations and performance analysis for the number of operating
sensors are based on the tail probability estimates of Γm,N . The tail probability estimates
have had many works. Kamath, Motwani, Palem and Spirakis (Theorem 2 in [29]) established
the following precise tail probability estimate: for any θ > 0,

P (|Γ0,N − γ0,N | ≥ θγ0,N ) ≤ 2 exp

{
−
θ2γ2

0,N (N − 1/2)

1− γ2
0,N

}
. (3.11)

The concentration inequalities of the missing mass (i.e., m = 1) were first considered by
McAllester and Schapire [4], also see [5], [6], [7] and [8]. Rencntly, Ben-Hamou, Boucheron
and Ohannessian considered general cases m ≥ 0 in [7] using the entropy method. In this
paper, for our applications, we present a different form concentration inequality of Γm,N for
any m ≥ 0 using negative dependence. Our rate functions are represented by the entropies
of Bernoulli distributions.

Define

INm (x) =



(x+ µm,N ) log
x+µm,N
µm,N

+(1− (x+ µm,N )) log
1−(x+µm,N )

1−µm,N ,

if x ∈ [−µm,N , 1− µm,N ],

+∞,
if x /∈ [−µm,N , 1− µm,N ],

(3.12)
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where

µm,N =
m∑
l=0

γl,N , γl,N =
n!

(n− l)!l!
1

N l

(
1− 1

N

)n−l
. (3.13)

Remark 3.4. The Kullback-Leibler (KL) divergence between two Bernoulli distributions with
parameters q ∈ [0, 1] and p ∈ [0, 1] is defined by

DKL(q||p) = q log
q

p
+ (1− q) log

1− q
1− p

.

Thus, for x ∈ [−µm,N , 1 − µm,N ], INm (x) is just the KL divergence between two Bernoulli
distributions with parameters x+ µm,M and µm,N .

Proposition 3.1. Let 0 ≤ m ≤ n be given. Then for any x > 0,

P (|Γ0,N − γ0,N | ≥ x) ≤2 exp
{
−NJN0 (x)

}
, (3.14)

and for any m ≥ 1,

P (|Γm,N − γm,N | ≥ x) ≤2 exp
{
−NJNm−1(x/2)

}
+ 2 exp

{
−NJNm (x/2)

}
,

(3.15)

where
JNm (x) = min{INm (x), INm (−x)}. (3.16)

By the definition of Jm, for any m ≥ 0, x > 0, limN→∞ J
N
m (x) > 0. By Poisson’s approx-

imation theorem, as N →∞,

γm,N →
βm

m!
e−β, µm,N →

m∑
l=0

βl

l!
e−β.

4 Performance analysis and confidence intervals for the num-
ber of operating sensors

In this section, we give a performance analysis and build confidence intervals for the number
of operating sensors using our main results.

4.1 Performance analysis

Firstly, we use the identity
N̂

N
− 1 =

Γ1,N − n
NΓ0,N

n
N − Γ1,N

,

and apply Proposition 3.1 to give non-asymptotic bounds of tail probabilities of N̂ −N .
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Let ε ∈ [0, 1) satisfy (1 + ε)e−β < 1 and let 0 ≤ εN → ε as N →∞. Then{∣∣∣∣ nNΓ0,N − Γ1,N
n
N − Γ1,N

∣∣∣∣ ≥ x}
⊂{|Γ1,N − γ1,N | ≥ εNγ1,N}

∪
{∣∣∣∣ nNΓ0,N − Γ1,N

n
N − Γ1,N

∣∣∣∣ ≥ x, |Γ1,N − γ1,N | ≤ εNγ1,N

}
⊂{|Γ1,N − γ1,N | ≥ εNγ1,N}

∪
{∣∣∣ n
N

Γ0,N − Γ1,N

∣∣∣ ≥ x( n
N
− (1 + εN )γ1,N

)}
⊂{|Γ1,N − γ1,N | ≥ εNγ1,N )

∪
{
|Γ0,N − γ0,N | ≥

xN

2n

( n
N
− (1 + εN )γ1,N

)}
∪
{
|Γ1,N −

n

N
γ0,N | ≥

x

2

( n
N
− (1 + εN )γ1,N

)}
.

Since γ0,N = N−1
n γ1,N , we have{∣∣∣∣ nNΓ0,N − Γ1,N

n
N − Γ1,N

∣∣∣∣ ≥ x}
⊂{|Γ1,N − γ1,N | ≥ εNγ1,N}

∪
{
|Γ0,N − γ0,N | ≥

xN

2n

( n
N
− (1 + εN )γ1,N

)}
∪
{
|Γ1,N − γ1,N | ≥

x

2

( n
N
− (1 + εN )γ1,N

)
− 1

N
γ1,N

}
.

Thus

P

(∣∣∣∣∣N̂N − 1

∣∣∣∣∣ ≥ x
)

=P

(∣∣∣∣ nNΓ0,N − Γ1,N
n
N − Γ1,N

∣∣∣∣ ≥ x)
≤P (|Γ1,N − γ1,N | ≥ εNγ1,N )

+ P

(
|Γ0,N − γ0,N | ≥

xN

2n

( n
N
− (1 + εN )γ1,N

))
+ P

(
|Γ1,N − γ1,N | ≥

x

2

( n
N
− (1 + εN )γ1,N

)
− 1

N
γ1,N

)
.

