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A B S T R A C T

The flow-shop scheduling problem with exact delays is generalization of no-wait flow-shop scheduling in
which an exact delay exists between the consecutive tasks of each job. The problem with distinct delays
to minimize the makespan is strongly 𝑁𝑃 -hard even for the two-machine case with unit execution time
tasks. Providing polynomial-time solutions for special cases of the problem, we show that the two-machine
permutation flow-shop case is solvable in 𝑂(𝑛 log 𝑛) time, while the case with more than two machines is
strongly 𝑁𝑃 -hard. We also show that the multi-machine case with delays following the ordered structure
possesses the pyramidal-shaped property and propose an 𝑂(𝑛2)-time dynamic program to solve it. We further
improve the time complexity of the solution algorithm to 𝑂(𝑛 log 𝑛) under certain conditions.
1. Introduction

The flow-shop scheduling problem is one of the well-studied com-
binatorial optimization problems, where a given set 𝐽 of jobs, each
with 𝑚 tasks, must be processed on 𝑚 distinct machines. The flow-shop
problem can be categorized into permutation and non-permutation
variants, where the processing order of the jobs on all the 𝑚 machines
is the same in the permutation setting.

In addition to the classical flow-shop scheduling problem, there are
numerous studies considering the problem in various settings under
different processing conditions. A well-known variant is the ‘‘no-wait’’
flow-shop (Gilmore & Gomory, 1964), in which all tasks of a job must
be processed without any delay, i.e., once the processing of a job starts,
there is no waiting time between the processing of its tasks.

Khatami et al. (2020) discussed that no-wait shop scheduling is a
special case of coupled task scheduling. In the coupled task setting,
the tasks of a job must be processed with an ‘‘exact’’ time lag between
them, meaning that there is an exact delay between the processing of
any two consecutive tasks of a job. It is clear that the problem reduces
the no-wait case if all the delays are equal to zero.

Another variant of the classical flow-shop scheduling problem is the
‘‘ordered’’ flow-shop introduced by Smith (1968), in which the process-
ing time of the jobs follow two specific structures: (i) if the processing
time of a job is smaller than that of another job on some machine, then
it is the case on all the machines, and (ii) if the processing time of a job
on a machine is smaller than its processing time on another machine,
then it is the case for all the jobs. The ‘‘no-wait ordered’’ flow-shop
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scheduling problem includes both the ordered and no-wait features,
i.e., the processing times of the tasks of the jobs follow the ordered
conditions and there is no waiting time between the processing of the
tasks of a job.

In this study we generalize the no-wait ordered flow-shop: We
consider the coupled task flow-shop scheduling problem, which is also
known as flow-shop scheduling with exact delays. We study the prob-
lem with the objective of minimizing the makespan, i.e., the maximum
completion time of the jobs.

1.1. Review of computational complexity

In this section we focus on the main results obtained for the
classical, no-wait, ordered, and coupled task variants of the flow-
shop scheduling problem from the computational complexity lens. We
discuss the results under the objective function of minimizing the
makespan, which is also the focus of this paper.

The two-machine flow-shop scheduling problem is known to be
polynomially solvable (Johnson, 1954). However, the problem with
more than two machines is strongly 𝑁𝑃 -hard (Garey et al., 1976).
Similarly, the no-wait flow-shop scheduling problem is polynomially
solvable if there are only two machines (Gilmore & Gomory, 1964)
and becomes strongly 𝑁𝑃 -hard for any number of machines greater
than two (Röck, 1984). For reviews of permutation, non-permutation,
and no-wait variants of the problem we refer the interested reader to
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Table 1
Summary of major results on flow-shop scheduling with the no-wait, ordered, and coupled task features.

Problem Coupled task Ordered Additional assumption Complexity/result Reference

𝐹2 – – – 𝑂(𝑛 log 𝑛) Johnson (1954)
✓ – Zero-delays (no-wait) 𝑂(𝑛 log 𝑛) Gilmore and Gomory (1964)
– ✓ – 𝑂(𝑛 log 𝑛) Smith et al. (1975)
✓ ✓ Zero-delays (no-wait) 𝑂(𝑛 log 𝑛) Panwalkar and Woollam (1979)
✓ – – Strongly 𝑁𝑃 -hard Yu et al. (2004)
✓ – Identical delays 𝑂(𝑛 log 𝑛) Leung et al. (2007)
✓ – Permutation 𝑂(𝑛 log 𝑛) This paper

𝐹 – – – Strongly 𝑁𝑃 -hard Garey et al. (1976)
✓ – Zero-delays (no-wait) Strongly 𝑁𝑃 -hard Röck (1984)
– ✓ – 𝑂(𝑛 log 𝑛)a Smith et al. (1975)
– ✓ – Pyramidal property Smith et al. (1976)
✓ ✓ Zero-delays (no-wait) 𝑂(𝑛 log 𝑛)a Panwalkar and Woollam (1979)
✓ ✓ Zero-delays (no-wait) Pyramidal property Arora and Rana (1980)
✓ – Permutation Strongly 𝑁𝑃 -hard This paper
✓ ✓ Ordered delays, permutation Pyramidal property, 𝑂(𝑛2) This paper
✓ ✓ Ordered delays, permutation 𝑂(𝑛 log 𝑛)a This paper

aIf the largest processing times occur on the first or last machine.
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Allahverdi (2016), Hejazi and Saghafian (2005), and Rossit et al. (2018)
respectively.

The coupled task flow-shop problem to minimize the makespan has
been mostly studied for the two-machine case. Leung et al. (2007)
showed that the two-machine case can be solved in 𝑂(𝑛 log 𝑛) time if all
he delays are equal. However, the problem is intractable if arbitrary
elays are considered. For example, Yu et al. (2004) showed that even if
nly two distinct values are considered for the delays, then the problem
s strongly 𝑁𝑃 -hard. This result holds even for the case with unit
xecution time (UET) tasks. The interested reader is referred to Khatami
t al. (2020) for a comprehensive review of the coupled task scheduling
roblem.

In the ordered flow-shop scheduling problem where the longest
rocessing times occur on the first machine, Smith et al. (1975) showed
hat the longest processing time (LPT) first dispatching rule is optimal.
imilarly, the shortest processing time (SPT) first dispatching rule is
ptimal if the longest processing times occur on the last machine. Smith
t al. (1976) showed that a pyramidal-shaped sequence is optimal
or the ordered flow-shop scheduling problem. A pyramidal-shaped
equence consists of two sets of jobs. The jobs in the first set are
equenced in the SPT order and the jobs in the second set are sequenced
n the LPT order. In addition, for makespan minimization, the LPT order
s optimal if the largest task of every job occurs on the first machine
nd the SPT order is optimal if the last machine processes the largest
asks of all the jobs. We refer the interested reader to Khatami et al.
2019) for the latest developments of research on the ordered flow-shop
cheduling problem.

For the no-wait ordered problem, Panwalkar and Woollam (1979)
howed that sequencing the jobs in the LPT (SPT) order minimizes
he makespan if the largest processing times occur on the first (last)
achine. Later, Arora and Rana (1980) established the pyramidal
roperty of the problem. It is evident that the coupled task ordered
low-shop scheduling problem is generalization of the no-wait ordered
low-shop scheduling problem.

