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Abstract

In this paper, we study asymptotic behaviors of an estimator of the number of oper-
ating sensors in a sensor network based on the Good-Turing estimator. The asymptotic
normality, some moderate deviations and deviation inequalities of the estimator are ob-
tained. Our approach is based on the tail probability estimates and moderate deviations
for occupancy problems. Applying these asymptotic behaviors, we give a performance
analysis for the estimator of the number N of operating nodes when the deviations of the
estimator are in (v/N,o(N)). These estimates also provide a method to build confidence
interval of N.

Keywords: Asymptotic behavior, confidence interval, Good-Turing estimator, asymptotic
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1 Introduction

In large-scale sensor networks, knowing the number N of operating nodes of a sensor net-
work is crucial to network operation since the number of operating sensors can vary with
time and the density of operating sensors may affect some network operations significantly.
Budianu, Ben-David and Tong first used the Good-Turing algorithm to estimate the number
of operating sensors and presented a performance analysis in [1] [2] based on large deviations
for occupancy problems. The sensor network considered has operating sensors, each having
an ID that is an element of finite set N' = {z1, -+ ,zn} with |[N| = N. The vector sample
X := (X1, -+ ,X,) received ID scan be modeled as an i.i.d. sampling with uniform distribu-
tion in a finite NV, i.e., p, := P(X; = x) = %, for any z € N. For each k > 0, S, is the set
of all the elements of A that appear in the vector sample X exactly k times and Sy = |Sk|
denotes the total number of S;. Set S = N — Sy, P, = ersk pz- The probability Py is
called the missing mass and 1 — Py the coverage of the sample X. An estimator of N was
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defined in [1] [2] by
. S N(1—-Tyn)

N = = .
1- B 1- B
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where I'p y = Sp/N, and B = S1/n is the Good-Turing estimator for the missing mass
Py which was proposed in [3]. Since the publication of the Good-Turing estimators, these
estimators have been used extensively in language modeling applications. Their theoretical
properties have been studied widely in the recent years. For example, see [4] for consistency
and convergence rates, [5], [6], [7] and [8] for concentration inequalities, [9], [10], [11], [12] and
[13] for asymptotic normality and large deviations, [14] and [15] for optimality and minimax
properties.

It is natural to consider asymptotic behaviors for N , for example, estimates of the order
of magnitude of the bias, the asymptotic normality, the large deviations, etc. The large
deviations have been considered in [1] [2] and the rate function of large deviations is obtained
by solving a numerical optimization problem. Since the denominator of the estimator N can
be close to zero, there is no estimate for the order of magnitude of the bias.

In this paper, we consider the asymptotic normality, deviation inequalities and moderate
deviations of N. The main results are two moderate deviation results which provide a precise
exponential convergence rate or precise tail probabilities for deviations probabilities:

~

i N
P(]N—N|2rN”):P<N—1

> er’l) , >0, (1.1)

where v € (1/2,1). When v = 1, this is large deviation problem. We consider two types of
moderate deviations. The first one is the following moderate deviations: for any sequence of
positive numbers with by — oo and by = o(V N),

1 N
lim —-log P <\F

N—oo b?\[ bN

N 1
N

1.2
> :—T.Q, z >0, (12)

where o > 0 is a constant defined by in (3.2). The moderate deviations only give us a precise
exponential convergence rate. Another one is Cramér-type moderate deviations, i.e.,

P(VN (¥ -1) >a0)

= 1,

: (1.3)
P (\/N (%( 1)) = 7960) — 1, for any 0 < z = o(by)

P(—x 7 7

where @ is the standard normal distribution function, and by is a sequence of positive numbers
with by — oo and by = O(VN). We prove that the Cramér-type moderate deviations
hold for by = N'/6. In ii.d case, the N'/6 is the best order (see [16]). The Cramér-type

moderate deviations tell us that the relative errors of the tail probabilities of v N (% — 1)
and the standard normal distribution convergence 0 uniformly in (0,0(N'/)). In particular,

(1.3) implies the asymptotic normality. The method of cumulants (cf. [17]) is an important
method of the Cramér-type moderate deviations. Recently, Feray, Meliot and Nikeghbali (see



[18]) developed the mod-¢ convergence to study precise deviations, including the Cramér-type
moderate deviations.

We will apply our results to give a performance analysis for the number N of operating
nodes when the deviations of the estimator are in (v N, o(N)). These estimates also provide a
method to build confidence interval of N. Our approach is based on tail probability estimates
and moderate deviations for occupancy problems. Our analysis provides a more refined
performance analysis for the number N of operating nodes.

The study of moderate deviations in information theory started with the work by Altug-
Wagner [19], [20] and Polyanskiy-Verdd [21] on channel coding. We refer to [22], [23], [24],
[25], [26] for some progress.

The paper is organized as follows. In section 2, we introduce the model and the Good-
Turing estimator. The main results in asymptotic behaviors are stated in Section 3. In
Section 4, we give a performance analysis and build confidence intervals for the number N of
operating nodes by the Cramér-type moderate deviations. Some simulations and numerical
results are also demonstrated in Section 4. The proofs of the theoretical results are given in
Section 5.