Therefore, from Proposition 3.1, we obtain that for any x > 0,

P
(∣∣∣N̂ −N ∣∣∣ ≥ xN) ≤ 10 exp {−NJN (x)} , (4.1)
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which gives non-asymptotic bounds of tail probabilities of N̂ −N , where

JN (x) = min

{
JN1 (εNγ1,N/ 2), JN0 (εNγ1,N/ 2),

JN0

(
xN

2n

( n
N
− (1 + εN )γ1,N

))+

,

JN1

(x
4

( n
N
− (1 + εN )γ1,N

)
−
γ1,N

2N

)+
,

JN0

(x
4

( n
N
− (1 + εN )γ1,N

)
−
γ1,N

2N

)+
}
.

Since limN→∞ JN (r) ∈ (0,∞) for any r > 0, for any bN = o(
√
N),

lim sup
N→∞

1

b2N
logP

(∣∣∣∣∣N̂N − 1

∣∣∣∣∣ ≥ r
)

= −∞. (4.2)

Then, by (3.3) and (3.4) in Theorem 3.1, when the order of deviation is in (
√
N, o(N)),

then exponential convergence rate is

1

N2ν−1
logP

(
|N̂ −N | ≥ Nνr

)
≈− β(1− e−β)2r2

2e−β (1− e−β + β)
.

(4.3)

Finally, (3.5) and (3.6) in Theorem 3.2 give us a precise estimate when the order of
deviation is in (

√
N, o(N2/3)):

P
(
|N̂ −N | ≥ Nνr

)
≈2
(

1− Φ
(
Nν−1/2r/σ(β)

))
.

(4.4)

Remark 4.1. When the order of deviation is in (
√
N, o(N2/3)), (4.4) gives a precise conver-

gence rate of the estimate (1.1).

4.2 Confidence intervals

Now, by (4.2) and the Cramér-type moderate deviations (3.7) and (3.8), for x = o(N1/6)
uniformly, the relative error

P
(
|N̂ −N | ≥ xσ(β)

√
N̂
)

2(1− Φ(x))
− 1→ 0.

Therefore, for α ∈ (0, 1), take uα/2 such that 1− Φ(uα/2) = α/2, then,

P

(
1√
N̂
|N̂ −N | ≥ σ(β)uα/2

)
≈ α.

Thus, we obtain an approximate 1− α confidence interval of N :

[N̂ −
√
N̂σ(β)uα/2, N̂ +

√
N̂σ(β)uα/2].
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4.3 Simulations and numerical results

In this section, we give some simulations and numerical results for the tail probability

P
(
|N̂ −N | ≥ Nνr

)
, r > 0.

Set
pν,β(r) = 2

(
1− Φ

(
Nν−1/2r/σ(β)

))
,

and

p̃ν,β(r) = exp

{
−β(1− e−β)2r2N2ν−1

2e−β (1− e−β + β)

}
.

Case I: N fixed. We take N = {1, 2, · · · , 1000}, and consider the following four cases:
ν = 1/2, β = 3/4; ν = 1/2, β = 5/6; ν = 5/8, β = 3/4; ν = 5/8, β = 5/6. Ten thousand
samples of size n := [βN ] are generated from the uniform distribution on N . For each sample,
we compute N̂ and denote respectively by N̂k, k = 1, ..., 10000.

For each ν = 1/2, β = 3/4; ν = 1/2, β = 5/6; ν = 5/8, β = 3/4; ν = 5/8, β = 5/6, and
r = 0.3 + 0.1j,j = 0, 1, 2, · · · , 10, we compute pν,β(r), p̃ν,β(r) and the frequencies p̂ν,β(r) of{
|N̂k −N | ≥ Nνr

}
, k = 1, ..., 10000. The numerical results are summarized in the follow-

ing Figures. In Figure 1, Figure 2, Figure 3 and Figure 4, the red circle denotes p̂ν,β(r), the
blue star denotes pν,β(r) and the green diamond denotes p̃ν,β(r). From the Figures, we see
that |pν,β(r)−p̂ν,β(r)| is smaller than |p̃ν,β(r)−p̂ν,β(r)|, the numerical results also demonstrate
that the Cramér-type moderate deviations (Theorem 3.2) are more precise than the moder-
ate deviations (Theorem 3.1). Moreover, the red circles and the blue stars almost overlap,
indicating that the simulation results are highly consistent with the theorem results(Theorem
3.2).

Case II: N → ∞. We take N = {1, 2, · · · , N}, where N is from 1000 to 16000. We
consider ν = 3/4, β = 3/4 and r = 0.5. Another case we take N = {1, 2, · · · , N}, where N is
from 1000 to 20000.and consider ν = 8/9, β = 3/4, and r = 0.1. Ten thousand samples of size
n := [βN ] are generated from the uniform distribution on N . For different N, we compute
N̂ and denote respectively by N̂k, k = 1, ..., 10000. We compute pν,β(r), p̃ν,β(r) and the

frequencies p̂ν,β(r) of
{
|N̂k −N | ≥ Nνr

}
, k = 1, ..., 10000. In Figure 5 and Figure 6, the

red circle denotes p̂ν,β(r), the blue star denotes pν,β(r) and the green diamond denotes p̃ν,β(r).
From Figure 5 and Figure 6, we can see the larger the N , the closer the three estimates are.
Numerical results demonstrate the validity of the estimates.

