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ABSTRACT 

To develop phononic topological insulators (PTIs) with time reversal invariance, 

phononic crystals (PCs) are elaborately configurated to ensure the lattice symmetry and 

meanwhile to open the complete band gap. Particularly, a multi-band PTI requires more 

complex architecture than its single-band counterpart, leading to extra difficulty in 

implementation and poor manufacturability of PCs. Here, we present a straightforward 

and generic design strategy, to realize multi-band PTIs in micro-perforated phononic 

plates. Rather than using complex surface-mounted or embedded scatterers, the novel 

phononic plate is micro-perforated with a type of fan-shaped split-ring resonators 

(SRRs), the multi-modal resonances of which under constrained lattice symmetry 

induce multiple Dirac degeneracies in flexural-wave dispersions at different frequency 

scales. The multi-band topological phase transitions are observed, and triple topological 

band gaps are caused when rotating micro-perforated slots properly. Experimental 

results agree well with numerical simulation results, both demonstrating triband valley 

edge-state propagation of flexural waves. In addition, we also prove that the developed 

© 2023. This manuscript version is made available under the CC-BY-NC-ND 4.0 license http://creativecommons.org/licenses/by-nc-nd/4.0/

https://dx.doi.org/10.1016/j.ijmecsci.2023.108916 This is the Pre-Published Version.



 

 

valley PTIs enable the second-order corner modes of flexural waves within the 

corresponding topological band gaps. Parametric studies further reveal that the 

emergence of the valley-shaped Dirac degeneracy bands in the developed PTI is 

insensitive to the plate thickness and slots parameters, and more than three Dirac cones 

exist in flexural-wave dispersions. The developed micro-perforated plates with SRRs 

provides a convenient platform for enabling multi-band PTIs with various symmetries, 

facilitating applications of multi-frequency topological effects of elastic waves in a cost-

effective way. 
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1. Introduction 2 

Recent advances in topological insulators (TIs) [1] have provided new routes for 3 

manipulating mechanical waves in rather unique manners [2-5]. Of particular interests 4 

are specific edge and corner modes of TIs, protected by nontrivial topology [1], for 5 

steering waves, in virtue of their immunity to structural perturbations such as geometric 6 

defects and disorders. Somewhat diverse phenomena created by specific TIs have been 7 

extensively exploited in wave physics and engineering, to accommodate needs such as 8 

one-way wave transmission [6], energy trapping [7-8], and beam splitting [9]. As far as 9 

elastic (or mechanical) waves concerned, phononic crystals (PCs), a type of man-made 10 

periodic solid materials, have offered a convenient platform to realize mechanical TIs 11 

[10]. In particular, the phononic topological insulators (PTIs) [11-14] have been a 12 

subject of intensive research in the past decade, rendering numerous application 13 

opportunities for mechanical wave manipulations in a broad range from low-frequency 14 

vibrations to ultrahigh-frequency phonons [15]. 15 

 16 

Early strategy for developing PTIs lies on breaking the time reversal symmetry (TRS) 17 

so as to imitate the quantum Hall effect [16-17]. Such a strategy requires active elements 18 

or external energy inputs that can be factors to narrow the application spectrum of PTIs. 19 

In view of this, attempts have been made to explore the possibility of creating PTIs in a 20 

fully passive fashion. In this connection, the pseudo-spin [4] and valley PTIs [5], which 21 

work independently of any active element or external energy input, are remarkable 22 

breakthroughs. Particularly, these PTIs rely solely on the lattice symmetries [18] such 23 
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as widely utilized C3 [19-20], C4 [21] and C6v [22-23] symmetries to enable topological 24 

band gaps, which are straightforward to be constructed in PCs. However, one of the key 25 

limitations of most of the pseudo-spin and valley PTIs is the single-band frequency for 26 

topologically nontrivial edge and corner mode, restricting them in multiband 27 

applications.  28 

 29 

More recently, great effort has been made to achieve dual-band or multi-band PTIs, 30 

which require a higher degree of structural complexity than its single-band counterpart. 31 

In acoustic domain, it has been demonstrated that arranging well-shaped C3-symmetry 32 

scatterers with a hexagonal lattice can induce more than one Dirac degeneracies at the 33 

K and K' points of the Brillouin zone, resulting in dual-band or multi-band valley Hall 34 

acoustic topological insulators [24-26]. Jia et al. [25] experimentally demonstrated the 35 

valley sonic crystals with topological refraction at two separated band gaps. Huang et 36 

al. [26] proposed a lattice superposition mechanism for building multi-band acoustic 37 

topological insulator. Nevertheless, different from acoustic waves, the elastic waves in 38 

plate structures, with sophisticated Lamb wave modes, see more difficulty in opening 39 

multiple complete topological band gaps. This difference can also be reflected in their 40 

wave motion equations: extensively studied flexural waves in thin plates are described 41 

by a fourth-order differential equation [27], in contrast to acoustic waves which are 42 

defined by the second-order differential equations [28]. As a result, prevailing PTIs rely 43 

on surface-mounted or embedded scatterers in plates [29-41] to induce topological 44 

complete band gaps, at the cost of increasing the complication in manufacturing. It is 45 

yet a challenging issue to open multi-frequency topological band gaps in a phononic 46 

plate made by a single material without employing those attached scatterers. 47 
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 48 

Noting that two prerequisites need to be satisfied for achieving multi-band PTIs that 49 

preserve the time reversal symmetry (TRS): the lattice symmetry and the multiple 50 

complete band gaps. To this end, prevailing forward designs are time-consuming 51 

especially when the number of desired topological gaps exceeds two. Moreover, existing 52 

dual-band or multi-band valley PTIs commonly suffer from geometrically complex 53 

realizations [42-45]. For illustration, Xu et.al [43] achieved dual-band elastic valley 54 

effects in hexagonal-lattice phononic crystal plates with a pair of triangular prisms. Liu 55 

et.al [44] realized multi-band valley Hall effects in an elastic system composed of beam 56 

and rods. Apparently, these structures require the assembly of complex mechanical 57 

scatterers, and most designs are proved of effectiveness only in numerical simulation 58 

without adequate experimental validation. In addition to forward designs, another 59 

available method for creating dual-band and multi-band PTIs is the inverse design [46-60 

47], such as topology optimization [48-51]. However, the existing inverse-optimization 61 

works focus more on elastic waves in two-dimensional (2D) planar media such as the 62 

out-of-plane mode of PCs [46-51], and relevant exploration on elastic plate structures is 63 

rare.  64 

 65 

Hitherto, impending needs are calling for multi-band PTIs for robustly steering flexural 66 

waves in plate structures using generic and simple architectures. In recognition of this, 67 

we here propose a new perforation fashion in plain (without stubbed surfaces) plate 68 

structures, to realize multi-band topological valley modes of flexural waves. This design 69 

strategy only relies on easily achievable micro-perforations in plate-type structures, 70 

completely removing the need for surface-mounted or embedded scatterers employed 71 



