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A B S T R A C T   

Online estimation of unobservable internal states is significant for safe operation of Li-ion batteries, and it 
constitutes one of the main functions of battery management system (BMS). The next-generation BMS expects 
model-based state estimation, especially with electrochemical models, which are accurate but often costly for 
solving. Therefore, it is required to build more easily executable state-space representation of electrochemical 
models for online state estimation. However, the traditional numerical methods for time discretization are 
relatively complicated, and the discretized system is not very flexible in modifying predictive time intervals. To 
address such issues, we introduce the concept of physics-informed operator learning for state-space modeling. 
Specifically, we propose an architecture, termed the physics-informed multiple-input operator network (PI- 
MIONet), to reformulate the state-space representation of the extended single particle (eSP) model. In this work, 
the PI-MIONet takes the Li-ion concentration of the whole electrode particle and current densities at the current 
time as the input functions, and predicts Li-ion concentration at any spatial-temporal location, which means that 
the forward predictions can be realized with user-defined step size. In addition, due to the capability of taking 
discretized functions as inputs, the PI-MIONet can be used for estimating states in the form of long vectors, and it 
can be conducted very efficiently, which makes it highly suitable for online applications in BMS. We verify the 
predictive performance of PI-MIONet through several synthetic experiments, and successfully apply it to the 
estimation of Li-ion concentration across the full particle with unscented Kalman filter algorithms.   

1. Introduction 

As an energy supply system to promote transportation electrification, 
lithium-ion (Li-ion) batteries have been widely used in electric vehicles, 
since they possess the major advantages of high energy density, long life 
cycle, low rate of self-discharging, and no memory effect [1]. However, 
in realistic and complex working scenarios, Li-ion batteries also face 
some problems, such as battery degradation and thermal runaway, 
which bring about certain challenges for their applications in electric 
vehicles. Therefore, it is imperative to construct an advanced battery 
management system (BMS), which can be used to monitor the internal 
electrochemical states and guarantee a safe operation during the life 
period of Li-ion batteries. Since the internal states, e.g., Li-ion 

concentration in electrodes and electrolytes, cannot be observed, they 
need to be estimated from observable quantities, such as current and 
voltage, which actually play a key role in BMS. 

The methods for state estimation are diversified. In terms of most 
commonly used state-of-charge (SOC), which reflects the remaining 
battery power, the methods for its estimation mainly comprise Coulomb 
counting [2,3], voltage translation [4,5], data-driven methods [6,7], 
and model-based methods [8,9]. Coulomb counting highly depends on 
initial value and may suffer from the cumulative integration error, and 
the voltage translation method infers SOC from the predetermined open 
circuit voltage (OCV)-SOC lookup table using the OCV measurements, 
which requires a long execution period. As a consequence, the former 
two methods are not suitable for online applications in BMS. With the 
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rapid development of artificial intelligence, data-driven methods have 
attracted substantial attention for SOC estimation; however, the pre
dictive robustness will become problematic due to the lack of physical 
insights. In comparison, model-based methods can provide a relatively 
more reliable SOC estimation, since they can realize closed-loop control 
by leveraging state estimation algorithms. The accuracy of model-based 
methods depends on the choice of battery model, among which the 
equivalent circuit model (ECM) [10,11] and the electrochemical model 
(EM) [12,13] are the major ones. Certain studies have pointed out that 
state estimation (e.g., SOC) based on EMs will become the primary focus 
of the next-generation BMS [14]. The reasons for this are that, compared 
to ECM, EM-based state estimation can indicate the characteristics of 
electrochemical reactions and charging/discharging from the perspec
tive of electrochemical principles, and thus it is beneficial to monitor the 
degradation process and tendency of state variations during the full life 
cycle [15]. 

Model-based state estimation is usually conducted by taking 
advantage of filter-based methods [16], e.g., Kalman filter and its 
diversified variants [17], for use in online scenarios. In order to meet the 
efficiency demands of online applications in BMS, it is required to 
modify the complex dynamic process with continuous time to a rela
tively simpler state-space model with discretized time. ECMs are 
commonly composed of a system of ordinary differential equations 
(ODEs), which are convenient for time discretization, and are often 
combined with extended Kalman filter (EKF) to perform state estimation 
[18,19]. In comparison, EMs are built with a system of partial differ
ential equations (PDEs), which are relatively more difficult to be dis
cretized with time than ODEs, and thus EMs need model reduction and 
local linearization prior to being combined with EKF [20]. Meanwhile, 
for the nonlinear PDE system, linearization is certain to bring about 
truncation errors. As a result, unscented Kalman filter (UKF) and particle 
filter (PF) could be more suitable, since they do not require local line
arization [21–24]. Even though model linearization can be eliminated in 
UKF or PF, time discretization for the complex PDE system is still 
needed, and how to obtain a discretized system that is suitable for 
quantities with infinite dimensions, i.e., at any location, is not only 
important, but also challenging. Moreover, as a Bayesian method, PF 
needs to deal with an efficiency problem due to a large number of model 
executions, especially in online applications. Therefore, state-space 
modeling essentially realizes the mappings between functions with 
infinite dimensions, and it needs to not only approximate the original 
model as accurately as possible, but also execute efficiently. 

Deep learning techniques can be adopted to fulfill the above two 
goals, since they possess strong fitting abilities, especially for nonlinear 
and high-dimensional problems [25], and they have also been intro
duced in battery modeling [26,27]. The universal approximation theo
rem constructs the theoretical basis for deep learning, and it states that 
neural networks can be used to approximate any continuous function 
[28]. Furthermore, there is another approximation theorem that has 
received less attention, which states that a neural network can approx
imate any continuous nonlinear functional [29] or operator, i.e., a 
mapping from one function to another function [30]. Based on the 
universal approximation theorem for operators, Lu et al. [31] designed a 
novel network architecture, termed the deep operator network (Deep
ONet), to learn explicit and implicit operators, e.g., in the form of PDEs. 
In terms of a dynamical system that can be described by ODEs or PDEs, 
its state-space modeling can also be understood from the perspective of 
the operator. Therefore, operator learning has great potential to build 
state and space functions in a data-driven manner, but trial work has not 
yet been seen in battery modeling. 

Even though deep learning has been validated with powerful fitting 
capabilities, the huge demand for training data and the lack of physical 
constraints restrict its applications in natural science, where data are 
often sparse and costly to acquire. To address this issue, the physics- 
informed neural network (PINN) [32] was developed, and it actually 
transformed the way that we model the behavior of physical systems, for 

which we have some available observations and at least a parameterized 
PDE to provide additional constraints in a semi-supervised type of 
learning. The successful applications of PINN and its variants in diver
sified fields, e.g., fluid mechanics [33], biology [34], and material sci
ence [35], have contributed to the flourishment of scientific machine 
learning, which has become a new paradigm for scientific research. In 
the realm of batteries, great interests and advancements in physics- 
informed deep learning have occurred, with current emphases on fail
ure diagnosis [36], lifetime prediction [37], and state estimation [38]. 