5 Proofs of main results

In this section, we prove the main results. In the first subsection, we consider tail probabilities
of Γi,N − γi,N , and prove Proposition 3.1. Proofs of Theorem 3.1 and Theorem 3.2 are given
in the second subsection.

5.1 Tail probability estimates

The estimates of the tail probabilities and the proof of Proposition 3.1 are based on some re-
sults of the negatively associated random variables ([30]). The key is to represent N

∑m
l=0 Γl,N
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Figure 1: ν = 1/2, β = 3/4, N = 1000
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Figure 2: ν = 1/2, β = 5/6, N = 1000
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into sum of some N negatively associated random variables. Then, the estimates of the tail
probabilities and Proposition 3.1 are obtained by Chebyshev’s inequality.

Firstly, let us give a representation of sum of N negatively associated random variables
for N

∑m
l=0 Γl,N , and establish exponential moment estimates of N

∑m
l=0 Γl,N , 1 ≤ m ≤ n.

Define the indicator random variables ξi,k, 1 ≤ i ≤ N , 1 ≤ k ≤ n as follows:

ξi,k =


1, if ball k goes into urn i;

0, otherwise.
(5.1)

Set

XN
i :=

n∑
k=1

ξi,k, 1 ≤ i ≤ N,

i.e., XN
i denotes the number of balls in urn i. Then for any l ≥ 0,

N

m∑
l=0

Γl,N =

N∑
i=1

δ{XN
i ≤m}

,

where δA denotes the indicator function of set A.
Then by Theorem 14 in [30], {XN

i , 1 ≤ i ≤ N} is negatively associated, that is, for every
two disjoint index finite sets Λ1,Λ2 ⊂ {1, 2, · · · , N},

E
(
f(XN

k , k ∈ Λ1)g(XN
k , k ∈ Λ2)

)
≤E

(
f(XN

k , k ∈ Λ1)
)
E
(
g(XN

k , k ∈ Λ2)
)

for all nonnegative function f : RΛ1 → R and g : RΛ2 → R that are both non-decreasing or
both non-increasing.

Furthermore, since f(x) = I(−∞,m](x) is a decreasing function, by Proposition 8 in Dub-
hashi and Ranjan [30], we obtain that {δ{XN

i ≤m}
, 1 ≤ i ≤ N} is negatively associated.

Lemma 5.1. For any r ∈ R, and for any 0 ≤ m ≤ n,

E

(
exp

{
rN

m∑
l=0

Γl,N

})
≤ ((er − 1)µm,N + 1)N . (5.2)

Proof. For any r ∈ R given, set f(x) = erx, x ∈ R. Then, when r ≥ 0, all f(x) is nonnegative
and increasing; when r < 0, f(x) is nonnegative and decreasing. Since {δ{XN

i ≤m}
, 1 ≤ i ≤ N}

is negatively associated and

E
(
δ{XN

i ≤m}

)
= P (XN

i ≤ m) = µm,N ,

we have that

E

(
exp

{
rN

m∑
l=0

Γl,N

})

≤
(
E
(

exp
{
rδ{XN

i ≤m}

}))N
=
(
P (XN

i > m) + erP (XN
i ≤ m)

)N
= ((er − 1)µm,N + 1)N .

14



Lemma 5.2. Let 0 ≤ m ≤ n be given. Then for any x ≥ 0,

P

(
m∑
l=0

Γl,N − µm,N ≥ x

)
≤ exp

{
−NINm (x)

}
, (5.3)

and for any x ≤ 0,

P

(
m∑
l=0

Γl,N − µm,N ≤ x

)
≤ exp

{
−NINm (x)

}
. (5.4)

Proof. Since 0 ≤
∑m

l=0 Γl,N ≤ 1, for any x > 1− µm,N ,

P

(
m∑
l=0

Γl,N − µm,N ≥ x

)
= 0 = exp

{
−NINm (x)

}
,

and for any x < −µm,N ,

P

(
m∑
l=0

Γl,N − µm,N ≤ x

)
= 0 = exp

{
−NINm (x)

}
.

Thus, we only consider x ∈ [−µm,N , 1 − µm,N ]. It is easy to get (3.12). By Chebyshev’s
inequality and Lemma 5.1, for any 0 < x < 1− µm,N , for any λ > 0,

P

(
m∑
l=0

Γl,N − µm,N ≥ x

)

=P

(
exp

{
λN

m∑
l=0

Γl,N − λNµm,N

}
≥ eλNx

)

≤e−λNxE

(
exp

{
λN

m∑
l=0

Γl,N − λNµm,N

})
≤ exp

{
−N

(
λ(x+ µm,N )− log

(
(eλ − 1)µm,N + 1

))}
.

Set
f(λ) = λ(x+ µm,N )− log

(
µm,Ne

λ + 1− µm,N
)
.