4 

 

in existing PTIs [29-41]. Notice that leveraging penetrations in plain plates is one 72 

existing paradigm for designing PTIs [52-58]. Yu et al. [53] demonstrated an elastic 73 

quantum spin Hall effect in a plain plate consisting of identical perforated holes in 74 

wavelength scales. Jiao et al. [56] observed topological valley waveguide transport of 75 

elastic waves in a thin plate perforated with snowflake holes. However, these PC 76 

structures heavily rely on the strict fine-tuning of the sizes of perforated holes and 77 

distances among them to enable one satisfactory degeneracy capable of opening a 78 

complete band gap. On the other hand, the majority of them only give rise to a single-79 

frequency degeneracy that induces one topological band gap. Different from existing 80 

perforation fashions, our approach is to carve out a type of fan-shaped split-ring 81 

resonators (SRRs) [59] in a plain plate, the rich multi-modal resonances of which 82 

contribute to multiple Dirac degeneracies. Moreover, the resulting Dirac degeneracy 83 

bands always maintain valley-shaped irrespective of the plate thickness and slots 84 

parameters, with the ease of opening complete topological band gaps. Although the 85 

proposed multi-band PTI is demonstrated on a 1 mm thick micro-perforated plate at 86 

vibration and ultrasonic frequencies in this paper, underlying mechanics and physics are 87 

scale-independent and almost applicable to all plate-type structures (both thin and thick 88 

plates) at various frequency scales. 89 

 90 

The rest of the article is organized as follows: In Section. 2, band structures of the 91 

designed PTI are computed, and triband topological phase transitions are verified 92 

accordingly. In Section. 3, triband valley edge modes, along with the edge-state 93 

propagation of flexural waves are validated by simulations and experiments. In Section. 94 

4, these topological band gaps are experimentally demonstrated to accommodate 95 
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second-order corner modes that are highly localized at corner sites. In Section. 5, 96 

parametric study is performed to investigate the effects of geometric parameters on 97 

those Dirac degeneracy bands, and to reveal the existence of more than three Dirac cones. 98 

Finally, Section. 6 concludes a brief summary. 99 

 100 

2. Band structures and topological phase transitions 101 

In this section, the band structures of the proposed PCs are calculated and their 102 

topological properties including topological phase transitions and topological invariants 103 

are analyzed and discussed. 104 

2.1 Band structures 105 

To create a phononic plate, the homogenous aluminum (Young’s modulus E = 70×109 106 

Pa, density ρ = 2700 kg/m3, and Poisson's ratio v = 0.33) plate (thickness h =1 mm) is 107 

perforated with a series of micro-slots periodically arranged with a hexagonal lattice, as 108 

depicted in Fig. 1(b). Figure 1(a) presents the unit cell of proposed phononic plate 109 

(lattice constant a = 25 mm), where thin slots with C3 rotational symmetry is located at 110 

the center of unit cell. The main geometric parameters of slots involve: the outer radius 111 

r = 11.5 mm, the rib width e = 3 mm, the slot width t = 1 mm, and orientation angle θ 112 

(the angle between central axis of the upper right rib and positive x-axis), as seen in the 113 

left panel of Fig. 1(a). 114 

 115 
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 116 
Fig. 1. (a) Top view of unit cell and its irreducible Brillion zone, and main parameters of slots include the outer 117 

radius r, the slot width t, and the rib width e. Defined orientation angle θ refers to the angle between the central 118 

axis of the upper right rib and positive x-axis. (b) Three-dimensional (3D) schematic diagram of micro-119 

perforated phononic plate. (c) Numerically calculated band structure when θ = 0°, in which blue curves represent 120 

flexural waves and three Dirac cones are labeled with red dots. (d) Contour plot of the upper and lower bands 121 

for each Dirac cone, where colors represent frequencies. 122 

 123 

Next, the band structure (dispersion) of the phononic plate is computed based on 124 

numerical finite element (FE) method. Given the flat-surface property of concerned 125 

phononic plates, the Mindlin plate theory [60-61] is employed to obtain dispersions 126 

instead of three-dimensional (3D) solid full-wave simulation. Since we focus on flexural 127 

waves in this work, the wave motion equations of out-of-plane displacement uz in plates 128 

can be formulated as [60-61]: 129 
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where κ  is the shear correction factor accounting for the z-direction variation of 131 

transverse shear stress, ( )
3

212 1
Eh

v
D =

−
  is the flexural stiffness of the plate, and 132 

( )2 1
E

v
µ =

+
is the shear modulus of the aluminum. 133 

Then, the above wave motion equations Eq. 1 can be deduced as a general eigenvalue 134 

problem by FE discretization [62] 135 

 ( ) ( )2ω
 
 
 
 

− =K q q M u 0  (2) 

This eigenvalue problem is solved by combining with the Bloch theory [62] 136 

 ( ) ( )q, i qr te ω 
 
 

+=u r q u r  (3) 

where Bloch wave vectors q = (kx, ky) are swept along the boundary of the first 137 

irreducible Brillion zone (IBZ), as boxed by orange color in the right panel of Fig. 1(a). 138 

The accuracy of Mindlin plate theory can be guaranteed as it considers shear 139 

deformations and rotational effects [60-61]. The comparison with the result calculated 140 

by 3D solid full-wave FE simulations can be found in Appendix A. Moreover, using the 141 

plate theory is very effective to exclude those unwanted in-plane vibration modes in 142 

resulting dispersions. Thus, dispersion curves in all band structures (if not specifically 143 

stated), throughout this paper, only represent flexural wave modes while other in-plane 144 

modes are unshown. 145 
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Figure 1(c) depicts the flexural-wave band structure below 50 kHz when θ = 0°. Three 146 

degeneracy points are discovered at K points of the Brillion zone, corresponding to so-147 

called Dirac cones (proved in the following), as labeled by red dots. These three Dirac 148 

cones I-III occur at frequencies 7.545 kHz, 27.978 kHz, and 45.322 kHz, respectively, 149 

accordingly formed between the 7th and 8th, the 13th and 14th, the 19th and 20th dispersion 150 

branches. It is worth noting that degeneracies also exist at K points of other dispersion 151 

branches, but they have been examined not to be effective Dirac cones capable of 152 

opening complete topological band gaps. In Fig. 1(d), from contour plots of the upper 153 

and lower band of each Dirac cone, one can clearly identify that degeneracies of each 154 

pair of dispersion bands exactly occur at K and K’ valleys of the IBZ, as indicated by 155 

the lowest valleys of bands (red dots in Fig. 1(d)). On the formation of these multi-156 

frequency Dirac cones at K (K’) points, it is relevant to the multi-modal resonances of 157 

perforated three fan-shaped SRRs under constrained symmetry. Bloch eigenmodes at 158 

these Dirac cones and relevant discussion can be found in Appendix B.  159 

 160 

2.2 Multi-band topological phase transitions 161 

Noted that the Dirac degeneracies at K and K’ valleys originate from the C3v symmetry 162 

when θ = 0°, and can be lifted up when rotating the orientation angle θ to break the 163 

inverse symmetry [34,37,39,40]. For clarity, we choose a unit cell with θ = −30°, named 164 

as PC-A, and examine its dispersion. The band structure of the PC-A in Fig. 2(a) shows 165 

that, when θ = −30°, three Dirac cones have been lifted up, leading to three complete 166 

band gaps, named as BG I, BG II, and BG III correspondingly. The associated frequency 167 

ranges of these three band gaps are 6.875-8.056 kHz, 26.010-28.262 kHz, and 46.646-168 

48.617 kHz, respectively. The red and blue colored curves in Fig. 2(a) distinguish vortex 169 
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chirality of energy flows at K valleys, which will be elucidated in the following. 170 