Inspired by the concept of PINN, Wang et al. [39] proposed the 
physics-informed DeepONet (PI-DeepONet) to alleviate the data burden 
of the original DeepONet. The PI-DeepONet is powerful, and we have 
adopted it in our previous work to learn a functional mapping from 
current to voltage [40], but generally, it is still in its infancy for appli
cations in battery modeling. Moreover, in both DeepONet and PI- 
DeepONet, they can only map one function to another function, and 
have no ability to take multiple functions as inputs. To solve this prob
lem, Jin et al. [41] proposed a multiple-input operator network (MIO
Net) with rigorous theoretical validations. In this work, we further 
expand the MIONet to a physics-informed version, i.e., PI-MIONet, and 
recast state-space modeling of batteries into an operator learning 
problem by leveraging PI-MIONet. Then, online state estimation can be 
conducted with PI-MIONet-based state-space models. The key point of 
this work is the functional perspective on state-space modeling and 
adopting the newly proposed PI-MIOMet to reformulate it. The feasi
bility of PI-MIONet for state-space modeling is validated by synthetic 
cases, and online estimation of Li-ion concentration in the range of 
whole electrode particles is also tested with a UKF algorithm. The ad
vantages of the proposed method lie in several aspects. The first one is 
the elimination of explicit time discretization and local linearization for 
PDEs, leading to a relatively simple working flow without sacrificing 
model accuracy with the assistance of rigorous operator learning and 
physical constraints. The second one is that the trained PI-MIONet al
lows users to define the step size for forward prediction, and it can be 
evaluated with high efficiency, which endows it with great applicability 
and flexibility for online scenarios in BMS, especially in some extreme 
working environments, e.g., in extremely high/low temperature, where 
state estimation can be conducted more frequently to better evaluate 
battery performance [42]. Furthermore, the PI-MIONet takes as input 
the discretized functions, which makes it feasible to achieve estimation 
of states in the form of long vectors, i.e., Li-ion concentration across the 
whole particle. 

The remainder of this paper proceeds as follows. In Section 2, we 
introduce the physical model for simulating electrochemical perfor
mance of Li-ion batteries, and the method for estimating internal states. 
We also place an emphasis on the introduction of PI-MIONet and 
reformulation of state-space modeling with it. In Section 3, we represent 
the fitting performance of PI-MIONet and its application in online state 
estimation with several synthetic cases. The conclusion and suggested 
directions for future research are given in Section 4. 

2. Methods 

2.1. Electrochemical modeling with the extended single particle model 

It is widely known that the well-established pseudo-two-dimensional 
(P2D) model is the full-order battery model to characterize the elec
trochemical mechanism inside of batteries, including the diffusion 
process of Li-ion in solid and liquid phases, Ohm’s law in solid and liquid 
phases, charge conservation, and Butler-Volmer kinetics [43–46]. As 
shown in Fig. 1a, the structure of the P2D model for Li-ion battery 
mainly contains three components denoted by a thickness: negative 
electrode (Ln); positive electrode (Lp); and separator (Lsep). The elec
trolyte is distributed among all of the three components for the transport 
of Li-ion. Even though the P2D model is the physical model with high 
fidelity, a number of parameters to be calibrated and a costly numerical- 
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solving scheme hinder its applications in online scenarios, leading to 
several simplified versions. Among them, the single particle (SP) model 
is a classical one, in which all particles in the electrodes are assumed to 
behave in a similar manner, and thus each electrode is modeled as a 
single particle [47], as shown in Fig. 1b. Although the SP model is fast to 
execute, the neglect of potential gradient inside of the electrolyte makes 
it impossible to adequately describe battery dynamics at high C-rates 
[48]. To address this issue, the extended single particle (eSP) model was 
proposed by incorporating stress-enhanced diffusion and electrolyte 
concentration distribution into a modified SP model [49,50]. The eSP 
model has been validated to give voltage predictions with less than 
0.630 ± 0.331 % error than that predicted by P2D for C-rates up to 3C, 
while offering a significantly higher computational efficiency that is 
approximately three times faster than the P2D model [49]. In this study, 
we utilize the eSP model as the underlying physical model for a Li-ion 
battery due to its straightforward structure and acceptable level of ac
curacy. This model is then utilized to generate data for the purpose of 
training operator networks. 

The eSP model suggests that the movement of Li-ion in solid particles 
is influenced by both concentration gradient and mechanical stress field. 
The diffusion equation of Li-ion coupled with the stress-diffusion effect 
is defined as follows: 

∂cs,m

∂t
+

1
r2

∂
∂t

[

− r2( 1+Θs,mcs,m
)
Ds,m

∂
∂r

cs,m

]

= 0,m = n, p, (1)  

with boundary condition as: 
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∂r

⃒
⃒
⃒
⃒

r=0
= 0, −

(
1 + Θs,mcs,m

)
Ds,m

∂cs,m

∂r

⃒
⃒
⃒
⃒

r=Rm

= jLi
m , (2)  

where cs,m represents the concentration of Li-ion in the solid phase; Ds,m 

is the solid diffusion coefficient, i.e., cs,n,Ds,n for anode and cs,p,Ds,p for 

cathode; and Θs,m =
2Ω2

s,mEs,m

9RT(1− νs,m)
is a lumped parameter that takes the 

stress-effect into account, in which Ωs,m denotes the partial molar vol
ume; Es,m is Young’s modulus; R is the universal gas constant; T is 
temperature; and νs,m represents Poisson’s ratio. It is assumed that the 
electrochemical reaction is uniform in each electrode, and therefore, the 
pore wall flux jLi

m at the solid electrolyte interface can be given by: 

jLi
n =

− iappRn

3F(1 − εn)Ln
, jLi

p =
iappRp

3F
(
1 − εp

)
Lp
, (3)  

where iapp represents the applied current density to the battery; F is 
Faraday constant; εn and εp denote the porosity of anode and cathode, 
respectively; and Rm and Lm (m = n, p) are solid particle radius and 
electrode length, respectively. 

