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Abstract 10 

We investigate the flow-energy harvesting performance of a system consisting of a wavy 11 

cylinder and a tuned mass damper (TMD), through experiments, theoretical modelling and 12 

CFD simulations. The wavy cylinder is elastically supported, being able to oscillate 13 

transversally in cross flows and further enforcing a piezoelectric sheet to generate electricity. 14 

Results indicate that the output power strongly depends on wavelength λz, amplitude a, and the 15 

tip mass of TMD. The wavy cylinder outperforms the smooth cylinder when λz ≥ 3.6Dm and 16 

peaks at λz = 6.0Dm and a = 0.25Dm with an improvement of 70%. This superiority also exists 17 

in a wider range of reduced velocities, leading to a power increase of 121%. The behavior of 18 

the oscillation echoes the observations made on the energy. The flow field results reveal that at 19 

λz = 6.0Dm and a = 0.25Dm, hairpin vortexes with legs attaching on the two sides of the node 20 

are observed, producing a wide wake near the node while a narrow wake near the saddle. 21 

However, an opposite scenario is observed for the case with the worst performance, i.e., λz = 22 

1.8Dm and a = 0.25Dm. The former wake distribution seems to create a larger pressure 23 

difference over the wavy cylinder, induce a larger oscillation and hence improve the power 24 

output. 25 

1. Introduction26 

Renewable energy from air or water flows is widely available across the Earth and thus 27 

great efforts have been made to harness this type of flow energy. Among others, flow-induced 28 

vibration (FIV) of a slender bluff body, including vortex-induced vibration (VIV), galloping 29 

and fluttering, has mostly been taken as the kinetic source of energy harvester; see the excellent 30 

compendiums by Abdelkefi[1], Hamlehdar et al.[2], Wang et al.[3] and Ma et al.[4]. 31 

To improve the performance of FIV-based flow-energy harvesters, various methods have 32 

been proposed to enhance the dynamic response of the bluff body, e.g., modifying the cross-33 
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section shape of a bluff-body (Kwon[5]; Yang et al.[6]; Liu et al.[7]; He et al.[8] ;Yang et al.[9] ; 34 

Zhao et al.[10]; Wang et al.[11] ; Jeon et al.[12]), installing fins at the corner of a square prism 35 

(Hu et al.[13]), attaching small rods on the windward side of a circular cylinder (Hu et al.[14] 36 

and Hu et al.[15]) or splitter plates on the leeward/windward side (Song et al.[16] and Wang et 37 

al.[17, 18]), using tandem bluff-bodes[19]. According to Kwon[5] and Liu et al.[7], a bluff 38 

body with a T- or Y-type cross-section can initiate fluttering at a lower wind speed and generate 39 

more energy, compared to a plain prism. Effects of the cross-section shape on the performance 40 

of a bluff body was investigated by He et al.[8] and Yang et al.[9], where a rectangular cross-41 

section of different aspect ratios, an equilateral triangular cross-section and a D-shaped cross-42 

section were taken into account. For a square prism, Hu et al.[13] added miniature fins at the 43 

leading-edge corners and noticeably boosted galloping, thus achieving substantial 44 

improvement in the efficiency of the energy harvester. Through wind tunnel tests, Hu et al.[14] 45 

studied the performance of a circular cylinder by symmetrically attaching two small rods about 46 

the windward stagnation point, which was inspired by rain-wind-induced vibration of stay-47 

cables of cable-stayed bridges. They found that the aeroelastic unstable range of the circular 48 

cylinder was significantly expanded when the circumferential location of the small rods was 49 

60o. Alternatively, a splitter plate was attached to the leeward side of a circular cylinder by 50 

Song et al.[16] to trigger the galloping and hence improve energy harvesting.  51 

