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Abstract—The convolution operator at the core of many
modern neural architectures can effectively be seen as performing
a dot product between an input matrix and a filter. While
this is readily applicable to data such as images, which can be
represented as regular grids in the Euclidean space, extending the
convolution operator to work on graphs proves more challenging,
due to their irregular structure. In this paper, we propose
to use graph Kkernels, i.e., kernel functions that compute an
inner product on graphs, to extend the standard convolution
operator to the graph domain. This allows us to define an
entirely structural model that does not require computing the
embedding of the input graph. Our architecture allows to plug-in
any type of graph kernels and has the added benefit of providing
some interpretability in terms of the structural masks that are
learned during the training process, similarly to what happens for
convolutional masks in traditional convolutional neural networks.
We perform an extensive ablation study to investigate the model
hyper-parameters’ impact and show that our model achieves
competitive performance on standard graph classification and
regression datasets.

Index Terms—Graph neural network, graph kernel, deep
learning

I. INTRODUCTION

N recent years, graph neural networks (GNNs) have gained

increasing traction in the machine learning community.
Graphs have long been used as a powerful abstraction for a
wide variety of real-world data where structure plays a key
role [1], from collaborations [2], [3] to biological [4], [5]
and physical [6] data, to mention a few. Before the advent
of GNNs, graph kernels provided a principled way to deal
with graph data in the traditional machine learning setting [[7]],
[8], [9]. However, with the attention of machine learning
researchers steadily shifting away from hand-crafted features
toward end-to-end models where both the features and the
model are learned together, neural networks have quickly
overtaken kernels as the framework of choice to deal with
graph data, leading to multiple popular architectures such
as 30, [4], [10].

The main obstacle that both traditional and deep learning
methods have to overcome when dealing with graph data
is also the source of interest for using graphs as data rep-
resentations. The richness of graphs means that there is no
obvious way to embed them into a vector space, a necessary
step when the learning method expects vectors in input. One
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reason is the lack of a canonical ordering of the nodes in
a graph, requiring either permutation-invariant operations or
an alignment to a reference structure. Moreover, even if the
order or correspondence can be established, the dimension of
the embedding space may vary due to structural modifications,
i.e., changes in the number of nodes and edges.

In traditional machine learning, kernel methods, and par-
ticularly graph kernels, provide an elegant way to sidestep
this issue by replacing explicit vector representations of the
data points with a positive semi-definite matrix of their inner
products. Thus, any algorithm that can be formulated in terms
of scalar products between input vectors can be applied to a
set of data (such as graphs) on which a kernel is defined.

GNNss apply a form of generalized convolution operation to
graphs, which can be seen as a message-passing strategy where
the node features are propagated over the graph to capture
node interactions. Compared to standard convolutional neural
networks (CNNs), the main drawback of these architectures is
the lack of a straightforward way to interpret the dependency
between the output and the presence of certain features and
structural patterns in the input graph. In this paper, we propose
a neural architecture that bridges the two worlds of graph
kernels and GNNs. The key intuition underpinning our work is
that there exists an analogy between the traditional convolution
operator, which can be seen as performing an inner product
between an input matrix and a filter, and graph kernels,
which compute an inner product of graphs. As such, graph
kernels provide the natural tool to generalize the concept
of convolution to the graph domain, which we term graph
kernel convolution (GKC). Given a graph kernel of choice, in
each GKC layer, the input graph is compared against a series
of structural masks (analogous to the convolutional masks
in CNNs), which effectively represent learnable subgraphs.
These, in turn, can offer better interpretability in the form of
insights into what structural patterns in the input graphs are
related to the corresponding output (e.g., the carcinogenicity
of a chemical compound).

Our main contributions are:

e« We introduce a neural model that is fully structural,
unlike existing approaches that require embedding the
input graph into a larger, relaxed space. While the latter
allows one to seek more complex and arbitrary decision
boundaries, it also has the potential of overfitting the
problem and creating more local optima, as evidenced
by the need to use dropout strategies to avoid overfitting
in Graph Convolutional Networks (GCNs) [[L1]], [12].

e In order to cope with the non-differentiable nature of
graphs, we let the learned structural masks encode distri-
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butions over graphs, which in turn allows us to compute
the gradient of the expected kernel response between the
learned masks and the input subgraphs. This is, in turn,
achieved through a computationally efficient importance
sampling approach.

e Our architecture allows to plug-in any type of graph
kernel (not just differentiable kernels as in [13], [14]).

e As an added benefit, our model provides some inter-
pretability regarding the structural masks learned during
the training process, similarly to convolutional masks in
traditional CNNs.

« Finally, we analyze the expressive power of our model,
and we argue that it is greater than that of stan-
dard message-passing GNNs and the equivalent Weis-
feiler—Lehman (WL) graph isomorphism test.

The fundamental goal of our network is to reconstruct the
structural information needed for classification and is thus
particularly suited for problems where the structure plays a
pivotal role. These are often graph classification and regres-
sion problems, where structure provides the most relevant
information for classification, while node/edge features take
a secondary role. The situation is usually reversed for node
classification problems, where the distribution of features
across the immediate neighbors of a node holds most of
the information needed to classify the node itself. For these
reasons, in this paper, we focus on graph classification and
regression problems. However, we stress that our model can
indeed be extended to tackle node-level tasks.

The remainder of this paper is organized as follows. In
Section [, we review the related work. In Section we
present our model, where graph kernels are used to redefine
convolution on graph data. In Section we investigate
the hyper-parameters of our architecture through an extensive
ablation study, provide some insight into the interpretability
of the structural masks, and evaluate our architecture on stan-
dard graph classification and regression benchmarks. Finally,
Section [V] concludes the paper.

II. RELATED WORK

The majority of graph kernels belong to one of two main
categories: 1) bag-of-structures and 2) information propaga-
tion kernels. Bag-of-structures kernels compute the similarity
between a pair of input graphs by first decomposing them into
simpler substructures and then counting the number of isomor-
phic substructures between the two input graphs. Depending
on the type of substructure considered, one can build a multi-
tude of different kernels, e.g., subtrees [[15], shortest paths [16],
and graphlets [17]. Information propagation kernels, on the
other hand, include methods where pairs of input graphs
are compared based on how information diffuses on them.
Examples include random walk kernels [18], [19], quantum
walk kernels [18]], [20], [21], and kernels based on iterative label
refinements [[7]. While some kernels work only on undirected
and unattributed graphs, other kernels are designed to handle
attributes as well, either discrete- or continuous-valued [7],
[22]. For a detailed review and historical perspective on graph
kernels, we refer the reader to the recent survey of Kriege et
al. [23].