The contributions of this paper is twofold. First, the results dis-
inguish between easy and hard cases of the problem: The problem
s easy with two machines, and hard with more than two machines.
herefore, our results set the borderline between the 𝑁𝑃 -hard and
olynomial cases, with respect to the number of machines. Second, we
erive new properties and polynomial-time algorithms for the case of
rdered delays with arbitrary number of machines.

Table 1 summarizes the major results on flow-shop scheduling
ith the no-wait, ordered, and coupled task features, as well as our

ontributions. In Table 1 𝐹2 and 𝐹 denote flow-shop scheduling with
2

wo and an arbitrary number of machines, respectively. d
.2. Applications

The importance of the coupled task scheduling problem is twofold.
irst, from the theoretical point of view, the coupled task schedul-
ng problem is generalization of the no-wait flow-shop scheduling
roblem. Second, the coupled task scheduling problem has various
eal-world applications in different sectors. The classical applications
nclude modeling of a pulsed radar system (Shapiro, 1980), the schedul-
ng problem to process the environmental data in submarine torpedoes
Simonin et al., 2011), modeling of certain chemical manufacturing
rocesses (Ageev & Baburin, 2007), and the scheduling problem in
single-machine no-wait robotic cell system (Brauner et al., 2009;

ehoux-Lebacque et al., 2015).
Recently, the coupled task scheduling problem has been utilized

o model certain problems in the healthcare domain. For example, to
chedule chemotherapy appointments, once the medicine is prescribed
he patient visits the health centre on treatment days separated by

fixed number of rest days (Condotta & Shakhlevich, 2014). Some
ealthcare environments with multi-stage characteristics can also be
odeled as the coupled task scheduling problem. One example in-

ludes the radiation therapy clinics where patients require a number
f sequential treatments with fixed delays between them (Saure et al.,
012). Consider a pathology laboratory, where minimizing the patients’
aiting times is the performance measure (Azadeh et al., 2014; Mari-
agi et al., 2000). Certain blood tests, e.g., fasting blood sugar testing,
equire multiple tests and there is an exact time delay between a pair
f tests. Another example includes patient appointment scheduling in
uclear medicine clinics. Due to the very strict multi-stage sequential
rocedures, the problem in the nuclear medicine clinic is more complex
han its counterpart in the typical medical imaging clinic (Pérez et al.,
013, 2011). Here, a single treatment requires multiple steps and each
tep needs to be completed within a strict time window. Maximizing
he number of treated patients is well justified in this context due
o the costs of the required resources and the short half-lives of the
adio-pharmaceuticals needed for the treatments. Those healthcare ap-
lications become complex when staff tiredness that typically occurs in
ractice and impacts the treatment times are considered. Khatami and
alehipour (2021) proposed time-dependent treatment times to address
uman fatigue within the coupled task scheduling problem.

The ordered setting is also applicable in the health care environ-
ent. For example, in radiation therapy treatments, a specific regimen

ncludes a number of treatments with equal lengths (Saure et al.,
012), i.e., the jobs are ordered as in condition (i) discussed above.
n the same problem, consultations take longer than treatment sessions
Bikker et al., 2015), i.e., the machines are ordered as in condition (ii)

iscussed above.
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Table 2
Data for problem 𝐼2×2.

Job 𝑝1𝑗 𝑝2𝑗 𝐿1𝑗

1 1 2 3
2 2 3 6

1.3. Paper contributions and organization

Our contributions include (1) presenting the coupled task flow-
shop problem with an arbitrary number of machines as the traveling
salesman problem, (2) establishing that the two-machine permutation
flow-shop case is equivalent to the no-wait case and showing that it
is polynomially solvable, (3) investigating the case with both distinct
and ordered delays, in addition to the case with ordered processing
times, (4) developing several properties of the latter case and showing
that the optimal schedule possesses the pyramidal-shaped property, and
proposing an 𝑂(𝑛2)-time dynamic programming solution algorithm, and
(5) further improving the time complexity of the solution algorithm to
𝑂(𝑛 log 𝑛) for two specific cases.

We organize the rest of the paper as follows: In Section 2 we
formally define the problem and formulate it as the traveling salesman
problem. We investigate the case with distinct delays in Section 3 and
find the optimal makespan for the two-machine case. In addition, we
show that the problem becomes strongly 𝑁𝑃 -hard when there are more
han two machines. We devote Section 4 to studying the case with
rdered delays, showing that the optimal permutation schedule pos-
esses the pyramidal-shaped property, and providing an 𝑂(𝑛2) dynamic
rogram to solve the general problem and an 𝑂(𝑛 log 𝑛) procedure to
olve the case where the largest processing times occur on the first
r the last machine. Finally, in Section 5, we conclude the paper and
uggest topics for future research.

. Problem definition and representation

The coupled task flow-shop scheduling problem concerns scheduling
set 𝐽 = {1,… , 𝑛} of jobs on a set 𝑀 = {1,… , 𝑚} of distinct machines.
ach job 𝑗 consists of 𝑚 tasks to be processed on the 𝑚 machines, where
ll the jobs follow the same machine route 1, 2,… , 𝑚. There is an exact
elay between every two consecutive tasks of the same job. Therefore,
succeeding task is started after the completion of its preceding task

lus an exact amount of delay. The processing time of job 𝑗 ∈ 𝐽
n machine 𝑟 ∈ 𝑀 is a known positive integer and is denoted by
𝑟𝑗 ∈ 𝐙+. Also, the duration of the delay of job 𝑗 after being processed
n machine 𝑟 ∈ 𝑀 ⧵ {𝑚} is denoted by 𝐿𝑟𝑗 ∈ 𝐙+. We assume that
ll the jobs are available at time zero and preemption of the tasks is
ot allowed, i.e., once the processing of a task is started, it cannot be
nterrupted by other tasks. Each machine can process at most one task
t a time. The objective is to minimize the makespan, i.e., minimizing
he completion time of the last job in the sequence of executing the
obs on the machines.

We now discuss several properties of the coupled task flow-shop
cheduling problem. First, we note that the coupled task flow-shop
educes to the no-wait flow-shop if 𝐿𝑟𝑗 = 0,∀𝑗 ∈ 𝐽 , 𝑟 ∈ 𝑀 ⧵ {𝑚}.
econd, it is easy to see that only permutation schedules, in which
he processing orders of the jobs on all the 𝑚 machines are the same,
re feasible for the no-wait flow-shop scheduling problem. However,
n the coupled task flow-shop, non-permutation schedules can also be
easible. Therefore, the optimal schedule for the coupled task flow-shop
cheduling problem may not necessarily be a permutation schedule.

Consider the instance with two machines and two jobs that we
enote as problem 𝐼2×2. Table 2 shows the data for problem 𝐼2×2.
e show in Fig. 1 the optimal makespan for problem 𝐼2×2, under

oth permutation and non-permutation schedules. It is evident that the
on-permutation schedule (Fig. 1b) yields a makespan of 11, which is
etter than that under the permutation schedule, i.e., 12. We have the
ollowing lemma:
3

Table 3
The distance matrix of the TSP for the coupled task flow-shop scheduling problem.

– 𝐷12 𝐷13 … 𝐷1𝑛 𝑇1
𝐷21 – 𝐷23 … 𝐷2𝑛 𝑇2
. . .
. . .
. . .