Wang et al.[17] further extended the isolate splitter plate into a Y shaped attachment on 52 

the windward side of the cylinder, with a better performance observed. Wang et al. [11] also 53 

tested the performance of  a piezoelectric wind energy scavenger under different  cross-54 

sectioned bluff bodies at various incident angles. Up to 71% improvement on the maximum 55 

output voltage can be attained for the cross-section of combined circular- and cuboid-foams at 56 

zero incident angle. With the concept of topological equivalent aerodynamics, Zhao et al.[10] 57 

designed a funnel-shaped bluff body and observed improved energy harvesting at a wide range 58 

of wind velocity. A novel adaptive energy harvester, having a transformable cross-section with 59 

wind velocity, is proposed by Jeon et al.[12] and the maximum improvement up to 39% was 60 

obtained. Kim et al.[19] developed an energy harvester which included two types of D shape 61 

bluff bodies: fixed (downstream) and oscillating (upstream). Compared with isolated 62 

oscillating body, the new system even could generate 20 times more electric power.  63 

From the above surveys, one can see that the key to improve energy harvesting through 64 

FIV of a bluff body lies in triggering or boosting VIV and/or galloping. A sinusoidal wavy 65 

circular cylinder, featured by sinusoidally varying the diameter along its spanwise direction, is 66 

perhaps one of the simplest approaches to modify the cylinder geometry. Although the wavy 67 



cylinder, when fixed, is able to reduce the fluid forces (Ahmed & Bays-Muchmore[20]; 68 

Bearman & Owen[21], Lam & Lin[22], Lam et al.[23], Lin et al.[24] and Bai et al. a&b [25, 69 

26]), FIV may occur once it  is elastically supported (Zhang et al.[27] and Assi et al.[28]).  This 70 

motivates us to explore the potential of energy harvesting by FIV of a wavy cylinder. To this 71 

end, a system consisting of an elastically supported wavy cylinder and a tuned mass damper 72 

(TMD) is proposed and examined in the present work. A range of geometry parameters (i.e., 73 

wavelength and wave amplitude) and TMD mass are considered. Experimental tests are 74 

conducted, together with theoretical modeling and computational-fluid-dynamics (CFD) 75 

simulations.  76 

2. Methodology 77 

This section serves to introduce the problem description and provide a detailed discussion of 78 

the methodology, which includes descriptions of the experimental setup, theoretical modeling, 79 

and computational fluid dynamics (CFD) simulations. The study seeks to investigate the flow-80 

energy harvesting performance of a system consisting of a wavy cylinder and a tuned mass 81 

damper, with theoretical modeling utilized to predict voltage output for a given excitation, 82 

while CFD analysis is undertaken to assess the resultant VIV response. More details are 83 

introduced as follows. 84 

2.1 Experimental tests 85 

As schematically illustrated in Fig. 1(a), the wavy cylinder can be described by its 86 

diameter D(z) = Dm – 2acos (2πz/λz), where Dm is the mean diameter, λz and a are the 87 

wavelength and wave amplitude, respectively, and z denotes the spanwise direction. A system 88 

is developed to connect this wavy cylinder with a TMD, as shown in Fig. 1(b). The coupled 89 

system is elastically supported via four air bearings and two springs, allowing the wavy 90 

cylinder to oscillate transversally in cross flow. The total mass of the cylinder and its 91 

supporting air bearings is around 9.0 kg. The TMD consisting of a mass block and a 92 

supporting steel beam (320 mm long, 25 mm wide and 0.7 mm thick) is driven by the 93 

oscillating cylinder. A piezoelectric sheet of 100 mm long, 14 mm wide and 0.35 mm thick 94 