In recent years, with the advent of deep learning and the
renewed interest in neural architectures, the focus of graph-
based machine learning researchers has quickly moved to
extending deep learning approaches to deal with graph data.
Fundamentally, the principle underpinning most GNNss is that
of exploiting the structure of the graph to propagate the
node feature information iteratively. One of the first papers
to propose the idea of GNNs is that of Scarselli et al. [24],
where an information diffusion mechanism is used to learn
the nodes’ latent representations by exchanging neighborhood
information. Sperduti and Starita [25] and Micheli [26] had
previously relied instead on recursive operators, which can be
seen as a variation of convolutional operators where different
layers share the same weights, to adapt neural networks to
operate on structured data such as graphs. Most modern
GNNs, however, appear to fall within three main categories, as
discussed by Bronstein et al. [27]: 1) convolutional [3], [28],
[29], [301], [31], 2) attentional [10], and 3) message passing [4].
The message-passing model is often seen as the most general
one and has been shown to be formally equivalent to the WL
graph isomorphism test under some technical conditions [32],
(33

An increasing number of researchers are trying to overcome
the latter limitation by moving away from standard message-
passing GNN s [34], [35]. Eliasof et al. [36] propose a reinter-
pretation of graph convolution in terms of partial differential
equations on graphs, noting that different problems can benefit
from different networks dynamics, hence suggesting the need
to look beyond diffusion. Bevilaqua et al. [37] represent
graphs as bags of substructures and show that this allows the
WL test to distinguish between otherwise indistinguishable
graphs. Bouritsas er al. [38] take instead an alternative
approach where augmenting the graph nodes attributes with
positional encoding is shown to improve the ability of the WL
test to discriminate between non-isomorphic graphs. The field
of GNNE is, in general, in rapid and continuous expansion, so
presenting a comprehensive review of the literature is beyond
the scope of this paper. Instead, we refer the interested readers
to [391, [27].

In this work, we argue that a natural extension of the
convolution operation to the graph domain, and thus an ideal
candidate to build graph CNNs, already exists in the form
of graph kernels. A number of works in the literature have
investigated potential synergies between GNNs and kernels.
Lei et al. [40] introduce a class of deep recurrent neural
architectures to show that this lies in the reproducing kernel
Hilbert space (RKHS) of graph kernels. Nikolentzos et al. [41]]
compute continuous embeddings of graphs using kernels and
plug them into a neural network. Xu et al. [32] and Morris
et al. [33] show that GNNs have the same expressiveness
as the WL graph kernel [7] and propose a new generalized
architecture with increased expressive power. Du et al. [42]]
take a somewhat different approach and exploit neural net-
works to introduce a new graph kernel. This, in turn, is shown
to be equivalent to an infinitely wide GNN initialized with
random weights and trained with gradient descent. Chen et
al. [43] propose a graph neural architecture where each layer
enumerates local substructures around each node and then



maps them to an RKHS via a Gaussian kernel mapping. In
the context of graph compression, Bouritsas et al. [44] learn
how to best decompose the graph into small substructures that
are also learned. Navarin et al. [45] propose a modification
of DGCNN [46]], a popular GNN architecture, where a multi-
task learning approach is used to drive the learned node
embeddings to be close to those computed by graph kernels.

III. GNNS FROM GRAPH KERNELS

In this section we introduce the proposed neural architec-
ture, the Graph Kernel Neural Network (GKNN). Before that,
however, we introduce some background concepts that will
help better understand the proposed model.

A. Preliminaries

Kernel methods. This class of algorithms is capable of
learning when presented with a particular positive pairwise
measure on the input data, known as a kernel. Consider a set
X and a positive semi-definite kernel function £ : X x X — R
such that there exists a map ¢ : X — H into a Hilbert space
H and K(z,y) = ¢(z) T ¢(y) for all x,y € X. Crucially,
X can represent any set of data on which a kernel can be
defined, from R to a finite set of graphs. Hence, the field
of machine learning is ripe with examples of graph kernels
(see Section [[I), which are nothing but positive semi-definite
pairwise similarity measures'| on graphs. These can be either
implicit (only K is computed) or explicit (¢ is also computed).

Weisfeiler-Lehman test. The WL kernel [7] is one of
the most powerful and commonly used graph kernels, and
it is based on the 1-dimensional Weisfeiler-Lehman (1-WL)
graph isomorphism test. The idea underpinning the test is to
partition the node set by iteratively propagating the node labels
between adjacent nodes. With each iteration, the set of labels
accumulated at each node of the graph is then mapped to a
new label through a hash function. This procedure is repeated
until the cardinality of the set of labels stops growing. Two
graphs can then be compared in terms of their label sets at
convergence, with two graphs being isomorphic only if their
label sets coincide.

Learning on graphs. Let G = (V, X, E) be an undirected
graph with |V'| nodes and |E| edges, where each node v is
associated to a label x(v) belonging to a dictionary D. Note
that, generally, graphs can be directed and have continuous and
discrete attributes on both the nodes and edges; however, for
simplicity in this paper, we restrict our attention to undirected
node-labeled graphs. Indeed, the model described in this paper
can be easily applied to directed, edge-labeled graphs as well.
A common goal in graph machine learning problems is to
produce a vector representation of G that is aware of both the
node labels and the structural information of G. Generalizing
the convolution operator to graphs, GNNs learn the parameters
© of a function h that performs message passing [4] in the
1-hop neighborhood of each node v € V,

2v)= > he (z(v),z(u), (1)

uG.N'é (v)

'Note that while several kernels can be interpreted as similarity measures,
this is not always the case [47].

GKC layer

(|

=z = mm]
Pooling MLP ¢
e o — 8
[nEm}

Fig. 1. The proposed GKNN architecture. The input graph is fed into one or
more GKC layers, where subgraphs centered at each node are compared to
a series of structural masks through a kernel function. The output is a new
set of real-valued feature vectors associated to the graph nodes. We obtain
a graph-level feature vector through pooling on the nodes features, which is
then fed to an MLP to output the final classification label.

where Nj(v) denotes the 1-hop neighborhood of v. The
convolution is usually repeated for L layers, and the final
vectorial representation Zp,,; is obtained by applying a node-
wise permutation invariant aggregation operator [J on the node
features z(v).

B. Proposed architecture

The core feature of the proposed model is the definition
of a new approach to perform the convolution operation on
graphs. Unlike the diffusion process performed by message
passing techniques, we design the Graph Kernel Convolution
(GKC) operation in terms of the inner product between graphs
computed through a graph kernel function.