𝐷𝑛1 𝐷𝑛2 𝐷𝑛3 … – 𝑇𝑛
0 0 0 … 0 –

Lemma 1. The optimal schedule for the coupled task flow-shop scheduling
problem is not necessarily a permutation schedule.

Proof. See the optimal schedule for problem 𝐼2×2 depicted in
Fig. 1. □

In the rest of the paper we only consider permutation schedules
for the coupled task flow-shop problem because the problem with non-
permutation schedules is strongly 𝑁𝑃 -hard even for the case with two
machines, two distinct delays, and UET tasks (Yu et al., 2004). Next,
we formulate the coupled task flow-shop scheduling problem as the
traveling salesman problem (TSP), and develop some properties of the
problem based on the TSP formulation in Sections 3 and 4.

Baker and Trietsch (2013) showed that the 𝑛-job no-wait flow-shop
scheduling problem can be formulated as an (𝑛+1)-city TSP, where each
city corresponds to a job and the intercity distances correspond to the
delays between the jobs. A dummy city, from which the distances to all
the other cities are zero is added. The distance from city 𝑗 to the dummy
city is the sum of the processing times of job 𝑗. We formulate the
coupled task flow-shop scheduling problem as TSP because the problem
is generalization of the no-wait flow-shop scheduling problem.

Let 𝐷𝑗𝑘 be the delay in starting job 𝑘, measured from the start time
of job 𝑗, which is calculated by

𝐷𝑗𝑘 = 𝑝1𝑗 + max
{

0, (𝑝2𝑗 − 𝑝1𝑘 + 𝐿1𝑗 − 𝐿1𝑘), (𝑝2𝑗 + 𝑝3𝑗 − 𝑝1𝑘 − 𝑝2𝑘+

𝐿1𝑗 + 𝐿2𝑗 − 𝐿1𝑘 − 𝐿2𝑘),… , (
𝑚
∑

𝑟=2
𝑝𝑟𝑗 −

𝑚−1
∑

𝑟=1
𝑝𝑟𝑘 +

𝑚−1
∑

𝑟=1
𝐿𝑟𝑗 −

𝑚−1
∑

𝑟=1
𝐿𝑟𝑘)

}

,

∀𝑗, 𝑘 ∈ 𝐽 .

(1)

In Eq. (1), the delay in starting job 𝑘 after job 𝑗 in the sequence is
composed of two terms. The first term is the processing time of job 𝑗
on the first machine since the delay is calculated from the start time
of job 𝑗. The second term calculates the maximum delay incurred on
the start time of job 𝑗 on machines 2 to 𝑚. In addition, let 𝑇𝑗 be the
distance from city 𝑗 to the dummy city, i.e.,

𝑇𝑗 =
𝑚
∑

𝑟=1
𝑝𝑟𝑗 +

𝑚−1
∑

𝑟=1
𝐿𝑟𝑗 . (2)

Then, we show in Table 3 the distance matrix of the corresponding
TSP. From the distance matrix shown in Table 3, we see that a tour
for the TSP corresponds to a sequence of processing the jobs on the
machines. The total cost of the tour is equivalent to the makespan of
the sequence.

We can use a ‘‘reduced’’ distance matrix to simplify the TSP formu-
lation of the coupled task flow-shop scheduling problem. To this end,
we define 𝐷′

𝑗𝑘 and 𝑇 ′
𝑗 via Eqs. (3) and (4) as follows:

𝐷′
𝑗𝑘 = 𝐷𝑗𝑘 − 𝑝1𝑗 ,∀𝑗, 𝑘 ∈ 𝐽 , (3)

𝑇 ′
𝑗 = 𝑇𝑗 − 𝑝1𝑗 ,∀𝑗 ∈ 𝐽 . (4)

Replacing 𝐷𝑗𝑘 with 𝐷′
𝑗𝑘,∀𝑗, 𝑘 ∈ 𝐽 , and 𝑇𝑗 with 𝑇 ′

𝑗 ,∀𝑗 ∈ 𝐽 in Table 3,

we obtain the reduced distance matrix. It is noted that the TSP tour
remains the same under the reduced distance matrix. The optimal cost
(makespan), however, is different by a constant value, which is equal
to ∑𝑛

𝑗=1 𝑝1𝑗 . Next, we present our results for the coupled task flow-shop
problem with distinct delays.
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Fig. 1. The optimal permutation (a) and non-permutation (b) schedules for problem 𝐼2×2.
Fig. 2. The equivalent no-wait schedule to the optimal schedule for case P.
3. Distinct delays

Recall that the coupled task flow-shop scheduling problem with
non-permutation schedules is strongly 𝑁𝑃 -hard even for the two-
machine case. However, the two-machine case with permutation sched-
ules and identical delays is polynomially solvable (Gilmore & Gomory,
1964; Leung et al., 2007). We generalize this result to the case with
distinct delays and show that it is polynomially solvable.

We first transform the case with distinct delays to the equivalent
no-wait case, i.e., with zero delays. We let P and P′ denote the cases
with distinct and zero delays, respectively. We set the processing time
of each task in P′ as the processing time of the task in P plus the amount
of delay of the task. The incurred delays between the jobs, i.e., 𝐷𝑗𝑘, are
qual in both cases. First, observe that minimizing the makespan for
′ is equivalent to minimizing the makespan for P. Second, it is clear
hat minimizing the makespan is equivalent to minimizing the total idle
ime on either machine or, equivalently, minimizing the total idle time
n both machines (Emmons & Vairaktarakis, 2012). We let 𝐼1 and 𝐼2
enote the total idle times on machines 1 and 2, respectively. Third,
ote that irrespective of the processing times of P′, the values of idle
imes in both cases of P and P′ are equal.

Consider again problem 𝐼2×2. In the optimal schedule depicted in
ig. 1a, 𝐼1 = 9 and 𝐼2 = 4 + 3 = 7. It follows that 𝑝′11 = 𝑝11 + 𝐿11 =

1 + 3 = 4, 𝑝′21 = 𝑝21 + 𝐿11 = 2 + 3 = 5, 𝑝′12 = 𝑝12 + 𝐿12 = 2 + 6 = 8, and
𝑝′22 = 𝑝22 +𝐿12 = 3 + 6 = 9, where 𝑝′𝑟𝑗 is the processing time of job 𝑗 on

achine 𝑟 in case P′. We show in Fig. 2 the schedule for P′, which is
equivalent to the optimal schedule for case P.

Gilmore and Gomory (1964) provided an 𝑂(𝑛 log 𝑛)-time algorithm
that finds the optimal makespan for case P′. Therefore, it suffices to
transform case P to case P′, as stated in the following lemma.

Lemma 2. The two-machine coupled task scheduling problem with distinct
delays and permutation schedules can be transformed into an equivalent
two-machine no-wait flow-shop scheduling problem.

Proof. Let 𝑝′𝑟𝑗 = 𝑝𝑟𝑗+𝐿1𝑗 ,∀𝑗 ∈ 𝐽 , 𝑟 = 1, 2. Substituting them into Eq. (1)
yields 𝐷𝑗𝑘 = 𝑝1𝑗 + max{0, (𝑝′2𝑗 − 𝑝′1𝑘)},∀𝑗, 𝑘 ∈ 𝐽 , which is indeed the
definition of the no-wait flow-shop problem given in Baker and Trietsch
(2013). As a result, the case with distinct delays and processing times
𝑝𝑟𝑗 is equivalent to the no-wait case with processing times 𝑝′𝑟𝑗 . □

Lemma 2 results in Theorem 1.

