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1. Introduction

In this paper, we study three inventory systems:

(i) Periodic-review lost-sales inventory system with fixed lead times and a non-stationary
demand process.

(ii) Periodic-review system for a perishable product with fixed lifetime, partial backorders, and
a non-stationary demand process.

(iii) Continuous-review system for a non-perishable product with fixed lead times and lost sales.
For systems (i) and (ii), the firm first reviews the system state in each period ¢t > 1 and then makes
a replenishment decision. The system state for system (i) includes the on-hand and pipeline inven-

tories, and for system (ii) it includes the on-hand inventories with different ages and backlogged



demand (if any). The order arrives after fixed lead time in system (i) and immediately in system
(ii). Next, random demand in period ¢ is realized and satisfied as much as possible by the on-hand
inventories (and following a first-in-first-out issuance policy in system (ii)). For system (ii), a ran-
dom fraction of unmet demand is backlogged and the remaining fraction is lost. The demand in
each period is a non-negative period-dependent deterministic part plus an i.:.d. non-negative r.v..
At the end of period t, the leftover inventories are carried to the next period (or outdated when
reaching the end of their lifetime in system (ii)). For system (iii), demands arrive according to
a Poisson process. At any time ¢ > 0, the firm first reviews the system state, which includes the
on-hand and pipeline inventories. If demand arrives at time ¢, then it is satisfied by the on-hand
inventory and unmet demand is lost. After that, the firm makes a replenishment decision, and the
order (if any) will arrive after fixed lead times. The objective for all three systems is to minimize
the long-run average holding, backlogging/lost-sales penalty, and outdating (for system (ii)) cost.

The studies of the three systems described when demands are i.i.d. and unmet demand is fully
lost /backlogged have a long history which dates back to 1950’s (see, e.g., Veinott 1960, Karlin and
Scarf 1958, Karush 1957). Since these systems have multi-dimensional state space, their optimal
policies and costs are in general intractable due to the curse of dimensionality. Thus, the dominant
approach in the literature is to develop and analyze simple heuristic policies for these systems,
such as base-stock policy (Reiman 2004, Huh et al. 2009, Bijvank et al. 2014, Zhang et al. 2020,
Bu et al. 2023), constant-order policy (Reiman 2004, Xin and Goldberg 2016), and approximation
algorithm (Levi et al. 2008, Chao et al. 2015, Chao et al. 2018, Zhang et al. 2023). In practice, it is
well known that the unit penalty cost is usually much larger than the unit holding cost. Thus many
of these studies perform asymptotic analysis for the heuristic policies in the regime of large unit
penalty cost (see, e.g., Reiman 2004, Huh et al. 2009, van Jaarsveld and Arts 2024, Bu et al. 2023).
We refer to Goldberg et al. (2021) for a detailed review. However, almost no study characterizes the
asymptotic behavior of the optimal cost in these systems as the unit penalty cost grows large. To
our knowledge, Arts et al. (2015), combined with the results in Huh et al. (2009), provide the only
such result for system (i) under a class of integer-valued demand distributions and i.i.d. demands.
They do not consider system (i) under continuous demands or non-stationary demand process, and
there is no such study for system (ii), or system (iii). In addition, the literature has shown that
the base-stock policy is asymptotically optimal with large unit penalty cost for systems (i) and (ii)
under i.i.d. demands, and pure backorder or lost-sales models ( Huh et al. 2009, Bijvank et al. 2014,
Bu et al. 2023). However, for systems (i) and (ii) under the more general setting of this paper, and
for the classical continuous-review system (iii), no existing paper studies asymptotically optimal

policies with large unit penalty cost.



In this paper, we study the three inventory systems in the regime of large unit penalty cost.
As a foundation of our analysis, we prove that the optimal cost of each system is bounded from
below by some newsvendor cost. For systems (i) and (ii), we propose a class of modified base-stock
policies that raises the inventory level/position to some time-dependent levels and prove that the
long-run average cost of the best modified base-stock policy is bounded from above by another
newsvendor cost. Thus, to understand the optimal cost of these systems, we first characterize the
asymptotic scaling of the newsvendor cost with large unit penalty cost. We summarize our approach
as follows. First, when demand is unbounded and its mean-residual life (MRL) is sub-linear, we
show that the ratio between the newsvendor cost and a simple fractile solution converges to a
constant as the unit penalty cost goes to infinity. Under a weaker condition that the MRL of the
demand distribution is upper bounded by a linear function, we derive the asymptotic bounds on the
newsvendor cost. Second, we characterize the exact rate of the newsvendor cost under six classes of
demand distributions, and establish asymptotic bounds on the newsvendor cost under finite k-th
order moment, sub-exponential, and sub-Gaussian demand distributions. Finally, we consider the
case of bounded demand and characterize the rate at which the newsvendor cost converges to its
finite limit under two classes of bounded demand distributions.

We then apply the above results to the three inventory systems described earlier. For systems (i)
and (ii), when the lead-time demand is unbounded and its MRL is sub-linear (respectively, upper
bounded by a linear function), we characterize the asymptotic scaling (respectively, asymptotic
bounds) of the optimal cost in both systems as the unit penalty cost grows using a simple fractile
solution. Importantly, this enables us to establish the asymptotic optimality of the best modified
base-stock policy with large unit penalty cost in both systems (for system (ii), the sub-linear
condition of MRL can be removed for the asymptotic optimality result to hold.) When demand is
bounded in system (i) with non-stationary demand process and in system (ii) with 4.i.d. demand
process and lost sales, we also characterize the rate at which the optimal cost converges to its
finite limit under different demand distributions. For system (iii), we obtain the exact rate of the
optimal cost as the unit penalty cost grows and establish the asymptotic optimality of the best
base-stock policy in this regime. To our knowledge, this is the first asymptotic optimality result in
the continuous-review lost-sales inventory system. This paper contributes to the literature with the
understanding of the optimal cost for three classical but notoriously complex inventory systems in
the regime of large unit penalty costs. It also extends the asymptotic optimality result of simple
base-stock policies (for both perishable and non-perishable inventory systems) to systems with a
non-stationary demand process, and establishes asymptotic optimality result of simple base-stock
policies for continuous-review lost-sales inventory system with Poisson demand. We expect our

analysis and results to be useful in studying other complex inventory systems.



The rest of this paper is organized as follows. We characterize the asymptotic scaling of the
newsvendor cost in §2 and that of the optimal cost of the three inventory systems in §3 to §5,
respectively. We conclude the paper in §6 with a few remarks. Throughout this paper, for positive
functions f(z) and g(z), we apply the notation f(z)=o(g(x)) if lim, .. f(z)/g(x) =0, f(x) =
O(g(x)) if limsup, ,, f(x)/g(x) < oo, f(z) =O(g(x)) if f(x)=O(g(x)) and g(z) = O(f(z)), and
f(x) ~g(x)if lim, . f(z)/g(x) = 1. For random variable (r.v.) X, let Fx(x) denote its cumulative
distribution function (c.d.f.) and fx(z) denote its probability mass/density function (p.m.f. or
p.d.f.). Let Fx(x) 21— Fx(z), and for any 0 < a < 1, F;'(a) £ inf{x > 0: Fx(z) > a}, where “&”

stands for “defined as”. Let ®(-) denote the c.d.f. of a standard normal r.v..

2. Asymptotic Scaling of Newsvendor Cost

In this section, we study the asymptotic scaling of the newsvendor cost with large unit penalty
cost. The results established in this section lay the foundation for characterizing the asymptotic
scaling of the optimal cost of the infinite time horizon systems (i) to (iii) in the subsequent sections.
The proofs of all the technical results in this section are provided in Appendix A.

In the newsvendor problem, the seller decides an order quantity ¢ > 0 to satisfy non-negative
random demand D with known c.d.f. Fp(-) and p.d.f. or p.m.f. fp(-). We assume that E[D] < co
and denote D = sup{z : Fp(z) < 1} < co. Leftover inventory incurs a unit holding cost h and
unsatisfied demand incurs a unit penalty cost p. Let CNV(h,p, Fp) denote the newsvendor cost

with unit holding cost h, unit penalty cost p, and demand distribution Fp, i.e.,
C™ (h,p, Fo) = min {E[(q — D)*]+ pBI(D - 0) ]}.

It is well-known that the optimal order quantity ¢*, referred to as the newsvendor solution, is the

fractile solution F,;l(]ﬁ), ie., ¢"=inf{g>0:Fp(q) > 25}

THEOREM 1. Suppose D is unbounded. Then the following results hold:
(a) If E[D —z|D > x| = o(x), then

NV h F
lim w = h. (1)
p=eo Fp (m)

(b) IfE[D —z|D>z]=O(z), then OV (h,p, Fp) = O(Fp"' (;17)).

Equation (1) shows that the newsvendor cost asymptotically scales up as h times the fractile
solution F,'(p/(p+ 1)) as p — oo under condition E[D — z|D > x] = o(z). A similar condition
appears in Huh et al. (2009), Bijvank et al. (2014) and van Jaarsveld and Arts (2024). As shown in
Theorem 1 of Huh et al. (2009), many commonly used demand distributions satisfy this condition,

including any distribution with an increasing failure rate (IFR). For any v > 0, Equation (1) implies



that lim, ,.. CNV(h,p/v, Fp)/CNV(h,p, Fp) = 1, which has two implications. First, it implies (1)
also holds when replacing F'(p/(p+ 1)) with F5'(p/(p + v)) for any v > 0. Second, it reveals
that the newsvendor cost is a slowly varying function of p. A measurable function f(-):RT — R
is called slowly varying if lim, ., f(ax)/f(z) =1 for any a > 0. It is well-known that any slowly
varying function f(z) satisfies lim, . f(z)/x* =0 for any a > 0 (see, e.g., Korevaar et al. 1949).
Thus, when D is unbounded and E[D — z|D > x] = o(z), the newsvendor cost grows slower than
p® for any a >0, ie., lim, ,.. CNV(h,p,Fp)/p* = 0. Part (b) shows a weaker result under the
(weaker) condition E[D — x|D > x] = O(z), that the newsvendor cost is asymptotically bounded
from above and from below by F5'(p/(p+ 1)) multiplied by certain constants as p — co. Examples
of distributions satisfying E[D — z|D > z] = O(z) but not E[D — z|D > z] = o(x) include fat-tailed
distributions such as Pareto distribution (see, e.g., Proposition 1 in Huh et al. 2009).

With Theorem 1, we can characterize the exact rate of the newsvendor cost as a function of p
by studying the growth rate of F,'(p/(p+1)). The following proposition shows the results for six

classes of commonly used demand distributions.

ProproSITION 1. Suppose D is unbounded. Then the following results hold:
(a) If D is a continuous r.v. and there exists k € (—1,00) such that lim, . 7p(x)/x"
(0,00), where rp(z) = fp(x)/Fp(x), then CNV(h,p, Fp) ~ h(%)ﬁl(lnp)k%l.

(b) If D is a Gumbel min r.v., i.e., Fp(x)=1—e'"¢" for x>0, then CNV(h,p, Fp) ~ hlnlnp.