 171 

Fig. 2. (a) Upper and lower bands for each Dirac cone when θ = −30°, where three Dirac cones have been 172 

opened to form three band gaps: BGs I-III (gray shaded regions). In (a), red and blue colours denote anti-173 

clockwise and clockwise pseudospin orientations at K valleys, respectively. (b) In-plane energy flows (left panel) 174 

and phase fields of uz (right panel) for K1-K6 points labelled in (a). The red and blue colored arrows at vertices 175 

of unit cells show vortex chirality of energy flows, and black colored arrows in phase fields represent the 176 

orientation of phase increasing (orbital angular moment). 177 

 178 

Next, we examine valley physics and topological properties of BGs I-III. In condensed 179 

matter physics, the quantum valley Hall effects (QVHEs) [64-67] are realized by 180 

introducing angular rotation of the electronic wave function at points K and K’ in the 181 

IBZ [34], which provides an intrinsic magnetic moment in analogy with the one 182 

provided by the electronic spin. Similarly, the vortex chirality of elastic energy flow can 183 
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be called pseudospin [68,69], which provides a new degree of freedom for elastic waves. 184 

In Fig. 2(a), the six K valleys of upper and lower bands of BGs I-III are labeled as K1-185 

K6 for the PC-A, where K1, K3, K5 mean K valleys of lower bands, and K2, K4, K6 186 

represent K valleys of upper bands.  Fig. 2(b) presents out-of-plane displacement fields 187 

|uz| along with in-plane energy flux (pseudo-spin), and the phase distributions of uz for 188 

the PC-A at K1−K6. It is clearly seen that energy flow of K1-state rotates around three 189 

vertices of the unit cell with anti-clockwise direction, as labeled by red colored arrows. 190 

Meanwhile, the phase distribution of uz also exhibits clockwise increase around the 191 

center of the unit cell, forming an OAM. On the contrary, the energy flux of K2-state is 192 

observed to revolve around another three vertices of the unit cell, but in an anti-193 

clockwise direction (blue colored arrows). Also, the phase distribution of K2-state 194 

increases anticlockwise. Therefore, the valley features (pseudospin orientations and 195 

OAMs) of K1-state and K2-state are certainly opposite with each other. For another two  196 
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 197 
Fig. 3. Evolutions of frequencies of upper and lower bands at K points for Dirac cones I-III (from bottom to top) 198 

as a function of the orientation angle 𝜃𝜃 changing from −60° to 60°. The PC-A and PC-B refer to the unit cells 199 

with 𝜃𝜃 = −30° and 𝜃𝜃 = 30° (black dashed lines), respectively. Red (anti-clockwise) and blue (clockwise) colors 200 

represent pseudospin orientations at K valleys. 201 

 202 

pairs of K valleys, (K3, K4) and (K5, K6), energy flux and phase distributions are also 203 

indicated to be opposite with each other, as depicted in Fig. 2(b). Note that the phase 204 

distributions of uz exhibit accelerated changes at higher frequencies due to the shorted 205 

wavelength. 206 

 207 

The above analysis shows that lower and upper bands of BGs I - III possess different 208 

valley natures, which can be reversed with the process of topological phase transitions 209 



12 

 

[2-5]. For better illustration, the evolution of eigenfrequencies (at K points) of upper 210 

and lower bands for each Dirac cone, is recorded as θ changes from −60° to 60°. Figure 211 

3 clearly shows that there exist transition points of closing and reopening each Dirac 212 

cone of dispersion bands with continuously altered orientation angle θ. Moreover, 213 

pseudospin orientations at valleys K of each band are tracked, distinguished by red (anti-214 

clockwise) and blue (clockwise) colors. It can be seen that pseudospin orientations of 215 

upper and lower bands for each Dirac cone are indeed reversed as dispersion bands 216 

closes and reopens every time. This indicates that topological phase transitions occur at 217 

three different frequency ranges by rotating θ, leading to multi-band topologically 218 

nontrivial valley PCs. Notably, there exist multiple phase transitions for Dirac cones II 219 

and III with θ changing from −60° to 60°. Rigorously, in the following, we calculate the 220 

topological invariants of one PC of three band gaps to further confirm that it is indeed 221 

topologically nontrivial. The candidate PC is still PC-A with θ = −30°, given that it has 222 

a relatively broad bandwidth for BGs I-III. In addition, another PC that has opposed 223 

valley topological phases with PC-A needs to be chosen, to hold edge modes between 224 

them. Here, we choose PC-B with θ = 30° since it has the identical band structure but 225 

opposite valley pseudospin with PC-A, as pointed out by black dashed lines in Fig. 3. 226 

2.3 Berry curvatures and valley Chern numbers  227 

Next, we evaluate topological invariants of PC-A within BGs I-III. Berry curvature is a 228 

gauge-independent local description of the topological invariants in reciprocal space 229 

[70,71]. Integrating the Berry curvature over the Brillouin zone gives rise to Chern 230 

number, which characterizes the topological nature of Hall insulators [65,70,71]. 231 

However, the Berry curvature of valley Hall topological insulators always exhibits local 232 

extremes at K and K’ valleys but its integration over the Brillouin zone is zero. Therefore, 233 
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topological invariant of valley Hall insulator is characterized by a pair of valley Chern 234 

numbers [29-30,36-37], corresponding to the local integration of Berry curvature near 235 

K or K’ valleys. We then evaluate the Berry curvatures Bn of upper and lower bands for 236 

BGs I-III of PC-A, which is defined as 237 

 ( ) ( ) ( )n n nB U i U=∇ × ∇k k k k k  (4) 

where Un(k) denotes the eigenmode of the nth band calculated at the wave vector k and 238 

∇ is the gradient operator. 239 

 240 

The integration of the Berry curvature is performed near K valley (K1-K6), which gives 241 

rise to valley Chern numbers Cv. The valley Chern number Cv−n of the nth band yields 242 

 21
2v n n

v
C B dπ

 
 
 − = ∫ k k  (5) 

The above computation is numerically carried out by the Livelink of COMSOL with 243 

MALTAB. The integration domains Δkx and Δky are centered around each K valley in 244 

the reciprocal space: from −0.5 π/a to 0.5 π/a for Δkx and from −0.5 π/a to 0.5 π/a for 245 

Δky, which are discretized into 40 × 40 subdomains to guarantee the convergence. 246 

 247 

Figure 4 shows the Berry curvature distributions near K valleys (K1-K6) of the upper 248 

and lower bands of BGs I-III, respectively. Berry curvature is highly concentrated 249 

around respective K valleys of the Brillouin zone, but always with a pair of opposite 250 

values for each pair of valleys. For example, Berry curvature around K1 is negative with 251 

an integrated valley Chern number Cv being -0.2757 while Berry curvature around 252 

K2 along with integrated valley Chern number are exactly opposite to those of K1. 253 

Similar phenomena can be observed for another two pairs of valleys, and their integrated 254 
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valley Chern numbers are ∓0.2739 for (K3, K4) and ±0.1615 for (K5, K6), respectively. 255 

Noted that our calculated valley Chern numbers are less than the theoretical values ±1/2 256 

[37], mainly due to the wide band gaps and strong space-inversion symmetry breaking 257 

[72-73]. Indeed, these types of calculations have been considered of lacking enough 258 

precision because they heavily rely on the discretization of the wave vector and 259 

normally ignore the overlapped Berry curvatures between the nearby valleys [72,73]. 260 