Compared to the SP model, the eSP model, in addition to considering 
the impact of the diffusion-stress coupling effect, also accounts for the 
role of electrolyte physics, since the potential drop in the electrolyte 
phase can play a significant role in affecting Li-ion transport. As shown 
in Fig. 1a, the electrolyte is distributed in anode, separator, and cathode, 
and the continuous electrolyte concentration profiles can be approxi
mated, in general, by polynomial functions as follows [49]: 

ce,n(x, t) = a1
(
1 − e− b1 t)x2 + a2

(
1 − e− b1 t)+ ce,0, (4)  

ce,p(x, t) = a3
(
1 − e− b2 t)(L − x)2

+ a4
(
1 − e− b2 t)+ ce,0, (5)  

ce,sep(x, t) =

(
a3L2

p + a4

)
(1 − e− b2 t) −

(
a1L2

n + a2
)
(1 − e− b1 t)

Lsep

×
(
x − Ln − Lsep

)
+
(

a3L2
p + a4

)(
1 − e− b2 t)+ ce,0,

(6)  

where coefficients ak, bk (k = 1, 2,3, 4) are further defined in Appendix 
A; and ce,0 denotes the initial concentration of Li-ion in electrolyte. Then, 
the analytical equations for electrolyte potential can be derived based on 
the electrolyte charge conservation equations, and expressed as: 

For the anode region (0 ≤ x ≤ Ln): 

ϕe,n(x, t) = ϕe,n(0, t) + (1 − t+)
2RT

F
ln

ce,n(x, t)
ce,n(0, t)

−
iapp

2Lnkeff
e,n

x2. (7) 

For the separator region (Ln ≤ x ≤ Ln + Lsep): 

ϕe,sep(x, t) = ϕe,n(0, t) + (1 − t+)
2RT

F
ln

ce,sep(x, t)
ce,n(0, t)

−
iapp

keff
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(x − Ln) −
iappLn

2keff
e,n

.

(8) 

For the cathode region (Ln + Lsep ≤ x ≤ Ln + Lsep + Lp): 

ϕe,p(x, t) = ϕe,n(0, t)+ (1 − t+)
2RT

F
ln

ce,p(x, t)
ce,n(0, t)

+
iapp

2Lpkeff
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(L − x)2

−
iapp

2

(
Ln

keff
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+
2Ls
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Lp

keff
e,p

)

,

(9)  

where keff
e,m = km*εbrug

m (m = n, p, sep); km denotes the electrolyte con
ductivity in the three regions; brug represents the Bruggeman coeffi
cient, which is 1.5; and t+ is the Li-ion transference number. The 
electrolyte potential difference is obtained by the difference between the 
potentials taken from the electrode-current collector interface (i.e., x =

0 and x = L), and calculated by: 

ϕe,p(L, t) − ϕe,n(0, t) = (1 − t+)
2RT

F
ln

ce,p(L, t)
ce,n(0, t)

−
iapp

2

(
Ln

keff
e,n

+
2Ls

keff
e,sep

+
Lp

keff
e,p

)

.

(10) 

Fig. 1. Schematic diagram of the discharging process of a Li-ion battery, which 
is mainly composed of four parts, i.e., anode, separator, cathode, and electro
lyte. (a) represents the full-order pseudo-two-dimensional (P2D) model, and (b) 
denotes the simplified single particle (SP) model. The transport direction of Li- 
ion and electrons in the charging process is opposite to that in the discharg
ing process. 
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Finally, the Li-ion battery terminal voltage can be calculated based 
on the solid phase potential difference between both ends of the cell, and 
can be expressed as: 

Vt(t) = ϕs,p(t)
⃒
⃒

x=L − ϕs,n(t)
⃒
⃒

x=0

=
[
Up + ϕe,p(L, t) + ηp

]
−
[
Un + ϕe,n(0, t) + ηn

]

=

[

Up

(
cs,p,surf(t)

cs,p,max

)

+ ϕe,p(L, t) + ηp

]

−

[

Un

(
cs,n,surf(t)

cs,n,max

)

+ ϕe,n(0, t) + ηn

]

(11)  

where Um (m = n, p) denotes open circuit voltage, and it is generally a 
function of the normalized surface concentration, i.e., cs,m,surf(t)/cs,m,max; 
and η represents the surface over-potential needed to drive the electro
chemical reactions at the solid-electrolyte interface, and it can be 
defined by the Butler-Volmer equation: 

i • n = i0

[

exp
(

αnFη
RT

)

− exp
(
− αpFη

RT

)]

, (12)  

where i is Faradaic current density at the solid-electrolyte interface; n is 
the unit normal vector; i0 represents the exchange current density; and 
αn and αp are transfer coefficients of electrochemical reactions for anode 
and cathode, respectively. 

Even though the eSP model is sufficiently simplified compared to the 
P2D model while keeping its accuracy, it cannot be directly used for 
estimating internal states, e.g., solid phase Li-ion concentration. Instead, 
in a common way, the eSP model needs to be reformulated as a state- 
space representation, in order to guarantee the requirements of execu
tion efficiency for online applications in BMS. 

2.2. State estimation with unscented Kalman filter 

In a dynamical system, the physical model built with continuous time 
needs to be reformulated as a state-space model with discrete time, in 
order to conduct optimal control and state estimation more efficiently. 
For a non-linear dynamical system, the discrete-time state-space model 
can be generally written as: 

xk+1 = f (xk, uk), (13)  

zk = h(xk, uk), (14)  

where xk represents the internal states to be estimated at k time-step; uk 
means the input control; zk is the measurable quantity, which can be 
used to infer xk with state estimation methods; and f( • ) and h( • ) are 
termed state function and space function, respectively. 

The unscented Kalman filter (UKF) is a powerful and efficient algo
rithm used for estimating the state of a non-linear system in real-time 
[51]. Unlike the traditional Kalman filter, which uses linear approxi
mations to represent the system, the UKF applies a deterministic sam
pling approach, known as unscented transform, to accurately capture 
the mean and covariance of the system state. This approach provides a 
more robust estimation in nonlinear environments, and it also reduces 
the computational burden compared to other nonlinear filtering 
methods, e.g., particle filter [16]. 

The UKF algorithm consists of two main steps, i.e., the prediction 
step and the analysis step. In the prediction step, several sigma points X 

and their corresponding weights Wm and Wc are generated based on the 
current states xk and prior covariance Pk. Then, the sigma points need to 
be fed into the nonlinear process model, i.e., Eq. (13), to form a new 
predictive prior, which is a set of sigma points termed Y , for the sub
sequent step. The mean and covariance of the prior can be computed 
with the unscented transform: 

x̂ =
∑N

i=1
Wm

i Y i, (15)  

P̂ =
∑N

i=1
Wc

i (Y i − x̂)(Y i − x̂)T
+Q, (16)  

where Q quantifies the covariance of process noise; and N is the number 
of sigma points, and it is often determined as 2n+ 1, where n refers to 
the length of xk. 

In the analysis step, the UKF updates the predicted state with the 
latest measurement data. Firstly, the sigma points of the predictive prior 
need to be converted into measurements with the space function Eq. 
(14), i.e., Z = h(Y ). Then, the mean (μz) and covariance (Pz) of these 
points and the cross-covariance (Pxz) between states and measurements 
can also be computed by unscented transform, which can be expressed 
as: 

μz =
∑N

i=1
Wm

i Z i, (17)  

Pz =
∑N

i=1
Wc

i

(
Z i − μz

)(
Z i − μz

)T
+R, (18)  

Pxz =
∑N

i=1
Wc

i (Y i − x̂)
(
Z i − μz

)T
, (19)  

where R is the covariance of measurement noise. Finally, the internal 
states can be updated with the measurement z in the following form: 

x = x̂ +PxzP− 1
z

(
z − μz

)
, (20)  

and the updated covariance is given by: 

P = P̂ +
(
PxzP− 1

z

)
Pz
(
PxzP− 1

z

)T
. (21) 

Actually, the prediction step and analysis step form the core of the 
UKF algorithm, and they are repeated at each time-step to provide a 
dynamic and accurate estimate of the system state. For additional details 
about UKF, one can refer to [51]. 

