
 A B S T R A C T Distributed multi-channel active noise control (ANC) systems attract a lot of attention 
due to the reduced computational complexity than centralized control methods and improved stability 
than decentralized control methods. However, the combination of controllers within a neighborhood in 
a diffusion manner introduces an estimation bias and may degrade the control accuracy. This is because 
the secondary sources and error microphones of an ANC system are usually physically placed at 
different locations and the optimal solution to each controller is different. In this paper, a new diffusion 
filtered-x least mean squares algorithm (Diff-FxLMS) has been developed that balances combination 
strength and estimation bias via a variable spatial regularization. The mean squares error criterion 
subject to a bias constraint is used such that the spatial regularization parameter could be adapted 
according to the penalized Lagrangian. A detailed performance analysis is carried out, based on which 
user parameters can be selected automatically. Performance of the proposed variable spatial regularized 
Diff-FxLMS (VSR-Diff-FxLMS) algorithm and theoretical analysis is verified by simulations.  

1. Introduction

 Active noise control (ANC) systems have been widely used for noise reduction at lower 
frequencies [1–5]. For multichannel ANC systems, distributed operation of networked controllers 
could benefit in saving computational burden of the centralized control and enhancing stability of 
the decentralized control as shown in recent study [6]. In the context of strongly coupled acoustic 
systems, where cross channels cause large inferences, distributed ANC algorithms with incremental 
structures [78] have been employed. The incremental implementation is equivalent to the 
centralized control and hence has a high computational complexity. A recent study tries to 
implement the centralized control within a neighborhood, which has a performance comparable to 
the centralized ANC algorithm at a reduced complexity [9]. To further reduce the complexity of 
distributed control algorithms, diffusion (Diff) ANC algorithms [10] can be an alternative. A 
diffusion structure usually has superior properties in flexibility and stability than its incremental 
counterparts [11]. One problem of the Diff algorithms is that they are developed on the assumption 
that the optimal coefficients of each controller are the same. For ANC systems, however, the 
secondary sources (loudspeakers) and error microphones are usually physically distributed at 
different locations such that the optimal responses deviate from each other. This results in the so 
called multitask problem in ANC systems, which may degrade the noise reduction performance of 
diffusion control methods [12]. To illustrate the effect of the multitask problem on Diff ANC 
algorithms, we first present in Fig. 1 (cited from [12]) the kth channel of a multichannel ANC 
system using the filtered-x (Fx) based algorithm [13]. The undesirable sound {d0k(n)} from the 
source signal {x(n)} through the kth primary path {pk(n)} is to be cancelled by the anti-sound 
{yk(n)}, generated from the controller {wk(n)}. A microphone is used to pick up the residual signal 
{ek(n)} at time instant n. {ek(n)} includes {ηk(n)} the background noise, and {γk(n)} the 
interference from the other channels. The paths from the controllers to the error microphones are 
called the channels. To cancel out the noise {d0k(n)} at the kth error microphone without 
considering the cross-talk signals, the controller {wk(n)} aims to approximate {–pk(n)} after 
cascading with {skk(n)}. Therefore, the solution1 to each controller for cancelling out the noise 
from the primary source deviates from each other if the nodes are located at different places. The 
centralized and decentralized control methods have been used to find these distinct solutions. The 
multiple error FxLMS (MEFxLMS) algorithm [13] has been frequently used, where the centralized 
control optimizes a global cost function over all the residual signal {ek(n)}. This kind of algorithm 
