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Abstract

This research proposes a load flow (LF) solver with DC/DC converter models for DC distribution. The solver is based
on modified-augmented-nodal-analysis (MANA) formulation and is implemented with the Newton—Raphson (NR) algorithm.
The conditions to guarantee the convergence range of the MANA are demonstrated with Kantorovich’s theorem. The proposed
formulation is generic and flexible, allowing it to accommodate any arbitrary DC grid configuration. In addition, the formulation
is extendable due to MANA’s modular structure, which enables the incorporation of any device without changing the prior
formulation. Instead of bus power injections, the summation of line flows and their associated derivatives are used when
considering connections with various kinds of buses equipped with various converters. The proposed method is implemented
in MATLAB and tested on the modified IEEE 33 bus distribution test feeder. Electromagnetic Transient (EMT) simulations
confirmed the accuracy of the proposed method. Moreover, the results are also compared with the recently proposed efficient
Laplacian Matrix (eLM) based method. Results suggest that the proposed method is robust and offers superior convergence
characteristics with a faster simulation speed.
© 2023 The Author(s). Published by Elsevier Ltd. This is an open access article under the CCBY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Recently, there has been an open debate on whether to use alternating current (AC) or direct current (DC) in
distribution power systems [1]. The advent of transformers offered a simple and effective technique for regulating
voltage levels of AC in the past. In contrast, DC technology was not mature enough to regulate voltage levels
for transmission and distribution [2]. However, with recent developments in power electronics, it is technically
and economically feasible to regulate DC voltage levels. Therefore, engineering solutions and methods need to
be re-evaluated in parallel with technological advances in generation, transmission, and distribution. In fact, such
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re-evolution on paradigm shift has led to the efficient and cost-effective high voltage DC (HVDC) transmission
system over long distances [3]. Three significant developments in the last two decades have led to increased interest
in DC distribution networks [4—6]. First, solar photovoltaic (PV) prices have dropped dramatically [7]. Second, LED
lighting has swept the globe, rendering traditional incandescent and fluorescent light bulbs obsolete [8]. Third, the
shift away from fossil fuels in favor of more environmentally friendly and efficient methods for generating electricity.

In DC distribution systems (DCDSs), a converter that can operate in three distinct modes replaces the transformer:
constant power (CP), constant voltage (CV) or constant current (CC) [9]. The converter supplies a constant power
load (CPL) while operating in CP mode [10]. The CP mode of operation of the converter makes the load flow
(LF) constraint nonlinear and non-convex, which requires an iterative LF routine for solution [11]. Moreover, the
different operation of DC/DC converters presents new challenges in the LF calculations and should be addressed
with up-to-date methods. LF is one of the most researched fields since the 1960s in AC grids. However, with the
DCDSs’ recent resurgence, LF analysis in DC grids has recently been investigated. In addition, the convergence
of the LF method is not always guaranteed for nonlinear LF equations, an algorithm may converge to unrealistic
results or diverge. Several LF techniques for DC grids have been presented in the literature, most of which have
their origins in the AC type LF methods [12—-14]. Ref. [15] proposed an iterative LF solution method for DCDSs
based on Laplacian matrix (LM) formulation using graph theory. This method has topology constraints, i.e., solving
a meshed network requires an extra matrix. This study was further extended, where an improved LM (ILM) was
employed to improve the simulation speed of the method [16]. These investigations also established the criterion
for evaluating the convergence of the LF solver. Linear LF solvers based on Taylor and Laurent series expansion for
DCDSs were also reported in the literature [17,18]. A thorough review and comparison of LF solvers for DCDSs
can be found in [12,13]. None of the above studies considered DC/DC converters in LF formulation.

The DC/DC converter models in the LF equations have been the subject of just one recent study [19], which is an
extended version of the study presented in [16] using efficient LM (eLM). Additionally, none of the aforementioned
research used derivative-based approaches, and their convergence is slower than derivative-based methods [20].
Authors in [20] used a modified augmented nodal analysis (MANA) approach to solve a DCDS. The MANA
formulation approach works with any kind of network topology and can easily be modified to incorporate new
types of network components. It aids in avoiding numerous theoretical issues by providing a systematic means of
deriving the Jacobian matrix terms [21-23]. The MANA approach yielded the best simulation performance and
fastest convergence times. Around 30%, 42%, and 88% faster simulation speeds have been achieved compared
to ILM [16], LM [15], and GS LF solvers, respectively [20]. In addition, the classical NR method may have
convergence issues due to non-linear and non-convex LF equations, but with MANA implementation, convergence
characteristics can be strengthened [21]. The disadvantages of traditional nodal analysis (NA) can be found in [24].