(M8514P2, Smart Material) is mechanically attached on the base of the steel beam and 95 

electronically connected to an electrical resistance R = 1.45×107 Ω. As such, voltage can be 96 

generated by the piezoelectric sheet from the deformation of the steel beam. The properties 97 

of the TMD system are shown in Table 1. Specifically, the structural damping parameter of 98 

the structure is determined through a series of free-decay tests, where the electrodes are short-99 



circuited and denoted by R = 0 to represent without any resistive load. In contrast, the 100 

piezoelectric coupling coefficient is determined by leaving the electrodes open-circuited. In 101 

our study, since the input impedance of the A/D converter board (NI 9220) inserted on a DAQ 102 

board (NI cDAQ 9174) is much larger than that of the piezoelectric sheet, we directly 103 

connected the electrodes of the piezoelectric sheet to the input of the DAQ board, i.e., work 104 

as open-circuited. This data processing method is similar to that utilized by  [29-31]. 105 

 
FIG.1. Experimental setup: (a) a wavy cylinder and its definition (b) the experimental arrangement in a closed-

loop water tunnel.  

Table 1 Properties of the TMD system 106 
Parameter Value 
Capacitance Cp (nF) 95.8 
Piezoelectric coupling coefficient 𝜃𝜃𝑝𝑝 (N/V) 1.51×10-7 
Mass density of the cantilever m1 (kg/m3) 7850 
Young’s modulus E (Gpa) 198 
Damping ratio ζ 0.065 

Tests are conducted in a closed-loop water tunnel, which has a test section of 0.6 m × 0.3 m × 107 

2.2 m (depth × width × length). The wavy cylinder model, made of aluminum, has a mean 108 

diameter Dm = 22 mm and a length L = 400 mm, resulting in a blockage ratio of 7.3%. A wide 109 

range of the wavelength (λz) and wave amplitude (a) are considered, i.e., λz/Dm = 1.8 ~ 6.0 and 110 

a/Dm = 0.152 ~ 0.25. The gap between the cylinder bottom end and the water-tunnel bottom is 111 

around 5 mm. An end plate is placed near the top end of the cylinder to minimize the three-112 

dimensional and free-surface effects. An accelerometer is attached on one of the air bearings 113 

to measure the transverse oscillation of the wavy cylinder. Signal from the accelerometer is 114 

sampled at 2 kHz by an A/D convertor board (NI 9220). A high-speed camera (Photron Mini 115 

UX100) operating at 250 fps was used to acquire the cylinder’s motions synchronously through 116 

a mirror placed just below water tunnel at 45° with the horizontal plane for correlating the 117 

accelerometer data. Without connecting the TMD, the natural frequency of the elastically 118 

supported wavy cylinder is fN = 1.1 Hz. Based on a series of free-decay tests in stationary water, 119 



the mass-damping ratio of the coupled system is 𝑚𝑚∗𝜉𝜉 = 0.07, where 𝑚𝑚∗= 52 is the ratio of the 120 

mass of the coupled system to the mass of water displaced by the wavy cylinder, and 𝜉𝜉 = 1.35121 

× 10-3 is the damping ratio of the coupled system in air. 122 

During the tests, a range of incoming velocity U∞ is used, corresponding to a reduced velocity 123 

Ur = U∞/fNDm = 2 ~ 14 and a Reynolds number range Re = ρU∞Dm/μ = 2000 ~ 8000, where ρ 124 

and μ are the density and dynamic viscosity of water, respectively. Three mass values are 125 

adopted for the TMD, i.e., 0 g (Mass 0), 157 g (Mass 1) and 287 g (Mass 2). With these mass 126 

blocks attached, the TMD renders different natural frequencies of f* = f/fN = 5.04 (Mass 0), 1.03 127 

(Mass 1) and 0.65 (Mass 2), as shown in Fig. 2(a). If coupled with these TMD, the frequency 128 

responses of the wavy cylinder are shown in Fig. 2(b). Clearly, when the coupled system with 129 

Mass 0 or 2 is attached, respectively, there is a large disparity in natural frequency between the 130 

TMD system and base excitation system; so, the system exhibits one significant frequency of 131 

f* = 1.0, caused by the natural frequency of base excitation, i.e., air bearings - springs system. 132 