Despite this, the opposite Berry curvatures and valley Chern numbers for each pair of 261 

valleys enable us to distinguish the valley topological phases from two different PCs, 262 

still with the ability of causing edge modes protected by their nontrivial band topology. 263 

 264 

 265 
Fig. 4. Berry curvatures near K1 - K6 for PC-A. For each K valley, the calculation range (Δkx and Δky) is from 266 

−0.5 π/a to 0.5 π/a centred at K points. 267 

 268 

Regard to PC-B with θ = 30°, its band structure is completely identical with the one of 269 

PC-A while its Berry curvature along with valley Chern numbers at K and K’ valleys 270 
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have been examined to be just opposite with those of the latter, within all BGs I-III. 271 

Combining their opposite pseudospin orientations presented in Fig. 3, these facts allow 272 

us to conclude that PC-A and PC-B have distinct valley topological phases within all 273 

three band gaps, implying that multi-band edge modes arise at the domain wall 274 

connecting PC-A and PC-B. 275 

3. Edge modes and wave propagation along topological 276 

interfaces 277 

In previous section, we have revealed that PC-A and PC-B have distinct valley 278 

topological phases within BGs I-III. According to the bulk-edge correspondence of 279 

valley PTIs [29-30,36-37], topological edge modes are expected to appear at the 280 

interfaces (domain walls) between them. To confirm the edge modes, we simulate the 281 

supercell dispersions and then experimentally demonstrate edge-state propagation of 282 

flexural waves along topological interfaces in finite-sized phononic plates over three 283 

concerned frequency ranges.  284 

3.1 Supercell dispersion 285 

Topological edge modes can be directly visualized by the supercell dispersion [2-5]. The 286 

black dashed line of Fig. 5(a) boxes the calculated ribbon-shaped supercell comprised 287 

of three layers of PCs: PC-A in the upper and lower domains, between which PC-B is 288 

sandwiched. Consequently, the supercell contains two types of interfaces, depending on 289 

the order: ΨAB between PC-A (top) and PC-B (down), and ΨBA between PC-B (top) and 290 

PC-A (down), as pointed out by blue and red colored dashed lines in Fig. 5(a). In 291 

simulations, Floquet-Bloch periodic boundary condition is applied to the lateral surfaces 292 
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along x-axis while upper and lower boundaries are set to be free. 293 

 294 
Fig. 5. (a) Calculated ribbon-shaped supercell, which is boxed by black dashed lines. Blue and red colored 295 

dashed lines represent the interfaces ΨAB and ΨBA, respectively. The projected supercell dispersions and 296 

displacement fields |uz| of selected eigenmodes (green triangles and stars) around frequencies of (b) BG I, (c) 297 

BG II, and (d) BG III. The gray dots represent bulk modes while blue and red dots represent edge modes at 298 

interfaces ΨAB and ΨBA, respectively. 299 

 300 
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Figures 5(b)−(c) present the dispersion curves around concerned frequencies of BGs I-301 

III, where blue and red colored dots stand for the edge modes at the interface ΨAB and 302 

the interface ΨBA respectively while gray dots represent the bulk modes. We show 303 

displacement fields of |uz| of those selected edge-state eigenmodes (green stars and 304 

triangles in Figs. 5(b)-(c)) within BGs I-III, and identify that these modes are highly 305 

localized at the interfaces connecting two nearby domains, which exactly identifies 306 

topological edge modes. 307 

 308 

One noteworthy phenomenon is that the edge mode at the interface ΨBA within BG III 309 

is not across the entire bulk gap, that is, a frequency gap exists between the edge mode 310 

and lower bulk modes, seeing red dots in Fig. 5(d). This can be attributed to a fact that 311 

valley Hall topological insulator is also a second-order topological insulator [54,76], 312 

which enables a gapped edge mode accommodating corner modes. Since corner modes 313 

based on the valley degree of freedom has been proved to be interface-dependent [54,76], 314 

edge modes at interfaces ΨBA and ΨAB are different: one is gapped while another is 315 

gapless, as reflected by red and blue colored edge modes in the supercell dispersion of 316 

Fig. 5(d). The demonstration of the corner mode appearing within this edge gap at the 317 

interface ΨBA within BG III is presented in Section. 4.1. 318 

3.2 Experimental demonstration of valley edge-state propagation 319 

To verify the above simulation results, experiment specimens are prepared with two 320 

6061-aluminum alloy plates (the size of 360 × 360 mm2) fabricated by laser cutting 321 

technology: one contains the interface ΨAB while another contains ΨBA, the geometric 322 

parameters of which are identical with those in previous numerical models. The 323 

experiment setups involve the Polytec scanning laser vibrometer (PSV-500), the power 324 
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amplifier (Aigtek), and lead zirconate titanate piezoelectric ceramic (one PZT with 6 325 

mm diameter and 1 mm thickness, placed at one side of the plate), as displayed in Fig. 326 

6(a). Figure 6(a) illustrates the entire signal flow for experimentally measuring vibration 327 

responses: one PZT disk connected with the power amplifier receiving signals from the 328 

controller, is placed at the entrance of the interface to mimic a point excitation source; 329 

the laser-captured out-of-plane velocity signals at targeted positions are then sent back 330 

to the controller for acquiring the responses. All laser-scanned positions (blue dots) are 331 

labeled on the specimens in Fig. 6(c). The excitation signals adopt the periodic up-chirp 332 

mode, the swept frequency range of which is 2-50 kHz covering BGs I-III. Measured 333 

time-domain signals are post-processed by the controller via fast Fourier transformation 334 

(FFT) and then response spectra of scanned points are obtained. 335 

 336 
Fig. 6. (a) Experimental setups and the entire signal flow. (b) Samples with the interfaces ΨAB and ΨBA, 337 

respectively, where the lower left and lower right ends of the samples are clamped. (c) Detailed laser-scanned 338 

positions, excitation positions, and probe points for illustrative response spectra. 339 
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 340 

Fig. 7. Frequency spectra from the probes 1-3 on the plate with (a) ΨAB at frequencies 5-10 kHz, (b) ΨBA at 341 

frequencies 5-10 kHz, (c) ΨAB at frequencies 25-30 kHz, (d) ΨBA at frequencies 25-30 kHz, (e) ΨAB at 342 

frequencies 45-50 kHz, and (f) ΨBA at frequencies 45-50 kHz. Blue curves represent the responses of probe 2 343 

while red and green curves represent the responses of probes 1 and 3, respectively. Shaded regions (pink color) 344 

refer to numerically predicted edge-state frequency ranges by supercell dispersions. (g) Experimentally 345 

measured displacement fields |uz| at corresponding peak frequencies in (a)-(f). 346 

 347 
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Specifically, the frequency response spectra extracted from the probes 1-3 (labeled in 348 

Fig. 6(c)) are picked up for further illustration. Clearly, the probe 2 located at the 349 

interface can acquire edge-state responses while the probes 1 and 3 detect bulk waves 350 

for comparison. Figures 7(a)-(f) illustrate the normalized responses of probes 1-3 on 351 

two plates around respective frequency ranges: 5-10 kHz for BG I, 25-30 kHz for BG 352 

II, and 45-50 kHz for BG III. We denote the numerically predicted frequency ranges of 353 

edge modes by pink shaded ribbons in Figs. 7(a)-(f), which locate at 6.875-8.056 kHz 354 

