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Abstract

This paper shows that a bipolar-valued fuzzy set and a special interval-valued fuzzy set, whose cut-off point of left and
right ends of the interval-valued membership is 4 (0< A <1), are identical from a mathematical point of view. All

results on bipolar-valued fuzzy sets can be obtained by corresponding results of interval-valued fuzzy sets or fuzzy sets.
This paper does not completely reject bipolar-valued fuzzy sets, but points the way for such research.
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1. Introduction

Zhang initiated the concept of bipolar-valued fuzzy sets in 1994 [46] as a generalization of fuzzy sets whose
membership degree range is extended from [0,1] to [-1,0]x[0,1], which called bipolar fuzzy sets in [47] or YinYang
fuzzy sets in [49] or YinYang bipolar fuzzy set in [48] by Zhang. However, it should be noted that some authors also
used the name, bipolar fuzzy set, but in fact it is an Atanassov’s intuitionistic fuzzy set [8]. This paper discusses
bipolar-valued fuzzy sets introduced by Zhang and uses the name of bipolar-valued fuzzy set throughout the text.

After Zhang introduced the concept of bipolar-valued fuzzy sets, it has been attracting the attention of a large
number of scholars whose made a series of work both in theory and applications on bipolar-valued fuzzy sets. These
studies are inseparable from the shadow of research on fuzzy set theory. Figuring out the relationship with fuzzy sets is
very useful for the study of bipolar-valued fuzzy sets.

1.1 A brief review on theory research of bipolar-valued fuzzy sets

Theoretical research on bipolar-valued fuzzy sets is mainly in the following aspects.
® Promote bipolar-valued fuzzy sets by imitating the promotion route of fuzzy sets.
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In the study of fuzzy sets, their membership functions play an important role. Different fuzzy sets are commensurate
with different descriptions of membership functions. Bipolar-valued fuzzy sets, which have bipolar membership
functions, also are considered various generalizations of membership functions like fuzzy sets, such as bipolar-valued
fuzzy soft sets, bipolar single-valued neutrosophic sets, hesitant bipolar-valued fuzzy sets, bipolar-valued fuzzy soft
expert sets, fuzzy parameterized bipolar-valued fuzzy soft expert sets, bipolar-valued hesitant fuzzy sets, hesitant
bipolar-valued neutrosophic sets, bipolar complex fuzzy sets [7], bipolar-valued fuzzy and soft expert sets, rough
hesitant bipolar valued neutrosophic set, bipolar intuitionistic fuzzy soft expert sets [40] and so on.

® Study logic algebra of bipolar-valued fuzzy sets by imitating the research route of fuzzy logic.

Like fuzzy logic, a lot of bipolar fuzzy logic work has been carried out, such as bipolar aggregation operators,
bipolar-valued fuzzy logic, t-norms and t-conorms [50], BCK-algebras, bipolar aggregation using the uninorms,
hesitant bipolar-valued fuzzy aggregation operators, bipolar-valued fuzzy Dombi aggregation operators, soft hyper
BCK ideals in hyper BCK algebras, ideals in BCl-algebras [1] and so on.

® Combine bipolar-valued fuzzy sets with other by imitating the linking route of fuzzy sets.

Akram first discussed bipolar-valued fuzzy graphs in 2011 [2], and brought out the applications in 2013 [3].
Subsequently, properties of bipolar-valued fuzzy graphs were studied, such as f-morphism on bipolar-valued fuzzy
graphs, product bipolar-valued fuzzy graphs [33], bipolar-valued fuzzy graph structures [29], perfect bipolar-valued
fuzzy graphs, energy of bipolar-valued fuzzy graphs, inverse domination of bipolar-valued fuzzy graphs, total
dominating set of bipolar-valued fuzzy graphs, the dominant vertex edge set of bipolar-valued fuzzy graphs and so on.
The concept of bipolar-valued fuzzy graphs was extended by the authors, such as bipolar intuitionistic fuzzy graphs,
bipolar picture fuzzy graphs [22], bipolar complex intuitionistic fuzzy graphs [32], bipolar single-valued neutrosophic
graphs [45], bipolar interval-valued fuzzy graphs [15]. There are also some authors who discuss some special
bipolar-valued fuzzy graphs, such as regular bipolar-valued fuzzy graphs, bipolar-valued fuzzy competition graphs,
dominating bipolar-valued fuzzy graphs and double dominating bipolar-valued fuzzy graphs, cubic bipolar-valued
fuzzy graphs [21], bipolar-valued hesitant fuzzy graph [37] and so on.

Han, Shi and Chen, in 2015, introduced bipolar-valued fuzzy sets into rough sets and gave their applications to the
decision information system [18]. Mandal and Ranadive introduced bipolar-valued fuzzy sets into decision-theoretic
rough sets and presented their applications in 2019 [28]. In 2020, Ali, Akram and Alcantud investigated the attribute
reduction problems for bipolar-valued fuzzy relation systems. In 2019, Malik and Shabir linked the
Pawlak’s rough sets with the fuzzy bipolar soft sets [27]. In 2021, Kumari and Thirucheran introduced
rough hesitant bipolar neutrosophic sets into game theory [23]. In 2024, Hu discussed three-way decisions based on
bipolar-valued fuzzy sets over three-way decision spaces [19].

In addition, there are other combination studies, such as K-algebras, concept lattices, UP-algebras, fuzzy topologies,
fuzzy concept lattices, semigroups, fuzzy groups, topological structures [38] and so on.

1.2 A brief review on applications of bipolar-valued fuzzy sets

In terms of applications, many authors considered applications of bipolar-valued fuzzy sets. There are the following
applications on bipolar-valued fuzzy sets.

® Decision analysis

Many authors promoted bipolar-valued fuzzy sets through considering decision-making problem, such as bipolar
fuzzy softs’ and bipolar fuzzy soft expert set’s applications in decision-making problem, extended bipolar fuzzy EDAS
approach and bipolar fuzzy Dombi aggregation operators for multi-criteria group decision-making process, attributes
reductions of bipolar fuzzy relation decision systems, bipolar fuzzy metric spaces with application [44], distance and
similarity measures for bipolar fuzzy soft sets with application [39], VIKOR method for MCDM based on bipolar
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fuzzy soft beta-covering based bipolar fuzzy rough set model [42], a robust hybrid decision making model for
human-computer interaction in the environment of bipolar complex picture fuzzy soft sets [20] and so on.

® System analysis

Some authors used bipolar-valued fuzzy information, such as YinYang dynamic neurobiological modeling and
diagnostic analysis, Polar representation of bipolar information, Determination of journeys order based on graph’s
Wiener absolute index with bipolar fuzzy information, a method for solving bipolar fuzzy complex systems [4], ARAS
technique for prioritizing COVID-19 vaccines [34], decision-making system in selecting COVID-19 vaccines [35] and
S0 on.

® Bipolar cognitive

In 1996, Zhang studied bipolar cognitive [47]. Zhang considered bipolar-valued fuzzy cognitive mapping and bipolar
visualization, established bipolar quantum-fuzzy cognitive models. There are other authors who have discussed
bipolar-valued fuzzy cognitive.

1.3 The motivation of our research

In [9], Bustince, Barrenechea Pagola, et al. referred to bipolar-valued fuzzy sets and pointed out Zhang’s
bipolar-valued fuzzy set is just a particular case of Lee’s bipolar-valued fuzzy set [24-26] and Atanassov’s intuitionistic
fuzzy set [8, 11] can be transformed a bipolar-valued fuzzy set. However, the “transformation” method is wrong. In [9],
Authors wrote “even more, and regarding Zhang’s approach, if we have an Attanassov intuitionistic pair (u,v), with
(t,v)€[0,1] and u+v <1, since we can consider the linear transformation F:[0,1] —»[-10] givenby F(t)=t-1,
we see that the pair (u,v) becomes a new pair (p,q)e[0,1]x[-1,0] with p+gq=px+v—-1<0". Zhang’s
bipolar-valued fuzzy set does not have this requirement p+q<0 for (p,q)<[0,1x[-10]. So, they did not describe
a clear relationship between bipolar-valued fuzzy sets and other similar concepts, such as interval-valued fuzzy sets.
Our research has found that bipolar-valued fuzzy sets are equivalent to certain type of interval-valued fuzzy sets.

In [26], Lee, Lee and Cios made comparison of interval-valued fuzzy sets, intuitionistic fuzzy sets, and
bipolar-valued fuzzy sets and investigated the similarities and differences among these fuzzy set representations.
However, they did not give the precise relationship between interval-valued fuzzy sets and bipolar-valued fuzzy sets.

In [12], Dubois and Prade discussed gradualness, uncertainty and bipolarity though making sense of fuzzy sets and
considered a bipolar scale, [-11], instead of Zhang’s bipolar scale, [0,1]x[-1,0]. They pointed out “Applying the
notion of bipolarity to the fuzzy set framework, it is clear that the membership scale [0, 1] of a fuzzy set is a univariate
bipolar scale. The cross-over point 0.5 is neutral, in the sense that in case a final Boolean membership decision is to be
made, it is indifferent to consider an element with membership grade 0.5 as a member of the set or not”. We think that
0 and 1 are two polar for a fuzzy set, and 0.5, or any number in (0,1), is the dividing line distinguishing between
positive and negative sides. Based on this idea, in this paper, the concept of intersected interval-valued fuzzy set is
introduced through considering the given number in (0,1) as a cut-off point of left and right ends of the interval-valued
membership. This paper further shows that a bipolar-valued fuzzy set and an intersected interval-valued fuzzy set are
identical from a mathematical point of view.