A very marginal frequency is respectively observed at f* = 0.65, induced by the natural 133 

frequency of the tuned mass damper (TMD) system with its tip mass fixed at Mass 2, as shown 134 

in Fig.2(a). However, when Mass 1 is attached, the natural frequency of TMD system is very 135 

close to the elastic supported cylinder’s, leading to strong coupling between two systems, and 136 

hence the coupled system shows two dominant frequencies, i.e., f* = 0.95 and 1.1. The detail 137 

explanation about this bimodal phenomenon can refer to [32]. 138 

 139 
FIG.2.  Experimental results of the frequency responses of (a) the tuned mass damper (TMD) system including 140 
the mass block and the steel substrate, and (b) the coupled system. Three different masses (i.e., Mass 0, 1 and 2) 141 
are considered 142 

2.2 Theoretical Modeling 143 

In this section, a simplified model is developed to describe the electromechanical 144 



dynamics of the coupled system. Fig.3 displays a simplified schematic of the energy harvesting 145 

system, including a piezoelectric sheet, cantilever beam and mass block. The bottom end of the 146 

beam is connected with the air bearing system and cylinders. In order to avoid the slip between 147 

piezoelectric sheet and beam, a piezoelectric sheet is tightly glued to cantilever beam from the 148 

left end of beam. With the incoming flow, the bottom end of the beam oscillates along with the 149 

air bearing. Due to motion difference between the tip Mass and bottom end of the beam, the 150 

piezoelectric patch deforms together with beam and generates power. 151 
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 152 
FIG. 3. Schematic of the simplified experimental energy harvesting system 153 

 154 

The coupled mechanical and electrical equations of the piezoelectric cantilever subjected 155 

to the base excitation can be expressed as follows with only keeping the fundamental mode[30, 156 

33, 34], and its detailed derivation can be found in Appendix A. 157 

𝜂̈𝜂(𝑡𝑡) + 2𝜁𝜁𝜁𝜁𝜂̇𝜂(𝑡𝑡) + 𝜔𝜔2𝜂𝜂(𝑡𝑡) + 𝜃𝜃𝑝𝑝𝑉𝑉(𝑡𝑡) = 𝑓𝑓(𝑡𝑡)                       (1) 158 
𝑉𝑉(𝑡𝑡)
𝑅𝑅
− 𝜃𝜃𝑝𝑝𝜂̇𝜂(𝑡𝑡)+𝐶𝐶𝑝𝑝

𝑑𝑑𝑑𝑑(𝑡𝑡)
𝑑𝑑𝑑𝑑

= 0                                        (2) 159 

where 𝜂𝜂, 𝜁𝜁, and 𝜔𝜔 are the modal coordinate, damping ratio, and natural frequency of the 160 

cantilever beam, respectively. 𝜃𝜃𝑝𝑝 is the modal electromechanical coupling coefficient, V(t) 161 

is the voltage across the piezoelectric layers and f(t) represents the forcing function due to 162 

base excitation. In the circuit Eq. (2), R is the simple resistive load and Cp is the 163 



capacitance of the piezoelectric transducer. 164 
   165 

Motivated by [33, 35, 36], the translation of the base displacement is given with the form 166 

wb(t)=AbeiΩt, where Ab is the translational displacement amplitude of the base, Ω is the 167 

frequency and i is the unit imaginary number, then the steady-state model mechanical and 168 

voltage response across the resistive can be assumed to be harmonic at the same frequency as 169 

η(t)=AmeiΩt and V(t)=VmeiΩt, where Am and Vm are the amplitudes of mode coordinate and output 170 

voltage, respectively. By substituting them into the electrical Eq. (2), the relationship between 171 

the maximum voltage output and the amplitudes of the mode coordinate is obtained as 172 