(¢) If D is a log-normal r.v., i.e., Fp(z) = ®(2LL) for x>0 with parameters p € R and o >0,
then CNV (h,p, Fp) ~ hettov2p,

(d) If D is a continuous fat-tailed r.v., i.e., Fp(x) ~ yr= for v >0 and o > 1, then
CNV(h,p, Fp) ~ a(a — 1)~ tyt/aplet/apl/a,

(e) If D is an integer-valued r.v. with lim,, . rp(n) =~ € (0,1), where rp(n) =P(D =n|D >n)
for n €N, then CNV(h,p, Fp) ~ h(ln i)*llnp.

(f) If D is a Poisson r.v., then CNV(h,p, Fp) ~ hg~'(p), where g (-) is the inverse function of
g(z)=1z" for x> 0.

Table 1 summarizes many commonly used distributions that belong to the six classes in parts
(a)-(f) of Proposition 1, where the support, p.d.f. or p.m.f. and c.d.f. of D, and the exact rate of the
newsvendor cost (scaled by 1/h) are listed. For many distributions, the newsvendor cost scales up
at the rate of a polynomial of Inp. In particular, the failure rate of a geometric Poisson distribution
converges to a constant in (0, 1) (see the proof in Appendix A.3), and the newsvendor cost under
this distribution scales up at the rate of Inp from part (e) in Proposition 1. Pareto distribution

with parameters Z,;, >0 and « > 1 and Burr distribution with parameters ¢ >0 and k > 1/c are



Table 1  Exact Rate of Newsvendor Cost (Scaled by 1/h) under Different Demand Distributions
Distribution Support fo(z) Fp(x) C’E}\i?(/jzt, ;?}?D;ﬁ b
Exponential (0, 00) Ae™A® 1—e?® A tnp

Laplace (—00,0) i@e‘:mf:‘ 1-1e % Va>p blnp
2 r2 "e 2 %
X (0,00) 2TT(3) 2Inp
Gamma (0,00) %a)x‘“le*‘“ * B~ tInp
_x—p
Logistic (—00,00) e L slnp
s(1+e S_T)2 1+E; s
Gumbel max (0,00) B 573176:;1 Inp
Az—p)?
Inverse Gaussian (0,00) \/ e 207 * 2u2 X np
CR
Gaussian (—00,0) —e 202 o(=£) V20+y/Inp

Weibull (0, 0) B(z)p-1e=(2)° 1—e (&) a(lnp)?

Gumbel min (0,00) elte—e 1—el=e" Inlnp
(Inz—p)?
Log-normal (0,00) ~—ec 2t ) ehtov/2inp

Pareto (Zrmin, 00) az® v -z, min (p/h)%

cka®~ ! c\— c L
Burr (0,00) (hfﬂcw 1—(1+2°) . Ckfl (p/h)=F
. T T 1 -
Geometric {0,1,2,...} (1—-q)%q 1—(1—gq)=*t (Ing=) 'np
Negative binomial {r,r+1,7r+2,...} Cr 1(1—q)*"q" * (In ﬁ)‘llnp
. . n _aak e _ _
Geometric Poisson {0,1,2,...} DN 6 ) KoL Gl * (In=) "'Inp
Poisson {0,1,2,...} e\ /x * g '(p)t

f g71(.) is the inverse function of g(z) =z, Yz > 0.

both fat-tailed distributions, whose resulting newsvendor cost grows polynomially in p according

to part (d) of Proposition 1.

The following proposition presents weaker asymptotic bounds on the newsvendor cost.

PROPOSITION 2. Suppose D is unbounded and E[D —x|D > z] = O(x). The following results hold:

(a) If E[D¥] < 0o but E[D**'] = 0o for some k > 1, then CNV(h,p, Fp) = o(p*/*).

(b) If D is sub-exponential, i.e., Fp(x) = O(e=*) for some ¢ >0, then CNV(h,p, Fp) = O(Inp).

(c) If D is sub-Gaussian, i.e., Fp(x)= (’)(e*‘:‘”Q) for some ¢ >0, then CNV(h,p, Fp) = O(y/Inp).

Parts (a)-(c) reveal that the asymptotic bound of the newsvendor cost depends on the rate at

which the tail function Fp(z) converges to zero. For any distribution with up to k-th order moment
being finite, the newsvendor cost grows slower than p'/* does because in this case, it can be shown
that Fp(x) decays to zero in o(z~*). For sub-exponential and sub-Gaussian distributions, Fp(z)
decays no faster than the tail functions of exponential and Gaussian distributions respectively.
Thus, the newsvendor cost asymptotically scales up no faster than Inp and +/Inp as the exact rate

of the newsvendor cost under these two distributions respectively.



For completeness, we end this section by presenting two results for the case with bounded D
(i.e., D < o). In this case, lim, .o, CNV(h,p, Fp) = h(D — E[D]), and the following proposition

characterizes the rate at which the newsvendor cost converges to its finite limit.

Fp(z)/(D —x)k =~ for some

PROPOSITION 3. (a) If D is a continuous bounded r.v. and lim,,p
k>0 and >0, then h(D —E[D]) — CNV(h,p, Fp) ~ 2= h'* iy =k - p~
)

=

k+1

(b) If D is an integer-valued bounded r.v., then CNY(h,p,Fp) = h(D — E[D]) for any p >
h((P(D=D))™*—1).

We note that many bounded continuous distributions satisfy the condition in part (a), such as
uniform distribution (with k= 1), triangular distribution (with k =2), and Beta distribution with
parameters a >0 and >0 (with k= ).

3. Lost-Sales System with Positive Lead Times and Non-Stationary Demand

In this section, we consider a periodic-review lost-sales inventory system with positive replenish-
ment lead times of L € NT periods and a non-stationary demand process. When demand distribu-
tions are stationary and unmet demand is backlogged, it is well-known that the optimal policy is a
base-stock policy that keeps a constant inventory position. When unmet demand is lost, even under
1.1.d. demands, the optimal policy is very complex and intractable in computation. Many heuristic
policies have been proposed in the literature (see, e.g., Zipkin 2008, Huh et al. 2009, Bijvank et al.
2014, Arts et al. 2015, Xin and Goldberg 2016, Xin 2021, van Jaarsveld and Arts 2024). We refer
to Bijvank et al. (2023) for a recent review on this stream of literature. In this section, we consider
a slightly more general system where the demands follow a particular non-stationary process.

We first introduce the non-stationary demand process considered in this section. For each ¢t > 1,

we assume that the random demand D; in period t takes the following form:
Dt = dt + Wt7 (2)

where {d; : t > 1} is a sequence of non-negative deterministic numbers and {W; : ¢t > 1} is a sequence
of 4.i.d. non-negative r.v.’s with the same distribution as r.v. W, and 0 < E[W] < co. The non-
negativity of W; is without loss of generality. To see this, we first note that since D, is a non-negative
r.v., W; has to be bounded from below by some constant wy,;, € R satisfying d; + wyi, > 0. Then we
can express D, as (d; + Wpin) + (Wi — Wpnin ), with both d; + wy;, and Wy — wy,;, being non-negative
and satisfying our assumption. The special form of non-stationary demand (2) arises when the
first part is the non-stationary average demand whereas the second part is i.i.d. random noise. For
example, {d;:t>1} captures the known seasonal effect of demand, and {W, :¢ > 1} captures the
i.1.d. random noise in the demand. We leave the study for a more general non-stationary demand

process with non i.i.d. noise as an important future research direction.



The sequence of events in each period ¢ > 1 is as follows. First, the firm receives the order placed
L periods ago. Then, it reviews the system state x, £ (I4, 41, ..., 1—1), where I; is the on-hand
inventory level, and x;; is the order quantity placed in period ¢ +4 — L. Second, the firm decides
the order quantity g, > 0, which will arrive at the beginning of period t 4+ L. We denote z, ;, £ q;.
Third, D, is realized and satisfied by the on-hand inventory as much as possible. At the end of
period ¢, unmet demand is lost, incurring a unit lost-sales penalty cost p. Leftover inventory is
carried to the next period, incurring unit holding cost h. For simplicity, we assume that the system
is initially empty, i.e., x; =0.

An admissible replenishment policy is described by a sequence of measurable functions {¢;(-) :
t > 1}, where each ¢;(-) maps the system state x, to a non-negative order quantity. Given an
admissible policy 7, the total cost in period ¢ is CF £ h(IF — D;)* + p(D, — I7)*. The long-run
average cost of policy m, denoted by C7, is defined as C™ £ limsupy_, . = ZthlE[Ct” ]. and the
optimal cost, denoted by OPT, is defined as OPT £ inf, C™.

We then introduce a class of heuristic replenishment policies for the system described above.
When demands are stationary, the class of base-stock policies, which orders to raise the inventory
position (i.e., the sum of on-hand and pipeline inventories) to a constant level as much as possible,
has been studied extensively (e.g., Zipkin 2008, Huh et al. 2009). When demands are non-stationary,
we introduce a new class of policies, called modified base-stock policies, that carefully takes the
demand non-stationarity into account. The modified base-stock policy with level S > 0, denoted
by 7g, places the following order quantity in each period t > 1:

t+L—1

L—1 +
qu:dH-L—i-(S—i— Z di_<I:S+Zfo>> H{t>L+1}. (3)
i=t i=1

That is, in the first L periods, wg orders dyyr,dsi 1, - .., dsr units sequentially, and subsequently, it
raises the inventory position in each period ¢ > L+ 1 to max{S + ZfitL di, 175 + ZZL:_ll xy 5 +dir}
Therefore, mg seeks to maintain a time-dependent order-up-to level S + Z:;L d; in each period t
by ordering at least d;,; units to make sure that the deterministic part of the demand in period
t + L is always fulfilled. Then a crucial question is whether the post-ordering inventory position
always attains the desired level S + ZfitL d; in each period ¢t under the modified base-stock policy
ms. To be seen from the proof of Lemma 1 later, we prove that this is true for each t > L + 1
using a sample-path inductive argument. This attainability result will be crucial for establishing
a newsvendor-type upper bound on the long-run average cost of modified base-stock policies. The
long-run average cost of the modified base-stock policy 7s is denoted by C(S) and the best base-
stock level is denoted by S*, i.e., S* = argming., C(S). For OPT, C(S) and S*, we add superscript

“(T)?, meaning system (I), to differentiate them from those for other systems to be introduced in

the subsequent sections.



The following lemma establishes a lower bound on the optimal cost and an upper bound on the
long-run average cost of the modified base-stock policy. These bounds extend those in Theorem 5
of Janakiraman et al. (2007) and Lemma 5 of Huh et al. (2009), respectively, to the setting with

a non-stationary demand process. In particular, to construct the upper bound, we first prove the

aforementioned attainability result for the order-up-to level S + ZELL d; in each period ¢t > L + 1.
The proof for both the upper and lower bounds is based on a sample-path argument and is provided

in Appendix B.1. We denote #7,, =1 ijll Wi.