(ΨAB and ΨBA for BG I), 26.010-28.262 kHz (ΨAB and ΨBA for BG II), 46.646-48.617 355 

kHz (ΨAB for BG III), and 48.185-48.617 kHz (ΨBA for BG III). As can be seen, around 356 

these frequencies, the responses at the edge probe 2 (blue curves) are very strong while 357 

the responses of bulk probes 1 and 3 (red and green curves) are relatively weak, as 358 

illustrated in Figs. 7(a)-(f). On the other hand, we extract the frequency domain signals 359 

of all scanned points [77,78] so as to visualize the wave fields. The wave fields at those 360 

peak frequencies of the response spectra of the probe 2 further verify that propagating 361 

waves are highly localized at the interfaces, as depicted in Fig. 7(g) Additionally, we 362 

also find that the gapped edge state within BG III for the interface ΨBA is well captured, 363 

reflected by differences between Fig 7(e) and Fig 7(f). Conclusively, despite minor 364 

frequency deviations due to several inevitable factors in experiments such as 365 

imperfectly fabricated samples and noise signals, the above findings confirm the fact 366 

that flexural waves are highly localized and transported along the interfaces, over those 367 

numerically predicted edge-state frequencies.  368 

3.3 Robustness of edge-state propagation 369 

Having demonstrated triband edge-state propagations of flexural waves along straight 370 

interfaces within BGs I-III, in the following, we evaluate the robustness of such 371 
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topological valley transports by examining their immunities against geometric 372 

perturbations including structural defects, disorders, and sharp bends in numerical 373 

simulations. For the cases analyzed here, the investigation on flexural-wave 374 

propagations along the interface ΨAB is used for an illustration. To simulate flexural 375 

wave propagations along the prescribed interface ΨAB, a phononic plate comprised of 376 

PC-A (up) and PC-B (down) is numerically established in the finite element software 377 

COMSOL Multiphysics 5.6. We use frequency response analysis in the 3D Solid 378 

Mechanics Modula of COMSOL Multiphysics to directly investigate flexural-wave 379 

propagation, in which the perfectly matched layers (PMLs) are available so that 380 

unwanted reflections from plate boundaries can be absorbed. In frequency domain 381 

simulations, an out-of-plane point force is applied at the entrance of the interfaces to 382 

excite flexural waves in plates, labeled by green stars in Fig. 8. In particular, we 383 

purposely introduce some geometric perturbations at the interfaces: a Z-shaped interface 384 

with two sharp bends, a defect by removing one unit-cell-scale slots, and a disordered 385 

area by rotating several slots with random θ values between [-5°, 5°] around their 386 

respective centers, as indicated in left panels of Fig. 8. The excitation frequencies are at 387 

those experimentally measured edge-state peak frequencies for the interface ΨAB. The 388 

resulting displacement fields |uz| show that, despite the existence of these geometric 389 

perturbations, flexural waves still propagate smoothly from the entrance to the exit of 390 

the interfaces with little energy loss, evidencing that tri-band valley edge modes are 391 

topologically robust. 392 
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 393 
Fig. 8. Simulated displacement fields at peak frequencies (Fig. 7) in the phononic plate (ΨAB) with three types 394 

of geometric perturbations: (a) sharp bends (b) defects (c) disorders. Enlarged views of the regions boxed by 395 

purple-colored dashed lines are shown in the left panels, where red lines point out perturbations. Green colored 396 

stars mark positions of the excitation.  397 

 398 

4. Second-order corner modes 399 

Besides edge modes, valley Hall topological insulators have been proved to be capable 400 

of supporting zero-energy corner modes emerging from nontrivial bulk polarization 401 

[54,76]. The bulk polarization is a topological invariant that characterize a class of 402 

symmetry-protected topological phases, which reveals the appearance of higher-order 403 

topological states according to the locations of Wannier centers [79]. When valley edge 404 

modes are gapped in dispersions, nontrivial second-order corner modes can appear 405 

within the resulting edge gap and exhibit valley-selective characteristics [54,76]. In this 406 

section, we show that the proposed valley PTI hosts second-order topological corner 407 
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modes within those band gaps concerned.  408 

4.1 Corner mode of ΨBA within BG III 409 

It is noticed that the edge mode appearing at the interface ΨBA is gapped within BG III 410 

(Fig. 5(d)), providing the room for supporting the corner mode. To prove this, we 411 

construct a finite-sized plate (FP1) comprising of PC-B surround by PC-A, where three 412 

60-degree corners are formed between nearby interfaces ΨBA, as sketched by the inset 413 

in Fig. 9(a). Next, we calculate the eigenfrequencies of FP1 to visualize the corner mode. 414 

Figure 9(a) shows that three degenerated corner mode (red dots) exactly occurs within 415 

the range of the edge gap, evidenced by the highly localized energy at the corner site, 416 

as seen in Fig. 9(c). For comparison, we build another finite-sized plate as the 417 

counterpart of FP1, named as FP2 (with reversed PC-A and PC-B) and see its 418 

eigenfrequencies. The results show that the edge modes of FP2 are distributed across the 419 

entire BG III, but no corner mode exists, as depicted in Fig. 9(b). 420 

 421 
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Fig. 9. (a)-(b) Eigenfrequencies around BG III for (a) FP1 and (b) FP2, where only bulk (gray dots), edge (blue 422 

dots) and corner mode (red dots) are presented while other irrelevant eigenmodes like ones at boundaries are 423 

unshown. The boundary conditions of FP1 and FP2 are set to be free in simulations. (c) Displacement field |uz| 424 

of corner-state eigenmode (red colored dot in (a)). (d) Wannier bands of PC-A and PC-B, where the inset shows 425 

the rhombus-shaped Brillouin zone for the calculation and dashed lines represent mean values of Wannier bands. 426 

The right panel shows that Wannier centers are located at Wyckoff positions. (e) Plotted Wannier centers (red 427 

dots) along interfaces (blue lines) of the inner domain of FP1 and FP2, respectively. 428 

 429 

The underlying physics behind these findings can be elucidated by the second-order 430 

topology of PC-A and PC-B, characterized by the bulk polarizations, which can be 431 

numerically acquired using the Wilson-loop method [80] 432 

 
, 1      = 1, 2    = 2, 12 kL

P dv
β

α α α βπ= ∫  (6) 

where L represents the projected length of the adapted Brillouin zone (deformed from 433 

the hexagon to a rhombus, shown in the inset in Fig. 9(d)) along the kβ direction. ,kv
βα434 

denotes Berry phase, the integration of Berry connection along a closed loop inside the 435 

Brillouin zone [71]. Here, it is integrated along the loop kα for a specific kβ, which is 436 

expressed as 437 

 
, ,,   dm mk kv i u u k

αβ

π
αα π−

= ∂∫ k k  (7) 

where |uk⟩ denotes the periodic wave functions of the mth order band at wave vector k = 438 

(kα, kβ). Figure 9(d) presents v2 as a function of k1 for PC-A and PC-B, respectively. 439 

According to Eq. (6), we can get P2 = 1/3 for PC-A and P2 = −1/3 for PC-B. Similar 440 

calculation on v1 leads to P1 = P2 = 1/3 for PC-A and P1 = P2 = −1/3 for PC-B, indicating 441 

that Wannier centers are located at different Wyckoff positions for PC-A and PC-B, as 442 
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labelled by purple and green dots in the right panel of Fig. 9(d). So far, we know that 443 

the bulk polarizations of PC-A and PC-B within BG III: PA= (1/3, 1/3) while PB= (−1/3, 444 