Then f ′(λ) = x + µm,N − 1 +
1−µm,N

µm,Neλ+1−µm,N
, and f ′(λ) = 0 has a unique solution λ0 =

log
(x+µm,N )(1−µm,N )
µm,N (1−µm,N−x) ∈ (0,∞). Therefore,

P

(
m∑
l=0

Γl,N − µm,N ≥ x

)
≤e−N supλ>0 f(λ)

=e−Nf(λ0) = e−NI
N
m (x).
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Thus, (5.3) is valid. Similarly, for any −µm,N < x < 0, for any λ < 0,

P

(
m∑
l=0

Γl,N − µm,N ≤ x

)

=P

(
exp

{
λN

m∑
l=0

Γl,N − λNµm,N

}
≥ eλNx

)

≤e−λNxE

(
exp

{
λN

m∑
l=0

Γl,N − λNµm,N

})
≤ exp

{
−N

(
λ(x+ µm,N )− log

(
(eλ − 1)µm,N + 1

))}
,

and

P

(
m∑
l=0

Γl,N − µm,N ≤ x

)
≤ e−N supλ<0 f(λ) = e−NI

N
m (x).

Proof of Proposition 3.1. By Lemma 5.2, for any x > 0,

P

(∣∣∣∣∣
m∑
l=0

Γl,N − µm,N

∣∣∣∣∣ ≥ x
)
≤ 2 exp

{
−NJNm (x)

}
. (5.5)

Since

|Γm,N − γm,N | ≤

∣∣∣∣∣
m∑
l=0

Γl,N − µm,N

∣∣∣∣∣+

∣∣∣∣∣
m−1∑
l=0

Γl,N − µm−1,N

∣∣∣∣∣ ,
we have

P (|Γm,N − γm,N | ≥ x)

≤P

(∣∣∣∣∣
m∑
l=0

Γl,N − µm,N

∣∣∣∣∣+

∣∣∣∣∣
m−1∑
l=0

Γl,N − µm−1,N

∣∣∣∣∣ ≥ x
)

≤P

(∣∣∣∣∣
m∑
l=0

Γl,N − µm,N

∣∣∣∣∣ ≥ x/2
)

+ P

(∣∣∣∣∣
m−1∑
l=0

Γl,N − µm−1,N

∣∣∣∣∣ ≥ x/2
)

≤2 exp
{
−NJNm (x/2)

}
+ 2 exp

{
−NJNm−1(x/2)

}
.

Thus we obtain the tail probability estimates (3.14) and (3.15).

5.2 Proofs of Theorem 3.1 and Theorem 3.2

By the identity (2.7), i.e.,

N̂

N
− 1 =

Γ1,N − n
NΓ0,N

n
N − Γ1,N

,
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in order to prove Theorem 3.1 and Theorem 3.2, we need to study the Cramér moderate
deviations of Γ1,N − n

NΓ0,N , and the deviation estimates of n
N − Γ1,N .

We will show the Cramér moderate deviations of Γ1,N − n
NΓ0,N in Lemma 5.6. We first

write Γ1,N − n
NΓ0,N into randomized decomposable statistics in multinomial scheme via the

urn mode in the section 2, and then apply Theorem 2 in [28] and the comparison theorem
for Cramér moderate deviations which will be established in Lemma 5.5.

The deviation estimates of n
N − Γ1,N are obtained easily from Proposition 3.1.

We will complete the proofs of Theorem 3.1 and Theorem 3.2 by dividing it into seven
steps.

Step 1. A representation of Γ1,N − n
NΓ0,N and its moderate deviations. We still

consider the urn model in the section 2. There are n balls that are thrown (one by one) in
N urns, each ball falling in any of the urns with equal probability. Let after n throwing the
number of thrown balls of the different urns be denoted by η1, · · · , ηN . Then (η1, · · · , ηN )
have a multinomial distribution M(n, 1/N, · · · , 1/N). It is known that

P (ηm = xm;m = 1, · · · , N)

=P

(
ξm = xm;m = 1, · · · , N

∣∣∣∣ N∑
m=1

ξm = n

)
,

where ξm,m ≥ 1 are independent random variables and ξm is Poisson distributed with mean
n
N .

Set
f(x) = I{1}(x)− n

N
I{0}(x),

where IA is the indicator function of set A.
Then Γ1,N − n

NΓ0,N has the following representation:

N
(

Γ1,N −
n

N
Γ0,N

)
=

N∑
m=1

f(ηm).

Define

AN =

N∑
m=1

E(f(ξm)) = 0,

γN =
1

n

N∑
m=1

cov(f(ξm), ξm) =
N

n
P (ξ1 = 1) = e−n/N ,

and

B2
N =

N∑
m=1

(
E((f(ξm))2)− n

N
γ2
N

)
=N

(
n

N
e−n/N +

( n
N

)2
e−n/N − n

N
e−2n/N

)
=ne−n/N

(
1 +

n

N
− e−n/N

)
.
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By (3.1), ∣∣∣∣B2
N

N
− βe−β(1− e−β + β)

∣∣∣∣ = O

(
1√
N

)
.

Note that f is bounded and βe−β(1− e−β + β) > 0. We have that for any H > 0 and α > 0
given,

lim inf
N→∞

B2
N

N
> 0,

E(ehf(ξm)) ≤ |H|(1 +
n

N
) for all |h| ≤ H, m = 1, · · · , N,

and
E(ehf(ξm(α))) ≤ |H|(1 +

n

N
) for all |h| ≤ H, m = 1, · · · , N,

where ξm(α) is a Poisson distribution with parameter α for each m = 1, · · · , N . Therefore,
we can apply Theorem 2 and Theorem 3 in [28] with fm = fmN = f , m = 1, · · · , N to obtain
the following two lemmas.