2 Sensor network with mobile access and Good-Turing esti-
mator

2.1 Sensor network with mobile access

In this paper, the model considered is the Sensor Network with Mobile Access (SENMA)
(cf.[1]). A key feature of SENMA is the presence of the mobile access points (APs) that have
high processing power and act as mobile base stations for sensors. In SENMA, the sensors
may transmit the collected data to the mobile access points in the form of packets, and each
packet may contain the ID of the transmitting sensor. The sensor network considered has
operating sensors, each having an ID that is an element of set N, with |[N| = N. The mobile
AP collects n packets, each of them containing the ID of the transmitting sensor. We denote
by X; € N the ID in the ith received packet and by X := (X1, -+, X,,) the vector sample of
received IDs. The unknown N is assumed to remain constant during collection.

For SENMA, packet collection can be modeled as an i.i.d. sampling with uniform distri-
bution, i.e.,

1
pr = P(X;=12)= N for any z € N. (2.1)

This model is identical to an urn model with replacement. Note that some of the received
packets may come from the same sensor. The set of received IDs is denoted by

S:={zx e N; X =z for some 1 <k <n}. (2.2)

2.2 An estimator of the number of operating sensors

Consider a finite set N/, a uniform distribution P on A and a sample X := (X1, -+, X,,),
where X; € N are i.i.d random variables with distribution P. For each x € N, set p, =
P(X; =x) =1/N. For each k, the set Sy is composed of all the elements of N/ that appear



in the vector sample X exactly k times and Sy = |Si| denotes the total number of Sy. Set

P, = Z Pz- (2.3)

The probability Py is called the missing mass. An estimator for the missing mass is Good-
Turing estimator proposed in [3]:

By =2t (2.4)

The Good-Turing estimator can be used to estimate the number of operating sensors. Under
the uniform distribution assumption, the missing mass is given by

S
PO — 1 - N7
where S = |S|. Then Sy = N — S. Using the estimated value of Py, we have the following
estimator for N: g g

1-— PO 1-— Sl/n

The number of operating sensors is explained using urns and balls. The number of
operating sensors corresponds to the number of available urns, and the number of available
samples to the number of balls. There are n balls that are thrown (one by one) in N urns,
each ball falling in any of the urns with equal probability. The number of balls in an urn
corresponds to the number of packets received from a sensor. Assume that all urns are
initially empty. Set

N = (2.5)

TN = i=0,1,2,--, (2.6)

N?
the fraction of urns that contain exactly 7 balls (or sensors that appear i times in the current
sample). Then

N S 1 ~v(1=Ton)

Nzﬁl—%%_ %—Fl

and so, the relative error N X,N can be written as
N Linv— xlon
——1l=—"" (2.7)
N N — FLN

Therefore, in order to study the estimator of the number of operating sensors in a sensor
network, we need to consider asymptotic behaviors of I'g v, I't v and I'y y — Lo, n.

3 Asymptotic behaviors for the estimator of number of op-
erating sensors

In this section, we state our main results. Their proof are postponed to Section 5. We assume

that for some g € (0, 00),
n 1
‘N_ﬁ‘zo(,/N>' (3.1)



For example, n = [fN] satisfies (3.1).
Define
e Bl—eP+p)
Bl —eF)?
Theorem 3.1 (Moderate deviations). Let by, N > 1 be a sequence of positive numbers with
by — oo and by = o(v/N). Then for any x > 0,

() = (3.2)

1 vV N N x2
lim —— log P S T (N [ 3.3
Nooo b3, 8 (bN (N ) ) 202(B) (3:3)
and A
1 VN [N x?
im —— = ) . 4
ey 10gP<bN (N 1) < x) 202(3) (34)

Remark 3.1. Theorem 3.1 yields that {% — 1,N > 1} satisfies the moderate deviation
principle, that is, for any measurable set B C R,

x? 1 VN [N
—inf —— < lim —logP|— | —=-1 B
veio 202(8) ~ N 0% 2 \ by \N ) €

2
T

< —inf ——.

~ z€B 2(72(/8)

where B° and B denote the interior and the closure of the set B, respectively. (see [27]).

Theorem 3.2 (Cramér-type moderate deviations). (1). For 0 < z < o(N/6),

P(VN (X 1) > 0B )
( (1N—<I>()x) ) —1+o<1]\;/32>, (3.5)
and
PVN (-1 < —o(B)z z2
( <N<1>(_2U) ) 140 (1]\;/3 ) . (3.6)
where ® s the standard normal distribution function.
(2). For 0 <z < o(N'%),
PJ5 (V=) 2o
<ﬁ(1¢(2) ) :1+0<1N+1/f>, (3.7)
and
P(J5 (8 -N) <o) 2
VN i |
< e )1+0<1NTL1/3>. (3.8)

Remark 3.2. Theorem 3.2 (2) is a self-normalized Cramér-type moderate deviation. It
plays an important role in statistical inferences. In the paper, we apply it to build confidence
intervals for the number of operating sensors.



In particular, Theorem 3.2 yields the asymptotic normality.