When it comes to state estimation for batteries with UKF in BMS, we 
take solid phase Li-ion concentration (cs) as the internal state to be 
estimated from measured voltage in this work, since the commonly used 
state-of-charge (SOC) can be directly computed from cs [52,53]. Then, 
the key step is to reformulate the eSP model into a state-space repre
sentation in the form of Eqs. (13) and (14). In the eSP model, the 
measurable voltage is analytically related to other quantities, e.g., Li-ion 
concentration and electrolyte potential, which means that the space 
function h( • ) in Eq. (14) can be directly provided by the eSP model with 
analytical equations, and they can be executed efficiently. Meanwhile, 
the state function f( • ) that describes the transition rule of cs should be 
derived based on Eq. (1) with time discretization. Additionally, the 
numerical-solving scheme for time-discretized f( • ), e.g., using COM
SOL Multiphysics, is neither cheap nor efficient, leading to a certain 
difficulty for its online applications. In this work, we leverage deep 
operator learning to reformulate state-space modeling, in order to avoid 
complex time discretization and numerical solving, and meanwhile 
provide flexibility for prediction intervals and accelerate model execu
tion efficiency. 

2.3. State-space modeling with operator networks 

2.3.1. Physics-informed multiple-input operator networks (PI-MIONet) 
As a complement to approximate function, neural networks have 

been validated to be able to approximate any continuous operator, i.e., a 
mapping from one function to another function with infinite di
mensions, based on the universal approximation theorem for operators 
[30]. Inspired by this theorem, Lu et al. [31] designed a specific network 
architecture, termed the deep operator network (DeepONet), to learn 
explicit operators, e.g., integral and fractional Laplacians, as well as 
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implicit operators, e.g., deterministic and stochastic differential equa
tions. The DeepONet consists of two sub-networks: a branch net, which 
receives the functions in the form of discretized points as input; and a 
trunk net, which encodes the evaluation locations for the output func
tions. Even though DeepONet is powerful, it is only designed to learn 
operators defined on a single Banach space, i.e., the input of the operator 
is a single function. To expand the existing neural operators, Jin et al. 

[41] proposed the multiple-input operator network (MIONet) to receive 
multiple functions as inputs based on rigorous theoretical validations. 
Different from DeepONet, MIONet has several branch nets for encoding 
diversified input functions, while the trunk net still remains the same as 
DeepONet, using one net to encode the domain of the output function. 

As shown in Fig. 2a, the MIONet aims to learn an operator 
G : (u1,…, un)→G(u1,…, un). For the ith function ui, it needs to be 

Fig. 2. The architecture of (a) MIONet and (b) physics-informed MIONet (PI-MIONet). In MIONet, suppose that there are n input functions (i.e., u1,…,un), each of 
which has its own discretization points (e.g., m locations xi

1,xi
2,…, xi

m for evaluating ith function), and then the discretized values are fed into their corresponding 
branch nets. The trunk net takes coordinates y as input, where the output function G(u1,…, un) can be evaluated. The outputs of the trunk net and different branch 
nets should keep the same dimension, so that they can conduct the element-wise production and sum operation to obtain the final output G(u1,…, un)(y). Based on 
the outputs of MIONet, some additional regularization terms can be formulated via an automatic differentiation technique, as shown in subfigure (b), according to the 
information from partial differential equation (PDE), boundary condition (BC), and initial condition (IC). These physical constraints will guide the training of PI- 
MIONet, and bias its outputs to satisfy a given system of PDEs. 
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evaluated at m points to obtain [ui
(
xi

1
)
, ui
(
xi

2
)
,…, ui

(
xi

m
)
], which then 

serve as the input of the ith branch net. It is worth noting that there are 
no constraints for the number and location of these evaluation points. 
The trunk net takes the coordinates y as input where the output function 
can be evaluated. The output of each branch net [bi

1,bi
2,…,bi

p] and that of 
the trunk net [g1,g2,…,gp] should share the same length, so that they can 
conduct element-wise product and sum operation to obtain the final 
outputs, i.e.: 

G(u1,…, un)(y) =
∑p

k=1

[
∏n

i=1
bi

k

]

gk. (22) 

In terms of training MIONet, the data should be organized in the form 
of structured tuples, i.e., (u1,…, un, y,G(u1,…, un)(y) ), with the former 
n+1 terms serving as inputs and the last one for outputs. Since MIONet 
can receive input functions from different spaces, function samples 
should be drawn from their corresponding spaces. Suppose that we draw 

Ni separate function samples ui ∈ U i, i.e., 
{

u(j)
i

}Ni

j=1
, from function space 

U i, and thus we have 
∏n

i=1
Ni function samples in total. For each reali

zation of the input function composite, we collect Ny points, i.e., 
{
y(j)
}Ny

j=1, to evaluate the output function. Therefore, the total number of 

training samples should be 
∏n

i=1
Ni × Ny, and the networks can be trained 

by the commonly used mean square error (MSE) as follows: 

LMSE =
1

∏n

i=1
Ni × Ny

∑N1

i1=1
…
∑Nn

in=1

×
∑Ny

j=1

[
G
(

u(i1)
1 ,…, u(in)

n

)(
y(j)
)
− Ĝ

(
u(i1)

1 ,…, u(in)
n

)(
y(j)
) ]2

, (23)  

where Ĝ
(

u(i1)
1 ,…, u(in)

n

)(
y(j)
)

is the predicted value; and G
(

u(i1)
1 ,… 

, u(in)
n

)(
y(j)
)

is the corresponding label. 

Since MIONet is used to learn a mapping between infinite- 
dimensional spaces, the amount of training samples should be as large 
as possible, in order to explore the function space more sufficiently. 

Consequently, the training dataset with size 
∏n

i=1
Ni × Ny will be too 

massive, which will markedly aggravate the burden of data collection 
and memory requirements for training. In addition, compared to 
DeepONet, MIONet requires more training samples since it explores 
several input function spaces simultaneously. To alleviate the data de
mands, we follow the concept of the physics-informed DeepONet [39] 
and propose the physics-informed MIONet (PI-MIONet) as shown in 
Fig. 2b, and leverage the physical loss induced from the underlying 
governing equations to compensate for the huge cost of collecting data 
from real experiments. 