Lemma 5.3. For 0 ≤ x ≤ o(N1/6),

P
(
N
BN

(
Γ1,N − n

NΓ0,N

)
≥ x

)
1− Φ(x)

= 1 +O

(
1 + x3

√
N

)
and

P
(
N
BN

(
Γ1,N − n

NΓ0,N

)
≤ −x

)
Φ(−x)

= 1 +O

(
1 + x3

√
N

)
.

Lemma 5.4. For 0 ≤ x ≤ o(
√
N),

P
(
N
BN

(
Γ1,N − n

NΓ0,N

)
≥ x

)
1− Φ(x)

=

(
1 +O

(
1 + x√
N

))
exp

{
x3

√
N
O

(
x√
N

)}
and

P
(
N
BN

(
Γ1,N − n

NΓ0,N

)
≤ −x

)
Φ(−x)

=

(
1 +O

(
1 + x√
N

))
exp

{
x3

√
N
O

(
x√
N

)}
.

Step 2. A comparison theorem for Cramér moderate deviations. In order to
obtain the Cramér moderate deviations of Γ1,N − n

NΓ0,N , we establish a comparison theorem
for Cramér moderate deviations.

Lemma 5.5. Let {YN , N ≥ 1} and {ZN , N ≥ 1} be two sequences of random variables and
let {DN , n ≥ 1} be a sequence of positive numbers. Assume that {YN/ZN , N ≥ 1} satisfies
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the following Cramér-type moderate deviations: for 0 ≤ x ≤ o(N1/6),
P
(
YN
ZN
≥ x

)
1− Φ(x)

= 1 +O

(
1 + x3

√
N

)
P
(
YN
ZN
≤ −x

)
Φ(−x)

= 1 +O

(
1 + x3

√
N

)
.

(5.6)

(1). If there exists L > 0 such that

lim sup
N→∞

1

N1/3
logP

(∣∣∣∣DN

ZN
− 1

∣∣∣∣ ≥ L/√N) < 0, (5.7)

then for 0 ≤ x ≤ o(N1/6), 
P
(
YN
DN
≥ x

)
1− Φ(x)

= 1 +O

(
1 + x3

√
N

)
P
(
YN
DN
≤ −x

)
Φ(−x)

= 1 +O

(
1 + x3

√
N

)
.

(5.8)

(2). If there exists L > 0 such that

lim sup
N→∞

1

N1/3
logP

(∣∣∣∣DN

ZN
− 1

∣∣∣∣ ≥ L/N1/3

)
< 0, (5.9)

then for 0 ≤ x ≤ o(N1/6), 
P
(
YN
DN
≥ x

)
1− Φ(x)

= 1 +O

(
1 + x2

N1/3

)
P
(
YN
DN
≤ −x

)
Φ(−x)

= 1 +O

(
1 + x2

N1/3

)
.

(5.10)

Proof. Let us first give some estimates for Φ(x). Since

1− Φ(x) =

∫ +∞

x

1√
2π
e−

y2

2 dy

≤ 1√
2π

∫ +∞

x

y

x
e−

y2

2 dy

=
1

x
√

2π
e−x

2/2, x > 0.

Let g(x) = 1 − Φ(x) − 1√
2π

x
1+x2

e−x
2/2, x ≥ 0. Then g(x) is a decreasing function on [0,∞),

g(0) = 1/2 > 0 and g(x)→ 0 as x→∞. Thus we have the following estimates:

1√
2π

x

1 + x2
e−x

2/2 ≤ 1− Φ(x) ≤ 1

x
√

2π
e−x

2/2, x > 0. (5.11)
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We write

1− Φ(x+ ε)

1− Φ(x)
= 1 +

1

1− Φ(x)

∫ x

x+ε

1√
2π
e−y

2/2dy.

Note that for |ε| < x,

x|ε|e−(2x|ε|+ε2)/2 ≤ 1

1− Φ(x)

∣∣∣∣∫ x

x+ε

1√
2π
e−y

2/2dy

∣∣∣∣
≤|ε|(1 + x2)

x
e(2x|ε|+ε2)/2.

Take ε = O(x/
√
N). Then for 0 ≤ x ≤ o(N1/6), we have that ε = o(N−1/3), |ε|x = O(1/

√
N)

and e(2x|ε|+ε2)/2 = O(1), and so

|ε|(1 + x2)

x
e−(2x|ε|+ε2)/2 = O

(
1 + x2

√
N

)
,

and

x|ε|e(2x|ε|+ε2)/2 = O

(
1 + x2

√
N

)
.

Thus, for 0 ≤ x ≤ o(N1/6),

1− Φ((1 +O(1/
√
N))x)

1− Φ(x)
= 1 +O

(
1 + x2

√
N

)
. (5.12)

Similarly, we also have that for 0 ≤ x ≤ o(N1/6),

1− Φ((1 +O(1/N1/3))x)

1− Φ(x)
= 1 +O

(
1 + x2

N1/3

)
. (5.13)

Now, let us show (1). We only prove the first one of (5.8). Without loss of generality, we
assume ZN > 0. We write