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has been proved to be steady and efficient, but is quite computationally consuming due to the large 
amount of (K2) secondary-path modeling [14]. For weakly coupled systems, where the cross-talk 
signals are weak and could be ignored, the decentralized control optimizes the local error signal 
such that it reduces the complexity of multichannel ANC systems at a cost of higher risk of 
instability [15]. Recently, a lot of effort has been taken to derive a sufficient stability condition for 
such systems [1617] or improve the convergence performance by controlling the eigenvalues that 
paly an important role on the adaptation process [18]. As an alternative, the diffusion control is 
developed, which updates the local controllers as in the decentralized control and then combines 
these local estimates using a set of combination weights. The diffusion control increases the stability 
of the decentralized control system through the communication between nodes while maintains a 
comparable complexity. However, the combination strategy introduces an estimation bias since the 
local estimates have different true values as aforementioned. In a very few studies addressing 
multitask problems of diffusion ANC systems, the effect of diffusion strategy is theoretically 
analyzed [1219]. It shows that the diffusion control enforces stability of the ANC system at the cost 
of the increased estimation bias. An approach that uses the variable spatial regularization (SR) is 
proposed to alleviate the estimation bias problem [20]. Compared to the conventional Diff-FxLMS 
algorithm that uses a set of fixed combination weights, a variable SR parameter is more flexible to 
adjust diffusion strength. In this paper, a new FxLMS algorithm with variable SR is proposed. 
Different from our previous work [20], where the variable SR is derived from the steady-state 
estimation error, the new algorithm uses a rule to adjust the diffusion strength automatically 
according to the instantaneous estimation error in time-varying acoustic environments. The 
theoretical analysis includes the transient update process of VSR, which also differs from our 
previous work that focuses on the steady state only. Various attempts to explore the general 
multitask problem in diffusion networks have been carried out in current literature. One method 
decomposes the unknown space-varying parameters into basic functions [21] so that conventional 
Metropolis or uniform rules [22] can be used to generate the fixed combination weights. More 
generally, penalized optimization approaches can benefit tracking of multitask and interrelated 
optima [2324]. For instance, the nodes are clustered and updated according to the distance between 
estimates [25]; the estimation bias and variance analysis framework of the spatial regularization is 
developed [2324] that provides guidance for diffusion adaptive algorithm design in multitask 
environments. In this paper, a regularized local cost function subject to a smoothness constraint and 
a penalty term has been minimized to derive a new variable spatial regularized Diff-FxLMS (VSR-
Diff-FxLMS) algorithm. The resulting VSR rule arises naturally from the constraint and adjusts the 
combination strength automatically. The proposed algorithm varies the SR parameter to tradeoff 
the conflicting requirements of strong combination to reduce noise variance and weak combination 
to minimize estimation bias. The mean and mean squares performance of the proposed algorithm 
is analyzed theoretically. Different from the analysis in our previous work [19], which characterizes 
the estimation deviation and specifies the convergence condition, the performance analysis in this 
paper focuses on the bias and variance analysis and gains insight into the mechanism of the VSR 
strategy. Formulas for selecting the optimal SR parameter are obtained from the theoretical analysis. 
The proposed algorithm is examined by computer simulations. It shows that the proposed algorithm 
efficiently improves the noise reduction performance in the multitask environment.  