−1/3) and then we label the Wannier centers in two finite-sized plates i.e., FP1 and FP2, 445 

which can determine the emergence of nontrivial corner modes. For convenience, only 446 

those Wannier centers in the inner domain of each plate are labeled along the interfaces 447 

while the entire outer domain is hidden. It is noticed that the Wannier centers along the 448 

interfaces in FP1 terminate at the corner position (as denoted by red circles in Fig. 9(e)), 449 

implying that corner states occur at this corner site. On the contrary, the Wannier centers 450 

disappear at the corner position in FP2, meaning that the corner site cannot host corner 451 

state. This reflects the so-called valley selectivity [54,76] and provides a physical insight 452 

for understanding the difference between two types of interfaces, i.e., ΨBA and ΨAB. 453 

 454 

Having understood the physics of the second-order topology, we conduct a vibration 455 

test to experimentally demonstrate the corner mode appearing in FP1. A 6061-aluminum 456 

alloy plate is fabricated by the laser cutting technology, the sizes of which are identical 457 

with those of FP1. Figure. 10(a) pictures the prepared specimen, where the position of 458 

the excitation source (one PZT with 6 mm diameter and 1 mm thickness, placed at one 459 

side of the plate) is displayed by a close view (the inset). Other experiment setups and 460 

implementations are similar to those described in Section. 3.2. Here, we select one of 461 

three identical corners for illustration, and the response spectrum (Fig. 10(c)) at this 462 

corner position (red point on the specimen in Fig. 10(b)) shows that one response peak 463 

appears at 46.465 kHz, which nearly coincides with the numerical one 46.853 kHz. The 464 

slight frequency deviation is likely attributed to the differences between material 465 

parameters of aluminum in the simulation  466 
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 467 
Fig. 10. (a) Experiment specimen for measuring the corner state, where the lower left and lower right ends of 468 

the sample are clamped. (b) Enlarged view of laser-scanned positions, the excitation position, and the probe 469 

point for extracting response spectrum. (c) Response spectrum at the probe point in (b). (d) Experimentally 470 

measured energy fields |uz| at the corresponding peak frequency in (c). 471 

 472 

model and the actual specimen, and unavoidable manufacture error. Furthermore, the 473 

scanned energy field (Fig. 10(d)) around the corner site (see laser-scanned positions in 474 

Fig. 10(b)) at this peak frequency shows that energies are exactly confined at this corner 475 

position. So far, we have experimentally confirmed that the developed valley PTI in this 476 

paper is exactly a second-order topological insulator capable of hosting corner modes. 477 



27 

 

4.2  Topological corner modes within multiple band gaps 478 

The previous section has verified the nontrivial second-order topology of the proposed 479 

valley PTI, but only within the third topological band gap. Theoretically, each 480 

topological band gap in valley PTIs can accommodate nontrivial corner modes, but that 481 

requires a gapped edge mode. As mentioned before, both interfaces ΨAB and ΨBA exhibit 482 

gapless edge modes within the first two topological band gaps, thereby uncapable of 483 

holding corner modes within BGs I-II. Instead, we utilize another pair of valley-contrast 484 

PCs, PC-C (θ = −15°) and PC-D (θ = 15°), to confirm the existence of multi-band corner 485 

modes in the proposed PTI.  486 

 487 

 488 

Fig. 11. (a)-(b) Wannier bands of the lower bands of BG I’-III’ for (a) PC-C and (b) PC-D, where dotted lines 489 

denote mean values of Wannier bands. Red and green colored arrows show that Wannier centers are located at 490 

respective Wyckoff positions 491 

 492 

First, in a similar way described in Section. 4.1, we calculate the Wannier centers of PC-493 

C and PC-D within BGs I’-III’. Figure 11 presents Wannier bands along with positions 494 



28 

 

of resulting Wannier centers of PC-C and PC-D within three band gaps, by which one 495 

can infer that multi-frequency corner modes occur when connecting PC-C and PC-D in 496 

a manner similar to the one in Fig. 9. To investigate corner modes and their valley 497 

selectivity, we build two finite-sized plates, i.e., FP3 and FP4: FP3 consists of PC-C 498 

surrounded by PC-D, while FP4 is made of PC-D surrounded by PC-C, as sketched at 499 

the left panels in Figs. 12(a)-(b). 500 

 501 

Subsequently, we calculate the eigenfrequencies of FP3 and FP4 around BGs I’-III’, and 502 

results are presented in Figs. 12(a)-(b). Notably, corner-state eigenmodes (red icons) are 503 

discovered within those occurred edge gaps, evidenced by their highly localized 504 

energies at corresponding corner sites, as depicted in Figs. 12(c)-(d). According to the 505 

positions of Wannier centers, some of corner modes are distinguished as topologically 506 

nontrivial corner states (red dots) while others are just trivial ones (red diamonds): For 507 

FP3, the Wannier centers in its inner layer terminate at the corner position within BG I’ 508 

and BG III’ while disappears at the corner position within BG II’. This further reflects 509 

the fact that no corner mode exists within BG II’ for the FP3, as depicted in Fig. 12(a). 510 

While for FP4, the Wannier centers terminate at the corner position only within BG II’. 511 

Therefore, even though corner modes are discovered within BG I’ and BG III’ of FP4, 512 

they should be classified as trivial ones [52].  513 

 514 

Next, we fabricate these two finite-sized plates, i.e., FP3 and FP4, to experimentally 515 

observe these numerically predicted corner modes. The whole experiment follows the 516 

same procedures as those in Section. 4.1. For both plates, the measured response spectra 517 

around corner-state frequencies are sequentially displayed in Figs. 13(a)-(b). It should 518 
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be particularly stressed that the illustrated response spectra are not always extracted at 519 

the actual corner position, instead they are extracted at positions with maximal energy 520 

amplitude in the experimentally scanned energy fields. For each corner mode, it can be 521 

seen that the experimentally measured response peak is close to the numerical result. 522 

The reasons for occurred frequency deviations between numerical and experimental 523 

results have been given in Section. 4.1. Specially, two neighboring corner modes within 524 

BG III’ (for both FP3 and FP4) are also well captured, which are reflected by two close 525 

peaks in the measured response spectra, as seen in Figs. 13(a)-(b). Moreover, at all these 526 

response peaks, the highly-localized energy fields scanned around corner sites reinforce 527 

the fact that they represent topological corner modes, as displayed in Figs. 13(c)-(d). It 528 

can be seen that the experimentally scanned corner-state energy fields exhibit diverse 529 

localizations around the corner position, showing good consistency with corner-state 530 

eigenfields in numerical simulations in Figs. 12(c)-(d).  531 

 532 

The above investigation has verified the emergence of valley-selective corner modes 533 

within all three topological band gaps, demonstrating that the proposed PTI is also a 534 

second-order topological insulator capable of accommodating multi-band corner states. 535 

The robustness of topological corner modes is verified in Appendix. C. 536 

 537 
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 538 
Fig. 12. (a)-(b) Eigenfrequencies of finite-sized plates (a) FP3 and (b) FP4 around frequencies of BGs I’-III’. 539 