P

(
YN
DN
≥ x

)
=P

(
YN
ZN
≥ x

(
1 +

DN

ZN
− 1

)
,

∣∣∣∣DN

ZN
− 1

∣∣∣∣ < L/
√
N

)
+ P

(
YN
DN
≥ x,

∣∣∣∣DN

ZN
− 1

∣∣∣∣ ≥ L/√N) .
It is obvious that

P

(
YN
ZN
≥ x

(
1 + L/

√
N
))
− P

(∣∣∣∣DN

ZN
− 1

∣∣∣∣ ≥ L/√N)
≤P

(
YN
ZN
≥ x

(
1 +

DN

ZN
− 1

)
,

∣∣∣∣DN

ZN
− 1

∣∣∣∣ < L/
√
N

)
≤P

(
YN
ZN
≥ x

(
1− L/

√
N
))

.
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By the condition (5.7), there exists C > 0 such that for N large enough, and for all
0 ≤ x ≤ o(N1/6),

P
(∣∣∣DNZN − 1

∣∣∣ ≥ L/√N)
1− Φ(x)

= O
(
e−CN

1/3
)
.

By (5.6) and (5.12) ,

P
(
YN
ZN
≥ x

(
1± L/

√
N
))

1− Φ(x)

=
P
(
YN
ZN
≥ x

(
1± L/

√
N
))

1− Φ(x(1± L/
√
N))

1− Φ(x(1± L/
√
N))

1− Φ(x)

=

(
1 +O

(
1 + x3

√
N

))(
1 +O

(
1 + x2

√
N

))
=1 +O

(
1 + x3

√
N

)
.

Thus, by (5.7) and

P
(
YN
ZN
≥ x

(
1 + L/

√
N
))

1− Φ(x)
−
P
(∣∣∣DNZN − 1

∣∣∣ ≥ L/√N)
1− Φ(x)

≤
P
(
YN
DN
≥ x

)
1− Φ(x)

≤
P
(
YN
ZN
≥ x

(
1− L/

√
N
))

1− Φ(x)
+
P
(∣∣∣DNZN − 1

∣∣∣ ≥ L/√N)
1− Φ(x)

,

the first one of (5.8) holds.
The proof of (2) is similar to (1). We only notice that by condition (5.9), there exists

C > 0 such that for N large enough, and for all 0 ≤ x ≤ o(N1/6),

P
(∣∣∣DNZN − 1

∣∣∣ ≥ L/N1/3
)

1− Φ(x)
= O

(
e−CN

1/3
)
.

By (5.6) and (5.13) ,

P
(
YN
ZN
≥ x

(
1± L/N1/3

))
1− Φ(x)

=
P
(
YN
ZN
≥ x

(
1± L/N1/3

))
1− Φ(x(1± L/N1/3))

1− Φ(x(1± L/N1/3))

1− Φ(x)

=

(
1 +O

(
1 + x3

√
N

))(
1 +O

(
1 + x2

N1/3

))
=1 +O

(
1 + x2

N1/3

)
.
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Thus, the first one of (5.10) holds.

Step 3. Cramér moderate deviations for Γ1,N − n
NΓ0,N . Since∣∣∣∣B2

N

N
− βe−β(1− e−β + β)

∣∣∣∣ = O

(
1√
N

)
,

we have ∣∣∣∣∣ BN√
N
√
βe−β(1− e−β + β)

− 1

∣∣∣∣∣ = O

(
1√
N

)
.

Take Yn =
√
N(Γ1,N − n

NΓ0,N ), Zn = BN√
N

and DN =
√
βe−β(1− e−β + β) in Lemma 5.5 (1).

Then noting that Zn and DN are non-random, the following Cramér moderate deviations is
a consequence of Lemma 5.3 and Lemma 5.5 (1).

Lemma 5.6. For 0 ≤ x ≤ o(N1/6),

P

(√
N(Γ1,N− n

N
Γ0,N)√

βe−β(1−e−β+β)
≥ x

)
1− Φ(x)

= 1 +O

(
1 + x3

√
N

)
,

(5.14)

P

(√
N(Γ1,N− n

N
Γ0,N)√

βe−β(1−e−β+β)
≤ −x

)
Φ(−x)

= 1 +O

(
1 + x3

√
N

)
.

(5.15)

Step 4. Deviation estimates for Γm,N − γm,N . By Proposition 3.1, we have the
following deviation estimates for Γm,N − γm,N .

Lemma 5.7. For each m ≥ 0, L > 0,

lim sup
N→∞

1

N1/3
logP

(
|Γm,N − γm,N | ≥

L

N1/3

)
< 0, (5.16)

and

lim sup
N→∞

1

N1/3
logP

(∣∣∣∣Γm,N − βm

m!
e−β

∣∣∣∣ ≥ L

N1/3

)
< 0. (5.17)

Proof. Since
∣∣∣γm,N − βm

m! e
−β
∣∣∣ = O(1/

√
N) we only need to show (5.16).

Using log(1 + x) = x− x2

2 +O(x3) as x→ 0, and noting that for any m ≥ 0, as N →∞,
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µm,N →
∑m

l=0
βl

l! e
−β, we have that

INm

( x

N1/3

)
=
( x

N1/3
+ µm,N

)
log

(
1 +

x

N1/3µm,N

)
+
(

1− µm,N −
x

N1/3

)
log

(
1− x

(1− µm,N )N1/3

)
=
( x

N1/3
+ µm,N

)
×
(

x

N1/3µm,N
− x2

2(N1/3µm,N )2
+O

(
|x|3

N

))
+
(

1− µm,N −
x

N1/3

)
×
(
− x

N1/3(1− µm,N )

+
x2

2(N1/3(1− µm,N ))2
+O

(
|x|3

N

))
=

x2

2N2/3µm,N
+

x2

2N2/3(1− µm,N )
+O

(
|x|3

N

)
=

x2

2N2/3µm,N (1− µm,N )
+O

(
|x|3

N

)
.