𝑉𝑉𝑚𝑚𝑎𝑎𝑎𝑎 = 𝑅𝑅𝜃𝜃𝑝𝑝𝛺𝛺

�𝐶𝐶𝑃𝑃
2𝑅𝑅2𝛺𝛺2+1

|𝐴𝐴𝑚𝑚|                                           (3) 173 

By rebuilding the coupling term 𝜃𝜃𝑝𝑝𝑉𝑉(𝑡𝑡)  as a function of 𝜂𝜂(𝑡𝑡)  and 𝜂̇𝜂(𝑡𝑡) , the mechanical 174 

governing equation for the piezoelectric cantilever is expressed as: 175 

 𝜂̈𝜂(𝑡𝑡) + �2𝜁𝜁𝜁𝜁 + 𝑅𝑅𝜃𝜃𝑃𝑃
2

𝐶𝐶𝑃𝑃
2𝑅𝑅2𝛺𝛺2+1

� 𝜂̇𝜂(𝑡𝑡) + [𝜔𝜔2 + 𝐶𝐶𝑃𝑃𝑅𝑅2𝛺𝛺2𝜃𝜃𝑃𝑃
2

𝐶𝐶𝑃𝑃
2𝑅𝑅2𝛺𝛺2+1

]𝜂𝜂(𝑡𝑡) = 𝑓𝑓(𝑡𝑡)              (4) 176 

So, the modified frequency and damping ratio are written as 177 

𝜔𝜔� = ��𝜔𝜔2 + 𝐶𝐶𝑃𝑃𝑅𝑅2𝛺𝛺2𝜃𝜃𝑃𝑃
2

𝐶𝐶𝑃𝑃
2𝑅𝑅2𝛺𝛺2+1

�           𝜁𝜁̅ =
2𝜁𝜁𝜁𝜁+

𝑅𝑅𝜃𝜃𝑃𝑃
2

𝐶𝐶𝑃𝑃
2𝑅𝑅2𝛺𝛺2+1

2𝜔𝜔�
                           (5) 178 

Considering the force source f as (𝑚𝑚∫ 𝜙𝜙 𝐿𝐿
0 (𝑧𝑧)𝑑𝑑𝑑𝑑 + 𝑀𝑀𝑀𝑀(𝐿𝐿))𝐴𝐴𝑏𝑏𝛺𝛺2𝑒𝑒i𝛺𝛺t , where 𝜙𝜙(𝑧𝑧)  is the 179 

fundamental eigenfunction of the cantilever beam, the mode coordinate of the beam can be 180 

solved by Eq. (4) and described as: 181 

𝐴𝐴𝑚𝑚 =
𝑚𝑚∫ 𝜙𝜙 𝐿𝐿

0 (𝑧𝑧)𝑑𝑑𝑑𝑑+𝑀𝑀𝑀𝑀(𝐿𝐿)

���𝜔𝜔�𝛺𝛺�
2
−1�

2
+��2𝜁𝜁��𝜔𝜔�𝛺𝛺���

2
𝐴𝐴𝑏𝑏                       (6) 182 

Thus, the relationship between the amplitudes of output voltage and displacement is given  183 

𝑉𝑉𝑚𝑚 = 𝑅𝑅𝜃𝜃𝑝𝑝𝛺𝛺

�𝛺𝛺2𝐶𝐶𝑃𝑃
2𝑅𝑅2+1

|
𝑚𝑚∫ 𝜙𝜙 𝐿𝐿

0 (𝑧𝑧)𝑑𝑑𝑑𝑑+𝑀𝑀𝑀𝑀(𝐿𝐿)

���𝜔𝜔�𝛺𝛺�
2
−1�

2
+�2𝜁𝜁��𝜔𝜔�𝛺𝛺��

2
𝐴𝐴𝑏𝑏|                                (7) 184 

Given the experimentally obtained transversal oscillation amplitude of the base, Eq. (7) 185 

provides a direct prediction of the output voltage amplitudes in the corresponding scenario. 186 