Given a graph G = (V, X, E) with |V| nodes, we extract |V/|
subgraphs Ng" (v) of radius r, centered at each vertex v € V.
Each subgraph consists of the central node v, the nodes at
distance at most r from v, and the edges between them. Each
such subgraph is then compared to a set of learnable structural
masks { M1, ..., M,,} through

zi(v) = K(M;, Ng(v)), 2

where the resulting feature vector z(v) is a non-negative real-
valued m-dimensional vector collecting the kernel responses,
and the i-th structural mask M; = (Vaq,, Xm,, Fag;) 1s a
first-order stochastic graph, i.e., a distribution over graphs with
node set Vg, where the edges e € Eq, are sampled from
independent Bernoulli trials each with its own parameter 6,
and each node label z € X4, is sampled from the corre-
sponding discrete probability distribution over a dictionary D
with parameters ¢,4Vd € D each expressing the probability
of = assuming value d. The probability distributions ¢ and ¢
over edges and node labels defining each mask are effectively
the learnable parameters of the GKC layer.

Multi-layer architecture. The output node feature z(v) €
R’ of a GKC operation consists of a continuous vector
containing the graph kernel responses between the structural
masks and the subgraph centered on the node v. For graph
kernels functions requiring discrete labels, the output feature
vector thus needs to be discretized before giving it as input
to the next layer. In this case, we interpret z(v) as an
unnormalized probability distribution over a set of m labels
from which we sample the new label x(v) for the node v at
the next GKC layer.



Since in this paper we focus on graph-level tasks, the final
graph embedding after L layers is obtained by (Z1|...|ZL),
where Z¢ are the output features of the /th layer and -|-
indicates the concatenation of node-wise features. This is then
fed to a multilayer perceptron (MLP) layer to obtain the final
classification. In particular, in all our experiments we use sum
pooling as the aggregation operator [J. Figure |I| shows an
overview of the proposed multilayer architecture.

Cross-entropy loss. Our learning problem can be formulated
as follows: given a set {Gy, ..., Gp} of B training input graphs
with node labels belonging to the dictionary D and associated
class labels y; . .. yp, our goal is to find the optimal parameters
® and the masks M; with corresponding edge observation
probabilities © of the model g that minimize the cross-entropy
loss

B

losscp = Zcmss-entropy(]E@[ng,“Mm@(gi)],yi) G
i=1

Jensen—Shannon divergence loss. Depending on the num-
ber of structural masks to learn, we experimentally observed
that different structural masks can give a similar response
over the same node. To mitigate this behavior and push the
model to learn a more descriptive node feature vector, we
propose to regularize the structural masks learning process
by adding a Jensen—Shannon divergence (JSD) loss. The JSD
is computed between the feature dimensions considered as
probability distributions over the nodes of the graph.

Let P; = {az;(v)|v € V} be the probability distribution
induced by the i-th mask over the graph nodes. « is a scaling
factor ensuring that ) P;(v) = 1. We define the JSD loss as

lossjsp = —H (Z Pi> +Y _H(P), (4)
i=1 =1

where H(P) is the Shannon entropy. The final loss we
optimize is the sum of 1) the cross-entropy loss of Eq. 3] 2)
loss ysp multiplied by a weighting factor A, i.e.,

loss = losscg + ANlossjsp . (®)]

Note that while previous work in the literature used the JSD
to generalize the widely used cross-entropy loss function [48]],
here we use it as a regularization term. That is, rather than
minimizing the JSD or cross-entropy in order to limit the
distance to a target class [49], we maximize the JSD to force
the learned distributions to be as far away from one another
as possible.

C. Optimization strategy

When optimizing the structural masks, we need to con-
sider two main challenges. First, the number of nodes of
the subgraphs is not fixed and can, in principle, vary from
1 to n. Second, since graph kernel functions are not in
general differentiable, the automatic differentiation mechanism
of common neural network optimization libraries cannot be
directly applied to our model.

Structural masks representation. When defining the space
of graphs on which we want to optimize the structural masks

M, we have to consider the possible substructures present in
the input graph that characterize it as belonging to a specific
class. Assuming that this knowledge is not known a priori,
we should allow to learn structures as large as the graph
itself. Unfortunately, since the space of graphs grows expo-
nentially with the number of nodes, this would be impractical.
Moreover, under the assumption of the presence of localized
characterizing substructures, we usually need graphs of few
nodes to capture their presence. In our implementation, we fix
a maximum number of nodes p,,q. for each substructure and
optimize for structural masks in the space

Pmax

me (J (G, xDr), ©)

p=1

where ép indicates the set of all possible connected graphs
of p nodes, and DP the labeling space of p nodes. The impact
of this hyper-parameter is studied in the ablation study in
Section [IV] With a slight abuse in notation, here M represents
a discrete graph with discrete node labels, but we will relax it
to its stochastic version in the subsequent paragraph.

Structural masks optimization. Graph kernels, as functions
operating on discrete graph structures, are in general not
differentiable. In order to be able to optimize the structural
masks, we relax them to be distributions over graphs and take
the expectation of the kernel over said distributions. Namely,
let M; = (Vam,, Xm;, Erm,) be our i-th structural mask,
where V)4, is the set of p nodes, X4, is the set of p
discrete probability distributions over the |D| labels, and F 4,
is the edge observation models consisting of (g) independent
Bernoulli trials with (learnable) parameters 61, ..., 0 n)-

A sample G ~ M, is a graph G = (V, X, FE) whose edge
set E is the result of sampling from the Bernoulli trials to
decide whether the corresponding edge is present, and labels
X are individually sampled from the corresponding node label
distributions. With this model to hand, we take as the kernel
response between the subgraph ANg(v) and the mask M;
the expectation of the kernel over the distribution of graphs
associated with M;, i.e.,

2i(v) = Egaa, [K(G, Ng (v))] - (7

The gradient is then taken with respect to the edge obser-
vation parameters O.

Clearly, computing the full expectation for the kernel re-
sponse and its gradient is computationally too demanding. For
this reason, in the next section we discuss a sampling strategy
for both.

D. Expected kernel estimation through importance sampling

In order to efficiently compute the kernel responses and their
gradient with respect to the edge observation parameters © we
adopt an importance sampling strategy. Importance sampling
is a Monte Carlo method for evaluating the expectation of
a function over a particular distribution while only having
samples generated from a different distribution than the distri-
bution of interest. More formally, assume you have a function
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Fig. 2. Example of model training. Top: the matrix of edge observation

probabilities associated to the mask M, for successive epochs. Bottom: the
corresponding mode graphs.

f:X—>R over a domain X and two distributions p and g
over such domain. Then we have

1= [ s@p@as = [ @05 ga)as -

Eq. 8] suggests that the expectation of f with respect to
the distribution p can be obtained from the expectation with
respect to the distribution g by adding the correction term %.
Importance sampling is often used to reduce the sampling vari-
ance. Indeed, if g(x) = f] f(@)p(zx), then a single sample is
sufficient to estimate E [ f ] More in general, if the samples are
concentrated where both the response f and the density p are
high, then the sampling variance is greatly reduced. To this
end, and observing that our first-order random graph model
associated with each mask M; is strongly unimodal being the
combination of independent Bernoulli trials, we concentrate
our sampling around the mode of the distribution. In particular,
we sample from the distribution of graphs associated with the
mask M, the mode GGj; and the graphs that can be obtained
from the mode with a single edge edit operation, i.e., the
neighboring graphs. To this end, recall that in our setting the
mode is the graph such that edge e is present if and only if
0. > 0.5. Letting p, = max(f.,1 — 6,), we have that p. is
the probability that edge e is sampled as present or absent as
in the mode G, and thus the probability of sampling G, is

=1[»e ©)

and the density of any neighbouring graph G, obtained by
editing the edge e is

1 - VPe
P(Ga)—2e.