Corollary 3.1 (Asymptotic normality). For z € R,

, N
Jim P (JN (N - 1) < a(ﬁ)x) = &(x), (3.9)

and

) 1
N (\/ﬁ
Remark 3.3. Gao [13] studied the moderate deviation principle of the Good estimator. In
general occupation models, the result is just a moderate deviation principle for I't y — ;Lo
which is a linear statistics for the occupation problem. The Cramér-type moderate deviations
for the occupation problem were studied in [28]. In this paper, we concern the estimator N
of the number of operating sensors that is a nonlinear functional of some statistics in the
occupation problem. QOur study in this paper is based on the moderate deviation estimates
for the statistics in occupation problem (cf. Theorem 2.1 in [13], Theorem 2 in [28], also
see Lemma 5.9 and Lemma 5.3 for some special cases). In order to derive the moderate
deviation principle and the Cramér-type moderate deviations of the estimator N from that
of some statistics in occupation problem, we need to establish some comparison theorems
and concentration inequalities of I'y, . Lemma 5.5 gives such a comparison theorem on
the Cramér-type moderate deviations. Proposition 3.1 presents a concentration inequalz’ty of

Ly v. Our main results provide a complete description of convergence of the estimator N in
the regime (vVVN,o(N)).

(N - N) < o(,e)x> = O(z). (3.10)

Our results on moderate deviations and performance analysis for the number of operating
sensors are based on the tail probability estimates of I';;, . The tail probability estimates
have had many works. Kamath, Motwani, Palem and Spirakis (Theorem 2 in [29]) established
the following precise tail probability estimate: for any 6 > 0,

92’)’(2),N(N -1/2)
1 - 73,]\/ ‘

P (|Con —7o,n5| > 0y0,n) < 2exp { (3.11)

The concentration inequalities of the missing mass (i.e., m = 1) were first considered by
McAllester and Schapire [4], also see [5], [6], [7] and [8]. Rencntly, Ben-Hamou, Boucheron
and Ohannessian considered general cases m > 0 in [7] using the entropy method. In this
paper, for our applications, we present a different form concentration inequality of I',, x for
any m > 0 using negative dependence. Our rate functions are represented by the entropies
of Bernoulli distributions.

Define
(z + pm,n) log %
+(1 — (x + pm,n)) log 71_1@:531\])7
IN(z) = if # € [~ptm,N; 1 = pn,N], (3.12)

00,

if & & [=pm, N, 1= pim,N],



where

= n! 1 1\"!
Hm,N = Z’YZ,Na VM,N = (n— Dl N <1 — N> . (3.13)
=0

Remark 3.4. The Kullback-Leibler (KL) divergence between two Bernoulli distributions with
parameters q € [0,1] and p € [0,1] is defined by

q
Dxr(qllp) = qlog ) + (1 —q)log .

Thus, for © € [—pmN,1 — pmn], I (z) is just the KL divergence between two Bernoulli
distributions with parameters T + fim v and fiy N .

Proposition 3.1. Let 0 < m < n be given. Then for any x > 0,
P(ITon —0.n] > 7) <2exp {=NJy'(2)}, (3.14)
and for any m > 1,

P(|Com,n — Ymn| > @) <2exp {-NJN | (z/2)}

+2exp {—NJN(x/2)}, (3.15)

where
IN(z) = min{I (z), IN (—x)}. (3.16)

By the definition of J,,, for any m > 0, z > 0, limy . J2 (z) > 0. By Poisson’s approx-
imation theorem, as N — o0,

m

B - B
Tm,N —* mefﬁa Hm,N — Z ﬂe’ﬁ.
1=0

4 Performance analysis and confidence intervals for the num-
ber of operating sensors

In this section, we give a performance analysis and build confidence intervals for the number
of operating sensors using our main results.

4.1 Performance analysis

Firstly, we use the identity

~

N L= I'inv— xTon
N E_Tix

and apply Proposition 3.1 to give non-asymptotic bounds of tail probabilities of N — N.



Let € € [0,1) satisfy (14 ¢)e™® < 1 and let 0 < ey — € as N — co. Then
Llgn =T
{‘ ~lon —T1n ZUC}

~—TIin
c{Il,n —m,n| > enmi,n}
U {‘ ~lon — TN

n o _

‘ >, |Tynv —mn| < EN'Yl,N}
N FI,N

C{Ili,ny —m,n| > enmin}
U {‘%FO,N — Fl,N‘ >x (% —(1+ GN)’YLN)}

CA{ITi,N —m,n| > enyiN)

U {!FO,N — Yo,N| > % <% —(1+ 6N)71,N>}
J

n X n
udry -2 >—(—— 1 )
{| LN nnlz 5y — A +en)ny

N
21‘}

C{Ili,ny —m,n| = enmi,n}

Since o N = %71,]\7, we have

{‘ ~lon —Tin
~ TN

N /n
Ton — > (7 —a )
U{| o,N — Yo,N| = o \ W (I+en)nn }
T /n 1
Iy — > <7 1 ) = .
U{\ LN —Y1,N| > 5 \ (1+en)m,n N’Yl,N}
Thus .
N
oy -I
_p (‘ Lo —Tuw| x)
~ —Tin
<P(IT'in —vn| > enmin)
N /n
P(|Ton — >7(7— 1 )
+ <\ 0N — Yo,N| = on \N (1+en)n,n )

T /n 1
+ P <\F17N -l =5 (ﬁ —(1+ 6N)71,N) - N’Y1,N> .