The primary objective of this study is to formulate an LF algorithm for DCDSs that can accomplish fast
convergence while ensuring the uniqueness of the solution. This article expanded the DC-MANA formulation
to include DC/DC converter models within the LF equations. The following is a list of the paper’s principal
contributions:

e Reformulation of DC-MANA to incorporate different converter models into LF equations.
e Generalization of the proposed approach so that it can handle any DCDS configuration.
e The demonstration of the uniqueness of the solution with Kantorovich’s theorem.

The results are compared with the existing methodology in terms of processing time and the number of required
iterations [19]. The rest of this paper is laid out as follows. The DC/DC converter models and associated line flow
equations are presented in Section 2. Section 3 contains the reformulation of the MANA to incorporate converter
models. Simulation results and discussion are presented in Section 4. The conclusions are drawn in Section 5.

2. DC/DC converter models and line flows equations

Typically, DC/DC converters are for voltage regulation, however, additional controls like, CC, CP, and constant
duty cycle are possible with DC/DC converters. We assumed continuous conduction mode operation when the
converter’s conductance is larger than the critical value. In this study, we considered Buck, Boost, and Buck-Boost
converters. Fig. 1 depicts a steady-state model of a DC-to-DC converter. The arrow on the top of the duty cycle in
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Fig. 1. DC/DC converters (steady-state) (a) Buck operation; (b) Boost operation; (c) Buck-Boost operation.

Fig. 1 shows the direction of power flow through converter. The DC/DC converter’s output voltage is dependent on
the duty cycle ratio (D).
D = ton X (ton + togf) ™" ()
Following are the input and output relationships for the buck converter.
V. =DV; 2
I, =Dl (3)

Subscripts “s” and “r” indicate sending and receiving end of the converter, respectively.
For boost operation, the input/ output relationship is as follows.

V,=(1-D)"V, 4)

I, = (1 — D)I; )
The input/ output relationship for the buck-boost converter is given below.

V. = D(1 — D)"'v, (6)

i, = D(1 — D)I ™

The output power of the converter is dependent on the efficiency of the converter (7.0,,) as follows.

Py =0y Pr = g, Vi I (8)
2.1. DC line model

The LF equations can be extended to account for DC/DC converter operations by considering the DC line model
shown in Fig. 2 . The conductance matrix needs modification to limit the same base voltage on both sides of the
converter. If the converter operation is defined with a converter constant &, then the modified conductance matrix
is as follows.

|: Gyr —Gsr
Gy=| %6, & } ©)
gl Gy
¢ 1
V ——
p— Ilinc:-[s/:u’ Gsr Ir
bus 3 @——o" —> { | v bus r
s — Ifline = IJ’VS "

Fig. 2. DC line model connected with a DC/DC converter.

To express the per unit (p.u.) relationship between the voltages on either side of the converter, we can write the
following expression.

Vr,p.u = éVs,p.u (10)
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The DC line current is given as follows.

Lijne = Gsr(g Vs,pu - Vr,pu) (11)
The equation for the line joining bus s and bus r can be derived from (8), (10), and (11).
Py = Gyr(as 0y, + Bs 1) (E Vi i) = EVs pu Vi pu) (12)

where, oy and B, are the converters efficiency parameters connected with bus s, and it is dependent on the direction
of the power flow as follows.

o, =1; ,Bs:O; lf EVS > V. ing
a;,=0;  Bi=1; if &Ve < Vioiny (13)
Oy = 05, ﬂs = 05, lf SVY = Vr Nsr s Nrs
The converter constant £ is replaced with respect to the converter mode of operation, e.g., for buck converter £ = D.
From now onwards the unit of measure will be in per unit, and the subscript “p.u”. will no longer be used.

2.2. Line flows
Potential DC bus interconnections are illustrated in Fig. 3. Since the sending bus could be connected to the

receiving bus in several different ways, the sum of line flows is developed as contrasted to bus power injections,
which is a common practice in conventional LF formulation.
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Fig. 3. Possible interconnections between DC buses.