The rest of this paper is organized as follows. In Section 2, we present the concepts of bipolar-valued fuzzy set and
interval-valued fuzzy set. In Section 3, we propose a new concept, intersected interval-valued fuzzy set and isomorphic
theorem between bipolar-valued fuzzy sets and intersected interval-valued fuzzy sets. In Section 4, we state some facts
that the existing concepts on bipolar-valued fuzzy sets can be induced from the corresponding concepts on
interval-valued fuzzy sets. In the final section, our researches are concluded.



2. Preliminaries

In this section, we give a brief introduction to some basic concepts, bipolar-valued fuzzy sets and interval-valued
fuzzy sets, which are used throughout the paper.

2.1 Truth value algebras of bipolar-valued fuzzy sets and interval-valued fuzzy sets

It starts with the definition of order relations over [-1,0]x[0,1] and closed interval number of [0,1].
In this paper, the following notions on truth values are used

B. =[-1,0]x[0,]]={(a,b)|-1<a<0,0<b<1},
Bey ={(a,b)|-1<a<0,0<b<l -a+b<1},
1® ={[a,b]]0<a<b<1},
1P ={[a,b]|]0<a<A<b<1},0<Ai<l,
1>={(a,b)|0<a,b<1},

I ={(a,b)|0<ab<la+b<1}.

In B, we define

(a,b) <, (c,d) if a<c,b<d and

(ab) <, (c,d) if a>cb<d,

ibv
forall (a,b),(c,d)eB..And one uses notations (a,b)=a and (a,b)=Db, forall (a,b)eB,.

In 1@, we define

[a,b]<, [c,d] if a<c,b<d,and

-

[a,b] <. [c,d] if a>cb<d,

forall [a,b],[c,d]e1®. And one uses notations [a,b]=a and [a,b]=b, forall [ab]el®.

In 12, we define

(a,b)<,, (c,d) if a<c,b<d,and

—av

(a,b) <, (c,d) if a<c,b>d,

forall (a,b), (c,d) e 1. And one uses notations (a,b)=a and (a,b)=b, forall (a,b)el’.

In truth value sets, subscript “A” represents Atanassac’s truth value peculiarity, in which the sum of the two values
does not exceed 1. In order relations, subscript “bv”, “iv’ and “av” represent ordinary order of bipolar-valued truth
values, interval-valued truth values and Atanassac’s truth values, respectively, and “ibv”, “iiv’ and “iav” represents
logic order of bipolar-valued truth values, interval-valued truth values and Atanassac’s truth values, respectively.

Obviously, (B.,<,,). (B:.<y), (19,5,), (19,5.), (19,5, (19,5,), (1°,<,) and (1%,<,,) are posets.
Their minimum (if exist) and maximum are listed in Table 2.1.



Table 2.1

Minimum and maximum of eight posets (0 < A <1)

Posets Minimum Maximum
(B <) (-1,0) (0,1)
(Be <in,) (0,0) (-1,1)
(19, [0, 0] [1,1]
(1%,53) no [0, 1]
(1.5, [0,2] [41]
(1<) [4,2] [0.1]
(1*.<a) (0,0) (L.1)
(1*,<.) (0,1 (1,0)

Table 2.2 lists out notations and operations of maximum lower bound and minimum upper bound of posets
(BF’Sbv)’ (BF’Sibv)' (I(Z)'Siv)' (I(Z)'Siiv)' (I/(IZ)'Siv)' (IEZ)’SHV)' (IZ’Sav) and (IZ'Siav)'
Table 2.2

Notations and operations of maximum lower bound and minimum upper bound of eight posets

Maximum lower bound / Minimum upper bound

Posets
(B..<) Maximum lower bound (a,b) A, (c,d) =(min(a,c),min(b,d))
Froby Minimum upper bound (a,b) v, (c,d) = (max(a,c), max(b,d))
B..<.) Maximum lower bound (a,b) Ay, (c,d) =(max(a,c), min(b,d))
Ry Minimum upper bound (a,b) v, (c,d) =(min(a,c), max(b,d))
(1@< Maximum lower bound [a,b] A, [c,d]=[min(a,c),min(b,d)]
v Minimum upper bound [a,b]v,, [c,d]=[max(a,c), max(b,d)]
12 <y Maximum lower bound does not necessarily exist in 1
iy Minimum upper bound [a,b] v, [c,d]=[min(a,c), max(b,d)]
12 .<) Maximum lower bound [a,b] A,, [c,d]=[min(a,c),min(b,d)]
Ao Minimum upper bound [a,b] v,, [c,d]=[max(a,c), max(b,d)]
12 < ) Maximum lower bound [a,b] Ay, [€,d]=[max(a,c), min(b,d)]
T Minimum upper bound [a,b] v, [c,d]=[min(a,c), max(b,d)]
(17.<) Maximum lower bound (a,b) A,, (c,d) =(min(a,c),min(b,d))
T Minimum upper bound (a,b) v,, (c,d) = (max(a,c), max(b,d))
(1<) Maximum lower bound (a,b) A, (c,d) =(min(a,c), max(b,d))
T Minimum upper bound (a,b) v,y (c,d) =(max(a,c), min(b,d))

, <, isthe set contain relationship < in 1®. For the sake of unity, we use symbol
<., . The complement of [a, b] in 1®and (a, b) in B are defined as [a,b]°=[1-b,1-a] and (a,b)°=(1-b,1-a),
respectively. In [47, 48], author used notation <<, i.e.,in B., (a,b)<<(c,d) iff |algc|,b<d, where |a| stands for

“the absolute value of @”, which is consistent with our notation <,, in B..

It's worth noting that, in fact

2.2 Negation operators on truth value algebras of bipolar-valued fuzzy sets and interval-valued fuzzy sets

Bilattice structures were studied in [10]. Truth algebras discussed above seems to have similarities with bilattice,
which all have two partial orders. Do truth value algebras of bipolar-valued fuzzy sets and interval-valued fuzzy sets
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also have bilattice structures? The following answers this question.

Definition 2.1. (See Ginsberg, [14]) A bilattice is a structure B=(B,<,,<,,—), such that B is a nonempty set,
(B,<,) and (B,<,) arecomplete lattices, and — (the “negation”) is a unary operation on B satisfying, for every x,
y in B, the following properties:

1) involution: —x=x;
2) inverse order: if x<, y the —x> —y;
3) order preserving (istone): if x<, y then —x<, —y.
It follows from Definition 2.1 that (1%,<.), (1,<.), (1?,<), (19,5), (1?,<,), (B:,<,) and
(Be,<,,) are complete lattices, but (1®,<
In 12, 1¥ and B, we define
N.((a,b))=(b,a), V(ab)el?
N ([a,bl) =[1-b1-a], V[ablel®,
Ng, ((a,b))=(-1-a1-b), V(a,b)eB;,

respectively. It is easy to know N., N and N, are involution operator over 1?, 1 and By, respectively.

) not.

1 v

) and an inverse order operator over (1°,<_ ). Thus, we

—av ! —iav

And also, N, isan order preserving operator over (I°, 2
have the following theorem.

Theorem 2.1. (17, ) isa bilattice.

_IaV 1 _aV

Proof. V(ab)el?, N.(N.(@b))=(@b). V(ab),(cd)el?,
(@b) <, (c,d)ea<cb>d e (b,a)2, (d,6) <N, (@b) =, N,.(cd)),

lav lav

@b)<, (cd)easchb<d e (ba)s, (d,0) <N, (ab)<, N (cd). M

Further, N ., isan inverse order operatorover (1” <) and (1”,<; ). Infact, V[ab],[c,d]el®,
[ab]<, [c,d]<a<cb<d<l-azl-cl-b21-d < N ([ab]) 2, N([cd]),
[ab] <, [cd]<a>cb<d <l-a<l-cl-b>1-d < N, ([ab]) =, N ([c.d]).

In addition, Ng_is an inverse order operator over (B.,<,,) and (B, <;,).Infact, v(a,b) (c,d)eB,
(a,b) <, (c d)eoas<cb<de-l1-az-1-¢l-b21-d < Ny ((ab)) 2, Ny ((c,d)),

(ab) <, (cd)=azcbsd e -1-a<-1-c¢l-b21-d < Ng ((a,b)) 2, Ng ((c,d)).

iiv

The above discussion shows (1?¥,<. ,<.), (12,<,.<,) and (B.,<,,

A 1T —||v

) are not bilattices. For a clearer

—|bv

comparison, the properties of the “negation” operators on the sets of truth values on bipolar-valued fuzzy sets and
interval-valued fuzzy sets are listed in Table 2.3.



Table 2.3

The properties of the “negation” operators on the sets of truth values on bipolar-valued fuzzy sets and interval-valued fuzzy sets

The properties of the “negation” operators

Truth sets Partial order Complete lattice ) )
Involution Inverse order Order preserving
2 Sav v X v
! Siav Y Y Y %
< N N X
(2) v
I Siiv X Y v X
I (2 Siv v v X
2 < N v N X
v
<iv N J X
B < N, v N, X

—ibv

2.3 Bipolar-valued fuzzy sets and interval-valued fuzzy sets

Zhang [46] introduced the concept of bipolar-valued fuzzy set as follows.
Definition 2.2. (See Zhang, [46, 47]) A bipolar-valued fuzzy set H over X is a function
H:X - B,
where  H(X) = (@1, ¢ )(X) = (@ (), ¢ (X)) with
pn X —>[-1,0],
o, X —>[01].
Here, the bipolar-valued membership degree (¢, (x),®;, (X)) represents the bipolar of x to the property according to

the bipolar-valued fuzzy set H.
Amapping R:X xY — B_ isa bipolar-valued fuzzy relation from X to Y.