2. Review of Diff-FxLMS algorithms 

 Recalling the diagram of the multichannel ANC system in Fig. 1 and defining the convolution sign 
“*”, the unwanted noise signal, output of the controller, and interference from other secondary 
sources can be expressed as d0k(n) = pk(n)*x(n), yk(n) = x(n)*wk(n)*skk(n), and γk(n) 
=ΣKl∕=k,l=1x(n)*wl(n)*slk(n). Assuming a stationary environment, i. e. the acoustic paths and 
controllers are evolving slowly, the commutative property can be used to derive the Fx-type 
algorithm and xslk(n) = x(n)*slk(n) can be used as the input of the controller. Consequently, the 
error signal reads ek(n) = d0k(n)+xTk(n)wk +ηk(n)+γk(n) (1) where wk = [wk,1...wk,L]T is the kth 



controller of length L, and xk(n) = [xskk(n)...xskk(n � L + 1)]T is the filtered reference signal. To 
achieve a quiet zone, the controllers should be updated in response to all the available error signals 
so as to minimize a global cost function [13] J = ΣK k=1 Jk = E[ΣK k=1 e2k(n)] (2) where Jk = 
E[e2k(n)] (3) is the local cost function. The global LMS solution to (2) is not distributed since every 
node needs to have access to global information in order to compute the new estimate. A general 
formulation of distributed estimators based on diffusion strategies has been proposed [22] that 
derives diffusion filters by optimizing the regularized local cost function at each node Jdis k = Jk 
+ξk Σ l∈Nk/{k}blk||wk � ψl‖2 (4) where ψl is an estimate of the optima wl that is available at each 
node parameter. {blk} is a set of non-negative real coefficients that give different weights to 
different neighbours. They have the following properties [22] blk = 0 if l ∕∈ Nk, 1TB = 1T (5) where 
1 is the column vector with unit entries and {blk} forms the combination matrix B. It can be seen 
that {blk} are zero when the lth and kth nodes are not connected electrically, i.e. they do not share 
information between each other. Moreover, each column of the matrix adds up to one. Taking the 
derivative of Jdis k in terms of wk and following the incremental solutions in [22], the so called 
Adapt-Then-Combine (ATC) FxLMS algorithm is specialized ψk(n + 1) = wk(n) � μk∇wk e2k(n) 
= wk(n) � μkek(n)̂xk(n) (6) wk(n + 1) = ψk(n + 1) � ξk Σ l∈Nk/{k}blk(ψk(n + 1) � ψl(n + 1)) (7) 
where the stochastic approximation ̂Jk = e2k(n) has been used for Jk, and {μk, ξk} are positive 
parameters denoting the step-size and the SR parameter. It should be noted that the filtered reference 
signal has been replaced by its estimate ̂xslk(n) = x(n)*̂slk(n) and ̂xk(n) = [x̂skk(n)...̂xskk(n � L + 
1)]T, since {slk(n)} is unknown and estimated as {̂slk(n)}. Defining the nonnegative scalars. akk = 
1 � (1 � bkk)ξk, alk = ξkblk for l ∕= k, Eq. (7) reduces to wk(n + 1) =Σl∈Nkalkψl(n + 1) (8) It can 
be seen that the cluster averaged estimate wk(n) combines the local solutions ψk(n) over l ∈ Nk via 
{alk}. The adaptation and combination steps can be exchanged, which formulates the Combine-
Then- Adapt (CTA) CTA-FxLMS algorithm. 

3. The proposed VSR-ATC-FxLMS algorithm  

Comparing the global and diffusion cost functions in (2) and (4), it can be seen that if the optimal 
solutions {wk,0 for k = 1,…,K} at each node do not equal to each other, i.e. wm,0 ∕= wn,0 if m ∕= n, 
an extra error term arises from the second term of the cost function (4), which reads σ2wk = Σ 
l∈Nk/{k}blk||wk,0 � wl,0‖2 (9) This estimation bias is due to the multitask problem. The specific 
expression of {wk,0} will be presented in (24) Section 3, where the performance analysis is carried 
out. In the sequel, it shows how the unwanted system error is used to select combination coefficients 
in an adaptive way. We consider the Lagrangian for minimizing Jk subject to a constraint of σ2wk 
J(1) k = Jdis k +λk( Σ l∈Nk/{k}blk||wk � ψl‖2 � σ2wk) (10) for some Lagrangian multipliers λk. 
Due to the convex property of the local cost function, the solution to (10) should be unique. 
However, λk may not be unique considering that λk may degenerate to 0. To avoid this problem, we 
subtract a penalty term κkλ2k (κk>0) from J(1) k such that the multiplier could be maximized much 
easier as a quadratic function. Consequently, we have J(2) k = Jdis k +JCk (11) where JCk = κkλk 
[( Σ l∈Nk/{k}blk||wk � ψl‖2) � σ2wk] � κkλ2k(12) Using the instant system errors and applying 
the stochastic root-finding rules [26] to (11), we obtain an adaptive estimate to determine {wk, λk} 
wk(n + 1) = wk(n) � (μk∇wk Jdis k + ξk∇wk JCk ) (13) λk(n + 1) = λk(n)+βk∇λk JCk (14) where ∇u 
denotes the derivative operator in terms of u and βk is a positive parameter. Substituting Jdis k into 
(11) and recalling the derivation of the ATC-FxLMS algorithm from (6)-(8), the incremental 
solution to (13) can be obtained in a similar way. Absorbing the penalty parameter κk into ξk, an 
extra term (1+κkλk(n)) is multiplied to the SR parameter ξk ψk(n + 1) = wk(n) � μk∇wk e2k(n) (15) 
wk(n + 1) = ψk(n + 1) � ξk(1 + κkλk(n)) Σ l∈Nk/{k}blk(ψk(n + 1) � ψl(n + 1)). (16) Compared to 
the conventional Diff-FxLMS algorithm in (7), the extra term (1+κkλk(n)) works as a measurement 
of the system error and makes the SR adjustable according to the convergence status. After 
redefining a set of variable combination coefficients. akk(n) = 1 � (1 � bkk)αk(n), alk = αk(n)blk 
for l ∕= k (17) the variable parameter can be written as. αk(n) = ξk(1 + κkλk(n)), s.t. 0 ≤ αk(n) ≤ 1 