LEMMA 1. The following inequalities hold:

(1) NV p
opT® > (h, - L,FWLH), (4)
C(S) <hE[(S — #1:1)"]+ (p+ LAE[(#111 — S)t], VS>0. (5)

Lemma 1 enables us to characterize the asymptotic scaling of the optimal cost and establish the
asymptotic optimality of the best modified base-stock policy. The following theorem follows from
Lemma 1, Theorem 1 and part (d) of Proposition 1 (see Appendix B.2 for a proof). To highlight

[yl

the dependency on the unit penalty cost, we add a subscript “p” to relevant quantities.

THEOREM 2. Suppose W is unbounded. Then the following results hold:
(a) IfE[# 41 — 2| W11 > z] =o(x), then

e —— —E P —p. 6
PR GE) e By G o

W41\ p+1

(b) If E#iy1 — x[#i1 > 2] = O(z), then OPTY = O(F,' (-2;)) and CP(SD*) =

W41 \p+1

@(F,,_/Llﬂ(ﬁ)). Moreover, if #1411 follows a continuous fat-tailed distribution, i.e., F‘WL+1(ac) ~

vy~ for a >1 and v >0, then
a,yuah(a—n/a OPT(I) C(I)(SS)’*) _ a,yl/ah(a—l)/a

< liminf ——2— <; v
(a— DA+ L)Ve = poee pi/e = P T e =TT

(7)

Equation (6) implies the asymptotic optimality of the best modified base-stock policy with
large unit penalty costs under condition E[#71 — z|#7,+1 > x] = o(x), which extends the result in
Huh et al. (2009) to the setting with a non-stationary demand process. Similar to Bijvank et al.
(2014), we can show that these asymptotic results also hold for a class of easy-to-compute heuristic
base-stock policies, and we refer the reader to Appendix E for details. We remark that under the
weaker condition E[#7 1 — x|#111 > x| = O(z), it remains unknown whether the best modified
base-stock policy is asymptotically optimal in the system studied in this section (including the
classical lost-sales inventory system with 4.i.d. demands). Our current approach for proving the

asymptotic optimality is based on the newsvendor-type upper and lower bounds on the optimal
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cost in inequalities (4) and (5). These bounds are asymptotically identical when E[#7 11 — x| #7111 >
x] =o(z), but they are generally not asymptotically identical when this condition is violated. For
example, under fat-tailed distributions, part (b) in Theorem 2 shows that their ratio asymptotically
equals (1+ L)'/, and due to this, we are only able to establish limsup,_, CISI)(SI()I)>*)/OPTS) <
(1+ L)Y~ We leave the asymptotic optimality of the best modified base-stock policy under the
weaker condition E[# 11 — x| #1411 > ] = O(x) as future research.

As discussed earlier, the condition E[#7 ., — z|#1.1 > x] = o(z) is satisfied by many demand
distributions. When %7, belongs to one of the six classes in Proposition 1, the optimal cost rate
for this lost-sales inventory system with lead times and non-stationary demand process can be
characterized accordingly. Below we provide some examples:

(i) If W is a continuous IFR r.v. with lim, . rw(z) = € (0,00), then lim, .7y, (z) ="
(see Appendix B.3 for a proof) and OPTS) ~ h(Inp)/~ by Proposition 1-(a).

(ii) If W is an integer-valued r.v. with lim, . 7w (n) =" € (0,1), then lim,, ;. 7y, (n) =~ by
Proposition 1 in Arts et al. (2017) and OPTI(,I) ~ h(lnp)/(—In(1 —+)) by Proposition 1-(e).

(iii) If W is a Poisson r.v., then so does #7411 and OPT;I) ~ hg~!(p) by Proposition 1-(f).

When #7.,, follows any distribution in Proposition 2, the asymptotic bounds of the optimal
cost can be further characterized. In particular, if W follows a distribution in parts (a)-(c) of
Proposition 2, it is easy to verify that %7, also follows a distribution in parts (a)-(c), respectively.
Thus, the asymptotic bounds on the optimal cost can be characterized accordingly under these
distributions of W.

When W is bounded, one can easily verify from Lemma 1 that lim, . OPTI(,I) =h(L+1)(W -
E[W]), where W £ sup{x : Fy-(x) < 1}. The following proposition characterizes the rate at which

the optimal cost converges to its finite limit. We omit its proof for brevity.

PROPOSITION 4. (a) If W is a continuous bounded r.v. and lim 411y Fy, ,, (2)/((L+1)W —
z)k =7 € (0,00) for k>0, then h(L+1)(W —E[W]) — OPT =0(p~1/*).

(b) If W is an integer-valued bounded r.v., then OPT;I) =h(L+1)(W —E[W]) when p is suffi-
ciently large, in particular when p>h(1+ L)((P(W =W))~' —1).

4. Perishable Inventory System with Fixed Lifetime and Partial Backorders

In this section, we study a periodic-review inventory system for a perishable product with fixed
lifetime of m € N* periods, partial backorders, zero replenishment lead time and the same non-
stationary demand process in §3. When demands are stationary and unmet demand is fully back-
logged or lost, the system has been studied extensively in the literature (e.g., Nahmias 1976, Chazan
and Gal 1977, Cooper 2001, Li et al. 2016, Chao et al. 2015, Zhang et al. 2023, Bu et al. 2023). We
refer to Karaesmen et al. (2011) and Nahmias (2011) for detailed reviews and Li and Yu (2023) for
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a more recent review. In this section, we consider a more general system where a random fraction
of unmet demand in each period is backlogged whereas the rest is lost, and the demand also follows
a non-stationary process. Clearly, when the random fraction is always equal to one, it reduces to
the lost-sales model, and when the random fraction is always equal to 0, it reduces to the backlog-
ging model. Thus, the model includes perishable inventory system with lost sales and perishable
inventory system with backlogs as special cases.

The demand process {D; :t > 1} is assumed to follow (2), with an extra mild assumption that
liminfr_, . Zle d;/T < co. The sequence of events in each period ¢ > 1 is described as follows.
First, the firm reviews the system state x; £ (Te1,Te2y- s Tem_1,bi—1), where each x;; denotes the
amount of on-hand inventory whose remaining lifetime is no more than ¢ periods and b;_; is the
amount of backorders at the beginning of period ¢. Second, the firm places an order of g; units
and receives it immediately. If b;_; > 0, then the backorders are satisfied by the new order to the
maximum extent. Let x; ,, £ Tt m—1 — bi—1 + q. Third, demand D, is realized and satisfied by the
on-hand inventory as much as possible following the first-in-first-out (FIFO) issuance policy. At
the end of period ¢, a random fraction (; € [0,1] of unsatisfied demands is backlogged, incurring a
unit backlogging cost b, whereas the remaining (1 — ¢;)-fraction is lost, incurring a unit lost-sales
penalty cost p. Assume that {(; : ¢t > 1} is a sequence of i.i.d. r.v.’s with the same distribution
as 7.v. ¢, and it is independent of the amounts of unsatisfied demands. Let 9 2 E[¢]. Any leftover
inventory incurs a unit holding cost h. Finally, leftover inventories reaching the end of the lifetime
are outdated, incurring a unit outdating cost # > 0. The amount of outdated inventory in period ¢
is denoted by o, = (2, — D;)*. The remaining inventories are carried to the next period, with their
remaining lifetimes deducted by one period. Same as §3, we assume that the system is initially

empty. Given an admissible policy m, the total cost in period t is
Cr & h(x],, — Do) + (b6 +p(1 = G)) (Dy —27,,) " +60].

The long-run average cost of policy m and the optimal cost are defined in the same way as those
in §3.

We now introduce a class of modified base-stock policies. The modified base-stock policy with
level S >0, denoted by 7, places the order quantity ¢/ =d;, + (S — (275,_; — bffl))Jr in each
period ¢t > 1. That is, mg orders in each period ¢ > 1 to maintain a time-dependent order-up-to level
S+ d; by ordering at least d; units to make sure the deterministic part of the demand in period
t is always fulfilled. One can easily verify that in each period ¢ > 1, the order up-to level S + d;
can always be attained after ordering (see the proof of Lemma 2 for details). Similar to §3, for any

S >0, let C(S) denote the long-run average cost under modified base-stock policy mg. Also denote
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S* £ mingso C(9). Similar to §3, we add superscript “(II)” to OPT, C(S) and S* in this section,
indicating that these measures are for system (II).

The following lemma establishes a lower bound on the optimal cost and an upper bound on the
long-run average cost of the modified base-stock policy, which extend Proposition 2 and Lemma 3
in Bu et al. (2023) respectively to the setting with partial backorder and a non-stationary demand

process. Its proof is also based on a sample-path argument and deferred to Appendix C.1.

LEMMA 2. The following inequalities hold:

OPTMW > O~V (h—l— %,ﬁb—i- (1 —ﬂ)p,Fw> B mﬂ: 10<E[W] +11Tnii£fjlﬂidt>’ (8)
Ccan(s) < (h + %)E[(S —W)*]+ (9b+ (1 —9)p)E[(W — S)*], VS >0. (9)

Lemma 2 implies that when demand is unbounded, the best modified base-stock policy is asymp-
totically optimal when p — oo (suppose ¥ < 1) and/or b — oo (suppose ¥ > 0), i.e., (CID(SID*) —
OPT(H))/OPT(H) goes to zero in the asymptotic regime mentioned. Lemma 2, together with The-
orem 1, also enables us to characterize the asymptotic scaling of the optimal cost. The asymptotic
regime we consider is large unit backlogging and lost-sales penalty costs while keeping their ratio
constant. That is, we consider p — oo while keeping b = kop for some constant ko, > 0. Denote
v 2 9(ko — 1)+ 1. The following theorem summarizes our main results in this section, whose proof

is similar to that of Theorem 2 and thus omitted.

THEOREM 3. Suppose W is unbounded. Then the following results hold:
(a) If E[W —z|W > x| =o0(z), then

OPT(II) COUn (gD
lim e gy S S O (10)
proo by, (m) pooo By (ﬁ) m

(b) IfE[W — z|W > 2] = O(z), then OPTV = O(F' (-2;)) and CIV(SIV) = O(Fy' (-25)).

p+1 p+1
Moreover, if W follows a continuous fat-tailed distribution, i.e., Fy (x) ~~yx~® for a > 1 and v >0,

then

oOPTUD O (g
lim P = lim G057 =a(a—1)" ()Y (h+0/m) oD/, (11)

p—00 pl/a p—00 pl/o‘

Part (a) states that under the condition E[W — z|W > x] = o(x), when the unit backlogging and
lost-sales penalty costs are scaled up proportionally, the optimal cost and the long-run average cost
of the best modified base-stock policy asymptotically scale up as Fy;' (p/(p+1)). Under the weaker
condition E[W — z|W > z] = O(z), part (b) shows that the long-run average costs of the optimal
policy and the best modified base-stock policy are asymptotically bounded by Fy,' (p/(p+1)). For
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a fat-tailed distribution, it also gives an exact characterization on the cost rates of the optimal
policy and the best modified base-stock policy.