This analytical approach demonstrates the potential to predict the energy-harvesting 187 

performance of the system based on the measured parameters, offering a valuable tool for the 188 

optimization of similar systems in practical applications. 189 



2.3 CFD simulations 190 

The computational fluid dynamics (CFD) simulations are conducted using ANSYS Fluent. 191 

In the simulation, the computational domain is rectangular with length L = 40Dm (freestream 192 

direction), width W = 13.6Dm (perpendicular direction of the flow) and height H = 3.6Dm (for 193 

smooth cylinder) or one wavelength (for wavy cylinder). The cylinder is located at 10Dm 194 

downstream from the velocity inlet and 30Dm upstream from the pressure outlet. The domain 195 

includes two Zone: Moving circular zone, i.e., d = 1.5Dm, which moves with the cylinder with 196 

the first layer y+≤1, and Deforming zone where the mesh density is decreasing with the 197 

distance between the cylinder and mesh center. In spanwise direction, periodic boundaries are 198 

applied on the top and bottom surface of domain. No-slip boundary condition is imposed on 199 

the surface of the cylinder. The dynamic response of the cylinder is seen as a single-DOF mass-200 

spring-damper oscillator and expressed as (Khalak & Williamson[37]): 201 

𝑚𝑚𝑦̈𝑦 + 𝑐𝑐𝑦̇𝑦 + 𝑘𝑘𝑘𝑘 = 𝐹𝐹𝑦𝑦 (8) 

where the equivalent mass m, damping c and spring stiffness k of experiment are applied in the 202 

simulation. y and Fy are the oscillation displacement and vertical hydrodynamic (lift) force, 203 

respectively. To solve Eq.(8), a user defined function (UDF) is embedded into the software 204 

where the Newmark-β method is implemented for time integration (Teixeira & Awruch[38], 205 

Zhang et al.[39], Han et al.[40] and Wang & Zhao [41]). The hydromancy force Fy is simulated 206 

by solving unsteady Reynolds averaged-Navier-Stokes (RANS) equations: 207 
𝜕𝜕𝑢𝑢�𝑖𝑖
𝜕𝜕𝑥𝑥𝑖𝑖

= 0 
(9) 
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𝜕𝜕𝑥𝑥𝑖𝑖

= −
𝜕𝜕𝑝̅𝑝
𝜕𝜕𝑥𝑥𝑖𝑖

+ 𝜇𝜇∇2𝑢𝑢�𝑖𝑖 −
𝜕𝜕𝜕𝜕𝑢𝑢𝚤𝚤′𝑢𝑢𝚥𝚥′������
𝜕𝜕𝑥𝑥𝑗𝑗

 
(10) 

where u is the velocity, p the pressure, μ the dynamic viscosity. Subscript i and j are to indicate 208 

the directions of the components in the Cartesian coordinate system (i, j = 1, 2 or 3 for x, y, or 209 

z direction, respectively). The turbulence is modeled by the SST k-ω turbulence model. The 210 

dynamic mesh method is adopted to achieve the mesh information updating [42]. The second 211 

order upwind scheme and the first-order implicit scheme are adopted to discretize the spatial 212 

term and temporal term, respectively. The detailed validations of the simulation are shown in 213 

the Appendix B.  214 



3. Results and discussion 215 

3.1 Energy extraction performance 216 

Fig. 4 shows variations of the output voltage (Vrms, root-mean-square value) generated by 217 

the coupled system against the reduced velocity (Ur). Comparison is made to the baseline case, 218 

i.e., the smooth cylinder (denoted as CY). Note that the output voltage from the coupled system 219 

is nearly zero when no mass (Mass 0) is added to the TMD; so, only results from the coupled 220 

system with Mass 1 (Fig. 4a) or Mass 2 (Fig. 4b) are presented. In general, the output voltage 221 