(18) It shows that when the algorithm is far from convergence, a larger combination coefficient is 
used while when the algorithm is close to convergence, the combination strength decreases. Then, 
the update equations for controller coefficients (15)-(16) can be summarized as ψk(n + 1) = wk(n) 
� μkek(n)̂xk(n) (19) wk(n + 1) =Σl∈Nkalk(n)ψl(n + 1) (20) It can be seen that the proposed diffusion 
algorithm has a set of variable combination parameters as defined in (17) and (18). The variable 
parameter αk(n) arises naturally from the constraint, which are called the VSR parameter. It can be 
seen from (20) that the VSR automatically updates with λk(n). According to (14), the update 
equation for λk(n) can be obtained by taking the derivative of JCk in terms of λk(n), and absorbing 
the parameter 2κk into βk, i.e. λk(n + 1) = λk(n)+βk [12(δk(n) � ̂σ2wk) � λk(n)] (21) where δk(n) = 
Σl∈Nk/{k}blk||ψk(n + 1) � ψl(n + 1)‖2 is the instantaneous estimation bias, and ̂σ2wk is an estimate 
of the theoretical value σ2wk as defined in (9). Thus, λk(n) measures the distance between the 
instantaneous estimation bias and the theoretical value σ2wk in (9). The value of ̂σ2wk can be 
specified via the performance analysis as shown in the next section. In case the instantaneous 
estimation bias is smaller than the theoretical value, λk(n) could be negative. This means the 
combination might be too strong such that the controllers converge to a similar value. A negative 
λk(n) then reduces the combination coefficients according to (18), which should be lower bounded 
by 0. We call (17)-(21) the VSR-Y ATC-FxLMS algorithm.  

4. Performance analysis 

 To make the performance analysis mathematically available, the following assumptions are made: 
(A1) the filtered input signal {̂xsij(n)} is the zero-mean Gaussian random signals; (A2) xk(n) 
(or ̂xk(n)) is statistically independent with wk(n) or ηk(n). Moreover, wk(n) and ηk(n) are 
statistically independent with each other; (A3) the multichannel system is weakly coupled such that 
the interference {γk(n)} is small. To have a concise expression in the following analysis, we define 
the global representations in terms of the stochastic quantities that appear in the update equations. 
e(n) = col{e1(n)...eK(n)}(K × 1), d(n) = col{d1(n)...dK(n)} (K × 1), ψC(n) = col{ψ1(n)...ψK(n)}(KL 
× 1), wC(n) = col{w1(n)...wK(n)} (KL × 1), X(n) = diag{x1(n)...xK(n)}(KL × K), ̂X(n) = 
diag{x̂1(n)...̂xK(n)} (KL × K). Here, col{} and diag{} format the elements as a column vector or 
block diagonal matrix. We also introduce the diagonal matrices of the global expression for step-
sizes of dimension KL × KL Dμ(n) = diag{μ1IL...μKIL} According to (17), the global combination 
matrix becomes G = [IK � (IK � B)Dα(n)]⊗ IL, where ⊗ is the Kronecker product, IL the identity 
matrix of size L, and B the symmetric combining matrix formed by {blk(n)}. In the following, the 
behaviour of the VSR-ATC-FxLMS algorithm is studied such that the user parameters of the 
proposed algorithm can be selected. Different from our previous work [12], where the mean and 
mean squares performance of the conventional ATC-FxLMS algorithm is theoretically analysed, 
this paper focuses on effect of the variable SR rule and uses the bias-variance analysis to optimize 
the important user parameters that determine the SR strength of the proposed VSR-ATC-FxLMS. 
This work is not available in [12]. 4.1. Mean convergence analysis and constraint parameter 
selection Using the notations, we have the following difference equation from (19)(20) wC(n + 1) 
= GT [wC(n) � Dμ̂X(n)e(n)] (22) The global solution can be obtained from (22) as the algorithm 
reaches the steady state w∞ = � [RˆXX + (GDμ)� 1(ILK � G)]� 1rˆXd (23) where RˆXX = 
E[̂X(n)XT(n)] and rˆXd = E[̂X(n)d(n)]. It can be seen that if there is no communication between 
nodes, i.e. G = ILK, the global solution reduces to w0 = � R� 1 ˆXX rˆXd. This solution stacks the 
bias-free estimates wk,0 at all nodes. Using the relationship ψ0 = G� 1w0, the user parameter can 
be selected according to (9). ̂σ2wk = Σ l∈Nk/{k}blk||ψk,0 � ψl,0‖2 (24) This parameter can be 
calculated offline from a section of training data. Next, the estimation bias Δw = w0 � w∞ is to be 
specified. From (23) and the global solution w0, the bias term can be further written as Δw = 
(GDμRˆXX)� 1(ILK � G)w∞ (25) Suppose the global solution to each controller has a common 
part and write the stacked K common parts as p0 (KL ☓ 1). Then, the deviation of w∞ to p0 can be 
expressed as Δp = w∞ � p0. Since the common part satisfies p0 = Gp0, the global system deviation 