We can also apply Propositions 1 and 2 to characterize the asymptotic rates or bounds of the two
costs under different demand distributions. In particular, all the results in Table 1 of §2 for various
probability distributions hold true as the optimal cost rate of the perishable inventory system of
this section. Same as the non-perishable inventory system studied in §3, we can show that these
asymptotic results in Theorem 3 also hold for a class of heuristic base-stock policies. See Appendix
E for details.

When demand D is bounded, the bounds in Lemma 2 are not tight enough to characterize the
asymptotic scaling of the optimal cost as p — co. When unmet demand is fully lost and demands
are stationary (i.e., d; is a constant for all ¢ > 1), by applying two tighter bounds on the optimal cost
developed in Bu et al. (2023), we have the following result (whose proof can be found in Appendix
C.2). Denote OPTY £ 1 (D —E[D]) + E[On (D)), where E[Oy(D)] denotes the long-run average
outdates under base-stock policy 7p. For the existence of random variable O (D), we refer to

Lemma 1 in Bu et al. (2023) for details.

PROPOSITION 5. Suppose {D;:t>1} is a sequence of i.i.d. r.v.’s, and unmet demand is lost (i.e.,
(=0). Then, lim, OPTSI) = OPT((}IOI) and the following results hold:

(a) If D is a continuous r.v. and lim,,p Fp(z)/(D —z)* =~ € (0,00) for k>0, then opT{M —
OPT!" =O(p~1/%).

(b) If D is an integer-valued r.v., then OPT;H) = OPT(()IOI) when p is sufficiently large, in partic-
ular when p > (h+0)/P(D = D) — h.

5. Continuous-review Inventory System with Lead Times and Lost Sales

In this section, we consider a classical continuous-review inventory system with fixed lead times and
lost sales, which has been studied extensively in inventory literature (e.g., Karush 1957, Reiman
2004, Xin 2022). In particular, Reiman (2004) characterizes the asymptotic scaling of the long-
run average cost of the best base-stock policy when the lead time and the unit penalty cost grow
proportionally. In the same asymptotic regime, Xin (2022) proves that the long-run average cost
of the best capped base-stock policy is asymptotically at most 1.79 times of the optimal cost. In
this section, we characterize the asymptotic scaling of the optimal cost in the regime of large unit
lost-sales penalty cost (with fixed lead times). Our result also implies that the best base-stock
policy is asymptotically optimal in this asymptotic regime.

We briefly describe the system as follows. Demand arrivals follow a Poisson process with rate
A > 0. The replenishment lead times are fixed and equal to L > 0. Let D(¢) be the cumulative
demand during [0,¢]. The demand occurred at time ¢ is given by d(t) = D(t) — D(t™), where
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D(t) = lim,y, D(s). The firm’s control policy is given by a family of functions {Q(t) : ¢ > 0}, where
Q(t) denotes the cumulative orders placed during [0,¢]. Thus, the order placed at time ¢, denoted
as q(t), equals Q(t) — Q(t7), where Q(t~) £ limy, Q(s).

The sequence of events is as follows. At time ¢, the firm first reviews the on-hand inventory level
I(t™) and receives the order placed L units of time ago, i.e., ¢(t — L). If a demand arrives at time ¢,
then the firm uses the on-hand inventory to satisfy it. Unmet demand is lost. The on-hand inventory
level I(t) and the lost-sales quantity [(¢) at time t are given by I(t) = (I(t~) +q(t — L) —d(t))"
and [(t) = (d(t)—I(t~)—q(t— L))", respectively. Next, the firm places an order of size ¢(t), which
will arrive at time ¢+ L. Let h be the cost rate of holding one unit of inventory and p be the cost
of losing one unit of demand. The long-run average cost of an admissible policy 7 is defined as
C™ =limsup;_, ., +{h fOTE[I ™(t)]dt + pE[A™(T)]}, where A™(T) denotes the cumulative lost-sales
quantity during [0, 7] under policy 7. The firm’s objective is to minimize the long-run average cost.
Let OPT™Y be the optimal long-run average cost.

We next introduce the class of base-stock policies. At any time t > 0, base-stock policy ms with
level S > 0 keeps the inventory position IP(¢) (i.e., the on-hand inventory plus all the orders in
transit) at the constant level S. Under base-stock policy mg, an order is triggered whenever the
inventory position drops below S, or equivalently, a new demand arrives. As shown in Karush
(1957), the system under a base-stock policy 7g is equivalent to an Erlang B system with S servers,
Poisson customer arrival rate A\ and service time L. Moreover, the long-run average cost of base-

stock policy mg, denoted by CV(S), is given by

CM(S)=h(S—AL) +A(p+hL)B(S,\L), VS >0, (12)
where the function B(S,a) = % for any S € N and a > 0 is known as the Erlang loss
m—pa™/n!

function. Karush (1957) shows that B(S,a) is decreasing and convex in S on N. Thus, C)(S) is
convex in S on N and the best base-stock level, denoted by SUD* £ arg ming_, O (S), satisfies

the following inequalities (see, e.g., Smith 1977):

b < B(SMe 1AL~ B(SUY ALY, (13)

B(ST* ALY — B(SMD* 41 \L) <
( ,AL) ( +1, )_p+hL_

The following lemma provides a lower bound on the optimal cost. This result has been estab-
lished in Lemma 5 of Xin (2022) based on a comparison to a counterpart backlogging system. In

Appendix D.1, we provide a different proof based on a sample-path argument.
LemMma 3. OPTMY > OV (b p/L, Fp).

The following theorem characterizes the asymptotic scaling of the optimal cost and the long-run

average cost of the best base-stock policy. It implies that the best base-stock policy is asymptotically
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optimal with large unit penalty cost. To our knowledge, this is the first asymptotic optimality
result established for continuous-review lost-sales inventory systems. The proof of Theorem 4 is

built upon equation (12), inequality (13) and Lemma 3, which is deferred to Appendix D.2.

THEOREM 4. lim,_,. OPT!"™ /g~ (p) = lim,_,o. C™W(SMD*) /g1 (p) = h, where g~ '(-) is the

inverse function of g(x) =x® for x > 0.

6. Final Remarks

In this paper, we study the asymptotic scaling of the newsvendor cost and apply it to analyze the
asymptotic scaling of the optimal cost and establish asymptotic optimality of the best (modified)
base-stock policy for three multi-dimensional inventory systems. We expect our analysis to be useful
in studying other complex inventory systems (e.g., perishable inventory systems with positive lead
times, serial inventory systems with lost sales, etc.). To this end, one needs to construct tight
newsvendor-type upper and lower bounds on the optimal cost, and then apply similar analysis
to Theorem 2 to obtain the desired results. In this paper, the upper bounds we construct on the
optimal costs come from those on the long-run average costs of the (modified) base-stock policy.
One may also establish newsvendor-type upper bounds on the long-run average costs of other classes
of heuristic policies, e.g., the projected inventory level (PIL) policy proposed in van Jaarsveld
and Arts (2024). Finally, since the demand process in the real world is usually non-stationary,
the results in §3 and §4 for inventory systems with non-stationary demand are of great practical
interest. However, we are able to prove the results only for the case when the uncertainty (or noise)
for various periods are 4.i.d. It will be particularly interesting to explore the direction of general

non-stationary demand process for practically important complex inventory systems.
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Online Appendix for
“Asymptotic scaling of optimal cost and asymptotic optimality of
base-stock policy in several multi-dimensional inventory systems”

By Jinzhi Bu, Xiting Gong, and Xiuli Chao

Appendix A: Proofs of Statements in Section 2
A.1. Proof of Theorem 1

Proof of Part (a). We first note the following equation:

CNY(h,p, Fp) _ C™V(h,p, Fp) Fp'(F5)
Fpl(5h) Fp'Gh)  Fo'(Gh)
Therefore, it suffices to prove the following two equations:
Fol(—e
lim %ﬂ’;h) =1, (EC.1)
) (m)
C™V(h,p, F,
lim # = h. (EC.2)
p=oo Fp (pTh)
We first prove Equation (EC.1) for 0 < h <1. If h > 1, we notice that
- —1/ p/h _
lim 7FD1(£) = lim —FD (p7h+1) = lim 7FD1(#)
= — = — _
p—r0o FD (pf-l) p—o0 FDl(p/}I:./:,_}Uh) p—r0o FD (ﬁ)

When h > 1, we have 1/h <1 and if Equation (EC.1) can be shown for any 0 < h <1, it also holds
for any h > 1 from the above equation. When 0 < h < 1, we have F,'(p/(p+h)) > F5'(p/(p+1)).

In addition, we also have the following inequalities:
Fp' (%) _ Fp'(G%)  ElF (GB) — D)1+ FE(D - Fp' (;15))"]

Fpl(h) ONVu,z,FD) ) Fp ()
Fo'lgh) [, PEUD 5 )]
< B (pih)—D)*] <1+ W () ) (EC.3)

where the first inequality holds since F5,'(p/(p+h)) = argming{E[(S — D)*] +p/hE[(D — S)*]}.
For the first term in the RHS of (EC.3), it is easy to see from E[D] < oo and D = oo that

Flp_
lim _— ff’*h) =1. (EC.4)
v E[(Fp () — D))
For the second term, we note that
. PE[(D = Fp' (557))7] . PE[D = Fp' (55)|D > Fp' (555) [P(D > Fp' (;27))
proo Fp'(Gh) proo Fal(,,_m
E[D - F,' (-2)|D > F,
< lim 2 [ b i) Gl =0, (EC.5)
P~>00p+ 1 FD (p-l-l)
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where the inequality follows from the definition of F;*(p/(p+1)) and the last equality follows from
E[D — z|D > x] = o(z) and lim, o, F5'(p/(p+ 1)) = 0o (due to D = 0o). Combining (EC.4) and
(EC.5), the right-hand-side of (EC.3) converges to 1 as p — oo and Equation (EC.1) holds.

To see Equation (EC.2), similar to (EC.4) and (EC.5), we have the following two equations

respectively:
E[(F~'(-&)—-D)* pE[(D — F~ +
i EE G =DN B PR G
p—roo F (m) p—oo F (p+h)

which, together with the definition of CNV(h,p, Fp), imply Equation (EC.2).
Proof of Part (b). From the definition of C'V'(h,p, Fpp), we have the following inequalities:

hE[(Fz?l(p%h)—D)*]<C;W(h,p,FD)< pE[(D—FBI(,,%h))*]‘

B S Bl S () 2o
Since E[D — z|D > z] = O(z), we have
PE((D - Fp ' (F35)*] _ PE[D - Fp' ()ID > Fp ' (35)] - B(D > Fip ' (547))
Fp' () Fp' ()
ph  ED-F5 (3)|D>Fp' (%))
< h Pyl (77) =0(1). (EC.7)

When p is sufficiently large, it follows from lim,_,., Fp 1(p ) = oo that

WEI(F5' () = DY/ Fp () 2 (1= BID)/Fp'(55)) 2 b2

Combining this with inequalities (EC.6) and (EC.7), we obtain

(B! () =0 (5! (555))

) = @(Fgl(i)). If h <1, F_l(L) > Fp'(-2) and it suffices

We next prove that F )

G
to prove F, (p+h) = O(Fgl(p+1)) Note that inequality (EC.3) and Equation (EC.4) continue to

hold. It then suffices to show
PE[(D — F5'(51))7]

Fpl(55)

which follows from similar arguments to inequality (EC.7) and the assumption E[D —z|D > z] =

=0(1),

O(z). If h > 1, the proof is similar and omitted for brevity. Therefore, we have C™V (h,p, Fp) =
O(F; (<)), QE.D.

p+1
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A.2. Proof of Proposition 1
We first show the results in parts (a)-(c) and (e)-(f). We first verify that all the demand distributions
in parts (a)-(c) and (e)-(f) in Proposition 1 satisfy E[D — z|D > x] = o(z). From the result in part
(c) of Theorem 1 in Huh et al. (2009), it suffices to show the following two properties for these
distributions: E[D?] < co and lim, ., x - rp(x) = o00.