-2
Therefore, from Proposition 3.1, we obtain that for any = > 0,

P ON - N‘ > xN) < 10exp {~NJn(z)},



which gives non-asymptotic bounds of tail probabilities of N — N, where

JN({L') = min {J{V (EN’)/LN/ 2), Jév (GN")/LN/ 2),

J xN( 1+
0 om \ N GN’YlN

JN (% (% —(I+en)m N) )

2
WG wrems) -2}

Since limy_s00 Jn () € (0,00) for any r > 0, for any by = o(v/N),

1") = —00. (4.2)

Then, by (3.3) and (3.4) in Theorem 3.1, when the order of deviation is in (v'N,o(N)),
then exponential convergence rate is

N
lim su logP | |— —1|>
N—>oop bN & (‘N o

1 .
o log P (IN = V| = N7r)
B(1 — e P)2?
2e B (1—eP+p)

Finally, (3.5) and (3.6) in Theorem 3.2 give us a precise estimate when the order of
deviation is in (v N, o(N%/3)):

(4.3)

P (|N _N|> N”r)

~2 (1 - (N”71/2r/0(ﬁ)>> .

Remark 4.1. When the order of deviation is in (v N,o(N??)), (4.4) gives a precise conver-
gence rate of the estimate (1.1).

(4.4)

4.2 Confidence intervals

Now, by (4.2) and the Cramér-type moderate deviations (3.7) and (3.8), for z = o( N/9)
uniformly, the relative error

P (|N _N|> ma(ﬁ)\/N)
2(1 - ®(x))
Therefore, for a € (0, 1), take uq /9 such that 1 — ®(uq/9) = /2, then,

—1—0.

VN

Thus, we obtain an approximate 1 — « confidence interval of N:

[N—\/ﬁa( a/27N+ \/70' a/2

9

P <1A|N - N| > U(ﬁ)ua/2> ~ .



4.3 Simulations and numerical results

In this section, we give some simulations and numerical results for the tail probability
P(]N—N| ZN”T), r>0.

Set

pup(r) =2 (1= @ (N"r/0(8)) ).

and

~ ( ) B(l . e—ﬁ)2r2N2V—1
r)=expq —
Pv.p P 2eP(1—ePB+p)

Case I: N fixed. We take N' = {1,2,---,1000}, and consider the following four cases:
v=1/2,=3/4v=1/2,=5/6; v=5/8=3/4; v=>5/8 3 =5/6. Ten thousand
samples of size n := [BN] are generated from the uniform distribution on N. For each sample,
we compute N and denote respectively by Nk, k=1,...,10000.

For each v =1/2,6 =3/4; v =1/2,8 =5/6; v = 5/8,ﬁ =3/4; v =5/8,8 =5/6, and
r=03+0.1j5,j =0,1,2,---,10, we compute p, g(r), p,,5(r) and the frequencies p,, g(r) of
{]Nk — N| > N”r} ,  k=1,...,10000. The numerical results are summarized in the follow-

ing Figures. In Figure 1, Figure 2, Figure 3 and Figure 4, the red circle denotes p, g(r), the
blue star denotes p, g(r) and the green diamond denotes p, g(r). From the Figures, we see
that |p,, g(1) —p,,5(r)| is smaller than |p,, g(r)—p, 5(7)|, the numerical results also demonstrate
that the Cramér-type moderate deviations (Theorem 3.2) are more precise than the moder-
ate deviations (Theorem 3.1). Moreover, the red circles and the blue stars almost overlap,
indicating that the simulation results are highly consistent with the theorem results(Theorem
3.2).

Case II: N — co. We take N = {1,2,---, N}, where N is from 1000 to 16000. We
consider v = 3/4, 8 = 3/4 and r = 0.5. Another case we take N' = {1,2,---, N}, where N is
from 1000 to 20000.and consider v = 8/9, = 3/4, and r = 0.1. Ten thousand samples of size
n := [BN] are generated from the uniform distribution on A. For different N, we compute

N and denote respectively by Nj, k = 1,...,10000. We compute Pv,(r), Pv,p(r) and the
frequencies p, g(r) of {]Nk — N| > N“r}, k =1,...,10000. In Figure 5 and Figure 6, the
red circle denotes p,, g(r), the blue star denotes p,, g(r) and the green diamond denotes p, g(r).

From Figure 5 and Figure 6, we can see the larger the N, the closer the three estimates are.
Numerical results demonstrate the validity of the estimates.

5 Proofs of main results

In this section, we prove the main results. In the first subsection, we consider tail probabilities
of I'; N — 7i,n, and prove Proposition 3.1. Proofs of Theorem 3.1 and Theorem 3.2 are given
in the second subsection.

5.1 Tail probability estimates

The estimates of the tail probabilities and the proof of Proposition 3.1 are based on some re-
sults of the negatively associated random variables ([30]). The key is to represent N > )" Ty n
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into sum of some N negatively associated random variables. Then, the estimates of the tail
probabilities and Proposition 3.1 are obtained by Chebyshev’s inequality.

Firstly, let us give a representation of sum of N negatively associated random variables
for NZ;ZO I'; v, and establish exponential moment estimates of NZ;’;O v, 1 <m < n.
Define the indicator random variables &; 1, 1 <i < N, 1 < k < n as follows:

1, if ball k£ goes into urn 4;

ik = (5.1)

0, otherwise.

Set
n
=> &k 1<i<N,

i.e., XiN denotes the number of balls in urn ¢. Then for any [ > 0,

m N
N Tin =) (x¥emy
1=0 i=1

where 6 4 denotes the indicator function of set A.
Then by Theorem 14 in [30], {X/¥,1 < i < N} is negatively associated, that is, for every
two disjoint index finite sets Aq, As C {1,2,---, N},

E(f(XP, ke A)g(XP ke As))
<E(f(X) ke M) E(g(X{ k€ Ag))

for all nonnegative function f : R* — R and ¢ : R*? — R that are both non-decreasing or
both non-increasing.