P(Ge) = Pe

(10)

Assuming that we are sampling uniformly from the set con-
sisting of the mode and its neighboring graphs, our sampling
density is Wl“ over that set, 0 otherwise.

2

With this setup, we can estimate the expected kernel re-

sponse as
2i(v) = Egor, [K(G, NG (v))] =
()+1 .
a2 POKEAL ) =
P(GM) ((g)+1) Ty

1- e
+ 3 K(Ge. NG (v)) p”) (11

where {G} is the set of samples, P(G) is the sampling
probability, G is the mode graph, and the summation over e
refers to the summation over the sampled neighbouring graphs
G, where e is the edge that differs from the mode. Note that
the first term is due to the mode. If the mode is not among
the samples that term can be dropped.
Similarly, we differentiate the expectation as follows:

dz(v) _ ((3) +1) o P(Gar) Oper
699/ ~ |{G}| K:(GMaNg(U)) Dol aae/
r P(Ge) ape'
;K(Gey-/\/g(”)) Dor %
o P@er) O(1 — per)
TG NSO, 5, ) "

Here too, we have a term associated with the mode, plus one
associated with the neighbor obtained by editing the edge €’
Either term can be dropped if the corresponding graph is not
among the samples.

Taking out the factor £{Gx) 9!

56> We obtain

9zi(v) _ P(Gum) ((3) +1) 9pe .

00, = po HGI op. (G0N
> K(Ge NG (v pe—/C( euNé(v))>‘ (13)
e#e’

9pe _

Finally, we note that = #£1, with the sign being positive
when the edge is observed in the mode, negative when it is
not.

Recall that, in our setup, each node of the graphs and
masks has an associated distribution over node labels. During
inference, we sample from these distributions to obtain the
labeled graphs to pass to the kernel. During the learning phase,
we compute the gradient of the output z;(v) with respect
to the feature distribution of the mask by differentiating its
expectation with a similar Monte Carlo approach. However, in
this case, the expectation is taken not only over the structures
of the graphs sampled from the mask, but also over the labels
sampled from the corresponding distribution ¢ associated with
each node in the mask

2i(v) = Egaom,, 1ee0n [K(GH NG (v))] (14)
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Fig. 3. Assuming the set of masks M spans the space of graphs over n
nodes, if the radius of each Ng (v) is such that it spans the entire graph,
the responses on the nodes of ¢1 will be identical and will peak for any
mask fractionally equivalent to G;. Here, we use blue and red to highlight
the masks with the highest response on G and Ga, respectively.

where G! is the graph with attached node labels [ and ¢®™
is the concatenated label distribution over all the nodes of the
mask.

Assuming again that the distribution over the structure is
concentrated around the mode GG, we can then estimate the
gradient with respect to the label distribution £¥™

Vienzi(v) &

1
iy 2 0o

leg@n

) (K(Géwv_s(v)) - K(G%,Ngw»)
(15)

where [ is the label set sampled in the forward pass, and [ and
[ taken as vectors are the concatenated one-hot encodings of
the sampled labels.

Figure 2] shows the matrix of edge observation probabilities
associated to a sample mask M for successive training epochs
(top) and the corresponding mode graphs (bottom). Note that
as the epoch number increases the probability distribution con-
verges to the mode. This allows us to consider only the mode
during inference, which results in a faster and deterministic
prediction, i.e., we do not need to estimate the expected value
of the output of our model. Note that here, as well as in
the experiments described in Section we initialized the
edge observation probabilities with random samples from a
uniform distribution. Alternatively, one could initialize these
probabilities to reflect the presence of frequent subgraphs
mined from the training data or predefined patterns of interest,
such as stars and cycles. We decide instead to limit the bias
we introduce in the model, with an additional motivation being
the fact that initializing the probabilities in this way appears
to give the network sufficient flexibility to learn masks that
resemble discriminative patterns found in the input graphs (see
Section [[V] for further details).

E. Expressive power

In [33], Morris et al. show that the expressive power of
standard GNNSs (i.e., GNNs that only consider the immediate
neighbors of a node when updating the labels) is equivalent
to that of the 1-WL test. In this subsection, we discuss our
model’s expressive power and argue that this is higher than
the 1-WL test and thus standard message-passing GNNs.

G, S

1
K(M;N(v)) ﬁ}; K(M;,N(w)

O 3 }i

>

Fig. 4. G; and G2 cannot be distinguished by the 1-WL test, however the
GKNN correctly identifies them as non-isomorphic graphs. If M is the set of
all structural masks representing stars up to n — 1 nodes, no star mask will
achieve maximum similarity on the radius 1 subgraphs centered on the nodes
of G1, while the same maximal response will be achieved when considering
the radius 1 subgraphs centered on the nodes of Ga.

For this to be the case, our model should be both able to
distinguish every pair of graphs that can be distinguished by
the 1-WL test and it should be able to distinguish between
pairs of graphs where the 1-WL test fails.

Graphs distinguished by the 1-WL test. Consider two
unlabelled graphs G; = (V1, E1) and Go = (Va, E) with the
same number of nodes n = |V;| = |V4|, such that the 1-WL
test can distinguish between them. Then we can also build
a GKNN able to distinguish between them by adopting the
WL kernel in the GKC layer, and the radius r is such that
the subgraphs N (v) span the entire graph Gy (similarly for
Go). In fact, the set of labels computed against any one mask
will be the same for every node in graph G; (Gs) since all the
subgraphs are identically equal to the graph itself. Assuming
that we have a set of structural masks {My, -+ ,M,,}
that span the space of graphs over n nodes, then, under
the hypothesis that the 1-WL test can distinguish between
G1 and Go, the set of labels computed by the GKC layer
(i.e., the responses of the masks) while identical on all the
nodes of each graph, will differ between the two graphs (see
Figure [3)). In particular, the response will peak for any mask
fractionally equivalent to the graph itself [50]. Therefore,
under any reasonable pooling strategy, the GKNN will be
able to distinguish between the two graphs.