Therefore, for any m ≥ 0, L > 0,

JNm (L/N1/3) = min{INm (L/N1/3), INm (−L/N1/3))}

=
L2

2N2/3µm,N (1− µm,N )
+O

(
L3

N

)
,

which yields

lim inf
N→∞

1

N1/3
NJNm (L/N1/3)

=
L2

2
∑m

l=0
βl

l! e
−β(1−

∑m
l=0

βl

l! e
−β)

> 0.

By (3.14) and (3.15), we have that for any ε > 0,

logP (|Γm,N − γm,N | ≥ ε)
≤ log(2 exp

{
−NJNm−1(ε/2)

}
+ 2 exp

{
−NJNm (ε/2)

}
)

= log 2 + log(exp
{
−NJNm−1(ε/2)

}
+ exp

{
−NJNm (ε/2)

}
)

≤2 log 2 + max{−NJNm−1(ε/2),−NJNm (ε/2)}.

(5.18)

Thus, (5.16) holds.

The following lemma is also obtained easily from Proposition 3.1.
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Lemma 5.8. Let bN , N ≥ 1 be a sequence of positive numbers with bN → ∞ and bN =
o(
√
N). Then for each m ≥ 0, for any ε > 0,

lim sup
N→∞

1

b2N
logP (|Γm,N − γm,N | ≥ ε) = −∞, (5.19)

and

lim sup
N→∞

1

b2N
logP

(∣∣∣∣Γm,N − βm

m!
e−β

∣∣∣∣ ≥ ε) = −∞. (5.20)

Step 5. Moderate deviation principle for Γ1,N − n
NΓ0,N . The following lemma is a

corollary of Lemma 5.4. It is also obtained from Theorem 2.1 in [13].

Lemma 5.9. Let bN , N ≥ 1 be a sequence of positive numbers with bN → ∞ and bN =
o(
√
N). Then for any x > 0,

lim
N→∞

1

b2N
logP

(√
N

bN

(
Γ1,N −

n

N
Γ0,N

)
> x

)

= − x2

2βe−β(1− e−β + β)
,

(5.21)

and

lim
N→∞

1

b2N
logP

(√
N

bN

(
Γ1,N −

n

N
Γ0,N

)
< −x

)

= − x2

2βe−β(1− e−β + β)
.

(5.22)

Proof. We only show the first one. Note that for x > 0,

lim
N→∞

1

b2N
log

(
1− Φ

(√
NbNx

BN

))

= − x2

2βe−β(1− e−β + β)
.

By Lemma 5.4

P
(√

N
(

Γ1,N −
n

N
Γ0,N

)
≥ bNx

)

=

P

(
N(Γ1,N− n

N
Γ0,N)

BN
≥
√
NbNx
BN

)
1− Φ

(√
NbNx
BN

) (
1− Φ

(√
NbNx

BN

))

=

1 +O

1 +
√
NbNx
BN√
N

 exp

{
(
√
NbNx)3

B3
N

√
N

O

(
bNx

BN

)}

×

(
1− Φ

(√
NbNx

BN

))
,
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We have

lim
N→∞

1

b2N
logP

(√
N

bN

(
Γ1,N −

n

N
Γ0,N

)
> x

)

= − x2

2βe−β(1− e−β + β)
.

Step 6. Proof of Theorem 3.1.

Proof of Theorem 3.1. We only show (1). For any ε > 0, when N is large enough such that
| nN − β| < ε/2, {√

N

bN

(
N̂

N
− 1

)
> x

}

=

{√
N

bN

(
Γ1,N −

n

N
Γ0,N

)
> x(

n

N
− Γ1,N )

}

⊂
{√

N

bN

(
Γ1,N −

n

N
Γ0,N

)
> x(

n

N
− Γ1,N ),

| n
N
− β − Γ1,N + βe−β| ≤ ε

}
∪
{
| n
N
− β − Γ1,N + βe−β| ≥ ε

}
⊂

{√
N

bN

(
Γ1,N −

n

N
Γ0,N

)
> x(β(1− e−β)− ε)

}
∪
{
| n
N
− β − Γ1,N + βe−β| ≥ ε

}
⊂

{√
N

bN

(
Γ1,N −

n

N
Γ0,N

)
> x(β(1− e−β)− ε)

}
∪
{
|Γ1,N − βe−β| ≥ ε/2

}
,

and {√
N

bN

(
Γ1,N −

n

N
Γ0,N

)
> xβ(1− e−β) + xε

}

⊂
{√

N

bN

(
Γ1,N −

n

N
Γ0,N

)
> x(

n

N
− Γ1,N ),

| n
N
− β − Γ1,N + βe−β| < ε

}
∪
{
| n
N
− β − Γ1,N + βe−β| ≥ ε

}
⊂

{√
N

bN

(
N̂

N
− 1

)
> x

}
∪
{
|Γ1,N − βe−β| ≥ ε/2

}
.
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Therefore, by Lemma 5.8 and 5.9 we have

lim sup
N→∞

1

b2N
logP

(√
N

bN

(
N̂

N
− 1

)
> x

)