has the property (IKL � G) w∞ = (IKL � G)Δp. Thus, the estimation bias can be expressed as Δw 
= (GDμRˆXX)� 1(IKL � G)Δp (26) Defining the global weight error vector v(n) = w∞ � wC(n) 
and using (22), (18), and (21), the mean difference equations for the controller, αk(n), and λk(n) 
can be written as E[v(n + 1)] = G(ILK � DμRˆXX)E[v(n)] (27) E[αk(n)] = ξk(1 + κkE[λk(n)]) (28) 
E[λk(n + 1)] = (1 � βk)E[λk(n)]+12βk(E[δk(n)] � ̂σ2wk) (29) Since the radius of G(ILK � 
DμRˆXX) is generally smaller than that of (ILK � DμRˆXX), the network topology enforces 
robustness of the mean convergence of (27) compared to the decentralized control. This conclusion 
is similar to that in [12]. 4.2. Mean squares performance analysis and EMSE To study the mean 
squares performance, we define the error covariance matrix Ξ(n) = E[v(n)vT(n)]. From (22) and 
(27), the difference equation can be obtained Ξ(n + 1) = GΞ(n)G � G[DμRˆXXΞ(n) + 
Ξ(n)RXˆXDμ]G +GDμRˆXXv(n)wT∞(G � ILK)T +(G � ILK)w∞vT(n)RXˆXDμG +GDμE[Q(n) 
� Ry]DμG (30) where Ry = RˆXXΔwΔwTRXˆX and Q(n) = E[̂X(n)e(n)eT(n)̂XT(n)]. It is worth 
noting that the relationship w∞ = Gw∞ no longer holds, which results in the 3rd and 4th terms on 
the right hand side of (30) that contain the combination matrix (G� ILK). According to the 
assumptions and after proper algebraic operations to deal with Q(n) (see Appendix A in [12]), Eq. 
(30) can be rewritten as Ξ(n + 1) = G[Ξ(n) � DμRˆXXΞ(n) � Ξ(n)RXˆXDμ]G +GDμRˆXX[2Ξ(n) 
+ ΔwΔwT + ΞΣ(n)]RXˆXDμG +{Tr[(Ξ(n) + ΞΣ(n))RXX] + σ2y }GDμRˆXˆXDμG 
+GDμDΣRXXDμG (31) where ΞΣ(n) = E[v(n)]ΔwT + ΔwE[vT(n)],σ2y= Tr(R� 1 XXRy),RˆXˆX 
= E[̂X(n)̂XT(n)], and RXX = E[X(n)XT(n)]. Moreover, a diagonal matrix is defined DΣ = 
diag{σ2Σ,1IL...σ2Σ,KIL}, where σ2Σ,k represents the variance of the summarized noise ηΣk(n) = 
Δk(n)+ηk(n)+γk(n) with the modeling error Δk(n) = d0k(n)+xTk(n)wk,0 [12]. We now examine the 
square error after the cooperative learning process reaches a steady state. The averaged global 
steady-state EMSE is defined as [22] J = 1KTr(RxxΞ(∞)) (32) where Rxx = diag{Rxx,1...Rxx,K} 
and Rxx,k = E[xk(n)xTk(n)] are, respectively, the global and local input covariance matrices. At 
the steady state, we take trace of (31) multiplied with an arbitrary matrix Σ, and rewrite it using 
vector notations, e.g. Tr(ΣΞ(∞)) = vec{Ξ(∞)}Tvec{Σ}. By defining vec(Σ) = F� 1vec(Rxx) and 