Theorem 1. The optimal makespan for the two-machine coupled task
flow-shop scheduling problem with distinct delays and permutation schedules
4

can be obtained in 𝑂(𝑛 log 𝑛) time.
Proof. The result is clear because the transformation is performed in
constant time (see Lemma 2) and the two-machine no-wait flow-shop
problem can be solved in 𝑂(𝑛 log 𝑛) time by the algorithm of Gilmore
and Gomory (1964). □

We observe that Theorem 1 does not hold when there are more than
two machines (see the definition in Eq. (1)). Indeed, the problem is not
trivial for 𝑚 > 2:

Theorem 2. The coupled task flow-shop scheduling problem with distinct
delays and permutation schedules is strongly 𝑁𝑃 -hard for 𝑚 > 2.

Proof. We immediately deduce the result because the coupled task
flow-shop problem is a generalization of the no-wait flow-shop prob-
lem, which is strongly 𝑁𝑃 -hard for 𝑚 > 2 as shown in Röck (1984). □

4. Ordered delays

In this section we study the coupled task flow-shop problem with
the additional assumption of ordered processing times and delays. The
following two conditions are satisfied for the ordered processing times
assumption:

(i) for any two jobs 𝑗, 𝑘 ∈ 𝐽 , if 𝑝𝑟𝑗 < 𝑝𝑟𝑘, 𝑟 ∈ 𝑀 , then 𝑝𝑞𝑗 ≤ 𝑝𝑞𝑘,∀𝑞 ∈
𝑀 ; and,

(ii) for any two machines 𝑟, 𝑞 ∈ 𝑀 , if 𝑝𝑟𝑘 < 𝑝𝑞𝑘, 𝑘 ∈ 𝐽 , then
𝑝𝑟𝑗 ≤ 𝑝𝑞𝑗 ,∀𝑗 ∈ 𝐽 ,

where (𝑖) is called the job-ordered condition and (𝑖𝑖) is called the
machine-ordered condition. Following the job-ordered condition, we
can rank the jobs by their processing times as follows: We call job 𝑗
smaller than job 𝑘, which we denote by 𝑗 < 𝑘, if the processing time of
job 𝑘 on each machine is at least as large as that of job 𝑗 on the same
machine. For the case of two identical jobs, we rank them by their job
indices.

We can show that the problem with ordered processing times and
distinct delays is strongly 𝑁𝑃 -hard even for the case with two ma-
chines. The proof follows from the case with UET tasks, which satisfies
the assumption of ordered processing times and is strongly 𝑁𝑃 -hard
(Yu et al., 2004). If delays are identical, however, the problem is
polynomially solvable (Gilmore & Gomory, 1964; Leung et al., 2007).
So we consider the case with ordered delays: If job 𝑗 is smaller than job
𝑘, i.e., 𝑗 < 𝑘, then the delay of job 𝑘 after completion on any machine
𝑟 < 𝑚 is at least as large as the delay of job 𝑗 after completion on the
same machine. We formally state this condition as follows:
(iii) for any two jobs 𝑗, 𝑘 ∈ 𝐽 , if 𝑗 < 𝑘, then 𝐿𝑟𝑗 ≤ 𝐿𝑟𝑘,∀𝑟 ∈ 𝑀 ⧵ {𝑚}.
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Fig. 3. The optimal schedule for problem 𝐼3×3.
Table 4
The data for problem 𝐼3×3.

Job 𝑝1𝑗 𝑝2𝑗 𝑝3𝑗 𝐿1𝑗 𝐿2𝑗

1 2 1 2 1 2
2 5 3 3 3 2
3 6 4 5 4 3

Table 5
The reduced distance matrix of TSP for problem 𝐼3×3.

– 0 0 6
5 – 0 11
10 3 – 16
0 0 0 –

Therefore, in addition to conditions (i) and (ii), the new condition
(𝑖𝑖𝑖) ensures that the delays are ordered as well. We call this case
coupled task ordered flow-shop scheduling. Observe from (iii) that the
case with identical delays is a special case of ordered delays.

We present the reduced distance matrix of the TSP associated with
the coupled task ordered flow-shop scheduling problem via an example,
which we denote by problem 𝐼3×3. Problem 𝐼3×3 consists of three jobs
and three machines labeled as M1, M2, and M3. Table 4 shows the data
of problem 𝐼3×3.

As shown in Table 4, the jobs are ordered as 1 < 2 < 3 and the
machines are ordered as 𝑀1 > 𝑀3 > 𝑀2. The delays are also ordered.
Table 5 shows the reduced distance matrix of the TSP associated with
problem 𝐼3×3, where the values appearing in the optimal tour are
highlighted. The minimum makespan is equal to 27 and the optimal
job sequence is (3, 2, 1), which are depicted in Fig. 3 and are obtained
by solving the TSP. We note that an instance of the TSP needs to be
solved to find the optimal sequence.

Next, we derive an important property of an optimal sequence for
the coupled task ordered flow-shop scheduling problem, and then we
find an optimal schedule for the problem.

4.1. The pyramidal property

We show that the pyramidal-shaped property holds for an optimal
sequence for the coupled task ordered flow-shop scheduling problem.
The pyramidal-shaped property implies that the jobs can be partitioned
into two disjoint sets, where the jobs in the first set are sequenced in
the SPT order and those in the second set follow the LPT order. For
example, based on problem 𝐼3×3, sequence (1, 3, 2) is a pyramidal
sequence as the processing time of job 3 is longer than those of jobs
1 and 2 on any machine, i.e., job 3 is larger than jobs 1 and 2. On the
other hand, sequence (3, 1, 2) is not a pyramidal sequence. Without
loss of generality, we assume that the largest job is in the first set. We
start by showing the following property.

Property 1. For any four jobs 𝑗, 𝑘 ∈ 𝐽 , 𝑗 < 𝑘 and 𝑖, 𝑙 ∈ 𝐽 , and 𝑖 < 𝑙,
𝐷′

𝑘𝑖 −𝐷′
𝑘𝑙 ≥ 𝐷′

𝑗𝑖 −𝐷′
𝑗𝑙.

Proof. We represent the elements of the reduced distance matrix as
follows:

′

5

𝐷𝑗𝑘 = max{0, 𝜁1,… , 𝜁𝑚−1},
where 𝜁1 = (𝑝2𝑗 − 𝑝1𝑘 + 𝐿1𝑗 − 𝐿1𝑘), as defined in Eq. (1), and so on for
the rest of the elements. By substitution, we have

max{0, 𝐴1, 𝐴2,… , 𝐴𝑚−1} − max{0, 𝐵1, 𝐵2,… , 𝐵𝑚−1} ≥
max{0, 𝐶1, 𝐶2,… , 𝐶𝑚−1} − max{0, 𝐸1, 𝐸2,… , 𝐸𝑚−1},

(5)

where 𝐴,𝐵, 𝐶, and 𝐸 represent the elements of 𝐷′
𝑘𝑖, 𝐷

′
𝑘𝑙 , 𝐷

′
𝑗𝑖, and 𝐷′

𝑗𝑙,
respectively. We call two elements ‘‘similar’’ if they have the same
index, e.g., 𝐴2 and 𝐵2, and ‘‘non-similar’’ otherwise. It is evident that
if all the four maximum terms are equal to zero, the property holds.
The property also holds if in 𝐷′

𝑘𝑖 (or in 𝐷′
𝑗𝑙), the maximum term is

larger than zero, while the other three maximum terms are equal to
zero. Therefore, we consider the case where in 𝐷′

𝑘𝑙 the maximum term
is larger than zero, while the other three maximum terms are equal to
zero.