The line flows from the sending bus side can be written as follows.

PE' = G, (V2 =V, V,) (14)
PE? =G, (V2 - V,V,D " (15)
PS5 =G, [V? - V,V,(1 — D))] (16)
P = Gy [V] = V,V(D; (1 = D)) (17)
P = G [VEID;? = ViV Dy Nasny,! + Botirs) (18)
P8 = Gy [Vi(1 — Dy)* = ViV, (1 — Dy)Hasn,,' + Binys) (19)
P =Gy [VID(1 = Dy’ — ViV, D7 (1 — D)leny,' + Bones} (20)
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It is important to notice that (15) to (17) are derived from the sending end bus, so they do not contain converter
efficiency parameters.

2.3. Partial derivatives

The partial derivatives of state variables of line flow for all the possible cases (C1-C7) are given below.

APSY )V, = G, 2V, — V) 2D
IPS V. =G (0= V) (22)
IP?/aV, = G, [2V, — V, D '] (23)
aPS?/V, = G, [0 -V, D; "] (24)
IPC?/aVy = Gy, [2Vs — V(1 — D,)] (25)
APV, = Gy, [0 — V(1 — D,)] (26)
IPLH AV, = G2V, — V(D' (1 — D)) @7
dPE 3V, = G, [0 — V(D' (1 — D,))] (28)
AP oV, = G, [2V,D;* — V, D Wagn,' + Boes) (29)
AP 3V, = Gy [0 — VD Noeny,' + Bines} (30)
IPC /3D, = Gy [-2V2D + V,V, D ey, + Bonrs) 31
IPLC/aV, = Gy [2Vi(1 — D) — V(1 = Do)Nagny, + Bonrs) (32)
IPCC/IV, = Gy, [0 — V(1 — D) l{aens! + Bsnirs) (33)
IPLO/ID; = G [2V(1 — D)0 — 1) = Vi V(0 — Dl{agny,' + Bynrs} (34)
IPLT [0V, = G, [2V,D;*(1 — Dy)* = V, D' (1 — D)lfeny," + Bonnes} (35)
P73V, = Gy [0 — VD' (1 = DO)Nagny,' + Bonrs) (36)
IPL7/aDs = Gy [VIH{—2D; (1 — D,)* — 2D *(1 — D))} — V,V,{=1D;*(1 — Dy) — D; "} {ersmy,' + Bynys)
37

3. MANA formulation

After developing all required models and configurations, the stage is set now to introduce MANA for the DC
LF solution. For a gentle introduction to MANA formulation for LF applications, readers are referred to [20,24,25].
MANA approach takes not only voltages but also currents of “non-constitutive elements” (NCE) as state variables
(network elements with current expressions that are hard to write as a function of their terminal voltages alone).
The MANA formulation can be summarized below.

F(M) = Gaug u+ Icpr - Igen - K (38)

where u is the vector of state variables, I.,, and I, are the augmented vector of currents for constant power
terminals (CPTs) and generator nodes, respectively, “K” is the vector of independent voltage sources and currents.
G aug s given below.

[Gaue] =[ g ‘g } (39)

where G is the conductance matrix, A, B, and D are the matrices that represent the voltage—current relationship
of the network components, which are not represented with their conductance model. following is the simplified
rendition of MANA for a DCDS.

Gaug CTp; Vv Is

¢ s — 40
[ Cor 0 Lo Vo (“40)
where C is the connectivity matrix, its details can be found in [16, 26]. In (38), the slack bus is modeled as a

voltage source. Like classical NA formulation, the constant resistive load (CRL) is directly incorporated in Gg,q.
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The presence of CPTs in the system makes LF equations non-linear and non-convex, so an iterative method is
needed. We employ the NR algorithm to solve the proposed MANA formulation.

3.1. Bus types and method generalization

Table 1 presents the bus types (BTs) with associated known (/) and unknown (X) quantities used for realizing
DC/DC DS LF formulation. Bus type 1 (BT-1) is a slack bus, bus type 2 (BT-2) is a load bus, bus type 3 (BT-3)
is a voltage-controlled bus, and bus 4 (BT-4) is a voltage-controlled bus through a DC/DC converter.