using the Kronecker product properties vec(XΣY) = (Y ⊗ XT)vec(Σ) and Tr(XY) = vec(XT)Tvec(Y) 
for some arbitrary matrices X and Y, the steady-state EMSE can be obtained as J = 1KνTMF� 
1vec(Rxx)/[1 � νTRF� 1vec(Rxx)] (33) where F = IL2K2 � (IL2K2 � RF)(G ⊗ G) with RF = 
ILK ⊗ DμRˆXX + RXˆXDμ ⊗ ILK + 2RXˆXDμ ⊗ RˆXXDμ, νM = (Dμ ⊗ Dμ)(G⊗ G)vec(Ry + 
σ2yRˆXˆX + DΣRXX), and νR = (Dμ ⊗ Dμ)(G⊗ G)vec(RˆXˆX). 4.3. Bias-variance analysis and 
SR parameter selection The effect of SR on the ATC-FxLMS algorithm includes both the estimation 
bias in (26) and variance in (33). These expressions are still implicit. To make it clear, we consider 
a uniform setting of ξk = ξ0 for k = 1…K, and assume that δk(n) converges to δk(∞) = ̂σ2wk in the 
steady state. Then the limit λk,∞ =12(δk(∞) � ̂σ2wk) ≅ 0 can be obtained such that αk(n) = ξk(1 + 
κkλk(n)) ≅ ξ0 and G∞ = IKL � ξ0BΔ with BΔ = (IK � B)⊗ IL. In the following, we discuss a 
special case of a small and uniform setting of the step-size, i.e. μk = μ0, for k = 1…K. Using these 
limits and assumptions, the estimation bias reduces to Δw = (G∞DμRˆXX)� 1(IKL � G)Δp. 
Applying the first order approximation to G∞, Δw reduces to Δw ≈ 1 μ0ξ0R� 1 ˆXXBΔ(IKL � 
G)Δp (34) On the other hand, the steady-state EMSE finds from Appendix A J ≈ 1Kμ0vec(DΣRXX)T 
(IL2K2 � ξ0BΔ ⊕ BΔ)T ×[IL2K2 � ξ0R� 1 F (BΔ ⊕ BΔ)](RXˆX ⊕ RˆXX)� 1vec(Rxx) (35) 
Using (34)(35) and defining the total MSE JR =1KΔwTRxxΔw + J, we have JR = 1K(aξ20 � bξ0 
+ c) (36) where a = 1 μ20Tr� RxxR� 1 ˆXXBΔΔpΔpTBTΔR� T ˆXX ) + μ20vec(DΣRXX)T × (BΔ 
⊕ BΔ)TR� 1 F (BΔ ⊕ BΔ)R� 1 F vec(Rxx) b = μ0vec(DΣRXX)T [(BΔ ⊕ BΔ)T + R� 1 F (BΔ 
⊕ BΔ)](RXˆX ⊕ RˆXX)� 1vec(Rxx), and c = μ0vec(DΣRXX)T (RXˆX ⊕ RˆXX)� 1vec(Rxx) It is 
clear that the estimation bias is proportional to regularization while the estimation variance is 
inverse proportional to ξ0. The proposed algorithm should adjust the parameter αk(n) 
automatically so that it uses strong combination towards estimate in common to reduce estimation 
variance and weak combination when nodes converge to distinct local optima to constrain the 
estimation bias. To minimize JR, the derivative of (36) is set to 0 to get the optimal SR parameter 
ξopt = 12b/a, ξopt ≤ 1 (37) This formula helps to narrow the range for SR parameter selection. For 