Furthermore, since f(z) = [(_sm)() is a decreasing function, by Proposition 8 in Dub-
hashi and Ranjan [30], we obtain that {d; XN<myp 1 <1< N } is negatively associated.

Lemma 5.1. For any r € R, and for any 0 < m <mn,

E <exp {rNZFZ,N}) <((e" = Dpmny + D)V (5.2)

=0

Proof. For any r € R given, set f(x) = e"™, x € R. Then, when r > 0, all f(x) is nonnegative
and increasing; when r < 0, f(z) is nonnegative and decreasing. Since {(5{nggm}, 1<i< N}
is negatively associated and

E (S amy) = PO < m) = p,v,

5 <exp {Nim})

< (& (e {rsonam}))

= (P(X}¥ >m)+ e P(X) <m)
(

we have that

; )"

( _1)UmN+1)

14



Lemma 5.2. Let 0 < m <n be given. Then for any x > 0,

P (Z LiN — N > x) <exp {—lenv(a;)} , (5.3)

=0

and for any x <0,

P (Z LN — pm,n < x) <exp {—NIT]nV(x)} . (5.4)

=0

Proof. Since 0 < )" Ty n <1, for any > 1 — i n,

P <ZF1,N — fm,N > 58) =0=exp{-NI)(2)},

=0

and for any x < —pim N,

P <Zrl,N — Pm,N < 90) =0=exp{—NI})(z)}.

=0

Thus, we only consider z € [—pm n,1 — pm n]. It is easy to get (3.12). By Chebyshev’s
inequality and Lemma 5.1, for any 0 < x <1 — iy, v, for any A > 0,

P <Z I'yN — N 2> 96)

=0

=P (exp {)‘NZFZ,N - )\N,um,N} > e)‘Nx)

=0

<e MTp <exp {ANZFW - ANMm,N}>

1=0
<exp {—N ()\(x + pm,N) — log <(e/\ — Dpm, N + 1))} .

Set
fA) = XNa + pm,n) — log (,um’Ne’\ +1-— ,um’N> )

Then f'(A) = & + pmny — 1 + Mﬁ, and f’(A\) = 0 has a unique solution \g =
(@t pim v )=t 1y) (0,00). Therefore,

B, N (L= pm, N —)

log

m
P (Z 11l,N — Um,N > :L‘) Se_NsupA>0 F(N)
=0

—eNFO0) _ o~NIX (@),
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Thus, (5.3) is valid. Similarly, for any —u,, v < z <0, for any A < 0,

m
P <Z LN = ptm,v < 96)

=0

=P <exp {)\N Z Tyn — AN i, N} > eANx>

=0

<e MR (exp {ANZFZ,N — ANMm,N})

=0
<exp {*N (/\(fc + pm,n) — log ((6A = Dpim,n + 1))} ;

and

m
" <Z LiN — pim,n < x) < e Nswpaco S = o= NI (@),
1=0

Proof of Proposition 3.1. By Lemma 5.2, for any x > 0,

m
P ( ZFZ,N — M, N

=0
’Fm,N - 'Ym,N‘ <

> a:) <2exp{-NJN(z)}. (5.5)

Since

+

Y

m
Z IyN — pm,N
1=0

m—1
E | N T
1=0

)

we have
P(’Fm,N _Vm,N| > )

m
<P ( ZFZ,N ~ Hm,N
1=0 -
m
<P ( ZFZ,N — fhm,N| = 33/2)
+ P < > Tin = pm-1n| > 95/2>
1=0

=0
<2exp {~NJN(z/2)} + 2exp {-NJN_,(z/2)}.
Thus we obtain the tail probability estimates (3.14) and (3.15).

_l’_

m—1
E I'iv — tm—1,N
1=0

m—1

5.2 Proofs of Theorem 3.1 and Theorem 3.2

By the identity (2.7), i.e.,

I'inv— xlon
— 1= N T

N FLN

2=

16



in order to prove Theorem 3.1 and Theorem 3.2, we need to study the Cramér moderate
deviations of I' v — o, n, and the deviation estimates of § — I'y .

We will show the Cramér moderate deviations of I'y y — g,y in Lemma 5.6. We first
write I'y y — #['o,; into randomized decomposable statistics in multinomial scheme via the
urn mode in the section 2, and then apply Theorem 2 in [28] and the comparison theorem
for Cramér moderate deviations which will be established in Lemma 5.5.

The deviation estimates of § —I' v are obtained easily from Proposition 3.1.

We will complete the proofs of Theorem 3.1 and Theorem 3.2 by dividing it into seven
steps.