Zadeh suggested the notion of interval-valued fuzzy set in [43] as a particular case of type-2 fuzzy sets.
Definition 2.3. (See Zadeh, [43]) An interval-valued fuzzy set H over X is a function
H:X —>1?,
where H (X) = [zt 24, 10¢) =[5, (x), 4, ()] with
My X —[0,1],
wy X —>[01],
and g, (X) <, (x), vxeX.

Here, the interval-valued membership degree [z, (X), 24, (X)] represents the range of intervals of x to the property
according to the interval-valued fuzzy set H.

Antanassov suggested the notion of intuitionistic fuzzy set in [8].
Definition 2.4. (See Antanassov, [8]) An intuitionistic fuzzy set H on X is a function
H:X —>1Z,
where H(X) =(v,,,v;)(X) = (v (X),v; (X)) with
v, X —>[01],
vy - X —>[0]],
where v, (X)+v, (x) <1.

Here, the intuitionistic membership degree (v}, (x),v,, (X)) represents the degree of approval and opposition of x to
the property according to the intuitionistic fuzzy set H.



In order to discuss the relationship between bipolar-valued fuzzy sets and interval-valued fuzzy sets, a new class of
interval-valued fuzzy sets is defined in the following section.

3. The relationship between bipolar-valued fuzzy sets and interval-valued fuzzy sets

In this section, we prove that bipolar-valued fuzzy sets and a special class of interval-valued fuzzy sets are equivalent
concepts, which shall be used in Section 4. We first give out the special class of interval-valued fuzzy sets as follows.
Definition 3.1. For the given 1 e(0,1), a mapping H: X — If) is called a A -intersected interval-valued fuzzy set
on X with membership function H(X) =[z4,, 24, 1(X) =Lz, (X), 2, (X)] , where

Hy 2 X = [0,2],
X —>[41].

Without confusion, a A -intersected interval-valued fuzzy set is simply referred to as an intersected interval-valued
fuzzy set.

An intersected interval-valued fuzzy set R: X xY — If) is named an intersected interval-valued fuzzy relation

fromXto.
An intersected interval-valued fuzzy set is a special interval-valued fuzzy set, which occupies a pivotal place in this

paper.

In order to facilitate uniform description, the following concept is introduced.
Definition 3.2. A mapping H:X — 1% is called a two-valued fuzzy set on X with membership function
H () = (a5 45 )(X) = (a4 (%), 4 (X)) . where
g - X —>[0.1],
X —>[0,1].
Atwo-valued fuzzy set R: X xY — 12 is named a two-valued fuzzy relation from X to Y.

An intuitionistic fuzzy set is a special two-valued fuzzy set, which is introduced to facilitate discussions about
relationships among bipolar-valued fuzzy sets, interval-valued fuzzy sets and intuitionistic fuzzy sets.

BVFS(X), IVFS(X), HIVFS(X), TVFS(X) and IFS(X) are used to denote the class of bipolar-valued fuzzy sets,
interval-valued fuzzy sets, intersected interval-valued fuzzy sets, two-valued fuzzy sets and intuitionistic fuzzy sets on the
universe X, respectively. As thus IFS(X) is a subset of TVFS(X).

In BVFS(X), for A,B € BVFS(X), we define

Ac,, B if A(x)<,, B(x) and
Acy, B if A(X) <, B(x),
forall xeX.
In IVFS(X), for A, B e IVFS(X), we define
Ac, B if A(x)<, B(x) and
Ac,, B if A<, B(x),
forall xe X .
In TVFS(X), for A,B e TVFS(X), we define
Ac, B if A(x)<,, B(x) and

Ac,, B if A(x)<,, B(x),

—lav

iiv

forall xe X .
Obviously, (BVFS(X), <,,) . (BVFS(X), ) . (IVFS(X),g,) . (IVFS(X), ;) ., (IIVFS(X), g;,)
(NVFS(X), <), (TVFS(X),<,,) and (TVFS(X),c,,) are posets. Their minimum (if exist) and maximum are

\
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such sets which membership functions always take the corresponding minimum and maximum in Table 2.1.

Table 3.1 lists out notations and operations of union and intersection of bipolar-valued fuzzy sets and interval-valued
fuzzy sets.

Table 3.1

Notations and operations of maximum lower bound / minimum upper bound of bipolar-valued fuzzy sets, interval-valued fuzzy sets,
intersected interval-valued fuzzy sets and intuitionistic fuzzy sets

Posets Maximum lower bound / Minimum upper bound

Ay, B(X) = (Min(g, (), @5 (X)), min(e, (x), @5 (X)))

AUy, B(x) = (max(¢, (X), @5 (X)), max (¢, (X), @5 (X))
Ay, B(X) = (Max(¢, (X), @5 (X)), min(g, (x), @5 (X))
AU, B(X) = (min(g, (x), 5 (X)), max(¢, (X), 5 (X))
A, B(X) =[min(, (x), 415 (X)), Min(z5 (%), 45 (x))]
AU, B(x) =[max (s, (x), 5 (X)), max( (X), 45 (X))]

Maximum lower bound does not necessarily exist in [IVFS(X)

(VP8O0 <) AUy, BOO = [min(us (), 5 00), max(a; 0, 00)]
A, B(X) =[min(z, (x), 15 (X)), min(z (x), 245 (x))]
AU, B(x) =[max (s, (x), 5 (X)), max( (X), 45 (X))]
AN, BOX) =[max(s, (X), 45 (X)), min(z (X), 45 (x)]
AU;, B(X) =[min(ze, (x), 5 (X)), max( (X), 425 (x))]
A, B(X) = (min(v,(x),vg (X)), min(v,(x),vg (x))

AU,, B(X) = (max(v(x), vg (x)), max(v,(x),vg (X))
A, B(X) = (min(v;;(X), v (X)), max (v, (X), v (X))

AU, B(X) = (max(v; (), vg (X)), min(v,(X), v5 (X))

(BVFS(X), <)

(BVFS(X ) |hv)

(IVFS(X), <)

(IIVFS(X), <)
(IIVFS(X), <,

(TVFS(X), <) . (IFS(X), <)

(TVFS(X), Cia) - (IFS(X), Sia)

The complements of A in IVFS(X) and BVFS(X) are defined as
Ny (A)(X) = N o ([ (%), 2, (1) =[1= £, (%), 1= 11, (X)] and
Ng, (A)(X) = Ng_ (24 (%), 0, (X)) = (-1 - 9, (x), 1= 9, (X)),
respectively. By the discussion in Section 2.2, it is easy to know (IVFS(X),c,,.<:,), (IVFS(X), g, <;,) and
(BVFS(X), <,,» Si,)  are not bilattices. However, (TVFS(X), €., ) ((IFS(X), _Iav,_av)) is a bilattice.

The following lemma communicates the relationship between (B, <,,) and (If),siv), (Be, <y ) and (If),siiv).

Lemma 3.1. Given 0< A <1, then the following hold.
(1) The mapping
f:B > 1?
(xy) = [F(), f(N]. f()=Ax+4, f(y)=A-A)y+41,

is a bijection, and (B, <,,) is order isomorphic to (If),siv) and (B,<,,) isorder isomorphic to (If),ﬁnv).

(2) The mapping
g:B. > 1?
(xy) = [9(x), g(V)], 9(x)=-4x g(y)=(1-2)y+4

is a bijection, and (By, <,,) is order isomorphicto (1{”,<;,),and (By,<,,) isorder isomorphicto (1{,<,).