a special case of white source noise, Eq. (37) reduces to ξ(s) opt = 12μ0τ1(1 + 1 2μ0σ2xs)σ2xσ20 
1 μ0σ2x‖BΔΔp‖22 + 1 2σ2xsτ2σ2xσ20 , 0 ≤ ξ(s) opt ≤ 1 (38) where σ2x, σ2xs, and σ20 are, 
respectively, the source, the filtered input, and summarized noise power, τ1 = vec(RXX)T(BΔ ⊕ 
BΔ) (RXˆX ⊕ RˆXX)� 1vec(RXX) and τ2 = vec(RXX)T (BΔ ⊕ BΔ)T (BΔ ⊕ BΔ)(RXˆX ⊕ RˆXX)� 
1vec(RXX) It can be seen that the optimal SR parameter is proportional to the step-size, input power, 
and system noise power, and inverse proportional to the deviation of the optimal 
controllers ‖BΔΔp‖22.  

5. Simulation results 

 In this section, the effect of the proposed VR strategy on the multitask ANC system has been 
investigated and the theoretical analysis is verified. The algorithms under test include the 
decentralized FxLMS, conventional ATC-FxLMS, and the proposed VSR-ATC-FxLMS with full 
(̂σ2wk=σ2wk) or null (̂σ2wk=0) knowledge of channels. The Metropolis combination is used for all 
the diffusion algorithms. All the simulation results are averaged over 100 independent trials if not 
specified. 5.1. Evaluation of the mean squares performance analysis In the first experiment, we 
consider a system of 10 nodes. As illustrated in Fig. 2, the secondary loudspeakers and error 
microphones (denoted as blue dots) are located on two circles centered at (0, 0). The radiuses for 
loudspeakers and microphones are, respectively, rL and rM. The primary noise source is located 
on the x-z plane with a radius of rS and an angle of φ to z-axis. The simulation is conducted in a 
free field. The radiuses are set to rM = 1 and rL = 1.1. The sampling rate is set to 2 KHz to focus 
on lower frequencies. Thus, the primary and secondary paths have a length of 30. The length of the 
controllers is set to 100. This setting that describes an acoustic free-field has been used in Sections 
5.1 and 5.2 to compare noise control performance at different primary noise positions and using 
different control strategies. Fig. 3(a) shows the simulated and theoretical results for the averaged 
EMSE curves [see Eq. (31), where the VR strategy is modeled by Eqs. (17), (27)-(29)] under 
different settings. First, the power ratio between the source signal {x(n)} and the background noise 
{ηk(n)}, called signal to noise ratio (SNR), is set to 10 dB. The angle φ is set to 0◦ (two lines at 
bottom), 2◦ (two lines in the middle), and 5◦ (two lines on top) to form different multitask problems. 
The user parameters {μk, ξk, βk, κk} for VSR-ATC-FxLMS are set to {0.0005, 0.01, 0.01, 100}. It 
can be seen that the theoretical and simulated EMSE curves generally agree well with each other. 
The steady-state EMSE increases as the angle φ when the primary source is away from the z-axis 
and the multitask problem becomes more serious [see Eq. (25)]. Next, the above experiment is 
repeated under different settings of SNRs. Similar performance can be observed in Fig. 3(b). 5.2. 
Evaluation of the VSR-ATC-FxLMS algorithm Computer simulations of a 10-node network as in 
Fig. 2 have been carried out to validate the proposed algorithm. The radiuses are still set to rM = 
1 and rL = 1.1. The primary path is located on the x-z plan with rS = 2, and φ = 0◦ and 5◦. The 
primary and secondary paths have a length of 100. The length of the controllers is set to 250. In 
the simulations, several control methods are compared in Fig. 4. The SNR is set to 10 dB. The step-
size for ATC-FxLMS and decentralized FxLMS is set to 0.00015. The user parameters for VSR-
ATC-FxLMS are set to {μk, βk, κk} = {0.00015, 0.01, 1000}. The other settings are identical to 
those in the previous experiment if not specified. Different values for the angle φ are used. First, φ 
is set to 0◦. In this case, the parameter ξk is set to 1. It can be seen from Fig. 4(a) that the ATC-
FxLMS algorithm outperforms the decentralized version, since ATC cooperation combats noise 
interference via signal combination. The proposed VSR-ATC-FxLMSs have similar performance 
with ATC-FxLMS. In the second case, φ is set to 5◦. The parameter ξk is set to 0.01. It turns out that 
the decentralized FxLMS converges to a lower steady-state EMSE than the conventional ATC-
FxLMS. The degradation of the ATC-FxLMS is due to the estimation bias introduced by the 
combination of different local estimates. The proposed VSR-ATC-FxLMS adjusts the SR parameter 
and have a similar performance with the decentralized algorithm. To further evaluate the 
performance of ANC systems, the noise reduction values of the proposed VSR-ATC-FxLMS 