(a) For demand distributions in part (a), since lim,_, ., rp(x)/z* =~ for some k > —1, we directly
have limx_,oox -rp(z) = oo. Moreover, when ¢ is sufficiently large, we have rp(t) > $~t*. Noting

that Fp(z) = exp ( fo rp(t ) we then have for sufficiently large x,

_ 1 [ . _ 9 L\ ok
s e <_2”/1mt dt) - <_2(k:+1) (=)™ )

2

This implies that
E[D?] :/ P(D? >x)dx:/ FD(\/;E)deQ/ tFp(t)dt < oo,
0 0 0

where the last equality follows from the change of variable letting ¢ = /.
(b) For Gumbel min distribution in part (b), the two properties E[D?] < co and lim, ., -
rp(z) = oo can be easily verified from Fp(z) =e'~¢" and rp(z) = e”.

c¢) For log-normal distribution in part (c), it is easy to verify that E[D?] = e2uto?) Moreover,
g y y

2

. L p(nz—p L e
. . z ¢( ) 1 . ¢(t) 1 27
lim z-rp(z)= lim —2%—2 > = —. lim = - = 00,
T—00 T—00 (E(le ”) o t—oo (I)(t) o t—oo 1 7
7 \/271

where the third equation follows from L’Hospital’s rule.

(e) & (f) For any integer-valued r.v. satisfying lim, ., 7p(n) =~ € (0,1], by applying similar
arguments to inequality (62) in Arts et al. (2015), we can easily verify that for any € € (0,7),
E[D — z|D > z] < i when z is sufficiently large. Thus, E[D — z|D > z|] = o(x). For Poisson
distribution in part (f), Proposition 5.3 in Arts et al. (2015) shows that lim,, ,., rp(n) = 1. Thus,
all the distributions in parts (e) and (f) satisfy E[D — z|D > z| = o(z).

Based on Equation (1), it only remains to establish the following five equations for parts (a)-(c)

and (e)-(f) respectively:

For part (a): ph_)n;o F! (}%)/((k%— )yt lnp)’Tlrl =1; (EC.8)
For part (b):  lim Fp' <p i 1) /Inlnp=1; (EC.9)
For part (c): plg{)lo F! (2%)/6’“””/m =1; (EC.10)
For part (e): pli_}rgoFD1<pﬁ1)/((ln1i7) "Inp) =1 (EC.11)
For part (f): plirgo Fpt (ﬁ)/g_l(p) =1 (EC.12)
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A similar result to Equation (EC.11) has been shown in Lemma A.2 of Arts et al. (2015). Thus,
we omit its proof and refer to Arts et al. (2015). We next prove Equations (EC.8), (EC.9), (EC.10)
and (EC.12) respectively. For convenience, we denote ST < F'(=£5).

Pl
Proof of Equation (EC.8). We first note that

lim w = lim (k+1): (S;)/ . (S;)k =(k+1) lim p- (5’;)/ : (5;)k>

pP—00 lnp p—00 p_l p—00

where the first identity follows from L’Hospital’s rule. Then, it remains to prove that

. / ]-
lim p- (S})"- (S)* = o

p—o0

Since FD(SI)) = Iﬁ, by taking the derivative with respect to p on both sides, we obtain

11
(p+1)2 p+1

FD(ST)7

p

(S} fo(S)) =
which implies that

(S3)' =+ 1) Fo(SH(fo(S)) ™" = ((p+1)rp(S)) 7"

Thus,
. (ST STk 1
lim p~(S;)’-(S;§)k: lim LP)T: lim ( p)f ——
pre roe (p+1)-rp(Sp)  p=eerp(Sp) Y

where the last identity holds since lim, o, 7p(z)/z* =~ and lim,_, ., S; = 00.

Proof of Equation (EC.9). For Gumbel min distribution, since Fp(z)=exp (1 —e"), we can

solve from

_ 1

Fp(St)=exp(l—eS)=——
b(S}) =exp (1 - ) = —

that S; =1In(1+In(1+p)). By applying L’Hospital’s rule, we obtain

St In(1+In(1 T TTs) 1
lim P_ — lim n(1 +1n(1 +p)) = lim W - g P 1.
pooo Inlnp  p—oo Inlnp p—o0 5 p p—oo 1 +1In(1+p)

Proof of Equation (EC.10). We first prove Equation (EC.10) for 4 =0 and o = 1. We start

with the following bounds on the tail function of standard Gaussian distribution (see, e.g., Gordon
1941):

L 2 2 _om<—1c% (EC.13)
— € — X ——€ . .
\/%1'24‘1 o T N2 x

From (EC.13), when p is sufficiently large, the following inequality holds:

1 (ins})? 1 1 (n s})2
-T2 -T2

— € 2 < < e EC.14
2v/271n S} “p+17 V2rnS) ( )
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Taking logarithm on each side of inequality (EC.14) and after simple algebra, we get
—2In(2v27) - 2In(In S7) < (In S7)? — 2In(p+ 1) < —2In(v2r) — 2In(In S)). (EC.15)

By dividing In S} + /2In(p+ 1) on each side of inequality (EC.15), we further have

—2In(2v/27) — 2In(In S})

—21In(v/27) — 2In(In ST)
<InSf—+/2In(p+1) < P,
InS)++2mn(p+1) ~ ° (pt1) <

InS) +/2In(p+1)

Since lim,_, S;E = 00, the left-most side and the right-most side of the above inequality both

converge to zero as p — co. Thus, we have lim,,_,o.(In ST —/2In(p+1)) = 0. Since

) . 2In(p+1)—2Inp
lim 2ln(p+1) —+/2Inp) = lim =0,
fim (V2Inlo+ 1) = vV2lr) =l o

we obtain lim,,_,.(In S} — v/2Inp) = 0. Thus,

St
lim —2—==lime
p—00 e\/21n1’ p—00

lnS;r,fx/2lnp =1
)

which completes the proof of the equation in part (c¢) for p=0 and o =1.
We next prove Equation (EC.10) for general u € R and o > 0. To facilitate discussion, we highlight
the dependency of S; on u and o by writing it as Sg(,u,a). We can easily verify the following

equations:

St (po)=p+o- &7 (2%) =p+o-InSH0,1).

Then, S} (u,0)=e*(S}(0,1))7. Since
: T
ph_)l{)loS;(O?l)/e e —1,

we conclude

lim Sf(p,0)/etToV2P =1,

p—o0

Proof of Equation (EC.12). We first show that Equation (EC.12) is implied from the following

equation:
;
S; In S}

PR T g ) (PE10)

Suppose to the contrary, Equation (EC.12) does not hold and limsup, ., 5’; /g~ (p) > 1. Then

there exists some €3 > 0 and a sequence p, — o0 as n — oo such that S[T)n > (1+ €o)g_l(pn) and

In S;n >In(l+¢)+1In(g ' (pn)), which imply
S;n In S;n

g7 (pn) In(g71(pn))

> (1+¢) <ln(1+6°) +1) ,

Ing=1(pn)
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leading to contradiction with (EC.16). Similarly, liminf, .. S} /¢~ (p) <1 will also lead to contra-
diction.

Now we prove Equation (EC.16). From the definition of ST, we have

Fp(Si—1) < ]% < Fp(S)). (EC.17)

As shown in Theorem 2 of Short (2013), when D is a Poisson r.v., the following bounds hold for

its cumulative distribution function: for any n € NT,

D (1 moy - V2H () ) <PD <1) < (Lsr oy - v/2H (0 +1) ) (EC.18)

where H(z,y) =z —y(1 +Inz) + ylny and u = E[D]. Applying (EC.18) to (EC.17), we have for

<1>< 2H(M,S,T,—1)) <2%<<I><\/2H(M,S{,+1)). (EC.19)

After substituting the expressions of H(u,S!—1) and H(u, S} 4 1) into the above inequalities, and

sufficiently large p,

dividing Inp on each side of the above inequalities, we have

St—1)(In(Sf—1)—1—1In 1 2
(S5 -1 (In(Sf—1) ) < (q)—l( P )) I (EC.20)
Inp 2lnp p+1 Inp
and
ST+1)(In(Sf+1)—1—1n 1 2
Gt DU D 2L, L (g 2 yy' (BC.21)
Inp 2Inp p+1 Inp
For standard Gaussian distribution, we have
rp(x) le=% —ie‘% —6_%
lim 2~ = lim —%—— = lim —% 2 —1.
T—00 x T—00 f;o e—%dt T—00 _e—%
By applying the result in part (a) to normal distribution, we have
d-1(_
lim M =1. (EC.22)
p—oo 4/2Inp
Combining Equation (EC.22) with inequality (EC.20), we have
St —1)(In(Sf—1)—1—1In
g S D00, 1) ~1 T
p—00 lnp
Since lim,,_, S; =00, it then follows from the property of limsup that
Sin St ST —1)(In(ST—1)—1—1In STin ST
lim sup 2 p:limsup( p ~ Dn(S, — 1) ,u)‘ im LA

<1
pooo Inp P00 Inp p—oo (S —1)(In(S§ —1) — 1 —1Inp)
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Similarly, combining Equation (EC.22) and inequality (EC.20) with lim, . S;E = oo leads to
tin gt tn gt
liminf, . Splilnpsp > 1. Therefore, lim, Splilnpsp

g '(p)In(g*(p)). Thus, Equation (EC.16) holds.
Finally, we prove the result in part (d). Note that

+ +

™ (hp, o) _ "E|(Fo" ()~ D) | + o[ (P Fo'(Gh)) |

p Fp' (1) pE

Since lim,, hIE[(FE,l(pJ%h) - D)+]/F51(1ﬁ) =h due to D = oo, it then suffices to establish the

= 1. By the definition of g(-), we have Inp =

L
—
S
+ =
>
SN—

Q=

following two equations:

li = EC.23
Flp_

lim I)(f+h)::7é-h—é. (EC.24)

p—00 pe

We first show Equation (EC.23). Note that

pEKD—FD_l(ﬁ)>+} _ pE[D—F;(ﬁ)

D> Fy ()] (D> ' (1))

Fp'(=2) Fp'(55)
o E[D-F(GE)|D> ()
p+h FBl(pih)