It can be seen from Fig. 2b, in the architecture of PI-MIONet, that the 
additional physical loss coming from the constraints of partial differ
ential equation (PDE), initial condition (IC), and boundary condition 
(BC) can be obtained through automatic differentiation techniques, 
owing to the differentiable structure of networks and the spatial- 
temporal coordinates taken by the trunk net as inputs. In terms of 
training data to make up the physical loss, we follow the above settings 
for MIONet and prepare different datasets to enforce IC, BC, and PDE 
constraints, for the purpose of exploring function spaces as efficiently as 

possible. The datasets 
[{

u(j)
i

}Ni,IC

j=1

]n

i=1 
and 

{
y(j)
}Ny,IC

j=1 are prepared for 

encoding IC loss, and likewise, the datasets 
[{

u(j)
i

}Ni,BC

j=1

]n

i=1 
and 

{
y(j)
}Ny,BC

j=1 are for BC loss, and the datasets 
[{

u(j)
i

}Ni,PDE

j=1

]n

i=1 
and 

{
y(j)
}Ny,PDE

j=1 are for PDE loss. Consider a generic parametric PDE and its 
BC taking the following forms: 

N (u1,…, un,G(u1,…, un) ) = 0, (24)  

B (u1,…, un,G(u1,…, un) ) = 0, (25)  

where u1,…, un represents the parameters (i.e., input functions); 
G(u1,…, un) denotes the corresponding solutions of PDE; and N and B 

are linear or nonlinear differential operators for representing PDE and 
BC, respectively. Finally, the training loss from different sources can be 
computed as follows: 

Ldata =

∑N1

i1=1
…
∑Nn

in=1

∑Ny

j=1

[
G
(

u(i1)
1 ,…, u(in)

n

)(
y(j)
)
− Ĝ

(
u(i1)

1 ,…, u(in)
n

)(
y(j)
) ]2

∏n

i=1
Ni × Ny

,

(26)  

LIC =

∑N1,IC

i1=1
…
∑Nn,IC

in=1

∑Ny,IC

j=1

[
G
(

u(i1)
1 ,…, u(in)

n

)(
y(j)
)
− Ĝ

(
u(i1)

1 ,…, u(in)
n

)(
y(j)
) ]2

∏n

i=1
Ni,IC × Ny,IC

,

(27)  

LBC =

∑N1,BC

i1=1
…
∑Nn,BC

in=1

∑Ny,BC

j=1

[
B

(
u(i1)

1 ,…, u(in)
n , Ĝ

(
u(i1)

1 ,…, u(in)
n

)(
y(j)
) ) ]2

∏n

i=1
Ni,BC × Ny,BC

,

(28)  

LPDE =

∑N1,PDE

i1=1
…
∑Nn,PDE

in=1

∑Ny,PDE

j=1

[
N

(
u(i1)

1 ,…, u(in)
n , Ĝ

(
u(i1)

1 ,…, u(in)
n

)(
y(j)
) ) ]2

∏n

i=1
Ni,PDE × Ny,PDE

,

(29)  

Ltotal = λdataLdata + λICLIC + λBCLBC + λPDELPDE, (30)  

where the coefficients λdata, λIC, λBC, and λPDE are weights used to adjust 
the relative importance of each item. Specifically, the amount of labelled 
data can even be reduced to zero under the guidance of physical con
straints, so that the label-free PI-MIONet is built where Ldata is no longer 
needed. In this work, we adopt the label-free PI-MIONet to reformulate 
state-space representation of the eSP model, with an aim to improve 
execution efficiency without sacrificing physical accuracy. 

2.3.2. PI-MIONet based state-space modeling for Li-ion batteries 
In this work, we take the eSP model to characterize the electro

chemical performance of Li-ion battery, and the eSP model needs to be 
reformulated as state-space representations, i.e., Eqs. (13, 14), to serve 
the subsequent state estimation or optimal control in BMS. Here, we take 
the commonly used state-of-charge (SOC) as the state to be estimated. 
Since SOC is dimensionless, and it can be determined physically based 
on solid phase Li-ion concentration (i.e., cs), we step back to take cs as 
the internal state of interest that needs to be estimated from voltage 
measurements. Therefore, the state-space representation with respect to 
the eSP model can be tentatively written as: 

cs,k+1 = f
(
cs,k, iapp,k

)
, (31)  

Vk = h
(
cs,k, iapp,k

)
, (32) 
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where subscript k means time-step; applied current iapp plays the role of 
input control; and V is the terminal voltage. In the eSP model, only cs 

needs to be solved from a PDE with numerical methods, while the other 
quantities, e.g., liquid phase Li-ion concentration (ce) and potential (ϕe), 
can be computed with analytical solutions. This means that the state 
function f(⋅) needs to be reformulated based on the PDE, i.e., Eq. (1), 
while the space function h(⋅) can be directly derived from analytical 
equations, i.e., Eq. (4) – Eq. (12), which are very efficient to execute. 
Therefore, the main focus of state-space modeling in this study is how to 
acquire f(⋅) with both accuracy and efficiency. 

Since the state cs is actually a function of time and space, and the 
input signal iapp is also a function of time, the transition relationship of 
cs can be learned from the aspect of operator regression, for which the 
proposed PI-MIONet can be adopted. From a different perspective, 
numerically solving Eq. (1) for cs at time-step k+1 (i.e., cs,k+1) is able to 
be approximated by operator learning, with cs at previous time-step k 
serving as the initial condition (i.e., cs,k), and the corresponding iapp 

playing the role of boundary condition (i.e., iapp,k). Therefore, regardless 
of the perspective of operator regression or approximating numerical 
scheme via operator learning, PI-MIONet is highly suitable for state- 
space modeling, specifically reformulating state function f(⋅) in this 
work. 

As shown in Fig. 3, we adopt a label-free PI-MIONet with two branch 
nets to complete this task, with the first branch net taking iapp,k as input, 
and the second one accepting cs,k as input. The trunk net takes time t and 
radial location r as inputs, and finally output cs at any spatial-temporal 
location. It is worth noting that the step size for forward prediction now 
depends on the user-defined t, instead of being restricted to the original 
step interval embedded in the training data, which could come from PDE 
solutions via numerical solving. Upon completion of training, the model 
can give predictions within a moment, and the enforced physical con
straints during training can guarantee the accuracy of predictions. 
Therefore, compared to the traditional methods, e.g., numerical dis
cretization, for deriving state function, the proposed PI-MIONet-based 
method is both efficient and accurate, and can also allow users to 
arbitrarily modify the step size for forward prediction. 