algorithm have been calculated and compared with the conventional ATC-FxLMS algorithm. 
Testing is performed using the 10-node network in the previous experiment at φ = 5◦. The noise 
spectra before and after implementing ANC have been shown in Fig. 5 and the resulting noise 
reduction levels (difference of averaged noise power before and after implementing ANC) have 
been listed in Table 1. It can be seen that the proposed algorithm achieves a higher noise reduction 
level than the conventional ATC-FxLMS algorithm. 5.3. Evaluation of the SR parameter selection 
In this experiment, the simulated and theoretical total MSE results using different SR parameters 
are compared. In this simulation, a more general model is used to study the relationship between 
multitask level and the SR parameter. The primary paths pi are assumed to distributed on a circle 
of radius r centered at p0, i.e. pi = p0 + rgi, for i = 1, 2,…, and gi is a Gaussian sequence of unit 
norm. This random walk model could generally describe changes in adaptive filtering [2123], 
where the radius controls the multitask problem level. The radius r is set to 0.1 and 0.01, 
respectively, to simulate strong and weak multitask problems. Short primary paths of length 20 
have been used to evaluate the theoretical analysis. The secondary sources are assumed to be close 
to the corresponding loudspeakers and the paths from the ith loudspeaker to the ith microphone 
have a length of 5. The cross-channels have a length of 20. In the simulations, SNR is set to 10 dB. 
The step-size of the ATC-FxLMS algorithm is set to 0.001. The other settings are identical to those 
in the first experiment if not specified. Different SR parameters and radius are applied and the 
simulated and theoretical total MSE curves are shown in Fig. 6. It can be seen that the simulated 
and theoretical results generally agree well with each other under different settings. JR is slightly 
overestimated by (36) due to the approximations used. Comparing the optimal SR parameters in 
Fig. 6(a) and (b), where the radius is set to r = 0.1 and 0.01 respectively, it can be seen that the 
optimal value decreases as radius. When the radius is small as shown in Fig. 6(b), the system MSE 
rarely changes as the SR parameter. This does not mean that the diffusion control is useless. The 
advantage of the proposed algorithm is to be presented in the next experiment, where different 
methods are compared.  

6. Conclusions 

 In this paper, we propose a Diff-FxLMS algorithm that adjusts the spatial regularization 
automatically. The VSR rule is derived from the penalized Lagrangian method. The theoretical 
analysis discloses the mechanism of variable diffusion control that balances between strong and 
weak combination under different conditions. Simulations verify the theoretical analysis and 
evaluate the performance of the proposed algorithm under different multitask problems.  
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Appendix A:. Steady-State EMSE analysis  

In this appendix, the steady-state EMSE is derived. To have a comprehensive result, some 
assumptions are made for the terms that determine the steady-state EMSE, i.e. we use the limit δk(∞) 
= ̂σ2wk, and the small and uniform settings for the step-size and SR parameter. Recall that G∞ = 
IKL � ξ0BΔ and BΔ = (IK � B) ⊗ IL under these assumptions. Then, we have F = RF + (IL2K2 
� RF)(ξ0BΔ ⊕ BΔ � ξ20BΔ ⊗ BΔ), where ⊕ denotes the Kronecker sum. For small step-sizes 



and SR parameters, RF is approximately equal to RF ≈ μ0RXˆX ⊕ RˆXX and the matrix F can be 
written as F ≈ RF + ξ0BΔ ⊕ BΔ. Using the Woodbury Formula, it finds F� 1 ≈ {RF[IL2K2 + 
ξ0R� 1 F (BΔ ⊕ BΔ)]}� 1 ≈ 1 μ0[IL2K2 � ξ0R� 1 F (BΔ ⊕ BΔ)](RXˆX ⊕ RˆXX)� 1 (A1) Next, 
using the small step-size assumption, νM is rewritten as νM = μ20(IL2K2 � ξ0BΔ ⊕ BΔ + ξ20BΔ 
⊗ BΔ)vec(ξ20 μ20Ry +DΣRXX) (A2) where Ry = BΔΔpΔpTBTΔ + Tr� 
R�1XXBΔΔpΔpTBTΔ)RˆXˆX. Substituting (A.1)(A.2) into (32) and ignoring the denominator, it 
finds J ≈ 1Kμ0vec(DΣRXX)T (IL2K2 � ξ0BΔ ⊕ BΔ)T [IL2K2 � ξ0R� 1 F (BΔ ⊕ BΔ)](RXˆX ⊕ 
RˆXX)� 1vec(Rxx) (A3) where the small SR parameter assumption has been used and the second 
order terms of ξ0 have been omitted.  
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