Proof. Only prove (1). Proof of (2) is similar to that of (1).

u—A4A v—A4
—Z y=

(i) For any [uv]el?, let x= . Then (x,y)eB. and f(x,y)=[u,v]. Namely, f is a

surjection.
(i) Let (x,¥),(x,y)eB. and (x,y)=(X,y). Then
f(Xy)=[AX+A4,A-A)y+A] #[AX'+ 4, 1=y + A]= T (X,Yy"),
i.e., fisan injection.
(iii) Let (x,y), (X, y)eB; and (x,y)<,, (X,y),ie, x<x,y<y'.Then
fOGY)=[Ax+4,A-A)y+A] <, X'+ A4, QA-A)y' +A]= (X, Y).
Inasimilar way, (x,y)<, (X,y),ie, x=x" and y<y" imply f(x,y)<;, f(xX,y).
Namely, fis istone. M

Lemma 3.1 illustrates (B, <,) is order isomorphic to (1¥.<,), (I,<,) and (B.,<,,) is order

isomorphic to (If), Siv) , (I(Z’ ) They are transformed by the bijections f and g. To make their relationship clearer, it

A v

is shown in Figure 3.1.

f
(BFlev) (IEZ)lSW)
(BF’SibV) —> (IA +Siiv)

Figure 3.1. Order isomorphic structure between (B, <,,), (B, <;,,) and (If),siv), (I§2 _"V) (0<A<1)

Th following is a bipolar-valued order structure in [48], which can be equivalently replaced by an interval-valued order
structure.
Example 3.1. For the sake of simplicity, we consider A =0.5. In [49], the poset (BF , sibv) was discussed and a type of

finite subsets of it was shown in Figure 3.2 which is equivalent to (Ié?, _,,V) where (x,y) e B,

e 1
cp
ar” w6 ] o 5(;;“‘;;;@-_5;;';1)] e
W an
o

Figure 3.2. Order isomorphic structure between (BIE _.bv) (left) and (525) _,,v) (right)

There are also direct relationships between B. and 1), B. and 1. The following lemma communicates the
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relationships between (B.,<;,) and (I(z),s”v), (B:,<,,) and (I(Z’,sw), (B:,<,,) and (Iz,siav), (Be, <)
and (I%,<,,).
Lemma 3.2. (1) The mapping
h:B. — 1®
(x,y) = [h(x), h(y)], h(x)=min(x+1,y), h(y) =max(x+1,y)
is a surjection and istone from (By,<,,) to (1?,<,) andfrom (B.,<,) to (1?,<,).
(2) The mapping
t:B. — I?
(xy) = (=xy)
is a bijection, and (B, <,,) is order isomorphic to (Iz,sav) and (Bg,<,,) isorderisomorphic to (Iz,siav).
(3) The mapping
t:B, > Ii
(xy) = (=xy)

is a bijection, (B, <,,) isorder isomorphicto (17

e gav) . And the mapping
t':B, > Ii
(xy) = (y,—X)
is a bijection, and (By,,<,,) is order isomorphic to (Ii Siav).
Proof. (1) (i) Forany [u,v]el® let x=u-1, y=v.Then (x,y)eB. and
h((x, y)) =[min(x +1, y),max(x +1, y)] =[min(u,v), max(u,v)] =[u,Vv].
Namely, h is a surjection.
(i) Let (x,y),(X,y)eB. and (x,y)<,, (X,y), ie, x=x,y<y".Then
h((x,y)) =[min(x+1,y), max(x+1,y)] <, [min(x"+1,y"), max(x'+1,y)]=h((x",y") .
Namely, h is istone from (B, <,,) to (I(Z’, siiv). In a similar way, h is istone from (B, <,,) to (1?, siv).
() (i) Forany (u,v)el?, let x=—u, y=v.Then (x,y)eB. and
t((x¥) =(=xy)=(u,v).
Namely, t is a surjection from B_ to 7.
(i) Let (x,y),(x,y)eB: and (x,y)=(X,y).Then
tx,y) =(=xy) = (=x,y)=t(X,y),
i.e., his an injection.
(iii) Let (x,y), (X,y)eB and (xYy) <, (X,y),ie, x>x,y<y'.Then
t((x%¥)) = (=% y) <, (=X, ¥) =t((X"y)) .
Namely, h is istone from (B, <, ) to (I2 < ) In a similar way, t is istone from (B_,<,,) to (I2 < )

' —av F? —bv ! —lav
(3) Specially, (u,v)el?,ie., u+v<1l,implies —x+y<1 with x=—u and y=v,i.e, (x,y)eB.,.Thus, tisa
surjection from B., to IZ. It follows from the injection and istone of t in (2) that t is a bijection and istone from

(Bear <ipy) O (If\,gav). In similar way, one can be proved that t' is a bijection and istone from (B, <, ) to
(Ii’ Siav)' u

Lemma 3.2 illustrates (B, <,,) (resp.(B;,<,,)) is order surjective homeomorphic to (I(Z’,siw) (resp.(l‘2> < ))

L\

an is order isomorphic to (IZ, sav) (resp. (IZ, Siav)). They are transformed by the bijections f and g. To make their

11



relationship clearer, it is shown in Figure 3.3.

(Bes <in) h (19,5,)
resp. (Bg,<,,) “lresp. (19,<,)
t
(Iz’gav)
resp. (1%,<;,,)

t

(BFA’Sibv) < v (IIZ\’Sav)
tT

(BFA’Sbv) <— > (Ii’giav)

1 v ! —iav

Figure 3.3. Order isomorphic structure between (B.,<,,), (Bg,<;,) and (I2 < ) (I2 < )

Remark 3.1. Consider (-0.5,0.6),(-0.4,0.5) e B, and (-0.5,0.6) # (-0.4,0.5) . Then for h in Lemma 3.2, one has
h((-0.5,0.6)) =[0.5, 0.6] = h((-0.4,0.5)) ,
i.e., hisnot an injection.

The following theorem is straightforward from the Lemma 3.1.
Theorem 3.1. Given 0< A <1, then the following hold.
(1) The mapping
@, :BVFS(X) — IIVFS(X)
Hi> o, (H)
where @, (H)(X)=[1¢, () +1),L- Ve, (x)+4] for H=(p,,¢,)eBVFS(X) , is a bijection, and
(BVFS(X),<,,) is order isomorphic to (IIVFS(X),c,) and (BVFS(X),c,,) Iis order isomorphic to
(IIVFS(X), <
(2) The mapping
D, :BVFS(X) — HVFS(X)
Hi> o (H)
where @ (H)(x) =[-2¢; (X),A- )¢, (x) + 2] for H=(p;,9;) € BVFS(X), is a bijection, and  (BVFS(X), <,,)
) and (BVFS(X), c;,) isorderisomorphicto (IIVFS(X), <) .

iiv =ibv

iiv/ *

is order isomorphic to (IIVFS(X), <

Remark 3.2. Through Lemma 3.1 and Theorem 3.1, the results on bipolar-valued fuzzy sets [46] (respectively,
bipolar-valued fuzzy relations [46]) can be induced from the existing results of interval-valued fuzzy sets (respectively,
interval-valued fuzzy relations). The following are some examples.

Example 3.2. Let X ={x,X,,%,;,X,} and
_(=0.6,0.7) N (-0.3,0) N (-0.5,0.6) N (-0.4,0.2)
Xi X2 X3 X4
be a bipolar-valued fuzzy set over X. Then it follows from Theorem 3.1 (consider A =0.5) that
®,(H) = [0.2,0.85] N [0.35,0.5] N [0.25,0.8] N [0.3,0.6]
X X X

H

2 3 4
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[0.3,0.85] N [0.15,0.5] N [0.25,0.8] N [0.2,0.6]
X, X X,
are two intersected interval-valued fuzzy sets on X.

D, (H) =

Example 3.3. In [50], author discussed bipolar-valued fuzzy relation. The following is an example given in [50].
(-0.6,0.7) (-0.9,0.3) (-0.6,0)
{ (-0.5,0) (0,0.8) (—0.7,0.5)}
Then it follows from Theorem 3.1 (consider A =0.5) that
(Df(Rl):{[O.Z,O.SE] [0.05,0.65] [0.2,0.5] }
[0.25,0.5] [0.50,0.9] [0.15,0.75]
® (&):{[0.3,0.85] [0.45,0.65] [0.3,0.5] }
¢ [0.25,0.5] [0,0.9] [0.35,0.75]
are two intersected interval-valued fuzzy relations. In [36], author discussed bipolar-valued fuzzy matrices

(bipolar-valued fuzzy relation on finite universe of discourse). The following is an example given in [36].
(-0.3,0.5) (-0.5,0.6) (-0.4,0.4)
R, =|(-0.1,0.8) (-0.2,0.7) (-0.3,0.6)
(-0.6,0.3) (-0.7,0.2) (-0.8,0.1)
Then it follows from Theorem 3.1 (consider 2 =0.5) that
[10.35,0.75] [0.25,0.8] [0.3,0.7] |
@, (R,)=| [0.45,0.9] [0.4,0.85] [0.35,0.8]
| [0.2,0.65] [0.15,0.6] [0.1,0.55]
[10.15,0.75] [0.25,0.8] [0.2,0.7] |
@, (R,)=| [0.050.9] [0.1,0.85] [0.15,0.8]
| [0.3,0.65] [0.35,0.6] [0.4,0.55] |

are two intersected interval-valued fuzzy relations.

Example 3.4. In [2, 24], the operations of bipolar-valued fuzzy sets are considered.
For every two bipolar-valued fuzzy sets A=(@,,9,) and B=(¢;,¢;) in X, consider 1 =05, then
@ (AU, B)(x)
=[0.5(max(g, (x), @5 (X)) +1), 0.5(max(e; (¥), 05 (X)) +1) |
=[ max(0.5(p, () +1),0.5(5 (x) +1)), max(0.5(; () +1),0.5(; (x) +1) |
=(@; (AU, @, (B)(X).
O, (AUibv B)(X)
=[-0.5min(p, (), g5 (), 0.5(Max(¢; (X), 95 (X)) +1) |
=[ max(0.5¢, (x),~0.5¢; (x)), max(0.5(¢p; (x) +1),0.5(pg (x) +1)]
= (@, (AU, @, (B)X).
In a similar way, we have
@, (AN, B)(X) = (@ (AN, @, (B))(X),
Dy (AN, B) () = (D, (AN, @y (B))(X).

This means that the operations of bipolar-valued fuzzy sets can be defined through the corresponding operations of
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interval-valued fuzzy sets.
The following theorem is straightforward from the Lemma 3.2. Use the following notation,

BVFS'(X) ={AeBVFS(X)|-¢,(X) + pi(x) <1, Vxe X .