3. Results 

3.1. PI-MIONet for predicting Li-ion concentration in the solid phase 

3.1.1. Generation of training data for PI-MIONet 
In this section, we build a one-step predictive model for Li-ion con

centration in solid electrode particles with PI-MIONet, in which the step 
size is allowed to be defined by users. Since solid phase Li-ion concen
tration cannot be measured directly and PI-MIONet is actually used to 
approximate eSP model in a discrete manner, we utilize the eSP model 
working in different applied currents (i.e., iapp) to generate synthetic 
training and testing datasets, to verify the accuracy of PI-MIONet. In this 
study, we consider the scenarios of galvanostatic discharge under 
different C-rates, i.e., {1C, 2C, 3C, 4C, 5C}, and 1C rate is taken as 27 A/

m2 for lasting 3600 s. The eSP model is constructed using COMSOL 
Multiphysics, which includes the specialized module for Li-ion battery 
modeling, and the default parameter values with respect to different 
materials are also embedded. For this work, the anode and cathode 
materials are chosen as graphite and LiCoO2, respectively. The requisite 
parameter values for creating the model, as outlined in Table 1, are 
determined based on previously published research [54,55]. Finally, the 
model can output solid phase Li-ion concentration at 21 equally 
distributed positions along the radial direction at each time-step. The 
number of time-steps is always set as 901 under different discharge 
rates, and the time-step size depends on the discharge rate Nrate, i.e., Δ 
t = 4/Nrate s. The solid phase Li-ion concentrations at discretized spatial- 
temporal grids under five discharge rates are collected for training PI- 
MIONet below. In addition, if the material parameters in Table 1 are 
changed, the trained PI-MIONet can be easily fine-tuned via transfer 
learning, since it is enabled to learn the general trend of output variables 
through one parameter setting. 

3.1.2. Inference on new currents and initial Li-ion concentrations 
In terms of model construction, the PI-MIONet with architecture 

shown in Fig. 3 is adopted in this work, and it is constructed with two 
branch nets and one trunk net. The applied current iapp serves as the 
input of the first branch net, whose input dimension is set as one due to 
the scalar value of iapp. The second branch net takes Li-ion concentration 
cs of a whole electrode particle as input, which is discretized at 21 
points, leading to the input dimension being set as 21. Apart from the 
input layer, the settings of the other layers for the two branch nets are 
the same, with four hidden layers and 200 neurons for each layer. The 

Fig. 3. Reformulation of state function with the label-free PI-MIONet. In order to approximate the state function with operator regression, the input vectors are 
treated as discretized values of functions and serve as the input of branch nets. The inputs for trunk net are spatial-temporal coordinates, which endow the trained 
model to be able to give predictions with user-defined step size. 

Q. Zheng et al.                                                                                                                                                                                                                                   



Journal of Energy Storage 73 (2023) 109244

8

trunk net takes coordinates r and t as inputs, and thus the input layer 
only needs two neurons, while the remaining layer settings keep 
consistent with those of branch nets. Softplus function [56] with β = 1 is 
chosen as the activation function for both branch and trunk nets. 

Based on the simulation results of the eSP model, the training data 
can be collected and rearranged into a suitable format, as suggested in 
Section 2.3. Specifically, the data under scenarios iapp = {1C, 3C,5C} are 
used for training, i.e., N1,IC = N1,BC = N1,PDE = 3, and the remaining 
datasets in iapp = {2C,4C} are for testing. To enable PI-MIONet to give 
accurate predictions based on any initial condition, we adopt cs of full 
particle at 10 time-steps, i.e., {1, 5, 10, 20, 30, 50, 200, 400, 600, 800}th 
steps across the original 901 steps, as initial concentrations for training. 
Therefore, the number of function cs for the second branch net is 10, i.e., 
N2,IC = N2,BC = N2,PDE = 10. The trunk net, in this experiment, receives 
different inputs when encoding constraints from different sources. For 
enforcing IC constraints, t is set as zero, and r is uniformly and randomly 
sampled in [0,Rs] with size Ny,IC = 5,000, and the model outputs are the 
corresponding initial concentrations, which can be sampled from the 
input of the second branch net with necessary spatial interpolations. For 
enforcing BC constraints, r is set as zero or Rs, and t is randomly sampled 
in [0, 3600/Nrate] with size Ny,BC = 4,000, and the model outputs should 
satisfy Eq. (2). For enforcing PDE constraints, r and t are both randomly 
sampled from their ranges with size Ny,PDE = 10,000, and the model 
outputs need to satisfy Eq. (1). It is worth noting that the training data 
only borrow the simulation results from the eSP model at 10 time-steps, 
and they only serve as initial constraints, which are often known in 
modeling scenarios. No labelled data for prediction are used in this 
work, and thus we can call the model as the label-free PI-MIONet, in 
which Ldata in Eq. (30) is eliminated. The coefficients to weigh different 
losses in Eq. (30) are set as λIC = 800,λBC = 10, and λPDE = 1e − 7. The 
Adam [57] optimizer with a learning rate of 5e-4 is employed to train PI- 
MIONet with MSE loss, which takes approximately 6 h on one Tesla T4 
GPU for 15,000 epochs. 

After training, the model can be tested on new currents and initial Li- 
ion concentrations. The prediction of concentration with trained PI- 

MIONet only takes about 0.05 s, while the numerical solving with 
COMSOL Multiphysics needs approximately 6–9 s, and thus the trained 
model is more appropriate for online scenarios. To further evaluate the 
predictive performance of trained model on anode, we set iapp = 2C for 
the input of the first branch net, and select cs,a of whole anodic particle at 
two time-stamps, i.e., 30 s and 600 s, from the original numerical results 
to serve as the initial concentration and simultaneously the inputs of the 
second branch net. We compare the predictions of cs,a in the remaining 
period, i.e., until 1800 s, versus the reference values provided by nu
merical simulations. As shown in the upper two rows of Fig. 4 (i.e., from 
Fig. 4a1 to Fig. 4b2), the relative errors across the whole spatial- 
temporal domain are all less than 1 %. Furthermore, the predictions at 
six randomly selected time-steps, which are marked by dashed lines in 
subfigures of the left column, clearly match well with the reference 
values in the whole particle, as demonstrated in the subfigures of the 
right column. 

Likewise, we also use iapp = 4C as new current, and cs,a at 15 s and 
300 s as initial concentrations to test model performance. As shown in 
the lower two rows of Fig. 4 (i.e., from Fig. 4c1 to Fig. 4d2), the 
maximum relative errors are relatively larger than those of the results 
with iapp = 2C. However, the regions with relatively larger values are 
very tiny, almost all distributed near the particle surface (i.e., r = Rs) 
and at the end of simulation period, and this phenomenon exists in both 
scenarios with iapp = 2C and 4C. This is because, when approaching the 
end of the discharging process, the anodic surface Li-ion concentration is 
very small and even approaches zero, leading to a larger relative error. 
Moreover, the higher is the discharge rate, the lower is the surface Li-ion 
concentration, and consequently the results with respect to iapp = 4C 
exhibit larger deviations. However, the general fitting performance is 
still excellent, which is further confirmed by 1D matching in subfigures 
of the right column. 

Similar to what we conducted for anode, we continue to validate the 
predictive performance of PI-MIONet on cathode. We also set two new 
current scenarios, i.e., iapp = 2C and 4C, whose results are demonstrated 
in the upper and lower two rows of Fig. 5, respectively. Each row takes 

Table 1 
Parameters used in the eSP model.  