Therefore, to prove Equation (EC.23), it suffices to prove the following equation:

lim HP=#ID>a] 1 (EC.25)

T—r00 X a—l‘

To see Equation (EC.25), we first note from Fp () ~ vz~ that, for any € > 0, when z is sufficiently
large, we have (y — )z~ < Fp(z) < (y+€)z~*. Since E[D — z|D > z]/x = [ Fp(t)dt/(Fp(z)z),
by applying the previous inequality, we have the following inequality for sufficiently large z:
(v—e) [todt _ED—z[D>a] _(v+¢) [ todt
(v+e)-x—-z — x ~ (y—e€)xx

After simple algebra and by letting x — oo, we have

y—e 1 ShmianE[D—x\D>x]ShmsupE[D—a:\D>a:}<’y+e_ 1

yt+e a—17 aooo x 00 x T y—e a—1’

Letting €] 0 in each side of the above inequality, we obtain Equation (EC.25).
Equation (EC.24) is easily shown using the following argument. Let x = F,"'(p/(p+ h)). Then
we have p = hFp(z)/Fp(z) and
Fp'(Gi7)
lim P27 — lim

1 1
p—00 pe T—00 ) o T—00

hi/a. <FD(37)

8
5|
|
o}
B
~——
Q=
Il
>
L
~
Q
/
I
-
o)
~
Q=
Q=
5
Q=

which shows Equation (EC.24). Q.E.D.
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A.3. Limiting Failure Rate for Geometric Poisson Distribution

Let D be a geometric Poisson r.v., with the rate of Poisson being A and the success probability
of the compounding geometric distribution being ~ € (0,1). Then, the p.m.f. of D is given by
fp(0)=e*and fp(n)=>",_, e"\’\k—f(l — )" *y*C*1 for any n > 1. From Theorem 1 in Ozel and
Inal (2010), the following equation holds for any n > 2:

_2n—2+z n—2

fo(n) (1 =)ol —1) = === ) fo(n-2), (EC.26)

where z = \y/(1 — ). Dividing P(D >n — 1) on both sides of Equation (EC.26), we have

TD<”>E»$§§7)1> _2n —nz = rp(n—1)— ”T_Qa —y)?rp(n— 2)%. (EC.27)
By the definition of rp(r)(k), for any k£ > 2, we have
PD2kK) _PDzk-)-B(D=k-1) _, o
P(D>k—1) P(D>k—1)
Plugging the above equation to (EC.27), we obtain
ro(n)(1—rp(n — 1)) = 2””71&(1 A rp(n—1)— ”T2(1 - )2%. (EC.28)

From Theorem 2.2 in Ninh and Prékopa (2013), D has a log-concave p.m.f.. Therefore, the
failure rate rp(n) increases in n (see Barlow and Proschan 1965). Since rp(n) < 1, the limit 7., =
lim,, o rp(n) exists. Letting n — oo on both sides of (EC.28), we obtain the following equation:

T
7“00(1—7“00):2(1—’)/)7“00—(1—’)/)21_r .

Since 74, > 0 from the increasing property of rp(n), dividing 7., on both sides of the above equation
and re-arranging the terms, we obtain lim, ., rp(n) =r. =7. Q.E.D.
A.4. Proof of Proposition 2

Proof of Part (a). We note that

Since E[D*] < 0o, we then have

lim tk‘lﬁD(t)dt:/ t" 1 Fp(t)dt — lim [ t* " Fp(t)dt =0. (EC.29)
r—0o0 T 0 Tr—r00 0

Note that for any x > 0, we have the following inequality:

00 B 2x B 2x B B 1 B
/ 11 By ()t > / 11 () dt > / 2= P (2)dt = o Fyp(22) = o (20)* Fp(22), (BC.30)
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where the second inequality holds since t*~! increases in ¢ by the assumption that k& > 1 and Fp(t)

decreases in t. Combining (EC.29) with (EC.30), we obtain lim, ., 2*Fp(x) = 0. Thus, we have

. —1/ P L . ~1/ P S e
S (FD (p—l—l)) Pl s (FD (p+ )> FD(iFD (p+1))
D

1
=2 lim 2" Fp(z) =0, (EC.31)

r—00

where the inequality holds since 1 F," (p/(p+1)) < Fp,'(p/(p+1)) implies Fp(3F," (p/(p+1))) >
1/(p+1) from the definition of F"(p/(p+1)). Inequality (EC.31) shows that F5'(p/(p+ 1)) =
o(p'/*). Tt then follows from part (b) in Theorem 1 that CNV(h,p, Fp) = o(p*/*).

Proof of Part (b). When D follows a sub-exponential distribution, there exists positive con-

stants ¢’ and ¢ such that Fp(z) < ¢ exp(—cz) when z is sufficiently large. Therefore, when p is

sufficiently large,

1 _ 1 P Cc __ p
m<FD<§FD1(m))Sc’exp(—§FDl(m))7 (ECS2)

where the first inequality holds due to the same reason to the inequality in (EC.31). Re-arranging

the terms of the above inequality, we obtain
-1 2 /
Fp (p/(p+1)) <~ In(c'(p+1)) = O(lnp).

It then follows from part (b) in Theorem 1 that CNV(h,p, Fp) = O(Inp).
Proof of Part (c). When D follows a sub-Gaussian distribution, similar to inequality (EC.32),

there exist positive constants ¢ and ¢’ such that Fp(r) < ¢ exp(—cz?) when z is sufficiently large.

Therefore, when p is sufficiently large,

s (g P / _Sp (P 2)
p+1<FD(2FD (p+1)>§cexp( 4(FD (p—l—l)) ’

which then implies
_ 4
Fy'(p/(p+1)) </~ In(c'(p+1)) = O(v/Inp).
It then follows from part (b) in Theorem 1 that CNV(h,p, Fp) = O(y/Inp). Q.E.D.

A.5. Proof of Proposition 3

Proof of Part (a). To show the equation in part (a), we first note the following identities:

h(D —E[D]) — CV (h,p, Fp) :h(D—Fg%ﬁ)) - (h+p)E[(D—F,;1(Zth))+}
:h(D_Ff;l(ﬁ)) —(h—l—p)/F]:(  Fo(t)dt.

p+h)
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Let z = Fgl(mih). Then it is easy to verify that p = hFp(z)/Fp(z) and p+h = h/Fp(z). Therefore,

we have the following equations:

h<D Fy' (,,+h)> —(h+p) fél(ﬁh) Eo(dt  p(D —x) - s [P Fp(t)dt
ok
ek b Fo@) V7 S F(t)dt
_h+E - (Fp(a)) ’<(D_;[;)k> (1— (D_x)FD(x)>

Since lim,,p Fp(x) =1 and lim,p Fp(x)/(D — x)* =1, it suffices to prove the following equation:

JE (EC.33)

Since lim,p5 Fp(x)/(D — z)* =+, for any ¢ € (0,7), when ¢ is sufficiently close to D, we have
(y—e)(D—t)" < Fp(t) < (y+e)(D —t)".

Then, we have

1P —e)(D—t)dt _ P Fo(t)dt <fZD(’y+€)_(D—t)"’dt
(v+e)(D—x)+t T (D—x)Fp(x) = (y—¢)(D—z)*+t

which implies

— 1 Fp(t)dt Fp(t)dt
r—e c—— <limi ff; <limsup f ol §7+€- 1 .
Y+e k+1~ atb (D—2)Fp(z) ~ op (D—2)Fp(z) ~v—¢ k+1

Since the above inequalities hold for any 0 < e <+, letting € | 0, we obtain Equation (EC.33).

Proof of Part (b). It is easy to see that when D is an integer-valued r.v. and

p>h((BD=D))" ~1), Fy'(-17)=D,

and thus, CNV(h,p, Fp) = h(D —E[D]). Q.E.D.

Appendix B: Proof of Statements in Section 3
B.1. Proof of Lemma 1

Proof of Inequality (4). Let [, be the amount of lost-sales quantity in each period ¢ > 1, i.e.,

I, 2 (D, — I,)". For any admissible policy m, it is easy to verify the following equation from the

system dynamics: for any t > 1,

I, =17 - (D t_l:)"'lev
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which then implies the following equation for any t > 1:

t+L—1

L
Ty =17 = ) (Di=I)+ ) af,. (EC.34)
=1

1=t
Therefore, we have

t+L t+L—1 t+L

(If,, — Dysr)” <I’T+Zx“ ZD+ZF) (I“—i—ZmH ZD). (EC.35)

In addition, we also have
t+L t+L—1
Der—12) = (L0 3 -t

t+L t+L—1

z(;Di—U—é ) Zl”

which then implies

t+L t+L L +
S D= (Sp-r -3 )
1=t 1=t =1
Taking the expectation on each side of the above inequality and summing over t=1,2,...,7T, we

obtain the following inequality:

T+L t+L

X_;E[(Dt—lgf)Jr]leHiE[(ZD“ I - Zx“> | (EC.36)

Therefore, we have the following inequality for any T > 1:

gE[CI]

zémm Dyir)* +pTZ+LE 7))

5 e+ o §§D> hﬂq@fm i-3e)))

(s ifd—ifw) J+ pEl(Sowi- - Yer S0 )
(

=3 (rel(efr et~ 3] -5) T ppl(Sw e« 2o~ 3 0]) )
S {ia](s- S5m0 T 2] (Swi) T}

—

t=1
rag {rel(s ) o el -) ]}
:T-C'Nv(h, Lf—17FWL+1>
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where the second inequality follows from (EC.35) and (EC.36), the third inequality follows from
the conditional Jensen’s inequality and the fact that I + Z.L_lx;’i - ZHLd is independent of
Zt+L W;, and the second identity holds since {W, :¢ > 1} is a sequence of non-negative i.i.d. r.v.’s
and the minimum value is achieved at S € [0,00).

By dividing T'+ L and letting limsup,_, ., on each side of the above inequality, we have C™ >
CNV(h, 1 Py ..). Since this inequality holds for any admissible policy 7, taking inf, on both
sides, we obtain inequality (4) from the definition of the optimal cost.

Proof of Inequality (5). We first show that under the modified base-stock policy mg with

S >0, the following inequality holds under any demand sample path and for each ¢ > L + 1:

t+L—1

”S+fo§<s+ Z d;. (EC.37)

When ¢t = L + 1, from the assumption of empty initial state, the system dynamics and equation

(3), we know that

L+1+ZxL+1i_dL+l+ZxL+1i—dL+1+ Z d; <S+ Z d;.

1=L+2 1=L+1
Thus, inequality (EC.37) holds for period ¢t = L + 1. Suppose inequality (EC.37) holds for some
period t > L+ 1, and we next prove it for period £+ 1. To this end, we notice the following inequality:

L-1

L
t+1+z$t+12_l _Dt_|_l775_|_$ +Z$Zf

i=1

_m+zxm d Wt (Wi (17— d))
=1

t+L X
=S+ Y di= Wt (W= (17— dy))
zt:—izl

<S+ ) d,

1=t+1

where the first identity follows from the system dynamics, the second identity follows from D; =
dy+ W, and l; = (D; — I;)™, the third identity holds since when t > L+ 1, the inductive assumption
and equation (3) imply that IS + 37 27 = S+ Y17/ d;, and the inequality holds because I =
(I[5, — Dy 1) + ¢, > q;°, > d, for each t > L+ 1. Thus, inequality (EC.37) also holds for period
t+ 1, completing the inductive argument.