We can easily see that the same holds for an arbitrary
subgraph radius r under the assumption of a sufficient number
of layers. For simplicity, we will assume r = 1, but, as shown
in the previous argument, increasing r increases the descriptive
power of the GKC layer. Note that the full GKC Layer can be
seen as 1) a label propagation step followed by 2) a hashing
step. The label propagation is given by the computation of
the WL kernel against a structural mask, due to the 1-WL
iterations on the subgraphs.

The hashing, on the other hand, comes from the implicit
dot product against the structural masks. This is, in essence,
a projection onto the space spanned by them and forces a
hashing where the adopted masks form a representation space
for the hashing itself. Note that, under the assumption of a
sufficiently large (possibly complete) set of structural masks
{My,--+ , M,,} spanning the space of graphs over n nodes,



TABLE I
BEST MODELS AVERAGE TRAINING TIME PER EPOCH (OVER FOLDS) AND INFERENCE TIME FOR THE DATASETS CONSIDERED IN THE PRESENT WORK.

‘ Per epoch training time (s)

‘ Per sample inference time (ms)

|  Ours (WL) GIN DiffPool ECC | Ours (WL) GIN DiffPool ECC
PROTEINS | 11192 £59.85 1.55+0.14 545020 268 +0.21 | 1473 £548 4.09+£094 1371 £0.16 9.02 +1.29
MUTAG 10.01 £ 1.92 021 £0.04 070+0.03 032+005 | 1666+ 112 329+1.18 925+0.18 728 +1.03
PTC 9.30 + 3.67 0.40 + 0.07 149 £0.10 059 +0.05 | 11.76 £4.68 324 +122 938+0.19 8.18 £ 0.67
NCI1 83.45 + 1.80 586 £0.72 1790 £ 052 9.07 £ 0.44 8.02+036 443+069 935+£0.16 891+ 1.71
IMDB 36.80 + 3.59 144 £022 425 +0.15 1.88 £ 0.12 890 +0.16 423+0.72 925+0.16 7.64 +1.15
ZINC 225.16 6.21 21.33 12.45 2.16 4.33 5.92 4.80

the dot product induced hashing will not introduce conflicts
between nodes with different labels. In other words, distinct
labels under the 1-WL iterations will eventually be mapped to
distinct labels at some GKC layer. Note, however, that under
these assumptions the expressive power is greater or equal
than that of 1-WL and labels that are equivalent under 1-WL
iteration can indeed be mapped to distinct labels by some
GKC layer. In fact, the propagation for 1-WL uses only the
star of radius 1 around a particular node, while our scheme
uses the full 1-hop subgraph, which includes connections
between neighbors. Therefore, given a sufficient number of
GKC layers and a reasonable pooling strategy, the GKNN
will be able to distinguish between the two input graphs.

Graphs where the 1-WL test fails. Not only the GKNN
can distinguish between pairs of graphs that are correctly
distinguished by the 1-WL test, but it also succeeds where
the 1-WL test fails. To see that this is the case, consider
the standard example of two graphs with 6 nodes, where G;
is the dumbbell graph obtained by connecting two 3-nodes
cycles with one edge, while G, is a 2 x 3 lattice graph (see
Figure ). Both graphs have the same degree distribution, with
4 nodes of degree 2 and 2 nodes of degree 3. As explained
in [51], [52]], despite being non-isomorphic, the two graphs
are considered identical by the 1-WL test (in other words,
the WL relabeling procedure converges to the same set of
labels for the two graphs). To see why this happens, consider
that through the propagation phases, each node is only made
aware of what degree other nodes in the graph have, and
not how many such nodes can be reached. However, we can
easily see that this is not an issue for the GKNN.

Assume we have a GKC layer with radius » = 1
that adopts a WL kernel and a set of structural masks
M = {My, -+, M,,} representing all stars up to n — 1
nodes, where n denotes the number of nodes of the input
graph. The presence of a triangle in the graph induces
the existence of at least three subgraphs of radius 1 with
connections between neighbors, i.e., not stars. On these
subgraphs, no star masks will achieve maximum similarity
under the WL kernel. Having a pooling process that normalizes
the masks responses with respect to size and maximizes over
the masks on the same node, implies that each node will have
the same maximal response if it does not contain triangles
and a lower response otherwise. A min-pooling process over
the node features will then be able to discriminate between
graphs with and without triangles. Now consider the graphs

G1 and G5 introduced above where the 1-WL test failed.
As shown in Figure [] the subgraphs built around the nodes
of G; and Gy will be structurally different, i.e., triangles in
Gy and 3 nodes path graphs in G,. As a consequence, the
feature vectors z(v) over the nodes of the two graphs will
be different, allowing the GKNN to distinguish between them.

Empirical evaluation. To further strengthen the argument that
our network is able to distinguish graphs where the 1-WL
test fails, we empirically evaluate the ability of a GKNN to
distinguish between the two graphs of Figure 4| Specifically,
we train a GKNN using the WL kernel with a single mask
with a maximum number of nodes set to either 3 or 4. In
both cases, when we inspect the learned mask we find that its
mode corresponds to the 3-nodes cycle (triangle). Indeed, the
presence of triangles is what distinguishes G5 from G; and
allows the GKNN to discriminate between the two graphs
successfully.

F. Computational complexity and runtime analysis

The computational complexity of our model is O(N K (s)),
where N is the number of nodes of nodes of the input
graph and K (s) is the complexity of the kernel computation,
which in turn depends on the size s of the subgraphs. Note
that s < N, where equality is attained for every subgraph
in the case of complete graphs. More precisely, if we limit
ourselves to the case of graphs with bounded degree, we have
s = O(min (N,dr ,.)) where dpyax denotes the maximum
node degree.

In terms of runtime, for the datasets considered in this paper,
this translates to the results shown in Table |I, where we report
the average epoch training time and the average inference time
per dataset obtained during the grid search (for the best model,
for each dataset and fold). Both training and testing of each
model were performed using an Intel(R) Xeon(R) Silver 4114
CPU @ 2.20GHz processor and an NVIDIA Tesla V100. Note
that in order to exploit the computational power of GPUs
better we implemented a GPU version of the WL kernel.
Although the resulting inference runtime is higher than three
widely used baselines, we compared our model to (ECC [53],
DiffPool [54], and GIN [32]), it is of a similar order of
magnitude. When it comes to training, on the other hand, the
computational bottleneck of our network is the computation
of the numerical gradient, which in turn explains the subpar
runtime.