Parameters Symbol Value Unit 

General    
Universal gas constant R 8.314 J/mol/K 
Temperature T 298 K 
Initial Li-ion concentration in electrolyte ce,0 2000 m3/mol 
Anodic symmetry factor αa 0.5 – 
Cathodic symmetry factor αc 0.5 – 

Separator    
Porosity εsep 0.42 – 
Length Lsep 20 μm 
Effective diffusion coefficient of electrolyte Deff

e,sep 3× 10− 10 × ε1.5
sep m2/s 

Effective electrical conductivity of electrolyte keff
e,sep 3× ε2.3

sep S/m 

Electrodes  Anode (graphite) Cathode (LiCoO2)  
Porosity εm 0.35 0.35 – 
Length Lm 70 70 μm 
Radius of solid particle Rs,m 12 12 μm 
Maximum Li-ion concentration in particle cmax

s,m 31,250 49,500 m3/mol 
Initial Li-ion concentration in particle cini

s,m 25,000 25,800 m3/mol 
Exchange current density i0,m 36 26 A/m2 

Diffusion coefficient of solid phase Ds,m 4× 10− 14 1× 10− 13 m2/s 
Partial molar volume Ωm 3.1× 10− 6 − 7.28× 10− 7 m3/mol 
Young’s modulus Em 15 375 GPa 
Poisson’s ratio νm 0.3 0.2 – 
Effective diffusion coefficient of electrolyte Deff

e,m 3× 10− 10 × ε1.5
n 3× 10− 10 × ε1.5

p m2/s 
Effective electrical conductivity of electrolyte keff

e,m 3× ε4.1
n 3× ε4.1

p S/m 
Effective electrical conductivity of solid phase keff

s,m 100× ε1.5
n 10× ε1.5

p S/m 

Note: The symbol subscript ˝m˝ changes to ˝n˝ when representing anode, and ˝p˝ when representing cathode.  
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Fig. 4. The predictive performance of Li-ion concentration in anode (cs,a) using PI-MIONet with new currents and new initial concentrations as model inputs. In terms 
of new currents, the upper two rows represent the performance at 2C discharge rate, while the lower two rows are for 4C discharge rate. Each row takes cs,a at 
different times (i.e., 30 s in (a1), 600 s in (b1), 15 s in (c1), and 300 s in (d1)) as initial conditions to perform forward predictions. In each row, the left column 
denotes the distribution of cs,a and its relative errors between references and predictions along temporal and spatial directions, and the right column demonstrates the 
fitting performance of cs,a at different times, which are also marked by dashed lines in the figures of the left column. 
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Fig. 5. The predictive performance of Li-ion concentration in cathode (cs,c) using PI-MIONet with new currents and new initial concentrations as model inputs. The 
layout of subfigures is the same as that of Fig. 4. 
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Fig. 6. The predictive performance of Li-ion concentration in two electrodes using PI-MIONet, which is trained with noisy initial conditions. The upper two rows 
represent the results of anode, while the lower two rows are for cathode. The first and third rows take 2C discharge rate and cs at 30 s as the initial condition for 
model inputs, while the second and fourth rows take 4C discharge rate and cs at 300 s as the initial condition for model inputs. The subfigures in the left column are 
2D distributions of cs, while those in the right column denote 1D fitting performance at some arbitrarily selected moments. 
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different initial cs,c as model inputs, which are drawn from original 
numerical results at different times as we chose for anode previously. As 
shown in Fig. 5, the matching performance between predictions and 
references based on different currents and initial concentrations is quite 
excellent, with maximum relative errors less than 0.5 % across the whole 
spatial-temporal domain. Through the experiments on two electrodes, 
we conclude that PI-MIONet has effectively incorporated the physics of 
stress-enhanced diffusion of Li-ion in solid particles, and it can be uti
lized to reformulate state function for describing the transition of solid 
phase Li-ion concentration. More interestingly, the step interval for 
prediction, i.e., Δt between cs,k and cs,k+1, can be determined by users, 
since cs,k is understood as the initial condition, and consequently the 
input t naturally serves as Δt. It is worth noting that the flexibility for 
users to modify predictive step size cannot be easily realized through the 
traditional numerical discretization methods, and it definitely consti
tutes the advantage of data-driven methods. 

3.1.3. Training with noisy initial condition 
In this work, the state for estimation is Li-ion concentration cs, which 

is a discretized function, i.e., a long vector, in practice. When it comes to 
real online applications, the state-space functions certainly will be 
executed sequentially combined with state estimation methods, such as 
Kalman filter, which means that the estimated state at the previous time- 
step will serve as the initial condition for the next-step prediction. This 
may lead to a potential question of whether, if the estimated vector of cs 

is not smooth, PI-MIONet can give reliable predictions based on the non- 
smooth initial conditions. To address this question, we repeat the 
training task in the last section by adding some noise to the input initial 
condition, i.e., the discretized evaluations of cs for feeding the second 
branch net. Specifically, based on the normalized input cs vector, we 
impose Gaussian noise, i.e., N

(
0,0.012), with the same length of the 

input vector, and all of the other settings remain the same as previously. 
After training, we evaluate the model performance by adding noise 

with the same magnitude as that used in training on initial conditions. 
The results of anode are shown in the upper two rows of Fig. 6, while the 
lower two rows represent those of cathode. In the first and third row, the 

discharge scenario with iapp = 2C is considered, and cs at 30 s of the 
original numerical results is selected as the initial condition. Meanwhile, 
in the second and fourth row, we consider the scenario with iapp = 4C 
and take cs at 300 s as the initial condition. Compared to the results in 
Fig. 4 and Fig. 5, the predictions with noisy model inputs generally have 
larger relative errors, which means that the added noise to the input 
function will deteriorate the performance of operator learning to a 
certain degree. Another interesting phenomenon is that the 2D distri
bution maps exhibit obvious stripes along the r-axis, especially for the 
results of cathode. This means that the forecasts of cs show different 
degrees of overall deviation against their references at different times, 
which can be seen from some 1D matching plots in right-column sub
figures, e.g., Fig. 6c2. In general, the predictive accuracy of PI-MIONet 
with noisy function as input is still acceptable, and it can be used for 
the subsequent experiments of state estimation. Furthermore, how much 
noise in input functions will make the PI-MIONet fail remains a valuable 
and open question, but it goes beyond the scope of this work. 

In this study, we admit that only scenarios with constant current can 
be adopted to test the performance of PI-MIONet. This is because the 
input for branch net 1 (i.e., iapp,k) is essentially a scalar value, and it can 
represent current density function only in constant current scenarios. 
Consequently, we can interpolate on current density functions and make 
predictions under new conditions. If we consider scenarios with dy
namic current, the proposed framework in Fig. 3 should be expanded to 
add a new branch, with an aim to receive the current density function 
itself as input, as did in our previous work [40], so that the interpolation 
and prediction on new dynamic current curves can be realized. Since the 
architecture of PI-MIONet needs to be modified, we leave it as a future 
work based on the current one. 

3.2. Online estimation of Li-ion concentration with UKF 

Based on the successful practice of state-space modeling with PI- 
MIONet, we continue to apply it to efficient online state estimation, 
which is actually the motivation for developing PI-MIONet. Herein, we 
take the discretized function of Li-ion concentration in solid particles, i. 