Now we are ready to prove inequality (5). We notice from the identity in (EC.35) and inequality
(r+y)t <zt +4yT that for any admissible policy = and ¢ > 1,

t+L t+L—1

(I7., = Dipr) ™ (I”—i—Zx“ ZD) S
i=t
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t+L t+L—1

:( Z ZD)—i—Z D, —I7)* (EC.38)

and

t+L t+L—1 t+L

(Dior—1I7,,) (ZD—ZZ” I th) (ZD ix?)+ (EC.39)

Thus, we have the following inequality for the modified base-stock policy 7g:

t_zj;lE[CffL]ghé: K ﬂs+2m ZD> }+ht§1t§1E[<j;LDj Zm LJ) }
+pt;1 KgD —IE - Z“" H (EC.40)

From our definition of the order quantity under the modified base-stock policy in Equation (3) and
inequality (EC.37), for each period ¢t > L + 1, we have
t+L t+L t+L t+L t+L

L
5+ 2 -3 D=5+ di- (Zdi—kZWi) =5 "W
=1 1=t 1=t 1=t 1=t i=t

By plugging the above equation into the RHS of inequality (EC.40), we obtain the following

inequality:
T T t+L T t+L-1 % +
> mciml<n 3 B[(s-3w) Ten 3 3 (30 wi-s) ]
t=L+1 t=L+ i=t t=L+1 i=t j=i—L
t+L
+p Z E[(ZW S> ]
t=L+1

=<T—L>(hE[<s—%+1> ]+ (p+ LWE[(#201 - 5)]).
By dividing T" on each side of the above inequality and taking limsup;_, ., we obtain inequality (5).
Q.E.D.

B.2. Proof of Theorem 2

From Lemma 1, we have the following inequality:

1 OV (M) F ) L _OPT) _ GP(SP) _ CMV(hp. Fyyy) + LREW 1]
L+1 F"/;L+1(pfrl) - Fn,,_/L1+1(p+1) B V;Ll_;'_l(pil) B F7;£+1(pil)

Since W is unbounded, we have lim,, ., LhRE[#7,1]/F. WL+1 (p/(p+1))=0. By applying Theorem 1
to the left-hand side and right-hand side of the above inequality, we obtain part (a) and the asymp-
totic bound ©(F,,

,ﬂLH(p/ (p+1)) in part (b). Inequality (7) is also easily obtained by combining

Lemma 1 and part (d) in Proposition 1, whose details are omitted for brevity. Q.E.D.



ecl4 e-companion to Author: Asymptotic scaling of optimal cost and asymptotic optimality of base-stock policy

B.3. Limiting Failure Rate for Convolution under IFR Distributions

In this appendix, we prove the following statement claimed in Section 3: if W is a continuous r.v.
with an increasing failure rate and lim, o rw(z) =~ € (0,00), then lim, o 7y, ., (z) =1.
We first show that for any unbounded non-negative continuous r.v. X with p.d.f. fx(-), c.d.f.

Fx(-) and an increasing failure rate rx(-), lim, , rx(x) = A for some 0 < A < oo if and only

Fx (z+y)

if limy_ oo )

=e M for any y > 0. To see this, we note the following equation from the

relationship Fiy (z) = e~ Jo 7x®d; for any 2 >0 and y > 0,

Fx@Hy) _ - prtvrcwa _ o frxteroa, (EC.41)

Fx(x)
If lim, , o 7x(x) = A for some 0 < \ < 00, it then follows from (EC.41) that

Fx(z+y)

lim 3 —e limg o0 foy rx (z+t)dt _

—Ay
z—oo  Fly (x)

e

On the other hand, if lim, ., Fx(z +v)/Fx(z)=e*¥, we have from (EC.41) that

y
lim [ rx(z+t)dt=My.

This implies that rx(z) is bounded. Since rx(z) is also increasing by assumption, its limit
lim, . rx(z) exists, and thus,
Yy

lim rx(z+t)dt =y lim rx(z),

T—r 00 0 Tr—r00

which then implies lim, .. rx(x) = A.

We now turn to proving lim, ,« 7y, , () = . When ry () increases in z and lim, o rw (7) =7,
by applying the above property, we have lim,_,, Fy (2 +vy)/Fw(z) = e for any y > 0. From
Theorem 3-(b) in Embrechts and Goldie (1980), if two distributions with tail functions F; and F,
satisfy lim,_,oo Fj(z +v)/Fi(z) =e ¥, i =1,2 for some A >0 and any y > 0, then the convolution
of Fy and F,, with the tail function denoted by G, also satisfies lim,_,., G(x +y)/G(z) = e~V for
any y > 0. Thus, by repeatedly applying this result, we obtain

Ihng FWL+1 (x+ y)/?;«yprl (x)=e. (EC.42)

When W has an IFR distribution, from the closure property of IFR distributions (see, e.g., Theorem
3.2 of Barlow et al. 1963), #7,11 also has an IFR distribution. This, combined with (EC.42) and
the above property, implies lim, o 7y, ,, () =1. Q.E.D.
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Appendix C: Proofs of Statements in Section 4
C.1. Proof of Lemma 2

Proof of Inequality (8). For any admissible policy m, we first note the following identities:

T+m—1 T

> E[C]]=

= > (W[, — D))+ WOE[(D, ~ a7,,) )+ p(1~ DE[(D, —a7,,,) ] + 0E[of

_ (hEngm — D))+ (9b+ (1 —0)p)E[(D, — a7,,)*] —|—9E[oﬂ), (EC.43)

1

-1

+
3

(WEl(a7,., — De)*] + BEIG(D, — a7,,,)*] + PE[(1 = G) (i — a7,,.)*] + 0E[o]] )

v

!
+
3

N
+
3

t

where the second identity follows from the assumption that (; is independent of D; — 7, and
E[¢;] = ¥ for each period ¢t > 1. Due to a similar explanation to inequality (16) in the proof of
Proposition 2 in Bu et al. (2023), the following inequality holds for any 7' > 1 and any given demand
sample path:

T+m—1 T t+m—1

DS (a:t’m— Z Di> . (EC.44)
t=1 t=1 1=t
For each t > 1, denote 67 £ a7, — d;. Applying (EC.44) to the RHS of (EC.43), we have
T+m—1
> EICT]
1

(hE[(:c;m — D))+ (9b+ (1 —9)p)E[(D, — a7,) "] + %E [(x;m — Hil Di>+D

BE | ((ds +67) = (do + W2) | + (9 + (L= D)p)E | ((dy + W2) — (dy + 7)) ]

t+m—1

e[ 3 @) ))

i=t

> é <hE[(5f —W)*] + b+ (1 —9)p)E[(W, — 67) "] + %E[(éf Wt - :zt?:(di +E[Wi])>
> é ((h + —)E[(E[éﬂ — W)+ (9b+ (1 —9)p)E [(Wt . EW])*} _ 9 tiij;l(di CE))

> érsneiﬂg { (h + %)E[(S —W)*]+ (0b+ (1 —9)p)E[(W — S)+]} - H(mm_l) Tzl(dt +E[W))

— iglgg { (h - %)E[(S — W)+ (9b+ (1 —9)p)E[(W — 5)+]} B 9(”:”_1) T—i—i—l(dt R

t=1
T-CNV(h+—,9b+ (1 —9)p, Fw —719 EL 1 d, +E[W
. m’ P Fiw) m (di W),

t=1
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where the first identity follows from the definition of 67 and D; = d; + W, the second inequality
follows from (x —y)* > 2% —y* and non-negativity of d; and W;, the third inequality follows from
the conditional Jensen’s inequality and the fact that ] is independent of W, the fourth inequality
follows from the assumption that {W,:¢>1} is a sequence of i.i.d. r.v.’s, and the second identity
holds since the assumption that W is non-negative implies that the minimum value is achieved at
S €0,00).

Dividing T'+m — 1 on each side of the above inequalities and taking limsup,_, . , we obtain

0 m—1 | L
C™ 2 OV (h+ —, b+ (1= V)p, Fiv) = Te(IE[W] +11Tn3£fT;dt).
Since the above inequality holds for any admissible policy m, taking inf, on both sides, we obtain
inequality (8) from the definition of the optimal cost.
Proof of Inequality (9). We first show that, under the modified base-stock policy mg with S >

0, 25, = S+d, holds for each period ¢ > 1. To this end, we prove by induction that ;%5 _, —b% < S
for each t > 1, which then implies from the definition of 735, that 275, =S +d,. When t =1, we

have z75, , —b/% =0<S. Suppose x5, | — b} <S. Then we have
o1 = 07T =275 = Dot (1= G)(Dy = af5) " = 0] =5 = (W, = (1= Q) (W, = 8)7) —of* <35,

where the first identity follows from the system dynamics, the second identity holds since the
inductive assumption implies xffn = S +d;, and the inequality holds since (1 — (;) (Wt -5 )+ <W;
and o;° > 0. This completes the inductive argument.

Now we are ready to prove inequality (9). Note that for any ¢ > 1,

t+m—1

> oS <(afs, — D)t =(S-W)T, (EC.45)
i=t

where the inequality holds since as explained in the proof of Lemma 3 in Bu et al. (2023), all the
outdates in periods t,t+1,...,t+m — 1 come from the leftover inventory in period t after satisfying
demand, i.e., (z{5, — D)*, and the identity follows from z{5, =S +d, and D, =d, + W,. Thus, we

have
T

> E[CTS] =) (huz[(x;fn — D)+ (9b+ (1 - 9)p)E[(D; — 275,) 1]+ eE[o:S])

t=1 t=1

I
M=

<hE[(S — W) ]+ (9b+ (1 —9)p)E[(W, — S) ]+ QE[ofS]>

t

/"

<T| RE[(S —W)*"]+ (9b+ (1 —0)p)E[(W — S)*]) + {%W OE[(S —W)T],

where the second identity follows from xf,sn =S +d; and D; =d; + W;, and the inequality follows
from (EC.45) and the assumption that {W,:¢> 1} a sequence of i.i.d. r.v.’s. Dividing T" on each

side of the above inequalities and taking limsup;_, ., we obtain inequality (9). Q.E.D.
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C.2. Proof of Proposition 5

We first prove

oPT —OoPTM = 0 (D — 5 (i;i) ) . (EC.46)

Then, since lim,,_,, ', ! (p - h) D, it immediately leads to lim, OPT(H) OPT D From Propo-
sition 3 and Lemma 1 in Bu et al. (2023), when D is bounded, we have the following inequalities
for the lost-sales model:

hE [( (o P Z) D) +] +0E [Ooo (FB ' (ﬂ))} <OPT(!" <CW(D)=0PT{’, (EC.47)

where E[O.(S5)] denotes the long-run average outdates under base-stock policy mg. Combining
inequality (EC.47) with the definition of OPT g), we obtain
_ 0 + p— 0
< a (I _ p _ ~1
0<OPT!Y — OPT™ < h(D — 1) + OE[Ony (D)] — hE[( 1 +h) D) } HIE[OOO(FD (p+h))}

< (h+90) (D—Fgl(m))a (EC.48)

where the third inequality holds due to z* — y* < (z — y)™ for any z,y € R and E[O,(Ss)] —
E[O(S1)] <S5y — S; for any 0 < S; < .S, from the proof of Theorem 3 in Bu et al. (2023). Thus,
we have (EC.46).