≤max

{
lim sup
N→∞

1

b2N
logP

(√
N

bN

(
Γ1,N −

n

N
Γ0,N

)
> x(β(1− e−β)− ε)

)
,

lim sup
N→∞

1

b2N
logP

(
|Γ1,N − βe−β| ≥ ε/2

)}
=− x2(β(1− e−β)− ε)2

2βe−β(1− e−β + β)
,

and

lim inf
N→∞

1

b2N
logP

(√
N

bN

(
N̂

N
− 1

)
> x

)

= max

{
lim inf
N→∞

1

b2N
logP

(√
N

bN

(
N̂

N
− 1

)
> x

)
,

lim sup
N→∞

1

b2N
logP

(
|Γ1,N − βe−β| ≥ ε/2

)}
≥ lim inf

N→∞

1

b2N
logP

(√
N

bN

(
Γ1,N −

n

N
Γ0,N

)
> x(β(1− e−β) + ε)

)
=− x2(β(1− e−β) + ε)2

2βe−β(1− e−β + β)
.

Finally, letting ε→ 0, we obtain (1).

Step 7. Proof of Theorem 3.2.

Proof of Theorem 3.2. (1). Since

√
N
(
N̂
N − 1

)
σ(β)

=

√
N
(
Γ1,N − n

NΓ0,N

)√
βe−β(1− e−β + β)

n
N
−Γ1,N

β(1−e−β)

,

by Lemma 5.5 (2), and Lemma 5.6, it suffices to prove that for some L > 0,

lim sup
N→∞

1

N1/3
logP

( ∣∣∣∣β(1− e−β)
n
N − Γ1,N

− 1

∣∣∣∣ ≥ L

N1/3

)
< 0. (5.23)
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When N is large enough,{∣∣∣∣β(1− e−β)
n
N − Γ1,N

− 1

∣∣∣∣ ≥ L

N1/3

}
=

{
|β(1− e−β)− ( nN − Γ1,N )|

| nN − Γ1,N |
≥ L

N1/3

}

⊂

{
|β − n

N |+ |βe
−β − Γ1,N |

| nN − Γ1,N |
≥ L

N1/3

}

=

{
| n
N
− Γ1,N | ≤

N1/3

L
(|β − n

N
|+ |βe−β − Γ1,N |)

}

⊂
{
| n
N
− Γ1,N | ≤

N1/3

L
(|β − n

N
|+ |βe−β − Γ1,N |),

|βe−β − Γ1,N | ≤
L| nN − γ1,N |

2N1/3

}
∪
{
|βe−β − Γ1,N | ≥

L| nN − γ1,N |
2N1/3

}
⊂
{
|βe−β − Γ1,N | ≥

L| nN − γ1,N |
2N1/3

}
∪

{
| n
N
− Γ1,N | ≤ |

n

N
− γ1,N |/2 +

N1/3

L
|β − n

N
|

}

⊂
{
|βe−β − Γ1,N | ≥

L| nN − γ1,N |
2N1/3

}
∪

{
|γ1,N − Γ1,N | ≥ |

n

N
− γ1,N |/2−

N1/3

L
|β − n

N
|

}

⊂
{
|βe−β − Γ1,N | ≥

Lβ(1− e−β)

4N1/3

}
∪
{
|γ1,N − Γ1,N | ≥ β(1− e−β)/4)

}
,

since | nN − γ1,N | → β − βe−β and N1/3

L |β −
n
N | → 0 as N →∞.

By Lemma 5.7, we obtain (5.23).
(2). By the proof of Lemma 5.5 (2), and Lemma 5.6, it suffices to prove that for some

L > 0,

lim sup
N→∞

1

N1/3
logP

( ∣∣∣∣∣
√
N̂√
N
− 1

∣∣∣∣∣ ≥ L

N1/3

)
< 0. (5.24)

Note that ∣∣∣∣∣
√
N̂√
N
− 1

∣∣∣∣∣ =
|N − N̂ |

√
N(
√
N +

√
N̂)
≤ |N − N̂ |

N
.
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Take bN = N1/6 in Theorem 3.1, then

lim sup
N→∞

1

N1/3
logP

( ∣∣∣∣∣
√
N̂√
N
− 1

∣∣∣∣∣ ≥ L

N1/3

)

≤ lim sup
N→∞

1

N1/3
logP

( √
N

N1/6

∣∣∣∣∣N̂N − 1

∣∣∣∣∣ ≥ L
)

≤− L2

2σ2(β)
< 0.

6 Conclusion

In large-scale sensor networks, estimating the number N of operating nodes of a sensor net-
work is crucial to network operation. In [2], Budianu, Ben-David and Tong presented a
performance analysis of the Good-Turing estimator N̂ of the number N of operating nodes
where the deviations are O(N) based on large deviations. In this paper, we establish asymp-
totic normality, Cramér-type moderate deviations, moderate deviation principle and some
tail probability estimatesof the estimator of the number N of operating nodes and give a per-
formance analysis based on tail probability estimates and moderate deviations. Our approach
provides a characterization of convergence rate of the Good-Turing estimator N̂ where the
deviations of N̂ − N are Nν , ν ∈ (1/2, 1). These estimates also provide a method to build
confidence interval of N .
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