G. Relation to existing works

The closest works to ours we are aware of are [13]], [14].
Nikolentzos et al. propose a GNN where the first layer consists
of a series of hidden graphs that are compared against the input
graph using a random walk kernel [13]]. However, due to their
optimization strategy, their model only works with a single
differentiable kernel, whereas our model allows us to tap into
the expressive power of any type of kernel. Moreover, in the
architecture of [13l], the learned structural masks are assumed
to be complete weighted graphs, whereas we allow for graphs
with arbitrary structure. Finally, note that [14] works very
much in the same way of [13]], as it relies on the underlying
graph kernel to be differentiable and, more specifically, it
makes use of the random walk graph kernel. Another similarity
with [13] is that the model proposed in [14] is also not purely
structural, as opposed to ours. Instead, it learns matrices of
weights which, in order to be interpreted as learned structural
patterns, need to be first thresholded using a ReLU function
that prunes edges associated with smaller weights.

IV. EXPERIMENTAL EVALUATION

In this section we analyze the model hyper-parameters,
evaluate the proposed architecture on graph classification and
regression tasks, and compare it with widely used base-
lines and other GNN models. A Python implementation
of our model is available at https://github.com/gdl-unive/
Graph-Kernel-Convolution.

A. Datasets

In our experiments we make use of 6 graph classification
and 1 graph regression real-world datasets.

MUTAG [55] is a dataset consisting of 188 mutagenic
aromatic and heteroaromatic nitro compounds (with 7 discrete
labels) assayed for mutagenicity in Salmonella typhimurium.
The goal is predicting whether each compound possesses mu-
tagenicity effect on the Gram-negative bacterium Salmonella
typhimurium.

NCII (the anti-cancer activity prediction dataset) is a bal-
anced subset of datasets of chemical compounds screened for
activity against non-small cell lung cancer and ovarian cancer
cell lines [56]. It has 37 discrete labels.

The PROTEINS [57], [58]] dataset consists of proteins
represented as graphs. Nodes represent the amino acids and
an edge occurs between two vertices if they are neighbors in
the amino-acid sequence or 3D space. It has 3 discrete labels,
representing helix, sheet, or turn. The aim is to distinguish
proteins into enzymes and non-enzymes.

The PTC (Predictive Toxicology Challenge) dataset [S9],
[60] is a collection of chemical compounds reporting the
carcinogenicity for Male Rats (MR), Female Rats (FR), Male
Mice (MM), and Female Mice (FM). We selected graphs of
Male Rats (MR) for evaluation, consisting of 344 graphs very
small and sparse with 19 discrete labels.

ENZYMES consists of protein tertiary structures obtained
from [S7], in particular 600 enzymes from the BRENDA
enzyme database [61]]. The task for this dataset is assigning
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Fig. 5. Ablation study: bar plots of classification accuracy with standard
error. Left to right, top to bottom: number of nodes (i.e., structural mask
size), number of structural masks, kernel functions (WL, WL with Optimal
Assignment, Graphlet, Propagation, and Pyramid match kernel), subgraph
radius, number of GKC layers, and weight of the JSD loss.

each enzyme to one of the 6 EC top-level classes. For our
experiments, we considered only 3 discrete labels.

The IMDB-BINARY/MULTI datasets [62] collect graphs
about movie collaboration. Each graph consists of nodes
representing actors/actresses who played roles in movies in
IMDB, and an edge between two vertices takes place if they
appear in the same movie. Graphs are derived from the Action
and Romance genres. The task is to identify which genre an
ego-network graph belongs to. Note that while the bio/chemo-
informatics graphs described above have categorical features,
the nodes have no features in the IMDB-BINARY/MULTI
datasets.

For the graph regression task, we employ a common
benchmark molecular dataset, ZINC [63]], a drug-constrained
solubility prediction dataset. In particular, we use a subset
(12K) of the ZINC molecular graphs (250K), as in [64].
Here, the goal is regressing the constrained solubility, which
is the desired molecular property. The node features in each
molecular graph refer to the types of heavy atoms. Even
though the dataset takes into consideration the types of bonds
between nodes encoded as edge features, we do not use them
in our experiments.

In order to explore the ability of our model to provide an
insight on the structural patterns being learned, we also built
5 further synthetic datasets based on 5 graph motifs. For more
information on these datasets see Subsection [V-Cl

Finally, note that in this work we restrict our attention to
datasets composed of undirected graphs with categorical node
attributes. However, in principle, the proposed GKNN can
also operate with graph kernels that allow for directed, edge-
attributed graphs. Continuous features can also be dealt with
as long as the kernel is differentiable with respect to them.

B. Ablation study

We start by running an ablation study on the PROTEINS
dataset, where we investigate how the various components
and hyper-parameters of our architecture affect the model
performance. To this end, we perform a grid search over all the
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Each group of bars shows the accuracy of models with a given depth, while
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number of samples during the important sampling optimization. Each model
has been trained with 8 masks for 400 epochs on the first fold of MUTAG.
We report curves with standard error computed on 20 runs for each number
of samples.

studied hyperparameter values where we compute the accuracy
for a specific hyperparameter and value pair by averaging
the results over the 3 best performing models for each fold.
Specifically, we study the influence of the number of nodes
(i.e., the maximum size of the structural masks), number of
structural masks, kernel function, subgraph radius, number of
GKC layers, and weight of loss jsp.

We report the average accuracy results as bar plots with
standard error in Figure 5] (from left to right: number of nodes,
number of structural masks, kernel function, subgraph radius,
number of GKC layers, and weight of the JSD loss). Both
the number of structural masks and the maximum number of
their nodes play an important role in the classification accuracy
and thus need to be carefully chosen. Note that we only fix
the maximum number of nodes produced by a given mask,
meaning that, in principle, at convergence, the model may have
learned masks corresponding to graphs with fewer nodes. Also,
while nothing in our framework prevents us from fixing a
different maximum for each mask, for simplicity and to reduce
the number of free parameters, we set the maximum to be the
same for all masks.

As expected, the choice of the kernel function is also a
crucial factor, highlighting the advantage of allowing plug-
in any non-differentiable graph kernel function. Indeed, one
can imagine that the choice of the kernel affects the type
of structural patterns our network can capture and, therefore,
impacts its overall performance. For instance, if we were
to choose a kernel that does not distinguish between the
presence and absence of a given structural pattern, and if this
pattern was important to discriminate between two classes of
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Fig. 8. Interpretability analysis results. Each row refers to a graph motif.

Left: original motif. Mid: structural mask with the strongest response. Right:
a sample graph including the motif. Colors indicate the node response to the
filter, with lighter colors (yellow) indicating a high response and darker colors
(blue) indicating a low response.
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Fig. 9. Top 4 significant structural masks (top) learned by our model on the
MUTAG dataset and their response over input graph nodes (middle). Shape
and number both represent the node label. The bottom bar plot shows the
impact of each structural mask on the classification loss.

graphs, we can foresee the performance of our network to be
negatively impacted.