==

a) To prove part (a), from the above analysis, it suffices to prove lim,_,..(D — F5*(2=2))/p~% €
D D

p+h
0,00 .Let z =F Le=f It s easy to verify that p= AFp(2)+6 (@) 6. Then we have
D \p+h

Fp(x)

D—F D— D— h+0\%
limﬂ—lim—xlz(h+0)%‘lim = ( + )"
p—00 Pk 1D <hFD(z)+9>7E D (FD(:[;))E Yy

Fp(x)

where the last identity follows from the assumption that lim,,p (gﬁ(;”))k =~. This completes the

proof of part (a).

(b) Tt is straightforward to verify that when p > (h+6)/P(D = D) — h, F, ( %) = D holds.
Thus, when p > (h+6)/P(D = D) — h, from inequality (EC.48), we have OPT(H) OPT, com-
pleting the proof of part (b). Q.E.D.

Appendix D: Proof of Statements in Section 5
D.1. Proof of Lemma 3

For any admissible policy m and any ¢t > L, we note that the total demand during time ¢t — L to ¢ is
D(t)— D(t— L), and the maximum amount of sales from these demands is min{IP" (¢t — L), D(t) —
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D(t— L)}. Since all pipeline inventories from the inventory position IP™ (¢ — L) will arrive at or

before time ¢, then the on-hand inventory level I™(¢) at time ¢ has the following lower bound:
+
() > (IP”(t —L)— (D)~ D(t— L))) , (EC.49)
and the cumulative amount of lost-sales during time ¢t — L to ¢ has the following lower bound:
+
A™(t) — A™(t— L) > (D(t) —D(t—L)—IP(t - L)) . (EC.50)

Since A™(t) is an increasing function in ¢, we then have

arys [ A

T LJrg

zi(/LTA”(t)dt—/oT_L A”(t)dt)

:;/L (A™(t) — A™(t — L))dt

> i/LT (D(t) —D(t—L)—TP™(t— L)>+dt, (EC.51)

where the last inequality follows from (EC.50). Thus, we have the following inequalities:

C™ =lim Sup% (h /L TE[F(t)]dt + pE[A”(T)]>

T—00

> fim sup — /LT (hE[(IP”(t — L)~ (D(t)— D(t— L)))*] + %E[(D(t) —D(t—-L)—IP"(t— L))ﬂ) dt

T—o0

> lim sup ;,/L min {hE[(S —D(L))"]+ %E[(D(L) - S)*]} dt

T—o00 520

— W (h, %FD(L)>,

where the first inequality follows from inequalities (EC.49) and (EC.51), and the second inequality
follows from IP™ (¢t — L) >0 and D(t) — D(t — L) = D(L) for any ¢t > L due to the assumption of
Poisson arrival. Since the above inequality holds for any admissible policy m, taking inf, on each

side, we prove Lemma 3. Q.E.D.
D.2. Proof of Theorem 4

Since D(L) is a Poisson r.v., part (f) of Proposition 1 shows lim, ,.. CNV(h,p/L, Fpr))/9~ " (p) = h.

From Lemma 3, it suffices to prove lim,_,., C{"™(S{™:*) /g=!(p) = h or the following equations:

lim C(SID+)/SMD> = p, (EC.52)

g el

plggo S /g7 (p) =1. (EC.53)
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We first show Equation (EC.52). By the definition of C1D(S) in Equation (12) and noting that
limy, o S = 00, it suffices to prove that (p+hL)B(S{M* AL) is bounded for all p > 0. To this

end, we note the following inequality from the second inequality in (13):

h
— > B(SWU* AL} — B(SUD* 1 AL
)\(p+ Lh) - ( P ) ) ( P + ) )
S(III),* (AL)”
AL P
B (SI(?IHL*’ )\L) 1 HI Z?II_I()J * =
ST L1 st (e
n=0 n!

Since limy, SZ(,HI)v* = oo and limg_, Zi:o AL _ e* the second term on the RHS of the

nl
above equality converges to 1 as p — oo. Thus, by multiplying p + Lh on each side of the above
inequality and letting p — oo, we obtain limsup,_, . (p + Lh)B(S{MV* AL) < h/X, showing that
(p+hL)B(SM* AL) is bounded with respect to p > 0.

We next prove Equation (EC.53). From the proof of Equation (EC.12) in Appendix A.1, it

G(IID)

suffices to prove lim,_,o S{™*In(SM*) /In(p) = 1, or equivalently,

liminf S In(S{M0*) /In(p) > 1; (EC.54)
p—00

hmsupS(HI) *ln(S(HI “)/In(p) < (EC.55)
p—00

IIT),*

We prove inequality (EC.54) as follows. Note that Z - (AL)" < e and when p is sufficiently
(TI1), = n
large, i 0 1 (AL) > % AL Tt then follows from the first inequality in (13) that when p is

sufficiently large,

Alp ; pp) 2 BSAL) = BS54 1,0L)
(III) * (I11), = (III) .
> oML (AL)"P _9e— M (AL)% ! — e s (AL)®P 2AL
> (SZ()III) )! (SI()IH)7* n 1)! (SI()IH )! S ()

By taking the logarithm on each side of the above inequality and after simple algebra, we obtain

. . A AL
hl ((SéIH)ﬂ )‘) Z SI()HI)7 ln()\L) + ln (eALh (1 - S(IH)a* + 1) ) +1n(p+ hL)
p

By applying the upper bound of Stirling’s approximation n! < n"+iel=" for any n > 1, we have

. . . A AL
14 (SZ(JIII), +1)n (SZ(JIII), ) > SI()IIIL (14+1n(AL)) +1n (e’\Lh (1 RO 1)) +In(p+hL).
P

After dividing S{"V*In S{"™* and taking limsup, ., on both sides of the above inequality, we

have limsup,_, . Inp/(S{MY*In S{MD*) <1, which leads to inequality (EC.54).
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We prove inequality (EC.55) as follows. Similar to the proof of inequality (EC.54), when p is

sufficiently large,

h

(III),* . (II1),*
SoraD < B 1,AL) — B(S{™* AL)

(T11), %

(D)% (1),
< 97 (AL)®» ' _e M (AL)® PRV (AL)% ' A
= (SI()III),* — 1)! (S;éIII),*)! (S,()HI)’* _ 1)! SI(,HI)’*

By taking the logarithm on each side of the above inequality and after simple algebra, we obtain

In (S0 —1)1) < (SUD* — 1) In(AL) +In (e’\)’;h (2 - ﬁ()) +In(p+hL).
p

By applying the lower bound of Stirling’s approximation n! > 2rn"tie " for any n > 1, we have

In (V27) + (ST — 1) In (S0 — 1)

A AL
< (S —1) (1+1In(AL)) +1n <e’\Lh (2 - S(HI)’*>> +In(p+hL).
»

After dividing S{™*In S{™-* and taking liminf, .. on both sides of the above inequality, we have

liminf, . Inp/ (S In S{MD-+) > 1, which leads to inequality (EC.55). Q.E.D.

Appendix E: Asymptotic Scaling and Optimality for a Class of Heuristic Base-Stock Policies

In this appendix, we extend the results in Theorems 2 and 3 to a class of heuristic modified base-
stock policies. For any modified base-stock policy mg, we introduce the following condition on its
base-stock level S, where X denotes the lead-time demand and will be specified in the formal result

later. Again, we add subscript “p” to highlight the dependency on the unit penalty cost.

Condition 1 There exists a triple (po, A1, A2) where 0 < py < oo and 0 < Ay < A\; < 00, such that

Fy' (]ﬁ) <5, < Fy' (1%&)’ Vp > po.

ProposiTiON EC.1. Consider the modified base-stock policy mg,, where 5’,, satisfies Condition 1
for X =T W11 and W in Sections 8 and 4, respectively, and suppose X is unbounded. Then the
following results hold:

(a) If E[X — z|X > a] = o(z), then Ci(S,) ~ hF,} (p/(p + 1)) and CJ(S,) ~ (h +
0/m)Fi(p/(p+1)).

(b) If EIX —a|X > 2] = O(x), then C}(S,) = O(Fy;, (p/(p+1))) and C}'(S,) = O(Fyy' (p/(p +
).
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Part (a) in Proposition EC.1 directly implies the asymptotic optimality of a class of modified
base-stock policies satisfying Condition 1 for the two systems studied in Sections 3 and 4 under
the assumption E[X — z|X > z] = o(x). We next prove Proposition EC.1.

Proof of Proposition EC.1. The proofs for the two systems are similar and we next provide

a complete proof for the first system while omitting the details for the second one.

(a) Note that we have the following inequalities from S, < F, ,;LH(p 25

OPTY _ CP(5) _ OB Fup i)

W41

(EC.56)

~

1 B = 1
/VL+1(p+1) WL+1(ﬁ) SP FWLJrl(]%)

From inequality (5), we have

C(I) g & _ + . _§ G
(5p) < < El(S, = #141)"] PPt (W > 8,) x E L1 = Sp[#rs1 > 5] n LhE[#141]
Sp Sp Sp Sp
< 5 El(Sy —AWLH)J”] LA E# 41 — Spl V1> S n LhE[j//LJrl]' (EC.57)
3, EDY S, s,

Therefore, limsup, ., C’T()I)(S’p)/gp < h from the assumption E[#7 1 — x|#L11 > x] = o(z) and
lim,,_, S = oo due to unboundedness of W. On the other hand, from Equation (EC.1), we have
lim,, o Fw;l(p )/ WLH(E) = 1. Therefore, the limsup, ,,, of the most RHS in inequality
(EC.56) is no more than h. From part (a) of Theorem 2, the most LHS of inequality (EC.56)
converges to h as p— 0o. Thus, we have CP(S),) ~ hFW;H(p/(p—i- 1)).

(b) From inequality (EC.57) and E[#}, 11 — x| #1+1 > z] = O(z), we know that CISI)(S',,) =0(S,).

On the other hand, it is also easy to see the following inequality from inequality (4):

CPO(S,) _ BE[(S, = #141)*]
SP B Sp

Y

which then implies C(I)( ) =0O(S,). Moreover, from the proof of part (b) in Theorem 1, we know
that ! (-25)=0O(F,! (-Z;)) for any A > 0. Therefore, C{V(S,) =O(F,! (-%)). Q.ED.

W41 \p+A Yi+1\p Pi+1\p+1
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