For that, suppose the second element is the largest, i.e., 𝐷′
𝑘𝑙 = 𝐵1.

The assumption results in 0−𝐵1 ≥ 0−0, meaning that the property holds
if and only if 𝐵1 ≤ 0. Suppose 𝐵1 > 0, which leads to 𝑝2𝑘−𝑝1𝑙+𝐿1𝑘−𝐿1𝑙 >
0. Because 𝑖 < 𝑙, we have 𝑝1𝑖 < 𝑝1𝑙 and 𝐿1𝑖 < 𝐿1𝑙. Therefore,

𝑝2𝑘 − 𝑝1𝑙 + 𝐿1𝑘 − 𝐿1𝑙 > 0, ⟹ 𝑝2𝑘 + 𝐿1𝑘 > 𝑝1𝑙 + 𝐿1𝑙 ,
⟹ 𝑝2𝑘 + 𝐿1𝑘 > 𝑝1𝑖 + 𝐿1𝑖, ⟹ 𝑝2𝑘 − 𝑝1𝑖 + 𝐿1𝑘 − 𝐿1𝑖 > 0.

(6)

Observe that 𝑝2𝑘 − 𝑝1𝑖 + 𝐿1𝑘 − 𝐿1𝑖 is the second element, i.e., 𝐴1 in
the first maximum term. Based on our earlier assumption that the first
maximum term is equal to zero, none of its elements including 𝐴1 can
be positive, so a contradiction. Similar calculations can be performed
for the other elements of 𝐷′

𝑘𝑙 and 𝐷′
𝑗𝑖. Similarly, for the cases where

two or three maximum terms are equal to zero, the property can be
shown to hold.

Now, let us consider the case where all of the maximum terms in
inequality (5) are larger than zero. We start with the case where similar
elements are the largest in all the four maximum terms. For example,
consider the case where the second elements are the largest in all the
maximum terms. So we must show that 𝐴1−𝐵1 ≥ 𝐶1−𝐸1. By expanding
the terms, we obtain

(𝑝2𝑘 − 𝑝1𝑖 + 𝐿1𝑘 − 𝐿1𝑖) − (𝑝2𝑘 − 𝑝1𝑙 + 𝐿1𝑘 − 𝐿1𝑙) ≥
(𝑝2𝑗 − 𝑝1𝑖 + 𝐿1𝑗 − 𝐿1𝑖) − (𝑝2𝑗 − 𝑝1𝑙 + 𝐿1𝑗 − 𝐿1𝑙),

(7)

where all the elements are cancelled out on both sides and the property
always holds. This can also be shown for any other element. Now we
consider the cases where the non-similar elements are the largest. We
start with the case where the largest elements in exactly three of the
terms are similar. For example, assume that 𝐵1, 𝐶1, and 𝐸1 are the
largest elements in their respective terms; however, 𝐴2 is the largest
element of 𝐷′

𝑘𝑖, implying that 𝐴2 ≥ 𝐴1, so

(𝑝2𝑘 + 𝑝3𝑘 − 𝑝1𝑖 − 𝑝2𝑖 + 𝐿1𝑘 + 𝐿2𝑘 − 𝐿1𝑖 − 𝐿2𝑖) ≥ (𝑝2𝑘 − 𝑝1𝑖 + 𝐿1𝑘 − 𝐿1𝑖)
⟹ (𝑝3𝑘 − 𝑝2𝑖 + 𝐿2𝑘 − 𝐿2𝑖) ≥ 0.

(8)

It suffices to show that 𝐴2 − 𝐵1 ≥ 𝐶1 − 𝐸1. Expanding the terms, we
obtain

(𝑝2𝑘 + 𝑝3𝑘 − 𝑝1𝑖 − 𝑝2𝑖 + 𝐿1𝑘 + 𝐿2𝑘 − 𝐿1𝑖 − 𝐿2𝑖) − (𝑝2𝑘 − 𝑝1𝑙 + 𝐿1𝑘 − 𝐿1𝑙) ≥
(𝑝2𝑗 − 𝑝1𝑖 + 𝐿1𝑗 − 𝐿1𝑖) − (𝑝2𝑗 − 𝑝1𝑙 + 𝐿1𝑗 − 𝐿1𝑙)
⟹ (𝑝3𝑘 − 𝑝2𝑖 + 𝐿2𝑘 − 𝐿2𝑖) ≥ 0,

(9)

which holds because it follows from our assumption in inequality (8).
Considering any other largest term of 𝐴 will lead to the same result.
Similar calculations can be performed for 𝐷′ .
𝑗𝑙
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(

(

We also show that the property holds if 𝐴1, 𝐶1, and 𝐸1 are the
largest elements in their respective terms, and 𝐵2 is the largest element
in 𝐷′

𝑘𝑙. The latter leads to (𝑝3𝑘−𝑝2𝑙 +𝐿2𝑘−𝐿2𝑙) ≥ 0 following inequality
8). Expanding the terms, we obtain

𝑝2𝑘 − 𝑝1𝑖 + 𝐿1𝑘 − 𝐿1𝑖) − (𝑝2𝑘 + 𝑝3𝑘 − 𝑝1𝑙 − 𝑝2𝑙 + 𝐿1𝑘 + 𝐿2𝑘 − 𝐿1𝑙 − 𝐿2𝑙) ≥
(𝑝2𝑗 − 𝑝1𝑖 + 𝐿1𝑗 − 𝐿1𝑖) − (𝑝2𝑗 − 𝑝1𝑙 + 𝐿1𝑗 − 𝐿1𝑙)
⟹ −(𝑝3𝑘 − 𝑝2𝑖 + 𝐿2𝑘 − 𝐿2𝑖) ≥ 0,

(10)

which implies that either (𝑝3𝑘 − 𝑝2𝑖 +𝐿2𝑘 −𝐿2𝑖) = 0, where the property
holds, or (𝑝3𝑘 − 𝑝2𝑖 + 𝐿2𝑘 − 𝐿2𝑖) < 0, which is a contradiction to
our assumption. Considering any other largest term of 𝐵 will lead to
the same result, and we can apply a similar argument for 𝐷′

𝑗𝑖. This
completes the proof.

Noting that considering any other combination of the largest ele-
ments in the terms is similar to one of the aforementioned cases, we
omit the proof for brevity. □

Property 1 leads to the following theorem.

Theorem 3. An optimal sequence for the coupled task ordered flow-shop
scheduling problem is in the pyramidal shape.