Fig. 7. Tracking of the surface Li-ion concentration of (a) anode and (b) cathode. The matching performance of terminal voltage is illustrated in (c).  
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e., cs(r), as the internal states to be estimated from observable voltages 
using the UKF algorithm introduced in Section 2.2. In this work, we 
utilize the voltage given by the eSP model working in iapp = 3C, whose 
stress-enhanced diffusion process is solved using COMSOL Multiphysics, 
as the synthetic measurements, which are also polluted by a Gaussian 
noise, i.e., N

(
0, σ2) with σ = 5 mV. The numerically calculated Li-ion 

concentration serves as the reference to evaluate the estimation 
performance. 

In order to validate the robustness of UKF, we set 20 % deviations to 
the referential initial concentration, and take it as the initial value for 
the subsequent state estimation. The estimated cs vector shares the same 
length (i.e., 21) as the input for the second branch net of PI-MIONet 
when we train it, and the anodic and cathodic cs vectors are concate
nated, i.e., x =

[
cs,a, cs,c

]T, for estimation simultaneously. The sequential 
estimation continues until the voltage is lower than 3 V, and the step 
interval for that is taken as 25 s. In each estimation step, we record the 
updated values of concentration vector and the predictions of voltage 
given by the space function, i.e., Eq. (14). Since Li-ion concentration at 
the particle surface (i.e., r = Rs) is critically important for reflecting 
SOC, we track its estimation trajectory to evaluate the performance. As 
shown in Fig. 7a and b, even though the initial values have a certain 
deviation, the estimated results can track their references with 

incorporating information from the measurements. The anodic con
centration undergoes a relatively longer period to pursue its reference; 
however, it does not affect the overall estimation performance, which 
can also be validated by the matching of voltages, as shown in Fig. 7c. 

It is widely known that the definition for SOC is non-unique, e.g., 
surface SOC or bulk SOC [14], but they both need to be computed from 
solid phase Li-ion concentration, with an emphasis on different com
ponents, e.g., surface or mean values. Actually, the estimation for Li-ion 
concentration across the whole particle is the special function of our 
proposed method compared to previous studies, in which only one or 
two components are estimated [52,53]. Moreover, with the knowledge 
of Li-ion concentration distribution, optimal control functions, such as 
fast charging, can be implemented to guarantee safe operation of bat
teries without experiencing over-charging or over-discharging problems 
[58]. 

To better demonstrate the matching performance of Li-ion concen
tration in the full particle, we select three times, i.e., 400 s, 640 s, and 
980 s, to show the predictions versus their references and the relative 
errors between them. As shown in Fig. 8, in the early stage, e.g., at 400 s, 
the estimated concentrations across two electrodes have obvious de
viations away from their references, while in the middle stage, e.g., at 
640 s, the deviations decrease remarkably with certain fluctuations. In 

Fig. 8. The estimation performance of Li-ion concentration in the full particles of two electrodes at three time-moments, i.e., (a) 400 s, (b) 640 s, and (c) 980 s. The 
relative errors are also calculated between the references and predictions. 
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the late stage, e.g., at 980 s, the predictions of concentration match well 
with the references in anode, or show up very tiny and global deviations 
against the referential values in cathode. The pattern can also be 
quantified through relative errors, which overall undergo a fluctuating 
decreasing process until the terminal stage with not only small, but also 
smooth, values. Through the experiments of online Li-ion concentration 
estimation, we can further validate that the trained PI-MIONet is accu
rate, and can effectively and efficiently serve as the state function for 
being incorporated by state estimation methods. 

4. Conclusion 

Motivated by the demands for efficient online estimation of internal 
states of Li-ion batteries, we reformulated the state-space modeling from 
the perspective of physics-informed operator learning, and proposed a 
novel framework, termed the physics-informed multiple-input operator 
network (PI-MIONet), to achieve this goal. Through several experi
ments, PI-MIONet was validated to give reliable predictions of solid 
phase Li-ion concentration based on its arbitrary initial value under new 
current densities. Furthermore, the proposed PI-MIONet allowed users 
to arbitrarily modify the step interval for forward prediction, which 
cannot be easily realized by traditional methods with numerical dis
cretization. Based on the highly efficient and physically accurate PI- 
MIONet, the state-space representation of the eSP model can be easily 
obtained. Subsequently, the estimation for states in the form of long 
vector, i.e., Li-ion concentration across the whole electrode particle, was 
successfully realized with the UKF algorithm, and the estimated distri
bution of Li-ion concentration in solid particle can be used for calcu
lating SOC with distinct definitions, and it also could be meaningful for 
safe operation of batteries. 

Even though the concept of physics-informed operator learning is 
validated to have the potential to reformulate PDE-based state-space 
modeling, much room for improvement remains. In this work, we only 
adopted the eSP model as the physical model to describe electro
chemical performance, and proposed PI-MIONet to reformulate its state 
function, while leaving the space function directly provided by analyt
ical expressions in the eSP model. Therefore, the ceiling accuracy of new 
state-space modeling depends on how accurate the eSP model is while 
characterizing internal electrochemical performance. In the near future, 

we plan to apply the architecture of physics-informed operator learning 
to more comprehensive physical models, such as the P2D model of high 
fidelity, and rebuild both state and space functions with P2D-informed 
operator learning. Furthermore, the electrochemical model also needs 
to be calibrated through real experimental data or public datasets before 
state-space modeling with PI-MIONet. Alternatively, the parameters to 
be calibrated can also be incorporated as the input of PI-MIONet, and 
consequently, the model calibration and state estimation can be realized 
simultaneously. This practice also endows the trained PI-MIONet with 
potential to be applicable to broader scenarios, where internal material 
parameters vary as the battery ages. Moreover, it is also recommended 
to construct state-space representation for electro-thermal models [59], 
which integrates electrochemical models with thermal effects, in order 
to simulate the dynamical system of real battery packs. 
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Appendix A. Coefficients in the polynomial expressions for Li-ion concentration in the electrolyte phase 

The coefficients ak and bk used in polynomial expressions for approximating Li-ion concentration in the electrolyte phase are given by [49]: 

a1 = −
ε− brug

n J
2DeLn

, (A.1)  

a2 = J
[
ε1− brug

n L2
n + 2ε1− brug

p L2
p + 6εpε− brug

sep LsLp + 3ε1− brug
sep L2

sep + 3ε− brug
n Ln

(
εpLp + εsepLsep

) ]/
6De
(
εnLn + εpLp + εsepLsep
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(A.2)  

a3 = −
ε− brug

p J
2DeLp

, (A.3)  
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(A.6)  

where brug = 1.5 is the Bruggeman coefficient; J = (1 − t+) iapp
F , in which t+ is the Li-ion transference number and set as 0.363, and F is the Faraday 

constant and set as 96,485.33; and De = 3 × 10− 10 is the diffusion coefficient in the electrolyte phase. 
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