Step 1. A representation of I'y y — %FO,N and its moderate deviations. We still
consider the urn model in the section 2. There are n balls that are thrown (one by one) in
N urns, each ball falling in any of the urns with equal probability. Let after n throwing the
number of thrown balls of the different urns be denoted by 71,--- ,nx. Then (n1,---,nn)
have a multinomial distribution M (n,1/N,---,1/N). It is known that

P(nm=xm;m=1,--- N)

N
=P <§m:mm;m:17“"N‘Z€m:n>7

m=1

where &,,, m > 1 are independent random variables and &, is Poisson distributed with mean
n

W.
Set

f(@) = Iy (@) = Loy (@),

where [ 4 is the indicator function of set A.
Then I'y vy — %F()’ n~ has the following representation:

N
N<F1N—*F0N> > f(m

m=1
Define
N
Ay = E(f(&n)) =0,
m=1
1 N N —-n/N
= Z cov(f(&m),&m) = gp(fl =1)=e )
m=1
and

=mé (B = 37%)
o (e ()
—ne /N (1 + % — e—n/N) ]

17



By (3.1), )

B% 5 -5 ‘ ( 1 )
= —BeP(1—e"+ =0|—=]).
Note that f is bounded and Be?(1 — e™? + 3) > 0. We have that for any H > 0 and a > 0

given,
BZ
lign inf =3 > 0,

E(MEm)y < |H|(1 + %) for all [A| < H, m=1,--,N,

and
BE(ehfEm@)y < |H|(1 + %) for all |h| < H, m=1,---,N,

where &,,(«) is a Poisson distribution with parameter « for each m = 1,--- | N. Therefore,
we can apply Theorem 2 and Theorem 3 in [28] with f,,, = fruv = f, m=1,--- | N to obtain
the following two lemmas.

Lemma 5.3. For 0 < z < o(N'/9),

P (% (T1,v — #Ton) > m) o <1 +$3)
1—®(x) VN
and
P (% (FLN — %FO,N) < —96) 1o (1 +x3>
O(—x) VN )’

Lemma 5.4. For 0 <z < o(v/N),

and
P (éV*N (Tyv — #Lon) < —l‘>
®(—x)

(o) iz ()

Step 2. A comparison theorem for Cramér moderate deviations. In order to
obtain the Cramér moderate deviations of I'y y — -0, v, we establish a comparison theorem
for Cramér moderate deviations.

Lemma 5.5. Let {Yny,N > 1} and {Zn, N > 1} be two sequences of random variables and
let {Dn,n > 1} be a sequence of positive numbers. Assume that {Yn/Zn, N > 1} satisfies

18



the following Cramér-type moderate deviations: for 0 < x < 0(N1/6),

P (% 29) :1+O<1+x3)

1—®(x) VN
P (fo < _$> 1423
s~ <m) |

(1). If there exists L > 0 such that

1 Dy
li — logP(|=X ~1|>L/VN) <0,
Nooso, N1/ 05 (‘ZN ’ / >

then for 0 < z < o(N1/6),

(2). If there exists L > 0 such that

. 1 DN 1
] — logP(|=X —1|>L/N'/3) <o,
s s s P (|7 1] 2 1)

then for 0 < z < o(N1/9),

Y,

P(D]Xzzx)1+0 14 22
1—®(x) N1/3
Y;

P(D]]va—x)_l_ko 1422
O(—x) B N1/3

Proof. Let us first give some estimates for ®(z). Since

+oo 1 2
1—®(x) :/ e~ Tdy

z V2T

1 +ooy 2
<— Ze 2d
< %/x Yetray

1 —$2/2
= e , x>0
/2

T

1
V2 1422

Let g(z) =1 — ®(x)

9(0) =1/2 >0 and g(z) — 0 as  — co. Thus we have the following estimates:

1 T
— e
V2or 1+ 22 V2T

ﬁ
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—=%/2 <1—-9(x) < L 6_12/27 x> 0.

(5.7)

(5.8)

(5.10)

e **/2 £ > 0. Then g(z) is a decreasing function on [0, cc0),

(5.11)



We write

1-®(x+e) 1 o1
- () ‘”1—<I><x>/x+gm

e_yz/Qdy.

Note that for |¢| < z,

1 z 1 2
(2wlel+e2)/2 / LY '
“1-0@) | ). V2r Y
2
< |6‘(1 +z )e(2$|6|+62)/2'
X

x|ele”

Take € = O(z/v/N). Then for 0 < x < o(N'/6), we have that e = o( N~1/3), % O(1/V/N)
and e(=l€+¢)/2 — O(1), and so

le](1 + 2?) - Cald+e)/2 _ <1 2)
x VN

and

ole|eClelte)/2 _ (

Thus, for 0 < z < o(N'/9),

1-®((1+O0(1/VN))z) 1+ 22
o0 _1+O<\/N>' (5.12)
Similarly, we also have that for 0 < z < o(N1/9),
1—®((1+O0(1/NY3))x) 1+ 22
o0 =140 <Nl/3> (5.13)

Now, let us show (1). We only prove the first one of (5.8). Without loss of generality, we
assume Zy > 0. We write

Yy

Pl— >

(DN m)
Yy Dy Dy

— > 1+ ——-1 L/
<ZN_x(+ZN > In ’</ )

D
+P<2x, N—1‘>L/\/N>.
ZN

It is obvious that

(25

P(Z (1+L/W)) P
,‘DN—l‘<L/\/N>

SP<}Z/JA\[[2:U<1+ZZ)§ 1) Zn
SP(ZZ (1—L/f)>
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By the condition (5.7), there exists C' > 0 such that for N large enough, and for all
0 <z <o(NO,

P (1> 21vs)

1— o) =0 ).
By (5.6) and (5.12) ,
P(ngm(1iL/¢N>>
1—®(x)
P(Eze(ELVN)) 1 e VR
 1-®(z(1+L/VN)) 1—®(z)
1+ 23 1+ 22
(o (7)) (o ((F))
:1+o<1;§3>.
Thus, by (5.7) and
(2204 0vm) p (-1 )
1—®(x) a 1—®(x)
P (X >x
= 1(_¢>(x>)
P2+ (-2%) | (-1 0%)
= 1~ a(z) * 1~ o(z) !

the first one of (5.8) holds.