Proof. We claim that any non-pyramidal sequence is dominated by
a pyramidal one. Let 𝜋 denote a pyramidal sequence for a set of 𝑛
jobs, where job 𝑛 is the largest job, i.e., it has the longest processing
time. It is clear that 𝜋 = (𝑎,… , 𝑙, 𝑛, 𝑘,… , 𝑏), where 𝑎 < ⋯ < 𝑙 < 𝑛
and 𝑛 > 𝑘 > ⋯ > 𝑏. Let 𝜋 = 𝜋𝐿 ∪ 𝜋𝑅, where 𝜋𝐿 = (𝑎,… , 𝑙, 𝑛) and
𝜋𝑅 = (𝑘,… , 𝑏), i.e., we assume that job 𝑛 is in 𝜋𝐿. Any shuffling of the
job order of either 𝜋𝐿 or 𝜋𝑅 leads 𝜋 to be a non-pyramidal sequence.
Let 𝜋′ present such a non-pyramidal sequence and 𝜋′

𝐿 correspond to
the first part of the sequence, i.e., the sequence of the jobs up to and
including job 𝑛 and 𝜋′

𝑅 denotes the second part of the sequence, i.e., the
sequence of the jobs after job 𝑛. We need to show that 𝜋 is derivable
from 𝜋′ and that such a process does not increase the makespan, so the
makespan of 𝜋′ is never better than that of 𝜋.

In order to derive 𝜋 from 𝜋′, we follow the rule of Arora and Rana
(1980). We select the next largest job in 𝜋′

𝐿 ⧵ {𝑛} and move it to a
position before a job just larger than it in the same sequence 𝜋′

𝐿. We
show that the move does not increase the makespan. Assume that, at
some stage, the tour associated with 𝜋′

𝐿 is

𝑆′
𝐿 = (𝑛 + 1, 1, 2,… , 𝑎, 𝑗, 𝑏,… , 𝑐, 𝑗 + 1,… , 𝑙, 𝑛),

where 𝑛+1 and 𝑛 are the dummy city and the largest job, respectively.
Also, 𝑗 is the next largest job in 𝜋′

𝐿 ⧵ {𝑛} and 𝑗 +1 is the job larger than
𝑗. We denote the total distance for tour 𝑆′

𝐿 as 𝑧′𝐿:

𝑧′𝐿 = 0 +𝐷′
12 +⋯ +𝐷′

𝑎𝑗 +𝐷′
𝑗𝑏 +⋯ +𝐷′

𝑐,𝑗+1 +⋯ +𝐷′
𝑙𝑛.

According to the rule, job 𝑗 is moved to the position between jobs 𝑐
and 𝑗+1. Let 𝑧′′𝐿 = 0+𝐷′

12+⋯+𝐷′
𝑎𝑏+⋯+𝐷′

𝑐𝑗 +𝐷′
𝑗,𝑗+1+⋯+𝐷′

𝑙𝑛 denote
the makespan obtained as the result of the move. We need to show that
𝑧′𝐿 − 𝑧′′𝐿 = (𝐷′

𝑎𝑗 + 𝐷′
𝑗𝑏 + 𝐷′

𝑐,𝑗+1) − (𝐷′
𝑎𝑏 + 𝐷′

𝑐𝑗 + 𝐷′
𝑗,𝑗+1) ≥ 0. Either of the

following two cases is possible: (1) 𝑐 > 𝑎 or (2) 𝑐 < 𝑎. We now show
that in both cases, the makespan either improves or remains the same.

Case 1: Assume that 𝑐 > 𝑎. Adding and subtracting 𝐷′
𝑐𝑏 to and from the

inequality 𝑧′𝐿−𝑧
′′
𝐿 = (𝐷′

𝑎𝑗+𝐷
′
𝑗𝑏+𝐷

′
𝑐,𝑗+1+𝐷

′
𝑐𝑏)−(𝐷

′
𝑎𝑏+𝐷

′
𝑐𝑗+𝐷

′
𝑗,𝑗+1+𝐷

′
𝑐𝑏) ≥ 0

and re-arranging the terms yields

(𝐷′
𝑐𝑏 −𝐷′

𝑐𝑗 ) + (𝐷′
𝑎𝑗 −𝐷′

𝑎𝑏) + (𝐷′
𝑗𝑏 −𝐷′

𝑗,𝑗+1) + (𝐷′
𝑐,𝑗+1 −𝐷′

𝑐𝑏) ≥ 0.

Given that 𝑗 +1 > 𝑗, 𝑗 > 𝑎, 𝑏, 𝑐, and 𝑐 > 𝑎 (as the underlying assumption
of case 1), we have

𝐷′
𝑐𝑏 −𝐷′

𝑐𝑗 ≥ 𝐷′
𝑎𝑏 −𝐷′

𝑎𝑗

and
′ ′ ′ ′
6

𝐷𝑗𝑏 −𝐷𝑗,𝑗+1 ≥ 𝐷𝑐𝑏 −𝐷𝑐,𝑗+1,
which hold due to Property 1. Hence, 𝑧′𝐿 − 𝑧′′𝐿 ≥ 0.

Case 2: Assume that 𝑐 < 𝑎. Again after adding and subtracting 𝐷′
𝑎,𝑗+1

to and from the inequality and re-arranging the terms, we have (𝐷′
𝑗𝑏 −

𝐷′
𝑗,𝑗+1) + (𝐷′

𝑎,𝑗+1 −𝐷′
𝑎𝑏) + (𝐷′

𝑎𝑗 −𝐷′
𝑎,𝑗+1) + (𝐷′

𝑐,𝑗+1 −𝐷′
𝑐𝑗 ). It follows that

𝐷′
𝑗𝑏 −𝐷′

𝑗,𝑗+1 ≥ 𝐷′
𝑎𝑏 −𝐷′

𝑎,𝑗+1

and

𝐷′
𝑎𝑗 −𝐷′

𝑎,𝑗+1 ≥ 𝐷′
𝑐𝑗 −𝐷′

𝑐,𝑗+1,

which hold due to Property 1, leading to 𝑧′𝐿 − 𝑧′′𝐿 ≥ 0. We note that
similar calculations can be performed for 𝜋′

𝑅, i.e., to the LPT part of the
non-pyramidal sequence 𝜋′. As a result, any non-pyramidal sequence
𝜋′ is dominated by the pyramidal sequence 𝜋. This completes the
proof. □

Theorem 3 is the basis for a polynomial-time algorithm to find the
minimum makespan for the coupled task ordered flow-shop scheduling
that we propose in the next section.

4.2. The optimal makespan

We can find an optimal sequence for the coupled task ordered flow-
shop scheduling problem in 𝑂(𝑛2) time. In addition, we show that,
under certain conditions, we can find an optimal sequence in 𝑂(𝑛 log 𝑛)
time.

Theorem 4. The minimum makespan for the coupled task ordered
flow-shop scheduling problem can be found in 𝑂(𝑛2) time.

Proof. We prove the theorem by noting that the problem can be
formulated as a TSP and that finding the shortest pyramidal tour in
the TSP can be performed in 𝑂(𝑛2) by dynamic programming (Burkard
et al., 1998; van der Veen & van Dal, 1991). The TSP tour 𝑆 =
(𝑛 + 1, 𝑎,… , 𝑙, 𝑛, 𝑘,… , 𝑏, 𝑛 + 1) associated with 𝜋 is called a pyramidal
tour if the distances between cities 𝑎 and 𝑙 are in ascending order,
i.e., 𝑎 < ⋯ < 𝑙, and those between 𝑘 and 𝑏 are in descending order,
i.e., 𝑘 > ⋯ > 𝑏. □

Next, we prove that if the first or the last machine processes the
largest job, which we denote by 𝑀𝑚𝑎𝑥

1 and 𝑀𝑚𝑎𝑥
𝑚 , respectively, then an

optimal sequence can be efficiently found in 𝑂(𝑛 log 𝑛) time.
For the proof, we first present a few properties of the problem.