Theorem 3.2. (1) The mapping
@, :BVFS(X) — IVFS(X)
H— o, (H)
where
@, (H)() = min (@, () +1. 65 (), max (@, () +1 9, (x) ) |
for H=(¢,,9,)eBVFS(X), is a surjection and istone from (BVFS(X),c,,) to (IVFS(X),c
(BVFS(X), <) to (IVFS(X), ).
(2) The mapping
@, : BVFS(X) — TVFS(X)
H— o, (H)
where @, (H)(X) = (-, (X), (X)) for H=(¢,,¢,)eBVFS(X), is a bijection, and (BVFS(X), c,) is order
isomorphicto (TVFS(X),<,,).
(3) The mapping
@, :BVFS(X) — IFS(X)
Hi—>®,(H)

) and from

iiv

where @, (H)(x) = (¢, (X),~¢, (X)) for H=(p;,¢))eBVFS(X), is a bijection, and (BVFS'(X), <,,) is order
isomorphicto (IFS(X), c.,) -
Remarks 3.3. Through Lemma 3.2 and Theorem 3.2, the results on bipolar-valued fuzzy sets [46] (resp. bipolar-valued
fuzzy relations [46]) can be induced from the corresponding results of two fuzzy sets (resp. two fuzzy relations). The
following are some examples.

Example 3.5. Consider X ={x,,X,,%;,X,} and a bipolar-valued fuzzy set X in Example 3.2, then it follows from

Theorem 3.2 that
[0.4,0.7] N [0,0.7] N [0.5,0.6] N [0.2,0.6]

@, (H) = e IVFS(X),
Xl XZ X3 X4
& (H) = (0.6,07) (0.5,0) . (0.5);0.6) . (0.4)20.2) < TVFS(X).
Let G= (-0.2,0.7) N (—0.3,0.2) N (—0.j,0.6) N (_O.)4(-,0.2) e BVFS*(X) “Then
®,(G) = (0.2,0.7) N (0.3;0.2) N (0.4)20.6) N (0.4);0.2) e (IFS(X),<..)
?,(G)- (0.7,02) (0.2.03) (0.6,04) (0.204) (IFS(O).c )

X, X, X,
Remarks 3.4. Whether there is an order isomorphism mapping from B. to 1® or from 17 to 1?2 Whether it is

or not, this does not affect the original intention of this paper, which it wants to illustrate that a bipolar-valued fuzzy set
is an interval-valued fuzzy set and all results on bipolar-valued fuzzy sets can be obtained by corresponding results of

interval-valued fuzzy sets or fuzzy sets. Therefor we chose a simple isomorphism between B, and the subset classes
of 1®, suchas 1?,even more succinctly, 12,
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4. The existing concepts on bipolar-valued fuzzy sets induced from interval-valued fuzzy sets

This section communicates the relationships between bipolar-valued fuzzy graphs and interval-valued fuzzy graphs,
bipolar-valued rough fuzzy sets and interval-valued rough fuzzy sets, bipolar-valued t-norm (t-conorm) and t-norm
(t-conorm) on [0,1].

4.1 Bipolar-valued fuzzy graphs

In [2, 3], Akram introduced the concept of bipolar-valued fuzzy graphs in the following.
Definition 4.1. (See Akram, [2, 3]) A bipolar-valued fuzzy graph of G*=(V,E) with an underlying set V is defined to
be a pair G=(AB) where A=(@,,p,) is a bipolar-valued fuzzy set in V and B=(¢;,¢;) is a bipolar-valued
fuzzy setin E <V xV such that

95 (X, y) 2 max{p, (), g, (Y)} and @ (x, y) <min{g, (X), o, (V)}
for all (x,y)eE. We call A the bipolar-valued fuzzy vertex set of V, B the bipolar-valued fuzzy edge set of E,
respectively. Note that B is a symmetric bipolar-valued fuzzy relation on V.

A generalization of fuzzy graph known as the interval-valued fuzzy graph was introduced by Akram and Dudek in [5]

where the nodes and edges are in the form of interval-valued fuzzy numbers. Akram and Dudek [5] discussed
operations on interval-valued fuzzy graphs.

Definition 4.2. (See Akram and Dudek, [5]) By an interval-valued fuzzy of a graph G*=(V,E) we mean a pair

G =(A,B),where A=[x,,u,] isan interval-valued fuzzy seton Vand B=[zg, ] is an interval-valued fuzzy set
on E such that

g (X, y) <min{uz, (), 1, (Y)} and gz (X, y) < min{yz, (X), 12, (¥)}
forall (x,y)eE.

If A and B are an intersected interval-valued fuzzy set and an intersected interval-valued fuzzy relation, respectively,
then G =(A,B) isnamed an intersected interval-valued fuzzy graph.

Theorem 4.1. Given 0<A<1. If G=(AB) is a bipolar-valued fuzzy graph of a graph G"=(V,E), then

D, (G)=(®,(A),@,(B)) is an intersected interval-valued fuzzy graph of a graph G"=(V,E) , where

O (AX) =[-20,(x), A= D@, () + 4] and D (B)(X,y) =[-2¢5 (X, Y),(1-A)es (X, )+ 4] . Conversely, If

G =(C,D) isan intersected interval-valued fuzzy graph of a graph G" =(V,E), then d);l(G):((D;l(C),(D;l(D)) is
. . - c c(X)=1

a bipolar-valued fuzzy graph of a graph G =(V,E) , where dbgl(C)(x):{—ﬂC(X),ﬂC(x) } and

A 1-1
@,H(D)(x,y) = {— Ho(x) 115(X) —z} |

A 1-1
Proof. Forall (x,y) e E, since ¢ (X, y) = max{g, (x),¢, ()}, we have
Ho, ) (X Y) = =295 (X,Y)
<—Amax{p, (), g ()}
= min{=1¢, (x), - 1, (¥)}
=mindutg, () (X, o,y (V)}
and since ¢ (X, y) <min{g, (x), ¥, (¥)}, it follows
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tay 5y (% Y) = (0= D) (x,Y) + 2
<min{(1- )@, (x) + 4), 1= )@, (y) + )}
= min{lu:I;g(A) (X), ﬂ;)g(A) (N}
It follows from Definition 4.2 that @ (G) = (P, (A), ©,(B)) is an intersected interval-valued fuzzy graph of a graph

G"'=(V,E).
Conversely, for all (x,y) e E, since z (X, y) <min{gg (X), 1 (Y)}, we have

gDd_’;l(D) (x,y) = —@
o mindue (x), 4 ()}
B p)
—maxd_ e () _ e (y)
A2

= max{p, . o, (), 2,0, (M},

and since (X, y) <min{z (x), & (y)}, it follows

N _ (X y)-4
ooy V) ==

< min{ue (), 4 (y)} -4

1-2
in | =2 pE()-2
1-2 1-2

= min{go;?(c) (X)1 (0;;1((:) (y)}
It follows from Definition 4.1 that @;'(G)=(®,'(C), @, (D)) is a bipolar-valued fuzzy graph of a graph
G'=(V,E). W

In Theorem 4.1, When A=0.5, we have the following concise formula,

®, (A)(X) =[-050,(x),0.50; (x)+ 05] and ®, (B)(x,y) =[-0.5¢; (,Y),0.50 (x, y) + 0.5,

D (C)() =[-2pc (%), 20 (x) ~1] and @ (D)(x,y) = [-2415 (), 2445 (x) ~1] .

Theorem 4.1 communicates the relationships between bipolar-valued fuzzy graphs and intersected interval-valued
fuzzy graphs, and they can be transformed into each other. Figure 4.1 shows the relationships among bipolar-valued
fuzzy graphs, intersected interval-valued fuzzy graphs and interval-valued fuzzy graphs.
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Interval-valued fuzzy graphs

Bipolar-valued

fuzzy graphs

Intersected interval-valued

fuzzy graphs

Figure 4.1. The relationship among bipolar-valued fuzzy graphs, intersected interval-valued fuzzy graphs and interval-valued fuzzy graphs

Example 4.1. Consider Example 3.2 in [2], a graph G"=(V,E) with V = {a, b, ¢}, E = {ab, bc, ca}. Let

A=(@,, @,) be a bipolar-valued fuzzy set in V and B=(¢,, ;) be a bipolar-valued fuzzy set in EcV xV
defined by the following Table 4.1 and Figure 4.2.

Table 4.1

A bipolar-valued fuzzy set A in V and a bipolar-valued fuzzy set Bin E cV xV
a b c

ab bc ca

N -0.7 -0.5 -0.7 N -0.3 -0.2 -0.1

O 0.5 0.6 0.4 05 0.4 0.3 0.3
b c

(-0.2,0.3)

a
Figure 4.2. Bipolar-valued fuzzy graph G = (A, B)

It follows from Theorem 4.1 (consider 4 =0.5) that an interval-valued fuzzy setin V, @ (A)=[® (A)", @ (A)],

and an interval-valued fuzzy setin EcV xV, @ (B)=[®,(B),® ,(B)] defined by the following Table 4.2 and
Figure 4.3.