As for the subgraph radius, the number of neighbors clearly
influences the model performance, and there seems to be
an optimal subgraph size that is able to catch the structural
characteristics of the input graphs. The results also confirm the
importance of the JSD loss as the performance of the GKNN
increases with its use.

We also study the relation between the subgraphs radius and
the number of layers of the model. The results of Figure [6]



show that the optimal number of layers is connected to the
subgraphs radius. The models with radius 1 need more layers
to perform better, while wider subgraphs tend to decrease
the performance with deeper networks. Indeed, when using
smaller subgraphs, more convolution layers are needed to
collect information from a larger neighborhood.

Finally, Figure [/| shows the influence of the number of sam-
ples drawn during the importance sampling (see Section [[II-D)
in terms of model performance (left) and entropy of the masks
(right). The results suggest that our model is robust with
respect to the choice of the sample size. Indeed, when the
sample size is at least 2, its impact on the model performance
appears to be negligible. At the same time, Figure [/| (right)
shows that all masks converge to a low value of the entropy,
regardless of the sample size. Overall, these results suggest
that we can minimize the runtime by drawing a small number
of samples without compromising the model performance
accuracy. Accordingly, in our experiments, we fixed the sample
size to 3.

C. Interpretability analysis

One of the factors that fostered interpretability in classical
CNNs is the possibility to visualize and analyze the learned
filters, capturing the fundamental structures characterizing the
input images [13]. This feature is missing in the classical
formulation of graph convolution relying on the message-
passing paradigm. On the other hand, our method learns actual
graph masks, potentially increasing the interpretability of the
model by allowing us to probe into the explanatory factors of
variation behind the input data through the learned structural
masks.

To show the potential of our model to capture fundamental
structures in the input graphs, we devised a simple but effective
synthetic experiment. First, we train our model on a binary
classification task, i.e., predicting if a certain graph motif is
present or not in the given graph. Then, we qualitatively assess
whether the learned structural masks have captured the graph
motif. Following the setup of [13], we created 5 different
datasets, one for each of the graph motifs depicted in Figure [§]
(leftmost column). Each dataset is composed of 2,000 graphs,
equally divided into positive and negative samples, with a
varying number of nodes between 30 and 50. Each sample pair
is generated starting from the same Erd6s—Rényi graph, with
an edge observation probability of 0.1. Next, two new graphs
are built for each Erd6s—Rényi graph. The first one, labeled
as 1, is created by connecting each node of the Erd6s—Rényi
to the nodes of the structural motif with probability 0.02. The
second one, labeled as 0, is obtained in a similar manner;
however, instead of a motif, we insert a random graph with the
same number of nodes and edges of the motif structure. With
these datasets to hand, the model is then trained end-to-end
to predict the graph labels on a 90/10% train/test split. Note
that we trained the network with the same hyper-parameters
as in the ablation baseline in section with the exception
of the number of structural masks, which is set to 8.

The results show that the learned structural masks (i.e., the
mode of the learned edge and label probabilities) have very

PTC

—_ A\ ﬁﬁ

—_ 2]

: .

= fr ﬁfrﬁﬁ
2 A\ Yir

% ENe | w2

§ W Sy i Yip

Fig. 10. Top 4 significant structural masks learned by our model on the
MUTAG (left) and PTC (right) datasets starting from two different random
initializations of the model weights (rows). Shape and number both represent
the node label.
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Fig. 11. Top: Evolution of the learned structural masks during the training
epochs showing two different initializations (belonging to two different
models) that led to the same structural mask on the MUTAG dataset. Bottom:
Cross-entropy loss during training.

similar structures to those of the corresponding motifs, with
only a few missing or misplaced edges (see for instance the
columns corresponding to the ring and the wheel). Moreover,
the distribution of the responses in the original graphs clearly
highlights the motifs position. Overall, the results demonstrate
that our model is able to extract the salient structural patterns,
which in turn allows us to understand what features were
detected for a given input graph. We would like to stress that
even though this aspect is not the final goal of this work, the
interpretability of our model definitely helps to foster trust in
our approach.

To further investigate the ability of our model to capture
salient structural features, we show in Figure E] some of the
structural masks learned on the MUTAG dataset. In particular,
we trained a model with the hyper-parameters of the baseline
architecture used in the ablation study of Section To
select the most significant filters, we manually set to zero
the response of the ith filter M, and evaluate again the
classification loss. In the bar plot (Figure[9} bottom), we report
the loss increase after zeroing each filter response. Below each
mask, we also show the input graph of the training set that gave
the highest kernel response among all nodes, together with the
per-node response as node colors (high response in yellow,
low response in blue). In summary, our analysis suggests
that the learned masks can, to some extent, be interpreted
as discriminative structural patterns that allow our network
to distinguish between different classes of graphs.



TABLE II
CLASSIFICATION RESULTS ON CHEMO/BIO-INFORMATICS AND SOCIAL DATASETS. MEAN ACCURACY (ACC) OR MEAN ABSOLUTE ERROR (MAE) AND
STANDARD ERROR ARE REPORTED. THE BEST PERFORMANCE (PER DATASET) IS HIGHLIGHTED IN BOLD, AND THE SECOND BEST IS UNDERLINED.

MUTAG (acc) PTC (acc) NCII (acc) PROTEINS (acc) IMDB-B (acc) IMDB-M (acc) ZINC (mae)
Baseline 78.57 £ 4.00 58.34 + 2.02 68.50 + 0.87 73.05 £ 0.90 49.50 + 0.79 32.00 + 1.17 0.656 + 0.009
WL 82.67 +2.22 55.39 £ 1.27 79.32 £ 1.48 74.16 + 0.38 71.80 + 1.03 43.33 £ 0.56 1.244 + 0.015
DiffPool 81.35 + 1.86 55.87 £ 2.73 75.72 £ 0.79 73.13 £ 1.49 67.80 + 1.44 4493 £+ 1.02 0.487 + 0.007
GIN 78.13 + 2.88 56.72 + 2.66 78.63 + 0.82 70.98 + 1.61 71.10 £ 1.65 46.93 £ 1.06 0.381 + 0.007
DGCNN 85.06 + 2.50 53.50 + 2.71 76.56 + 0.93 74.31 £ 1.03 53.00 + 1.32 41.80 + 1.39 0.598 + 0.005
ECC 79.68 + 3.78 5443 £ 274 73.48 £ 0.71 73.76 + 1.60 68.30 + 1.56 4433 £ 1.59 0.726 + 0.011
GraphSAGE 77.57 + 422 59.87 £ 191 75.89 + 0.96 73.11 £ 1.27 68.80 + 2.26 47.20 £ 1.18 0.462 + 0.007
sGIN 84.09 £ 1.72 56.37 + 2.28 77.54 + 1.00 73.59 + 1.47 71.30 + 1.75 48.60 + 1.48 -
KerGNN 82.43 £2.73 53.15 + 1.83 74.16 + 3.36 72.96 + 1.46 67.90 + 1.33 46.87 £ 1.43 0.568 + 0.007
RWGNN 82.51 +2.47 55.47 £ 2.70 72.94 + 1.16 73.95 + 1.32 69.90 + 1.32 46.20 £ 1.08 0.547 + 0.004
Ours (WL) 85.73 £ 2.70 59.29 + 2.54 73.63 + 1.32 74.94 + 1.10 69.70 + 2.20 47.87 + 1.78 0.364 + 0.005
Ours (GL) 85.24 + 2.28 60.13 + 1.94 71.51 = 1.20 75.36 = 1.12 69.90 + 1.44 45.67 + 1.22 -