We sort the jobs in non-decreasing order of their processing times and
re-label them accordingly.

Property 2. 𝐷′
𝑘𝑗 ≥ 𝐷′

𝑘,𝑘−1+𝐷′
𝑘−1,𝑘−2+⋯+𝐷′

𝑗+1,𝑗 ,∀𝑗, 𝑘 ∈ 𝐽 , 𝑗 < 𝑘,𝑀𝑚𝑎𝑥
1 .

Proof. First, we consider 𝑗 = 𝑘 − 2, which leads to 𝐷′
𝑘,𝑘−2 ≥ 𝐷′

𝑘,𝑘−1 +
𝐷′

𝑘−1,𝑘−2. From Eqs. (1) and (3), we have

(𝑝2𝑘 − 𝑝1,𝑘−2 + 𝐿1𝑘 − 𝐿1,𝑘−2) ≥ (𝑝2𝑘 − 𝑝1,𝑘−1
+𝐿1𝑘 − 𝐿1,𝑘−1) + (𝑝2,𝑘−1 − 𝑝1,𝑘−2 + 𝐿1,𝑘−1 − 𝐿1,𝑘−2)
⟹ 𝑝2,𝑘−1 − 𝑝1,𝑘−1 ≤ 0,

which is always true. It is not difficult to show that the property holds
for other values of 𝑗. □

Property 3. 𝑇 ′
2 − 𝑇 ′

1 ≥ 𝐷′
21,𝑀

𝑚𝑎𝑥
1 .

Proof. Using Eqs. (2) and (4) and expanding 𝑇 ′
2 and 𝑇 ′

1 , we obtain

𝑇 ′
2 − 𝑇 ′

1 = (
𝑚
∑

𝑟=1
𝑝𝑟2 +

𝑚−1
∑

𝑟=1
𝐿𝑟2 − 𝑝12) − (

𝑚
∑

𝑟=1
𝑝𝑟1 +

𝑚−1
∑

𝑟=1
𝐿𝑟1 − 𝑝11) =

(
𝑚
∑

𝑝𝑟2 −
𝑚
∑

𝑝𝑟1 +
𝑚−1
∑

𝐿𝑟2 −
𝑚−1
∑

𝐿𝑟1),

𝑟=2 𝑟=2 𝑟=1 𝑟=1
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which is always non-negative since ∑𝑚
𝑟=2 𝑝𝑟2 ≥

∑𝑚
𝑟=2 𝑝𝑟1 and ∑𝑚−1

𝑟=1 𝐿𝑟2 ≥
∑𝑚−1

𝑟=1 𝐿𝑟1.
It is also clear that the right-hand side is non-negative and can be

expanded as

max{0, (𝑝22 − 𝑝11 + 𝐿12 − 𝐿11),
(𝑝22 + 𝑝32 − 𝑝11 − 𝑝21 + 𝐿12 + 𝐿22 − 𝐿11 − 𝐿21),… ,

(
𝑚
∑

𝑟=2
𝑝𝑟2 −

𝑚−1
∑

𝑟=1
𝑝𝑟1 +

𝑚−1
∑

𝑟=1
𝐿𝑟2 −

𝑚−1
∑

𝑟=1
𝐿𝑟1)}.

We need to show that the left-hand side is greater than or equal
to every element inside the maximum term. We start with the term
(𝑝22 − 𝑝11 + 𝐿12 − 𝐿11). As the jobs are sorted in non-decreasing order
of their processing times, the left-hand side is at least as large as that
term:

(
𝑚
∑

𝑟=2
𝑝𝑟2 −

𝑚
∑

𝑟=2
𝑝𝑟1 +

𝑚−1
∑

𝑟=1
𝐿𝑟2 −

𝑚−1
∑

𝑟=1
𝐿𝑟1) ≥ (𝑝22 − 𝑝11 + 𝐿12 − 𝐿11)

⟹ (
𝑚
∑

𝑟=3
𝑝𝑟2 −

𝑚
∑

𝑟=3
𝑝𝑟1) + (

𝑚−1
∑

𝑟=2
𝐿𝑟2 −

𝑚−1
∑

𝑟=2
𝐿𝑟1) ≥ 0,

which is always true.
We can also show that the left-hand side is greater than or equal to

the next element as well, i.e.,

(
𝑚
∑

𝑟=2
𝑝𝑟2 −

𝑚
∑

𝑟=2
𝑝𝑟1 +

𝑚−1
∑

𝑟=1
𝐿𝑟2 −

𝑚−1
∑

𝑟=1
𝐿𝑟1) ≥ (𝑝22 + 𝑝32 − 𝑝11 − 𝑝21

+𝐿12 + 𝐿22 − 𝐿11 − 𝐿21).

This can be written as (∑𝑚
𝑟=4 𝑝𝑟2−

∑𝑚
𝑟=4 𝑝𝑟1)+ (

∑𝑚−1
𝑟=3 𝐿𝑟2−

∑𝑚−1
𝑟=3 𝐿𝑟1) ≥ 0,

which is also always true. Similarly, we can show that the left-hand
side is at least as large as the other terms in the maximum term of the
right-hand side. This completes the proof. □

We note that Property 3 can be further generalized to 𝑇 ′
𝑗 − 𝑇 ′

1 ≥
𝐷′

𝑗1, 2 ≤ 𝑗 ≤ 𝑛,𝑀𝑚𝑎𝑥
1 , but we do not give the proof here for brevity.

Observe that Properties 2 and 3 hold for problem 𝐼3×3 and its reduced
distance matrix, which is shown in Table 5. Properties 2 and 3 result
in the following theorem.

Theorem 5. The minimum makespan for the coupled task ordered
flow-shop scheduling problem is obtained by the LPT sequence if 𝑀𝑚𝑎𝑥

1 .

Proof. Due to the pyramidal-shaped property of the problem discussed
in Theorem 3, it suffices to show that the largest job is the first job in an
optimal sequence. Suppose the tour associated with the LPT sequence
is

𝑆 = (𝑛 + 1, 𝑛, 𝑛 − 1,… , 𝑗,… , 2, 1, 𝑛 + 1),

where the total distance for the tour 𝑆, denoted as 𝑧𝑆 , is equal to

𝑧𝑆 = 0 +𝐷′
𝑛,𝑛−1 +⋯ +𝐷′

𝑗+1,𝑗 +𝐷′
𝑗,𝑗−1 +⋯ +𝐷′

21 + 𝑇 ′
1 .

To prove that the LPT sequence is optimal, we show that any change
in tour 𝑆 will not improve the makespan. We first consider the case of
constructing a new tour 𝑆′ by inserting a job 𝑗,∀𝑗 ∈ 𝐽 ⧵ {𝑛}, before the
largest job 𝑛. We need to show that the total distance of tour 𝑆′ is at
least as large as that of tour 𝑆. We consider the following two cases.