The proof of (2) is similar to (1). We only notice that by condition (5.9), there exists
C > 0 such that for N large enough, and for all 0 < 2 < o(N'/6),

P (1 [z )

1= ®(x) =0 ().
By (5.6) and (5.13) ,
P(%>a(1+L/NY))
1— o(x)
CP(Pa(UELIN)) | g LN
T 1-®(z(14 L/N1/3)) 1— ®(x)

(o (N0 (7)
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Thus, the first one of (5.10) holds.

Step 3. Cramér moderate deviations for I'; vy — 5o, n. Since

BY
N

ﬁe—ﬁu—e—hﬁ)\ =0(¢1ﬁ),

we have

By (1
VN/Be P(1—e P+ ) _1‘ _O<\/N>.

Take Y, = VN(I'1ny — 2Lon), Zn = 5—% and Dy = v/Be=P(1 —e=P + B) in Lemma 5.5 (1).
Then noting that Z,, and Dy are non-random, the following Cramér moderate deviations is
a consequence of Lemma 5.3 and Lemma 5.5 (1).

Lemma 5.6. For 0 < z < o(N'/6),

\/N(Fl,N—%Fo,N) >
Be—B(l—eP1p) — 110 (1 + x3) (5.14)
1—®(x) VN )’
VN(Ty n—%ToN) < _
P (\/ﬁe—ﬂ(le—BJrﬁ) =77 140 (1 + x3> (5.15)
O(—x) VN )

Step 4. Deviation estimates for I',, v — 7, ~n. By Proposition 3.1, we have the
following deviation estimates for I';, N — Y, N-

Lemma 5.7. For each m >0, L > 0,

1 L
. _ > .
hjrvnjilop ~ijs los P (IFm,N Ym,N| > Nl/g) <0, (5.16)
and
li L g P (|1 | <0 (5.17)
IJI\;I—?BOP N3 %8 mN T | = N ' '

Proof. Since |ym N — %6*5‘ = O(1/v/N) we only need to show (5.16).
Using log(1 4+ ) =z — % + O(23) as x — 0, and noting that for any m > 0, as N — oo,
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B, N = D e %lefﬂ, we have that

i (yi%)
<N£§/3 - fm N> to ( Nl/;/;m,N)

x
(1= ) o (1 )

(N?/i% +“mN>

NYBpm N 2(NY3 i n)? N

1 €T
+ (1= = 37i7)

T

X(_Nl/g(l—ﬂ )
x2
e +O(N>>

e o (=
CAN2Bu, N 2N2/3(1—M N) N

$2 (|]:‘3>
2N2/3Nm,N(1 Hm, N
Therefore, fOI‘ any m > O, L > O,

I (L/NY3) =min{I ) (L/N'3), I} (~L/N'/?))}

L? L3
= O =—
2N2/3:U'm,N(1 - )U'm,N) * <N> ’

which yields

NJN(L/N'/3)
L2

= 7 7
23y e B =Y, Breh)

By (3.14) and (3.15), we have that for any € > 0,

lim inf
N—o0 1/3

> 0.

log P (|T'm,n — Ym,n| > €)
<log(2exp {—NJTJ,\Z_l(e/Q)} + 2exp {—NJ,]X(E/2)})
=log 2 + log(exp {—NJT]X_l(e/2)} + exp {—NJWZX(G/Q)})
<2log2 + max{—NJN_,(e/2), -NJN(e/2)}.

(5.18)

Thus, (5.16) holds.

The following lemma is also obtained easily from Proposition 3.1.
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Lemma 5.8. Let by, N > 1 be a sequence of positive numbers with by — oo and by =
o(v/N). Then for each m >0, for any € > 0,

, 1
limsup -5~ log P (|T', N — Ym,N| > €) = —00, (5.19)
N—o0 bN
and
1 m
lim sup -5~ log P <‘Fm,N — 'eﬂl > e> = —o0. (5.20)
N—oo bN m.

Step 5. Moderate deviation principle for I'y y — 5o, x. The following lemma is a
corollary of Lemma 5.4. It is also obtained from Theorem 2.1 in [13].

Lemma 5.9. Let by, N > 1 be a sequence of positive numbers with by — oo and by =
o(v/N). Then for any x > 0,

1 N
lim —- log P (‘F (FLN - ﬁFO,N) > :c)

N—oo b?\/ by N (5.21)
2B Pl —e P+ )
and
1 N
lim —-log P VN (rl,N - EFO,N) < -z
N—o00 bN bN N (5 22)

ZE2
T T 28eB(l—eB+p)

Proof. We only show the first one. Note that for x > 0,

1 vVNbyz
lim —log|1—®
N—o00 b?\/ g( ( By >>

1,2

T 2Be Bl -e B+ p)

By Lemma 5.4

P (\/N (FI,N — %FO,N) > bN:L')
p (N(Fl,N_;\L,FO,N) > @?VNI)

By VNbyz
e (1_¢< B))

oL L [ ) (bNx>
— - N X
vIN P B




We have

1 VN n
im Y (TN — —T >
]\}1—>moo v log P ( by ( LN T hoN ) > a:)

.%‘2

" 28eB(1—ePB+p)

Step 6. Proof of Theorem 3.1.