(c)-(d) Eigenfields of the corner modes labeled in (a)-(b). Boundary conditions of these finite-sized plates are 540 

set to be free in simulations. 541 
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 542 

Fig. 13. (a) Fabricated FP3 and the response spectra within BG I’ and III’. (b) Fabricated FP4 and the response 543 

spectra within BG I’, BG II’, and BG III’. In (a) and (b), the lower left and lower right ends of the samples are 544 

clamped. (c) Experimentally scanned displacement fields |uz| at the corresponding peak frequencies at the 545 

spectra in (a)-(b). 546 

 547 

 548 

 549 

 550 

 551 
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5. Parametric studies 552 

To highlight the applicability of our design strategy for multi-band PTIs in general plate-553 

type structures, parametric studies are performed in this part. Rather than focusing on 554 

the widths of topological band gaps that are highly sensitive to the orientation angle θ 555 

(referring to Fig. 3), we here consider the effects of slots parameters and the plate 556 

thickness on the emergence of those multi-frequency valley-shaped Dirac degeneracy 557 

bands when θ = 0°. It is important to stress that degeneracies often occur at K (K’) points 558 

due to the C3v symmetry, but they are not necessarily able to open a complete band gap. 559 

Particularly, the valley-shaped degeneracy bands play a critical role in enabling 560 

complete band gaps. In previous works that leverage perforations in plates for creating 561 

Dirac degeneracy, the sizes of holes and distance among them need to be strictly 562 

controlled to produce effective valley-shaped degeneracy bands. In other words, the 563 

effective Dirac cone is very sensitive to the sizes of perforated holes. Here, we 564 

demonstrate that the emergence of valley-shaped degeneracy bands in the proposed PTI 565 

perforated with SRRs are insensitive to geometric parameters, broadening its 566 

applicability in general plate-type structures. Moreover, we show that more Dirac cones 567 

emerge at other dispersion branches, besides the three previously studied. All numerical 568 

calculations still employ plate models except the effect of thickness h, which is 569 

implemented by the 3D Solid Mechanics Module in COMSOL 5.6.  570 

5.1 Effects of geometric parameters on degeneracy bands 571 

We investigate the effects of changing geometric parameters on three pairs of 572 

degeneracy bands, referring to the 7th and 8th, the 13th and 14th, and the 19th and 20th 573 

bands. Accordingly, we refer three concerned degeneracy points as the degeneracy I-III. 574 
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Figures 14-17 present dispersion bands around frequencies of three pairs of 575 

degeneracies when continuously changing the rib width e (Fig. 14), the slot width t (Fig. 576 

15), the plate thickness h (Fig. 16), and the outer radius r (Fig. 17). Clearly, even though 577 

changes of parameters e, t, and h cause frequency shifts of these degeneracies, relevant 578 

degeneracy bands maintain valley-shaped, which are further proved to smoothly open 579 

complete band gaps and cause topological phase transitions. However, when 580 

continuously reducing the outer radius r of slots, although degeneracies still exist, it can 581 

be seen that associated degeneracy bands are severely disrupted such as distorted line 582 

shapes or intersection with other branches, as indicated in Fig. 17. On this condition, we 583 

assert that the valley shapes of degeneracy bands are broken, and these degeneracies 584 

become ineffective Dirac cones uncapable of opening complete band gaps. 585 

 586 

The phenomena can be further elucidated by the underlying mechanism on the 587 

formation of these degeneracy bands, that is, the resonances of perforated SRRs have a 588 

significant impact on the dispersion: the changes to parameters e, t, h certainly affect 589 

resonant frequencies, but have little effect on the relative mass ratio of perforated SRRs 590 

to the host plate. While the outer radius r is smaller, perforated SRRs have a less relative 591 

mass so that dispersion curves are seriously disrupted. Detailed discussion can be found 592 

in Appendix B.  593 

 594 
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 595 

Fig. 14. Evolutions of three pairs of degeneracy bands when changing the rib width e from 2 mm to 10 mm, 596 

where the degeneracy I-III are labeled by colored signs, located between the 7th and 8th bands, the 13th and 14th 597 

bands, and the 19th and 20th bands, respectively. 598 

 599 

Fig. 15. Evolutions of three pairs of degeneracy bands when changing the slot width e from 0.3 mm to 1.9 600 

mm, where the degeneracy I-III are labeled by colored signs, located between the 7th and 8th bands, the 13th 601 

and 14th bands, and the 19th and 20th bands, respectively. 602 
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 603 

Fig. 16. Evolutions of three pairs of degeneracy bands when changing the plate thickness h from 2 mm to 10 604 

mm, where the degeneracy I-III are labeled by colored signs, located between the 7th and 8th bands, the 13th 605 

and 14th bands, and the 19th and 20th bands, respectively. 606 

 607 

Fig. 17. Evolutions of three pairs of degeneracy bands when changing the outer radius r from 11.5 mm to 7.5 608 

mm, where the degeneracy I-III are labeled by colored signs, located between the 7th and 8th bands, the 13th and 609 

14th bands, and the 19th and 20th bands, respectively. 610 

 611 

The above parametric studies show that the existence and the valley shapes of multiple 612 

Dirac degeneracy bands are not accidental results through fine-tuning the sizes of 613 
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perforated holes, but due to the existence of SRRs. Correspondingly, provided that 614 

perforated SRRs remain a large relative mass, these Dirac cones persist. This 615 

demonstrates the generality of our strategy, which is applicable to both thin and thick 616 

plates. The developed perforation fashion in this paper, referring to perforating SRRs 617 

by thin slots, offers a promising solution to the challenge of designing multi-band PTIs 618 

in plain plate structures without attaching or embedding complex scatterers. 619 

 620 

5.2 Dirac degeneracies at additional dispersion bands 621 

The investigations in Section. 5.1 still focus on those degeneracies that locate between 622 

the 7th and 8th, the 13th and 14th, and the 19th and 20th bands. In the following, we show 623 

that the proposed phononic plate allows for additional Dirac cones at other dispersion 624 

branches, not limited to the previously analyzed three. 625 

 626 

Besides the first twenty-one dispersion bands calculated in previous cases, we here 627 

consider dispersion bands at higher frequencies. Figure 18(a) shows the 25th-30th 628 

dispersion bands when θ = 0°, where two valley-shaped degeneracies at K points are 629 

identified between the 25th and 26th, and the 28th and 29th bands. Further, these two 630 

degeneracies are lifted up to open complete band gaps when rotating a small angle θ by 631 

-5°, and each pair of K valleys carry opposite OAMs, as shown in Fig. 18(b). Therefore, 632 

these two degeneracies are also effective Dirac cones, referred as Dirac cones IV and V. 633 
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 634 

Fig. 18. (a) The 25th – 30th dispersion bands of the unit cell when θ = 0°. Dirac cone IV is located between the 635 

(25th, 26th) while Dirac cone V is located between the (28th, 29th). (b) The 25th – 30th dispersion bands of the unit 636 

cell when θ = −5°. Right panel in (b) depicts phase fields of uz at those colored dots. Gray shaded regions 637 

represent the complete band gaps. 638 

 639 

 640 

Fig. 19. The 1st and 2nd dispersion bands of the unit cell with thickness h = 8 mm when (a) θ = 0° (b) θ = −30°. 641 