Case 1. 𝑗 > 1: 𝑧𝑆′ is equal to

𝑧𝑆′ = 0 +𝐷′
𝑗𝑛 +𝐷′

𝑛,𝑛−1 +⋯ +𝐷′
𝑗+1,𝑗−1 +⋯ +𝐷′

21 + 𝑇 ′
1 .

If we re-arrange the inequality 𝑧𝑆′ ≥ 𝑧𝑆 , we obtain 𝐷′
𝑗𝑛 + 𝐷′

𝑗+1,𝑗−1 ≥

𝐷′
𝑗+1,𝑗 +𝐷′

𝑗,𝑗−1. From Property 2, we have 𝐷′
𝑗+1,𝑗−1 ≥ 𝐷′

𝑗+1,𝑗 +𝐷′
𝑗,𝑗−1, so

the inequality holds.

Case 2. 𝑗 = 1: 𝑧𝑆′ is equal to
′ ′ ′ ′
7

𝑧𝑆′ = 0 +𝐷1𝑛 +𝐷𝑛,𝑛−1 +⋯ +𝐷32 + 𝑇2 .
If we re-arrange the inequality 𝑧𝑆′ ≥ 𝑧𝑆 , we obtain 𝐷′
1𝑛+𝑇 ′

2 ≥ 𝐷′
21+𝑇 ′

1 .
From Property 3, we have 𝑇 ′

2 − 𝑇 ′
1 ≥ 𝐷′

21, which means the inequality
holds.

We can generalize this result by investigating the cases where more
than one job are inserted before job 𝑛. Assuming there are two jobs
𝑗, 𝑘,∀𝑗, 𝑘 ∈ 𝐽 ⧵ {𝑛}, to be inserted before job 𝑛, we construct the new
tour 𝑆′ with regard to three cases:

Case 1. 𝑘 > 𝑗 > 1: 𝑧𝑆′ is equal to

𝑧𝑆′ = 0+𝐷′
𝑗𝑘 +𝐷′

𝑘𝑛 +𝐷′
𝑛,𝑛−1 +⋯+𝐷′

𝑗+1,𝑗−1 +⋯+𝐷′
𝑗+1,𝑗−1 +⋯+𝐷′

21 +𝑇 ′
1 .

If we re-arrange the inequality 𝑧𝑆′ ≥ 𝑧𝑆 , we obtain 𝐷′
𝑗𝑘+𝐷

′
𝑘𝑛+𝐷

′
𝑘+1,𝑘−1+

𝐷′
𝑗+1,𝑗−1 ≥ 𝐷′

𝑗+1,𝑗 + 𝐷′
𝑗,𝑗−1 + 𝐷′

𝑘+1,𝑘 + 𝐷′
𝑘,𝑘−1. From Property 2, we have

𝐷′
𝑗+1,𝑗−1 ≥ 𝐷′

𝑗+1,𝑗 + 𝐷′
𝑗,𝑗−1 and 𝐷′

𝑘+1,𝑘−1 ≥ 𝐷′
𝑘+1,𝑘 + 𝐷′

𝑘,𝑘−1, so the

inequality holds.

Case 2. 𝑘 > 𝑗 = 1: 𝑧𝑆′ is equal to

𝑧𝑆′ = 0 +𝐷′
1𝑘 +𝐷′

𝑘𝑛 +𝐷′
𝑛,𝑛−1 +⋯ +𝐷′

𝑘+1,𝑘−1 +⋯ +𝐷′
32 + 𝑇 ′

2 .

If we re-arrange the inequality 𝑧𝑆′ ≥ 𝑧𝑆 , we obtain 𝐷′
1𝑘+𝐷

′
𝑘𝑛+𝐷

′
𝑘+1,𝑘−1+

𝑇 ′
2 ≥ 𝐷′

𝑘+1,𝑘+𝐷′
𝑘,𝑘−1+𝐷′

21+𝑇 ′
1 . From Property 3, we have 𝑇 ′

2 −𝑇 ′
1 ≥ 𝐷′

21
and from Property 2 we have 𝐷′

𝑘+1,𝑘−1 ≥ 𝐷′
𝑘+1,𝑘 + 𝐷′

𝑘,𝑘−1, which mean
the inequality holds.

Case 3. 𝑘 = 2, 𝑗 = 1: 𝑧𝑆′ is equal to

𝑧𝑆′ = 0 +𝐷′
12 +𝐷′

2𝑛 +𝐷′
𝑛,𝑛−1 +⋯ +𝐷′

43 + 𝑇 ′
3 .

If we re-arrange the inequality 𝑧𝑆′ ≥ 𝑧𝑆 , we obtain 𝐷′
12 + 𝐷′

2𝑛 +
𝑇 ′
3 ≥ 𝐷′

32 + 𝐷′
21 + 𝑇 ′

1 . From the generalization of Property 3, we have
𝑇 ′
3 − 𝑇 ′

1 ≥ 𝐷′
31 and from Property 2 we have 𝐷′

31 ≥ 𝐷′
32 + 𝐷′

21, which
mean the inequality holds.

Inserting more than two jobs will also result in the same arguments.
This completes the proof. □

We note that the SPT and LPT sequences can be obtained in
𝑂(𝑛 log 𝑛) time. The following theorem shows that the SPT sequence
minimizes the makespan for the coupled task ordered flow-shop
scheduling problem if the largest job is processed on the last machine.

Theorem 6. The minimum makespan for the coupled task ordered
flow-shop scheduling problem is obtained by the SPT sequence if 𝑀𝑚𝑎𝑥

𝑚 .

Proof. We claim the proof similar to those presented in Panwalkar and
Woollam (1979) and Smith et al. (1975), and by noting that the case
with 𝑀𝑚𝑎𝑥

𝑚 is the reverse of the case with 𝑀𝑚𝑎𝑥
1 , where the route for

executing the jobs is reversed. From the reverse property of scheduling
problems (McMahon & Burton, 1967), we see that the reverse of an
optimal sequence of the case 𝑀𝑚𝑎𝑥

1 obtained by the LPT rule is the
SPT sequence, implying that the largest job is processed on the last
machine. □

Consider the problem 𝐼3×3. Observe that the mirror image of the
LPT sequence depicted in Fig. 3 is the SPT sequence, which is optimal,
and no job can start earlier.

5. Concluding remarks

We explored several optimal properties of the coupled task flow-
shop scheduling problem to minimize the makespan. With arbitrary
values for the delays, we transformed the two-machine case with per-
mutation schedules into the equivalent no-wait case. We showed that
the problem is polynomially solvable if there are only two machines,
and is strongly 𝑁𝑃 -hard if there are more than two machines. Our
result complements the existing result that the coupled task flow-shop
scheduling problem with non-permutation schedules is strongly 𝑁𝑃 -
hard even for the two-machine case. We introduced the additional
assumption of ordered delays, which may arise in practice. We proved
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that under the ordered delay assumption, an optimal sequence follows
the pyramidal structure. We proposed a polynomial dynamic program
to solve the case. We further showed that if the largest task of every
job occurs on the first or the last machine, the LPT or SPT sequence
is optimal, respectively. Future research on this problem may consider
objective functions other than the makespan. In addition, the problem
settings that are computationally intractable, e.g., the non-permutation
case may not be solved by our methods. Solving the non-permutation
setting may warrant approximate algorithms.
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