Table 4.2

The interval-valued fuzzy set [® (A)",® (A)'] inV and interval-valued fuzzy set
[@,(B)",®,(B)] in EcV xV corresponding to Table 4.1

a b c ab bc ca
@, (A)S 0.35 0.25 0.35 @, (B) 0.15 0.1 0.05
@, (A) 0.75 0.8 0.7 @, (B) 0.7 0.65 0.65
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[0.1,0.65]

[0.25,0.8]

[0.05,0.65]

a

Figure 4.3. Interval-valued fuzzy graph @ (G) = (P, (A),@,(B))

The operations on bipolar-valued fuzzy graphs discussed in [2], such as the operations of the Cartesian product,
composition, the union and join, can be induced from interval-valued fuzzy graphs. The following Table 4.3 shows
corresponding equivalence relations on definitions and properties of these operations between bipolar-valued fuzzy

graphs in [2] and interval-valued fuzzy graphs in [5] if interval values are limited in 12 . Therefore, definitions and

properties of operations on bipolar-valued fuzzy graphs in [2] can be induced from corresponding definitions and
properties of operations on interval-valued fuzzy graphs in [5].

Table 4.3
The list of corresponding equivalence relations on definitions and operations between [2]
and [5] limited in 12)

Operation Literature [2] Literature [5] limited in 12

Cartesian Product:

Composition:

Union:

Join:

Definition 3.3
Proposition 3.4
Definition 3.5
Proposition 3.6
Definition 3.7
Proposition 3.9
Definition 3.11
Proposition 3.12
Proposition 3.14

Definition 3.3
Proposition 3.5
Definition 3.6
Proposition 3.8
Definition 3.9
Proposition 3.11
Definition 3.12
Proposition 3.13
Proposition 3.15

Similarly, automorphic bipolar-valued fuzzy graphs in [2, Section 4] can be induced by isomorphisms of
interval-valued fuzzy graphs in [5, Section 4]. Strong bipolar-valued fuzzy graphs in [2, Section 5] can be induced by
interval-valued fuzzy complete graphs in [5, Section 5].

Let's give an example of union operations to illustrate the equivalence between bipolar-valued fuzzy graphs and
intersected interval-valued fuzzy graphs.

Example 4.2. Consider Example 3.8 in [2] and A =0.5. Two bipolar-valued fuzzy graph G, and G, are shown in
Figure 4.4 (also appeared in Example 3.2 in [6]) and Figure 4.5, respectively.
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(-0.4,0.1)

(-0.6,0.4)

Figure 4.5. Bipolar-valued fuzzy graph G2

The unionof G, and G,, writtenas G, U,, G,, are shown in Figure 4.6.

a b c

(-0.3,0.1)

(-0.2,0.1) 4,0. (-0.5,0.3)

(-0.4,0.2)

(-0.6,0.4) (-0.6,0.4)

d e f

Figure 4.6. Bipolar-valued fuzzy graph G,U,, G,

@, (G) and @ (G,) areinterval-valued fuzzy graphs, shown in Figure 4.7 and Figure 4.8, respectively.
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[0.15,0.55] [0.25,0.65]

Figure 4.8. Bipolar-valued fuzzy graph @ (G,)

The union of @ (G)) and @ (G,),writtenas @ (G)U,, ®,(G,), are shown in Figure 4.9.

[0.15,0.55] [0.2,0.6]

[0.1,0.55] [0.2,065] [0.25,0.65]

Figure 4.9. Bipolar-valued fuzzy graph @ (G,)U,, @,(G,)

It's easy to get the facts @ (G, U, G,) =®,(G)U,, @,(G,).
The above discussions are the operation relationships between the bipolar-valued fuzzy graphs and the
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interval-valued fuzzy graphs. Other studies of bipolar-valued fuzzy graphs can be found in the corresponding of
interval-valued fuzzy graphs.

Definition 4.3. (see Ghorai, [13]) Let G =(A,B) be a bipolar-valued fuzzy graph of a graph G" =(V,E). If all the
vertices have the same open neighborhood degree n=(n;,n,), then G is called an n-regular bipolar-valued fuzzy graph.
The open neighborhood degree of a vertex x in G is defined by deg(x) = (deg (x),deg"(x)) , where

degs ()= D, @p(xy) and degz(X)= D ¢5(x.y).

xyeE,y#x xyeE,y#x

Definition 4.4. (see Talebi, Rashmanlou, Davvaz, [41]) Let G=(C,D) be an interval-valued fuzzy graph of a graph
G =(V,E). The open neighborhood degree of a vertex x is defined as deg(x) = (deg™(x),deg" (x)) , where

deg”(x)= Y wp(x,y) and deg"(x)= > w(x.y).

xyeE,y#x xyeE,y#x

If all the vertices have the same open neighborhood degree n=(n,,n,), then G is called an n-regular interval-valued
fuzzy graph.

Theorem 4.2. Given 0< A <1, then the following hold.
(1) If G=(A,B) is a bipolar-valued fuzzy graph of a graph G" =(V,E) and the open neighborhood degree of a

vertex x in G is degg(x)=(degs(x),degs (x)) , then deg%(e)(x)=(deg;g(e)(x),deg;g(G)(x)) is the open
neighborhood degree of a vertex x in intersected interval-valued fuzzy graph @Q(G)z(d)g(A),qbg(B)) of a graph
G"=(V,E), where

deg, ()= > (-4¢s(x.y))=-Adegq (x) and

xyeE,y#x

degi, ()= > (A-)gs(xy)+1)=(1-A)degi () +A{yeV xyeE,y=x}.

xyeE,y#x

(2) If G=(C,D) isan intersected interval-valued fuzzy graph of a graph G =(V,E) and the open neighborhood
degree of a vertex x in G is deg, (x) = (deg; (x),deg; (X)) , then deg@,l(G)(x) :(degil

;'(G)

(x),deg;;(s)(x)) is the open

neighborhood degree of a vertex x in bipolar-valued fuzzy graph d)gl(G) = (CI);(C),CDal(D)) ofagraph G"'=(V,E),
where

CRNOEEDY

(_ o (%, y)j _dego(®) g

xyeE,y=x ﬂ /1
N “(x,y)—A4 degs(x)—AKyeV :xyeE,y=X
deg’y, (= 3, MDA | = Y
XyeE,y#x - —

Proof. It is obtained directly from Definition 4.3, Definition 4.4 and Theorem 3.2.
It follows from Theorem 4.2 that an n-regular bipolar-valued fuzzy graph is equivalent to an n-regular
interval-valued fuzzy graph limited in intersected interval-valued fuzzy sets.

Example 4.3. Consider Example 3.6 in [6] and 2=0.5, agraph G"=(V,E) with V ={a, b, ¢, d}, E = {ab, bc, cd,
ad}. Let A=(@,,p,) be a bipolar-valued fuzzy set in V and B=(p;,¢;) be a bipolar-valued fuzzy set in
E <V xV defined by the following Table 4.4 and Figure 4.10. Then @ (A) =[y;,g(A),y;g(A)] be an interval-valued

fuzzy set in V and CDQ(B):[y;,g(B),y;g(B)] be an interval-valued fuzzy set in E <V xV defined by the following
Table 4.4 and Figure 4.10.
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Table 4.4
A bipolar-valued fuzzy set (interval-valued fuzzy set) in V and a bipolar-valued fuzzy set

(interval-valued fuzzy set) in E <V xV

a b c d ab bc cd da
@n 03 03 03 -03 @ -0.1 -0.1 01 -01
o 0.5 05 05 05 o 0.2 0.4 0.2 0.4
Mo 015 015 015 015 | Hoe  0.05 0.05 005  0.05
Moy 075 075 075 075 | o, 0.6 0.7 0.6 0.7
a b a b

[0.05,0.6]

(-0.1,0.2)

[0.05,0.7] [0.05,0.7]

(-0.1,0.2) [0.05,0.6]

d c d c
Figure 4.10. Bipolar-valued fuzzy graph G = (A, B) (left) and interval-valued fuzzy graph @ (G) = (®@,(A), @,(B)) (right)

Routine computations show that a bipolar-valued fuzzy graph G =(A,B) is (-0.2, 0.6)-regular bipolar-valued fuzzy
graph and an intersected interval-valued fuzzy graph @ (G)= (P, (A), ®,(B)) is (0.1, 1.3)-regular intersected
interval-valued fuzzy graph.

4.2 Bipolar-valued rough fuzzy sets
In [18], Han, Shi and Chen proposed the concept of bipolar-valued rough fuzzy sets and gave their applications. In
this section, X is a finite nonempty set, R is an equivalence relation over X, [x], is an equivalence class including x

and (X,R) comes to be known as a crisp approximation space.

Definition 4.5. (See Han et al., [18]) Let (X,R) be a crisp approximation space and A=(¢,,®,) < BVFS(X),
define, Vxe X ,

RL(A0)=( p, :). o, 9i09)

R0 =( v, 20y, i)

X]r
Then, R,,(A) and R, (A) are gone by the name of the lower approximation and the upper approximation of

bipolar-valued fuzzy set A about the crisp approximation space (X, R), respectively. The pair (R, (A),R, (A)) is
named a bipolar-valued rough fuzzy set of A.

Definition 4.6. (See Gong et al., [16]) Let (X,R) be a crisp approximation space and B =[sg, 15]€ IVFS(X),
define, Vxe X,

R.BO=| o ). o 40|
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R.BX=| v a9y, 4]

Then, R,(B) and R, (B) are known as the lower approximation and the upper approximation of interval-valued
fuzzy set B about the crisp approximation space (X, R), respectively. The pair (R, (B),R, (B)) is termed an

interval-valued rough fuzzy set of B.