Right panel in (b) depicts phase fields of uz at those colored dots. Gray shaded region represents the complete 642 

band gap. 643 

 644 

Next, we demonstrate that several degeneracies at K points, which are previously 645 

considered as ineffective Dirac cones, can become effective ones with specific 646 
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parameters. Figure 1(c) shows that the 1st and 2nd dispersion bands are degenerated at K 647 

points, but these two bands are not with perfectly valley-shaped and uncapable of 648 

opening a complete band gap via rotating orientation angle θ. However, the situation 649 

has changed with specific geometric parameters, e.g., the thickness of the unit cell is set 650 

to be 8 mm with other parameters unchanged. Figures 19(a)-(b) present the 1st and 2nd 651 

dispersion branches of the new unit cell when θ = 0° and θ = -30°, respectively. It can 652 

be seen that two degeneracy bands now exhibit perfect valley shapes when θ = 0°, and 653 

successfully open a complete band gap carrying opposite OAMs at upper and lower K 654 

valleys, when θ is rotated to -30°. Based on this, we can identify that the degeneracy 655 

between the 1st and 2nd bands has become a new Dirac cone when the plate thickness h 656 

= 8 mm. 657 

 658 

The above examples have demonstrated the extraordinary ability of our phononic plate 659 

to trigger multi-band Dirac degeneracies and its flexibility in parametric designs, not 660 

limited to the three previously studied. 661 

 662 

6. Conclusions 663 

In summary, we have developed a new type of micro-perforated elastic phononic plates, 664 

and on this platform, we successfully create multi-band valley PTIs with the ease of 665 

implementation and fabrication. The rich multi-modal resonances of perforated fan-666 

shaped SRRs with C3 symmetry induce effective Dirac cones in flexural-wave 667 

dispersions at different frequencies, which lead to multi-frequency complete topological 668 

band gaps. When rotating perforated slots properly, the topological phase transitions 669 
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occur within triple band gaps and two valley-contrast nontrivial PCs can be built. 670 

 671 

The multi-band energy localization and robust propagation of flexural waves at the 672 

interfaces that connect two valley-contrast PCs have been demonstrated numerically 673 

and experimentally. Furthermore, these band gaps have been proved capable of 674 

accommodating second-order topological corner modes that originate from their 675 

nontrivial bulk polarizations, enriching topological physics of the developed PTIs. 676 

Experimental measurements validate their highly-localized energies around corner sites, 677 

facilitating applications of confining and amplifying multi-frequency elastic waves.  678 

 679 

Parametric studies reveal that, the emergence of valley-shaped Dirac degeneracy bands 680 

in the proposed PTI is insensitive to the plate thickness and most slots parameters, 681 

reflecting its wide applicability in plate-type structures. Additional Dirac cones are 682 

discovered at higher frequencies, not limit to the three concerned. Moreover, with 683 

specific geometric parameters, several previously ineffective degeneracies at K/K’ 684 

points become new Dirac cones capable of opening topological complete band gaps.  685 

 686 

The proposed design strategy for realizing multi-band valley modes of flexural waves 687 

is universal, and applicable to almost all thin and thick plate-type structures constituted 688 

by various solid materials. This simple and flexible platform, created by easily 689 

achievable laser cutting or water jetting technologies, greatly facilitates to observe and 690 

leverage multi-band topological effects of elastic waves in practice. 691 
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Appendix A. Comparison between plate and solid models 692 

In this appendix section, we compare the band structures calculated by the plate model 693 

with the one by three-dimensional FE model. The upper panel of Fig. A1(a) presents 694 

mesh geometry of the plate model used in this paper while the lower panel illustrates its 695 

solid counterpart with a finer mesh size. In Fig. A1(b), it can be seen that the dispersion 696 

of out-of-plane modes of the solid model (overlapped black dots with green curves) 697 

almost agree with curves of the plate model, despite of sparser meshes adopted in the 698 

latter. The above comparison validates the accuracy of the plate model used in this paper. 699 

 700 
Fig. A1. (a) Mesh geometries of two-dimensional (2D) plate used in this paper (upper panel) and three-701 

dimensional (3D) solid (lower panel). (b) Comparison of band structures calculated by two models, where 702 

overlapped dispersions refer to out-of-plane modes.   703 

 704 
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Appendix B. Mechanism analysis on multiple Dirac degeneracy 705 

bands 706 

In this section, we discuss the mechanism underpinning the formation of those multiple 707 

Dirac degeneracy bands. Bloch eigenmodes at degenerated K valleys offer the insight 708 

for the underlying modal information. In the phononic plate, micro-perforated slots in 709 

fact carve out a type of fan-shaped SRRs moving like cantilevers, which are connected 710 

with the host plate via the ribs. In this situation, the total mass of three SRRs is much 711 

larger than the one of the host plate so that the resonances of the former play a 712 

dominative role in shaping flexural-wave dispersions. Figure A2 shows Bloch 713 

eigenmodes at Dirac cones I-III: Dirac cone I is induced by the torsional motions of 714 

SRRs, while Dirac II and Dirac III are the outcomes of the multi-modal bending 715 

resonances of SRRs. This fundamentally distinguishes from other existing perforation 716 

fashions that require strict hole sizes or distances among them to create the effective 717 

valley-shaped degeneracies. Particularly, in our PTI, the intrinsic C3 symmetry of slots 718 

result in degeneracies at K/K’ points while the special multi-order resonant modes of 719 

perforated SRRs make these degeneracies available as effective Dirac cones. These 720 

assertions are also confirmed in parametric studies in Section. 5: the changes to the rib 721 

width e, the slots width t, and the plate thickness h, only affect resonant frequencies but 722 

have little to no impact on the emergence and the valley shape of degeneracy bands 723 

because the relative mass of SRRs to the host plate are almost unchanged. While a 724 

smaller outer radius r of the slots leads to less relative mass of perforated SRRs, and 725 

thus their resonances cause weaker effects on dispersions, consequently disrupting the 726 

degeneracy bands, as shown in Fig. 17. 727 
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 728 
Fig. A2. Eigenfields at upper and lower K valleys of three concerned Dirac cones. The right panel shows the 729 

resonant deformation of these eigenmodes, where the colors represent out-of-plane displacement. 730 

 731 

Appendix C. Robustness of corner modes 732 

The inherent nontrivial topological property endows the corner modes with robustness 733 

against geometric perturbation such as structural defects. To prove this, we select FP3 734 

that hosts dual-band corner modes within BG I’ and BG III’ for illustration, and 735 

introduce a big defect by removing one unit-cell-scale slot close to the corner position. 736 

The calculated eigenfields show that the highly-localized corner modes are still 737 

observed despite slight frequency deviations, as seen in Fig. A3. In fact, corner modes, 738 

especially for their occurrence frequencies, have been revealed to maintain strong 739 

robustness to geometric perturbation in the bulk yet still be sensitive to perturbation 740 

close to the actual corner position [54,81]. Based on a modest frequency shift (<1%) 741 

induced by a big defect close to the corner position, the corner modes in the proposed 742 

PTI still exhibit robustness to a certain extent. On the other hand, the sensitivity to near-743 

field perturbation might be leveraged for tunable wave localization. 744 
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 745 

Fig. A3. Eigenfields |uz| of corner modes in the defected FP3. The defect is created by removing a unit-cell-scale 746 

slot. The boundary conditions of the plate are set to be free in simulations. 747 

 748 
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