Table 1. Type of buses in DCDS.

Bus (s) Type Vs Ps Ds Bus (s) Bus (s) type Vs Ps Ds
1 Slack v X - 3 Vdc v X -
2 Pdc X v - 4 Pdc-Vdc v X X

Finally, the vector of state variables (x) can be written as follows.
x=[Vi -~ D; ---] ,VieBT -2,VjeBT -4 (41)

Please note that if the power limits of a DC voltage-controlled bus are violated, it will act as a DC load bus
(Pq4.) with active power equal to the violated limit, and the voltage magnitude of that bus becomes a variable in the
unknown vector. To generalize the presented approach, binary variables are introduced, as shown in Table 2. In the
formulation, the bar for binary elements stands for binary features that genuinely represent their binary complement.

Table 2. Binary variables and their values.

Variable Type Operation Converter No converter
B bus type buck 1 0
vector
T bus type boost 1 0
vector
BT bus type buck-boost 1 0
vector
L line type buck/ boost/ 1 0
matrix buck-boost

The potential interconnections of load (/) and generator (g) in a DC grid are illustrated in Fig. 4.

T R !

¢
£ 5 ew

Fig. 4. Possible connection with DC bus.

[TP=3]

A generalized expression for specified and calculated active power at sending bus “s” can be written as follows.

s de PV.d Ld PPV EV Py b aw  PI
Psp = [Psg, +nx,PVPs ’ C_PX’ ‘-1 z +?]7S,EVPS - M : +ﬁ77s,batps at+77x.recpsg‘ - 7] (42)
Ns,EV Ns,bat Ns,inv
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cal __ Y ESTSZJVE}' Tr [Psfl] + B.stLerr fr [PXC;S] + Es TsLerr Tr [chré] + BsTsLerr’fr [:PSC,:7]
P = 3" [Cyl

gt ...+ BT (LB, T,[PS*| +B,T,LyB, T, [PC?] + B,T,Ly BT, [P,C*]

r#Es
(43)
where, 7, T, i, and [t : binary coefficients for charging and discharging for EVs and batteries respectively. N is no
of buses in the system.
If A defines the type of load : A = 0: for CPL, A = 1: for CCL, A = 2: for CRL, then a generic expression for
all load models is given below:

Ps(t) — P;p % (VS(T) /VSSP)/T (44)
3.2. Jacobian matrix formation and constraint equations

The Jacobian matrix in MANA formulation is given as follows:

Gaig Cl, Co 1T AV, T Bk "

Cow 0 0 AL, | v, (45)
0 0

w0 G Al Or

Okets Ocy and Uy are given as follows:

U/({t,;)[ = [ Gaug Cz;j Ccpt ] [ cht Icv IL ] -1 (46)
UE‘ZU) = CCU X vc([l); - ch (47)
vo\*!
oY = pr <VLS”) — (Vv x I)® (48)
L

The load constraint equation J; will remain the same for all type of loads. The generalized expression of partial
derivatives for all type of load models are given below.

90, A x PP x (V)2

= _ 1 49
v, VP t “9)
00,
t—_y 50
Al L (50)
Finally, the mismatch vector can be written below.
F(x)= P’ — Ps"‘” , VseN (51)

3.3. Convergence

The convergence of the NR algorithm for a given initial condition can be investigated with Kantorovich’s theorem.
There are two parameters to test the convergence of the NR algorithm, as shown below.

3
5= [p X (R (1= p x R (p+187) / (1= 2p % R — 151 X Runy) } <o (52

where, o is the boundary value of the given network as given in (53), p is the maximum loading, R, is the
Thevenin equivalent resistance.

[(p+150) X Rin/ (1 = p x Ru)] 0 <11 (53)

The detailed derivation and proof of ¢ and § can be found in [20]. Only network parameters and demand
conditions affect the expression (52). Before starting to perform the complete LF iterative operation under any
load, the guaranteed convergence range can be estimated. The proposed method can guarantee convergence if § < o
for a specific loading. By determining the contraction constant using the Banach fixed theorem (BFPT), one can
probe the convergence properties of the eLM method [15,16]. The detailed derivation and proof of the contraction
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constant can be found in [15]. The BFPT provides a mechanism for building fixed points of specific self-maps of
metric spaces and guarantees their existence and uniqueness. Kantorovich’s theorem is similar to BFPT, but it states

existence and uniqueness of a zero rather than a fix point.