L Y

Theorem 4.3. Let (X,R) be a crisp approximation space and 0<A<1.If A=(¢p,,,) is a bipolar-valued fuzzy
set of X, then @, (R,,(A))=R,(®,(A)) and q>f(§bv(A))=§iv(ch(A)). If B=[u;, 4] is an intersected
interval-valued fuzzy set of X, then ®7'(R,,(B))= bV(CD (B)) and d)}l(ﬁiv(B)):ﬁbV(dbf(B)).

Proof. Suppose A= (¢,,¢,) isa bipolar-valued fuzzy set of X, then Vvxe X,

@, (R,, (M) () =[ (2, 2:0) 1 (4, 2t )]

(o, 0 +1). 02 5, 02 0)+7]

[ye (20:0+2). p, (A= 2(03)+ )]
=R, (®,(A) (),
ie., @, (Ry(A)=R,(®,(A)).Similarly, <Df(ﬁbv(A))=§iv(ch(A)).

Suppose B =[y;, 1] isan intersected interval-valued fuzzy set of X, then Vxe X,

0P (R0 =( [ o, ). F2( o )]

(2, 6W)-2 (4, W)

A 1-4

A vk 1-4
=R, (©7(B))(0),
ie, ©(R,(B))=R, (07 (B)).Similarly, ®7'(Ru(B))=Ru(®7'(B)). m

:( AR ug(y)—zj
yelxlg

It follows from Theorem 4.3 that R,,(A) and R,(A) are equivalent to R, (®,(A) and R, (D, (A)),

respectively.
This means all properties on the lower approximation and the upper approximation of the bipolar-valued fuzzy set

can be induced from the corresponding ones of interval-valued fuzzy set.

Figure 4.11 shows the relationships between the lower approximation and the upper approximation of the
bipolar-valued fuzzy sets, and the lower approximation and the upper approximation of intersected interval-valued
fuzzy sets.
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The lower approximation and the The lower approximation and the

upper approximation of upper approximation of intersected

bipolar-valued fuzzy sets interval-valued fuzzy sets

o7

Figure 4.11. The relationships between the lower approximation and the upper approximation of bipolar-valued fuzzy sets, and the lower

approximation and the upper approximation of intersected interval-valued fuzzy sets

Example 4.4. Theorem 2 1) in [18], R, (A)c,, Ac, R,(A) holds from the corresponding property of
interval-valued fuzzy set @ (A), R, (®,(A))c, ®,(A) g, R,(®,(A)), and order isomorphism mapping @, in
Theorem 3.1. The following Table 4.5 shows corresponding equivalence relations on Theorem 2 in [18] and Theorem
3.2 in [16] if interval values are limited in 11?.

Table 4.5
The list of corresponding equivalence relations on some properties between [18] and [16] (limited in 1{?)
Literature [18] Literature [16] limited in |
Ry (A) Sy Ay, R, (A) Ry (@ (A) <, @ (A) < Ry (P (A)
Ry (A%) = (R, (A) Ry (@ (A)) = (R, (@, (A))°
R (A) = (Ry, (A))* Ru(® (A)°) = (R, (@ (A)*
Ry (AN, B) =R, (A) Ny Ry, (B) R, (@ (AN, ®((B)) =R, (@, (A) N, R, (P (B))
Ry (AU, B) =Ry, (A) Uy, Ry, (B) R(@, (AU, ,(B)) =R, (@ (A) U, R,(®((B))
Rou (AN, B) Sy, Ry, (AN, Ry, (B) Ru(@ (AN, @, (B) <, R, (@, (A) N, Ry (@, (B))
Ry, (AU, B) < Ry (A) Uy, Ry, (B) R, (@ (AU, ®;(B)) g, R (@, (A)U, R, (@ (B))

The properties on bipolar-valued rough fuzzy sets not discussed in [18] can also be derived from the corresponding
properties of interval-valued rough fuzzy sets in [16]. The following theorem is an example.
Theorem 4.4. Let (X,R) be a crisp approximation space and A=(g,,®,)eBVFS(X). If (R, (A),R,(A) is a
bipolar-valued rough fuzzy set of A, then
Riv Ry, (A)) = Ry, (R, (A)) =Ry, (A),

Iihv(l:_a‘ov(A)) = Bbv(ﬁbv(A)) = I:_ab\/(A) .
Proof. Only prove R,,(R,,(A)) =R,,(A) and others are similar.
It follows from Theorem 4.3 that

Ry, (A) =07 (R, (@, (A))
=7 (R, (R,(®, (A)))) (by Theorem 3.2. (5) in [15])
=0 (R, (@, (R, (A)))

= 07 (@, (Ry (R, (A))
= Bbv (Bbv (A)) . u
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Example 4.5. Consider Example 1 in [18]. Given a crisp approximation space (U, R), where
U ={X,%, %o} and
U/R :{{XO'XZ’ X3},{X1, X4 X5},{X6, Xgs Xio}’{xw X9}} )
a bipolar-valued fuzzy evaluation about each house based on the size is defined in Table 4.6.
Table 4.7 shows the lower approximation and upper approximation of the bipolar-valued fuzzy set H about (U, R).
The corresponding interval-valued fuzzy set H and its lower approximation and upper approximation about (U, R) are
shown in Table 4.8 and Table 4.9, respectively.

Table 4.6

Bipolar-valued fuzzy evaluations

U XO Xl XZ X3 X4 X5
H (0.0,1.0) (-0.2,0.7) (-0.1,0.8) (-0.5,0.5) (-0.7,0.4) (-1.0,0.0)
U Xs X Xg X9 X0
H (-1.0,0.0) (-1.0,0.0) (-1.0,0.0) (-1.0,0.0) (-1.0,0.0)
Table 4.7

Approximations of the bipolar-valued fuzzy set H on (U, R)

Poxx} 6%} a1 % %10} %}

R,(H)  (-0505) (-1.0,0.0) (-1.0,0.0) (-1.0,0.0)

Rw(H)  (0.0,1.0) (-0.2,0.7) (-1.0,0.0) (-1.0,0.0)

Table 4.8
Interval-valued fuzzy evaluation H (consider 4=0.5)

U XO Xl X2 X3 X4 XS
H [0.5,1.0] [0.4,0.85] [0.45,0.9] [0.25,0.75] [0.15,0.7] [0.0,0.5]
U XG X7 XS X9 XlO
H [0.0,0.5] [0.0,0.5] [0.0,0.5] [0.0,0.5] [0.0,0.5]
Table 4.9

Approximations of the interval-valued fuzzy set H on (U, R) (consider 1=0.5)

Phor %o, X} Poxoxt X% X0} o %}

R,(H)  [0.25,0.75] [0.0,0.5] [0.0,0.5] [0.0,0.5]

Ru(H) [0.5,1.0] [0.4,0.85] [0.0,0.5] [0.0,0.5]

4.3 Bipolar-valued t-norm and t-conorm

In [49], Zhang introduced YinYang bipolar t-norm and t-conorm as follows, which is named bipolar-valued t-norm

and t-conorm in the following, respectively.
Definition 4.7. (See Zhang, [49]) A bipolar-valued t-norm is a function T%:B_xB. — B, satisfying the following
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conditions, V(X,Y),(u,v),(a,b),(c,d)eB.,
Commutativity: T ((x,y),(u,Vv)) = T*>((u,v),(X, Y));
Monotonicity: T%((x,y),(u,V)) <, T*((a,b),(c,d)) if (x,y)<;, (a,b) and (u,v)<,, (c,d);
Associativity: T% ((x,y), T*((u,v),(a,b))) = T (T®((x, y), (u,v)),(a,b)) ;
Identity law: T ((a,b),(-1,1)) =(a,b).
A bipolar-valued t-conorm is a function 1%:B_xB. —>B. satisfying the following conditions,
V(X y),(u,v),(a,b),(c,d)eB.,
Commutativity: L% ((x, y),(u,Vv)) =L% ((u,v),(x,y));
Monotonicity: L% ((x,y),(u,v)) <., L% ((a,b),(c,d)) if (x,y)<,, (@b), (uv)<,, (c,d);
Associativity: 1% ((x, y), L% ((u,v),(a,b))) =L (L% ((x, y),(u,v)),(a,b)) ;
Identity law: 1% ((a,b),(0,0)) =(a,b) .

It is worth that Null law referred in [49], i.e., T ((a,b),(0,0))=(0,0) (resp. L%*((a,b),(-11)=(-L1), can be
implied from Monotonicity and Identity law.
Interval-valued t-norm T and interval-valued t-conorm L over |® can be restricted to 13 .

Definition 4.8. A t-norm T over [0,1] (A t-conorm 1 over [0,1]) is a commutative, associative mapping

T:[0,1* -[0,1] (resp. L:[0,1F —[0,1]) which is increasing in both arguments and for which T(a,])=a (resp.
1(a,0)=a), Vae[0]].