Vrms from the coupled system is noticeably enhanced in a range of the reduced velocity Ur, 222 

regardless of the cylinder type and associated configurations (including wavelength and wave 223 

amplitude of the wavy cylinder, and mass added to the TMD). This is ascribed to flow-induced 224 

vibration (FIV) of the smooth or wavy cylinder that is driven by alternating lateral lift forces 225 

and, simultaneously, the FIV of the cylinder could render deformation of the steel beam to 226 

generate piezoelectric voltage.  227 

Specifically, for the coupled system of the smooth cylinder and the TMD with Mass 1 (Fig. 228 

4a), the output voltage Vrms is larger than zero in the FIV range of 4.0 < Ur < 9.0, with the 229 

maximum Vrms = 1.28 volt reached at Ur = 5.3. Outside of the FIV range, Vrms≈0. In terms of 230 

the coupled system of the wavy cylinder and the TMD with Mass 1, a strong dependence of 231 

the output voltage on the cylinder configuration can be observed in Fig. 4(a). When the wavy 232 

cylinder has the shortest wavelength λz/Dm = 1.8 tested in this work (see Fig. 4a1), the output 233 

voltage is lower than that from the baseline case in the VIV range when Ur > 5.0. This suggests 234 

that FIV of the wavy cylinder with λz/Dm = 1.8 is suppressed, compared to that of the smooth 235 

cylinder (A detail discussion related the dynamic responses of cylinders is introduced in Sec. 236 

3.2). When the wavelength of the wavy cylinder is increased to λz/Dm ≥ 3.6 (Fig. 4 a2 & a3), 237 

the output voltage Vrms exhibits different behavior from the case with the shortest wavelength. 238 

Firstly, with the increase of wavelength at a given wave amplitude, the non-zero output voltage 239 

Vrms range is increased and shifted towards higher reduced velocities, particularly for the largest 240 

wavelength λz/Dm = 6.0 tested in this work. Secondly, the output voltage Vrms is significantly 241 

enhanced for the coupled system of the wavy cylinder with λz/Dm = 6.0 and a/Dm = 0.25. Around 242 

Ur = 7.3, its maximum output voltage Vrms = 1.6 volt is attained, which is 25% higher than that 243 

of the baseline case. In Fig. 4(b), where the coupled system includes the largest Mass 2, similar 244 

patterns can be observed. However, the magnitude of the output voltage in Fig. 4(b) is overall 245 

lower than that in Fig. 4(a). 246 



 247 
FIG. 4. Experimental results of the variations with reduced velocity (Ur) in the output voltage (Vrms) of the coupled 248 
system, the wavy cylinders being with different wave lengths (a1, b1: λz=1.8Dm; a2, b2: 3.6Dm; a3, b3: 6.0Dm). 249 
Mass 1 (a) or Mass 2 (b) is added in the coupled system. The shaded area indicates the range of reduced velocity 250 
where flow-induced vibration of the baseline case (i.e., a smooth cylinder) occurs.  251 

 252 

Fig. 5 further exhibits the variations of the frequency of output voltage (fV/fN) with the 253 

reduced velocities Ur. In Fig. 5(a), where Mass 1 is added to the TMD system, the TMD system 254 

starts locking in a lower frequency, around fV/fN = 0.96. However, with Ur reaching enough 255 

large values, it jumps to fV/fN = 1.15. So, two dominant lock-in frequencies are observed over 256 

the whole Ur range. When Mass 2 is applied to the TMD system, the dominant lock-in 257 

frequency of the output voltage increases very mildly with the incoming velocity, leading to 258 

one dominant frequency closed to 1.0 regardless of cylinder types and reduced velocities (see 259 

Fig. 5b).  260 
 261 



 
FIG.5. Experimental results of the variations with reduced velocity (Ur) in the output voltage frequency (fV/fN) 

for the wavy cylinders being with different wave lengths (a1, b1: λz=1.8Dm; a2, b2: 3.6Dm; a3, b3: 6.0Dm). Mass 