4. Results and discussion

The IEEE 33 bus test feeder, as depicted in Fig. 5, is used to validate the proposed formulation. The date of test
feeder is taken from [15,19]. The Tolerance for convergence was set at 10 digits of precision. During the simulation,
the load is increased to 2.5 times to the original load. All simulations were performed using MATLAB 2021b on

a desktop PC with: CPU (Intel Core i7 @ 3.21 and 3.19 GHz), 16 GB RAM.

20 21 22

W Buck(6.89kV)

® Boost (24.8kV)
® Buck — Boost (22.7kV)

4w EV
| & pv
30 31 32 33 3| Battery

V1=20.67kV

s

25 24 23

4
S 26 27 28
A

Fig. 5. Modified IEEE 33 node test feeder.

In order to verify the precision of the MANA method, the test network is also simulated using EMT. Fig. 6
depicts the voltage summary of the test network, which verifies the accuracy of the MANA method. Fig. 7 shows a
relationship between error and number of iterations. The proposed technique is compared to the eLM considering
CPU processing time and required iterations. Fig. 7 demonstrates that the proposed LF solver requires fewer
iterations to attain the same level of accuracy. Moreover, under high-loading conditions, the performance of the

proposed method is comparable to that of the eLM LF solver.

1.06 ‘
®
j ~©~EMT
1.04 i S elM
[ —8-~Proposed ®
a I g
1.02 il [
£) b gp‘é
£ 169 %% o o ]
1 / )
5 | ®eeeq I By e®
Z0.08¢ . i -
= . n
®
0.96 [ ®ee i 1
eq i
0.94 Seey ]
0.92
5 10 15 20 25 30
Bus No

Fig. 6. Voltage profile.
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Fig. 8. Convergence parameters of MANA for different loadings.

4.1. Convergence characteristics of MANA and eLM

The proposed method’s convergence is demonstrated using Kantorovich’s theorem. The value of convergence
parameters (o and §) is plotted in Fig. 8 at different loading conditions. The region where the proposed method
can guarantee quadratic convergence is marked in Fig. 8. While the convergence of the eLM is demonstrated with
BFPT by plotting the values of contraction of at different loadings as shown in Fig. 9. The eLM LF solver can
assure convergence if the contraction constant’s value is less than unity. It can be seen from the results that both LF
methods provide a wide range of convergence. However, MAMA outperforms eLM in terms of convergence speed
as MANA offers quadratic convergence, whereas the convergence of the eLM methods is linear.

Fig. 10 shows the processing time of MANA and eLM. Results show that MANA is much faster than the eLM
LF solver. The improvements in time are 56%, 64% at the original loading, and 250% of the original loading,
respectively.

4.2. Discussion on MANA vs. Classical nodal analysis

MANA formulation eliminates all limitations of classical NA and is ideal for symbolic and numerical analysis.
MANA may seem to take more storage and computational time than classical NA. MANA can perform faster
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Fig. 10. Processing time.

than traditional NA if a good sparsity routine is used to load the system data and solve the equations. MANA
equations are much sparser than traditional NA [21]. Moreover, NR with MANA offers much better convergence
properties than NR with traditional NA, especially under ill conditions. MANA can guarantee convergence as long
as the conditions established by Kantorovich’s theorem are maintained [20]. It is important to highlight that the
convergence range supplied by MANA is more than sufficient for practical applications, as solutions with MANA
may diverge only when these constraints are violated. In [21], it was demonstrated that the MANA-NR formulation
is the most robust method and requires less number of iterations compared to the fixed-point solver.

5. Conclusion

This article proposed a unique LF solver for DCDSs hosting CPLs. The proposed solver formulates the
DC/DC converter models into the LF equations. The proposed method is formulated with MANA approach and is
implemented with NR algorithm. The precision of the proposed method is validated with eLM and EMT results. The
convergence characteristics of the proposed and the eLM methods were demonstrated with Kantorovich’s theorem
and BFPT, respectively, for different loadings. Results show that both methods possess convergence ranges that
cover practical loading applications. However, MANA offered the best simulation speed when compared to the
eLM LF solver.
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