The following is immediate from Definition 10 and Definition 11.
Theorem 4.5.1f T~ and T' istwo t-norms on [0,1] and for (X,Y), (u,v) € B, we define

T (% ), (UV) = (=T (=%, -u), T*(3,1))
then T° is a bipolar-valued t-normon (B,<,,).
Proof. (i) The commutativity of T* on (B.,<,,) is known directly from thatof T on [0,1].
(i) v(xy), (uv), (w,z) B,
T ((T% (06, @ V). W 2)) = T (=T (% -u), T (v,v)), (W, 2))
= (T (T (=% ~u),~w), T (T (y,v), 2))
:(—T’(—x,T’(—u,—w)),T*(y,T*(v, z)))
=T (0 (T (0, -w), T, 2)))
=T(06 ), T (U, V), (w,2))

Namely, T° has associativity on (B,<,,).
(iii) Let (x,y), (u,v)eB. and (x,y)<,, (u,v),ie, x=u,y<v.Then

T% (%, ), (W, 2)) = (=T~ (=%, =W), T* (¥, 2) ) p, (=T (=U,=w), T*(v,2) ) = T* ((u,v), (W, 2)).
(iv) V(uv)eB., T%(Uv),(-1))=(-T (-u),T"(vD))=uyv). m

It follows similar theorem on t-conorm from Theorem 4.5.

Theorem 4.6.If 1~ and L" istwo t-conormson [0,1] and for (X,Y), (u,v) € B, we define
L% (%, ), (V) = (= L™ (=x,—u), L (y,v))
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then L% isa bipolar-valued t-conormon (B.,<;,) -

Theorem 4.5 and theorem 4.6 tell us that bipolar-valued t-norm and bipolar-valued t-conorm on (B;,<,,) can be
induced from t-norm and t-conorm over [0,1], respectively.

Example 4.6. In [49], Zhang presented some examples of bipolar-valued t-norm (t-conorm) on (B;,<,,) . Table 4.10
shows relationship between bipolar-valued t-norm (t-conorm) on (B, <;,) and t-norm (t-conorm) on [0,1], where
for x,ye[0,1],
(1) t-norm and t-conorm of Zadeh, writtenas T,, and _L,,, respectively:
XxAy=min(x,y), Xvy=max(x,y).
(2) Probability t-norm and t-conorm, writtenas T, and L., respectively:
X2y=Xy, X+Ty=X+y-Xxy.
(3) t-norm and t-conorm of Lukasiewitch, writtenas T, and L, , respectively:
XOy=max(0,x+y-1), x®y=min(x+y,1).

Table 4.10
Zhang’s bipolar-valued t-norms (t-conorms) on (B, <,,) induced from t-norms
(t-cornorms) on [0,1], where (x,y), (u,v) e B

t-norm bipolar-valued t-norm

(t-conorm) on [0,1] (t-conorm) on (B;,<;,)

Tu (~(x|Alul),yAv)  (10a)in[99]
T (= x]x|ul),yxv)  (10b)in[99]
T (~(Ix|olul),yov) (10c)in [99]
Lu (=(x|v]ul),yvv)  (11a)in[99]
Le (<(x[+ul),yFv)  (11b)in[99]
1L

s

(x[®lul),y®v) (11c)in[99]

From above Table 4.10, bipolar-valued t-norms (t-conorms) on (B.,<;,) can be induced from interval-valued

t-norms (t-conorms) on [0,1]. Moreover, from Theorems 4.5 and 4.6, our induced construction of bipolar-valued t-norm

and bipolar-valued t-conorm are richer. Table 4.11 lists out induced bipolar-valued t-norm and bipolar-valued t-conorm
which are different from Zhang’s in Table 4.10.
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Table 4.11
This paper’s bipolar-valued t-norms (t-conorms) on (B, <;,,) induced from t-norms

(t-cornorms) on [0,1], where (x,y), (u,v) € B

t-norm (t-conorm) on [0,1] bipolar-valued t-norm (t-conorm) on (B,<;,)
T=T, T'=T, (UxIAlul),yxv)
T =Ty, T'=T (x[Alul.yov)
T=T,, T"=T, (=(x]|x|ul),yAv)
T=T,, T"=T, =(x]x|ul),yov)
T=T, T=T, (xlolul).yAv)
T=T, T =T, (=(Ix]oful),yxv)
L=y, L'=1; (I xIvIul,y+v)
=Ly, L'=1, (x|vul).y®v)
=L, L'=1y (U x]+uD.yvv)
1r=1,, L'=1, (=(x|+|u),y®V)
1=l L=, (x|@lul),yvv)
L=, L'=L, (I x[®]u)),y+v)

4.4 Others

Besides, in 2000, Lee [24] used the name of bipolar-valued fuzzy sets to represent the following sets.

Definition 4.9. A bipolar-valued fuzzy set in the sense of Lee on X is a mapping
A:X —>[-11].

Since power of [-a,b] (a>0, b>0 and |a|+|b|#0) is the same as one of [0,1], this means that bipolar-valued
fuzzy sets in the sense of Lee and Zadeh’s fuzzy sets are identical. Otherwise, for the given positive number n, we can
define a kind fuzzy set by a mapping A: X —[-n,n],even A:X —[-a,b] (a>0, b>0 and |a|+|b|=0).

Greco and Rindone [17] adopted the bipolar scale [-1, 1] to present their results on fuzzy integrals in the Section 4
“bipolar-valued fuzzy integrals on the scale [-1,1]” in [17].

In 2013, Mesiarova&Zemé&nkovaand Ahmad [30] adopted the bipolar scale [-1,1] to present aggregation operator.

Definition 4.10. (i) A mapping A: U[O,l]n —[0,1] is called an aggregation operator if

neN
(A1) Ais non-decreasing, i.e., forany neN, x,ye[0]", x<y itholds A(x)<A(y);
(A2) 0, 1 are idempotent elements of A, i.e., forany neN, A(0,0,---,0)=0, and A(L1,---,1)=1;
(A3)forn=1, A(X)=x forall xe[-11].
(i) Amapping B: U[—l,l]n —[-1,1] is called a bipolar aggregation operator if

neN
(B1) B is non-decreasing, i.e., forany neN, x,ye[-11]", x<y itholds B(x)<B(y);
(B2) 0, 1, —1 are idempotent elements of B, i.e., forany neN, B(0,0,---,00=0, B(@1---,1)=1 and
B(-1,-1,---,-)=-1;
(B3) forn=1, B(x)=x forall xe[-11]].
Since bipolar-valued fuzzy sets in the sense of Lee and Zadeh’s fuzzy sets are identical, condition
B(0,0,---,0)=0 of bipolar aggregation operator B is identical with condition A(0.5,0.5,---,0.5)=0.5 of aggregation
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operator A. In aggregation operator A, the condition A(0.5,0.5,---,0.5)=0.5 is superfluous, so do the
condition B(0,0,---,0) =0 in bipolar aggregation operator B.

MesiarovaZemankova and Ahmad extended polar aggregation operator to m-polar aggregation operator and
multi-polar aggregation operator, and proved a 1-polar aggregation operator and 2-polar aggregation operator are
aggregation operators [30].

In 2004, zhang and Zhang [50] introduced the following concept which was discussed by Mesiarov&aZeméankova
and Ahmad [31] in 2014.

Definition 4.11. Given the ordered sets B ={-n,---,-1,0} and B, ={0,1---,n}, 1<n<w, the Cartesian product
B, =B, xB; ={(a,b;)} isastrict bipolar (crisp truth) space.

As discussed above, B, =B, xB, is a discrete situation of [-n,0]x[0,n], which is a generalization of
[-1,0]x[0,1] used by bipolar-valued fuzzy sets.

5. Conclusions

In this paper, we mainly investigate the relationships between two concepts, bipolar-valued fuzzy sets and
interval-valued fuzzy sets, and the following are main conclusions of this paper.

(1) A bipolar-valued fuzzy set is a special interval-valued fuzzy set, which is equivalent to an intersected
interval-valued fuzzy set proposed in this paper. Figure 5.1 shows the relationship among fuzzy sets, bipolar-valued
fuzzy sets, intersected interval-valued fuzzy sets, interval-valued fuzzy sets and intuitionistic fuzzy sets.

[Lee’s bipolar-valued fuzzy sets H Bipolar-valued fuzzy sets <— Intersected interval-valued fuzzy sets

4
Intuitionistic fuzzy sets %[Interval-valued fuzzy sets]

Figure 5.1. The relationship between bipolar-valued fuzzy sets and interval-valued fuzzy sets, where @—> means that Ais B and @(—)

means that A is equivalent to B. For example, |Fuzzy sets| — |Bip0|ar-va|ued fuzzy sets| means that a fuzzy set is a bipolar-valued fuzzy set,

|Bip0|ar-va|ued fuzzy sets| — |Intersected interval-valued fuzzy sets| means that a bipolar-valued fuzzy set is equivalent to an intersected

interval-valued fuzzy set.

(2) All operations and properties of bipolar-valued fuzzy sets can be induced from corresponding those of
interval-valued fuzzy sets and fuzzy sets.

(3) Some existing concepts and conclusion on bipolar-valued fuzzy sets can be induced from the corresponding
concepts on interval-valued fuzzy sets. bipolar-valued fuzzy graphs and bipolar-valued rough fuzzy sets on
bipolar-valued fuzzy sets can be induced from interval-valued fuzzy graphs and interval-valued rough fuzzy sets on
interval-valued fuzzy sets, respectively. bipolar-valued t-norm (t-conorm) can be induced from t-norm (t-conorm) on I,
but not from interval-valued t-norm (t-conorm).

(4) The work of bipolar-valued fuzzy sets should focus on semantic studies, intrinsic advantage and distinctive
applications.

(5) In applications, do they not have, in the case of ranking decision objects, the rank-reversal feature that appears
after adding a new object to the original set of compared objects? This is an issue to be explored in future work.
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