D. Convergence analysis

To experimentally assess the convergence of our optimiza-
tion strategy, we investigated the behavior of the structural
masks both at convergence and during the optimization. In
Figure [I0] we show the most significant (see for the
definition) structural masks learned by two different training
instances of the same architecture. Both models end up learn-
ing similar structural masks, indicating that our optimization is
able to reach a stable local optimum. This is also supported by
the interpretability analysis of Section showing that the
learned masks resemble the local sub-structures of the input
graphs.

In Figure [IT] we also investigate the evolution of different
initializations of the structural mask weights leading to the
same final structure in two different models trained on MU-
TAG. Node labels have a faster convergence than connectivity,
which is probably due to their bigger impact on the similarity
score computed by graph kernels (WL in this specific case).
The bottom of the figure also reports the decreasing curves
of the cross-entropy losses during training on both train and
validation sets.

E. Graph classification and regression

We compare our model against: e 6 state-of-the-art
GNNs: ECC [53], DGCNN [46], DiffPool [54], GIN [32],
(s)GIN [63], and GraphSAGE [66]; « two distinct baselines,
depending on the dataset type (see below): Molecular Finger-
print [67], [68] and Deep Multisets [69]; o the WL kernel [7]];
« RWNN [13] and KerGNN [14], two GNN models employ-
ing differentiable graph kernels, the closest existing neural
architectures to ours. We use a C-SVM [70] classifier for the
WL subtree kernel. For the baselines, we follow [71] and use
the Molecular Fingerprint technique [67]], [68] for chemical
datasets. For the social dataset, we rely on the permutation
invariant model of [69].

To ensure a fair comparison, we follow the same experi-
mental protocol for each of these methods. We perform 10-
fold cross validation where in each fold the training set is
further subdivided in training and validation with a ratio
of 9:1. The validation set is used for both early stopping
and to select the best model within each fold. Importantly,
folds and train/validation/test splits are consistent among all

the methods. Note that in our experimental setup, the best
performing model on the validation set is directly evaluated
on the test set without first re-training it on the union of the
training and validation sets.

We perform a grid search for all the methods to optimize
the hyper-parameters. In particular, for the WL method, we
optimize the value of C' and the number of WL iterations
h € {4,5,6,7}. For the RWGNN, we investigate the hyper-
parameter ranges used by the authors [13], while for all the
other GNNs and the baselines, we follow [71] and we perform
a full search over the hyper-parameters grid. For our model,
we explore the following hyper-parameters: number of struc-
tural masks in {8, 16,32}, maximum number of nodes of a
structural mask in {6, 8,10}, subgraph radius in {1, 2,3}, and
number of layers in {1,2,3}. We implemented two versions
of our network, one that makes use of the WL kernel [7] and
one that makes use of the Graphlet (GL) kernel [17] (the top
2 performing kernels identified in the ablation study). For the
GL kernel, we use graphlets of size 5 on all datasets except
for IMDB-B and IMDB-M, where we limit the size to 3@

In all our experiments, we train our model for 1000 epochs,
using the Adam optimizer with a learning rate of 0.001 for
MLP weights and 0.01 for the edit operation probabilities
and a batch size of 32. The MLP takes as input the sum
pooling of the node features and is composed by two layers of
output dimension m and c (# classes) with a ReLLU activation
in-between. We use cross-entropy and mean absolute error
(MAE) losses for the graph classification and regression tasks,
respectively.

Results. The accuracy for each method and dataset is
reported in Table [II} The performance of our approach outper-
forms the baselines [67]], [69]], [68]] on all the datasets, with
the improvement being statistically significant on all datasets
except PTC. Compared to other GNNs, the performance of
our model is on par with the best ones, as we can see
for MUTAG, PROTEINS, and PTC. This holds as long as
the number of node labels is small. Indeed, in the case of
high-dimensional node labels (e.g., NCI1), the classification
accuracy tends to decrease as the optimization becomes harder.

2This is due to the presence of high degree nodes in the IMDB datasets and
the fact that the computational complexity of the GL kernel is O (N dfﬁ;}(),
where N is the number of nodes of the graph and dmax is the maximum
degree.



As for the social dataset, the performance of our approach is
satisfactory, particularly considering the lack of discriminative
sub-structures in social networks. Finally, our method achieves
the best performance (i.e., lowest MAE) on ZINC, with only
GIN achieving a similar yet higher MAE. It should also
be noted that our model always outperforms or performs
comparably to both KerGNN and RWGNN, the only two other
models that allow some degree of interpretability of the learned
structures.

V. CONCLUSION

We introduced a new convolution operation on graphs based
on graph kernels. We proposed the graph kernel convolution
layer and an architecture that makes use of this layer for
graph classification purposes. The benefits of this architecture
include the definition of a fully structural model that can
exploit the vast collection of existing graph kernels, a superior
expressive power when compared to standard GNNs, and the
possibility to visualize the learned substructures in a way that
is reminiscent of the convolutional filters of standard CNNss.
Future work will attempt to address the limitations of the
current approach. For example, our model is also not well
suited for social graphs, where structure plays a minor role,
and small-worldness implies that the subgraphs will span the
majority of the input graph even at small radii. It should also
be easy to modify our architecture to allow any number of
graph kernels to be plugged in, allowing the network to learn
which kernel is best suited for the dataset and task at hand. In
principle, our architecture can also operate using graph kernels
for both directed and undirected graphs (e.g., GL and WL
kernels), as well as edge attributed ones (e.g., WL kernel,
categorical attributes only). In general, node and edge features
are not restricted to being categorical, however in the case
of continuous features the kernel should be differential with
respect to the features. Note that these limitations in handling
social graphs and the necessity for the kernel to be differential
with respect to continuous features may limit the immediate
applicability of our model in some domains. Future work will
aim to address these limitations and explore our network’s
performance on node classification and regression tasks.
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