Proof of Theorem 3.1. We only show (1). For any € > 0, when N is large enough such that

‘% - B| < 6/27
N
= -
— { FLN — NFO N) > x(% - Fl,N)}
C{\gNﬁ (F1,N - %FO,N) > 96(% —T'in),
|% —B-Tin+Be P < 6}
U {|% — BTN+ Be P> 6}
C { \gNN <F1 N — NFO,N) >z(B(1—eF) - f)}
U {|N — BTy N+ Be P> 6}
C {\gNN (FLN - %FO,N> >z(B(1—e ) - f)}
U {|1*1,N —BeB| > 6/2} ,
and
{\l{]]vv (Fl,N — %FO,N) > zf(1 — 6_'8) + xe}
c{ \;NN <F1 N— NFo,N) > x(% =T n),

|N —B-Tin+ B8P < 6}

U{|% —B—Tyn+Be P> 6}

C{\IZNN (JZ;\;_1> >$}U{’F1’N—IB€_’B’Z€/2}.
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Therefore, by Lemma 5.8 and 5.9 we have

1 VN [N
lim su log P — 1>z
N—)oop b3 8 ( bn (N ) )

i

n
5 NN *FO,N)
N

N

N—oo

< max { lim sup — log P(
b%
o317 = 0),

. 1 _
hmsupﬁlogP (‘Fl,N —Be P > e/2> }
N—oo VYN

(B - e ) —e)?
2B8e=P(1 —e P +B)’

VN [N
liminf — log P Sy
R g los (bN N -

N (N
:max{l}\rfnmfb]vlogP (\;; (N — 1) > :n) ,

limsup -5~ log P (|F1 N —fBe P> 6/2) }
N—o0 bN

and

v N n
>1i f—l P (r _r )
i 2, (bN BYNTON

w51 —e)+0)

22(B(1 — e P) + ¢)?
28e=B(1—e P +3)
Finally, letting € — 0, we obtain (1).

Step 7. Proof of Theorem 3.2.

Proof of Theorem 3.2. (1). Since

A_1> \/N(FlN_QFON)

N
N
a(B) \/Be (1—e P+ 5)5(1 Fel_g) 7

by Lemma 5.5 (2), and Lemma 5.6, it suffices to prove that for some L > 0,

5(1_65)—1’>L> < 0.

N—00 7N1/3

) 1
lim sup e log P<
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When N is large enough,

B(1 —eP) L
= B

:{w<1—e—ﬁ>—<z—rw>\ _ L }

& —T1n] N3
_n -8 _
c I&] N|+|ﬁ€ 111,N|> L
& — v T N3

n N1/3 n _
:{\N—T1,N< 7 (W—N"Hﬁ@ ﬁ—rl,N!)}

1/3 n
7 (18— N\ +|Be™P — 'y nl),

Llx — 7]
5 _ N :
|Be vl < SN1/3

Lo —
g {,ﬂe-ﬁ > lszvl}

n
— T <
C{'N 1N <

IN1/3

_ L|% —y1,n]
B _ N ,
C {|56 Fyn| > SN1/3

n n N1/3 n
_ < | = — _
U{IN F1,N\_|N T,n8|/2+ i3 |3 N|}

L|*n -Nn N‘
-8 N )
C {|ﬁ€ F17N| > 72]\]1/3

n N1/3 n
U{WLN—FLN!>IN—WLNI/Q— IB—NI}

L
LB(L—e?)
AN1/3 }

U {|71,N —Tin|>B(1 - 6_5)/4)} ;

- {W@_ﬁ TNl >

since | & — v1,n| = B — Be™? and Nz/glﬂ — x| —~0as N — oo.

By Lemma 5.7, we obtain (5.23).
(2). By the proof of Lemma 5.5 (2), and Lemma 5.6, it suffices to prove that for some

L >0,
VN L
h]{/njup N1/ logP< Wikl 1| > Nl/3> < 0. (5.24)
Note that

‘\/N ‘ IN — N| IN — N|
S = _ < .
VN(V/N + VN) N
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Take by = N6 in Theorem 3.1, then

m_l‘w)

li ! P
1m sup N1/ log N

, VN |N
Shj{fnj;lole/g logP<N1/6 N 1 >L>
L2
< 0
=7 207(F) ©

6 Conclusion

In large-scale sensor networks, estimating the number N of operating nodes of a sensor net-
work is crucial to network operation. In [2], Budianu, Ben-David and Tong presented a
performance analysis of the Good-Turing estimator N of the number N of operating nodes
where the deviations are O(N) based on large deviations. In this paper, we establish asymp-
totic normality, Cramér-type moderate deviations, moderate deviation principle and some
tail probability estimatesof the estimator of the number NV of operating nodes and give a per-
formance analysis based on tail probability estimates and moderate deviations. Our approach
provides a characterization of convergence rate of the Good-Turing estimator N where the
deviations of N — N are N¥, v € (1/2,1). These estimates also provide a method to build
confidence interval of N.
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