1 (a) and Mass 2 (b) are added in the coupled system, respectively. 
 262 

Based on the power output (i.e., 𝑃𝑃 = 𝑉𝑉𝑟𝑟𝑟𝑟𝑟𝑟2 𝑅𝑅⁄ ) from the coupled system where Mass 1 or 263 

Mass 2 is added to the TMD, respectively, further discussion is made on energy harvesting 264 

performance of the worst case (λz/Dm = 1.8 and a/Dm = 0.25), the best case (λz/Dm = 6.0 and 265 

a/Dm = 0.25) and the baseline case (smooth cylinder). Fig. 6(a) displays the variations of P with 266 

Ur, while Fig. 6(b) shows the integrated power output over the Ur range for the coupled systems 267 

of different cylinders and masses. As indicated in Fig.6(a). the maximum power output from 268 

the coupled system of the smooth cylinder reaches Pmax = 11.4 × 10-2 µW at Ur = 5.3 when 269 

Mass 1 is added to the TMD system. As the wavy cylinder with λz/Dm = 6.0 and a/Dm = 0.25 is 270 

installed, the maximum output power from the coupled system can attain to P = 19.4 × 10-2 271 

µW at Ur = 7.3. That is, the maximum power output is significantly improved by around 170% 272 



when the smooth cylinder is replaced by the wavy cylinder with λz/Dm = 6 and a/Dm = 0.25. In 273 

Fig. 6(b), it can be observed that with Ur increasing to around Ur =7.3, the integrated power 274 

output has already reached the total power of smooth cylinder generated from the entire VIV 275 

range. As for the total power in the entire VIV range, it even can be up to 41.3 × 10-2 µW for 276 

the coupled system of the wavy cylinder with λz/Dm = 6.0 and a/Dm = 0.25, which is 2.21 times 277 

that (18.7 × 10-2 µW) for the coupled system of the smooth cylinder. On the contrary, the 278 

maximum output power performance of the worst case (only around 9.9 × 10-2 µW) is observed 279 

at the shortest wavelength and largest amplitude, i.e., λz/Dm = 1.8 and a/Dm = 0.25 case and its 280 

total output power of the entire VIV range is only 53% of that produced by smooth cylinder. 281 

When Mass 2 is added to the TMD, the coupled system of the wavy cylinder with longest 282 

wavelength and largest wave amplitude still generates more output power in a wider FIV range 283 

than the coupled system of the smooth cylinder. Furthermore, the total output power from the 284 

former system is also larger than that from the latter system. The shortest wavelength and 285 

largest wave amplitude cylinder exhibit the opposite conclusion compared with the smooth 286 

cylinder. These observations indicate that the wavy cylinder with the longest wavelength (λz/Dm 287 

= 6.0) and the largest wave amplitude (a/Dm = 0.25) can enhance the FIV-based energy 288 

harvesting, with significantly more energy utilized from the coupled system of the wavy 289 

cylinder and the TMD, compared to that of the smooth cylinder. Nevertheless, the cylinder with 290 

the shortest wavelength (λz/Dm = 1.8) and largest amplitude (a/Dm = 0.25) can suppress system 291 

performance.  292 

 293 
FIG. 6. Experimental results of the variations with reduced velocity in (a) the output power of the coupled system 294 
(wavy cylinder: λz = 1.8, 6.0Dm and a = 0.25Dm) and (b) the total output power of the coupled system with the 295 
wavy cylinder (λz=1.8, 6.0Dm and a=0.25Dm), with Mass 1 or Mass 2 added. 296 



3.2 Dynamic response of the wavy cylinder  297 

Since the energy-harvesting performance of the TMD system is induced by the motions of 298 

cylinders, analyzing the dynamics of cylinders can help better understand energy harvesting 299 

performance revealed in Section 3.1. Both the best (λz/Dm = 6.0) and the worst (λz/Dm = 1.8) 300 

energy extraction performance are observed with the largest wave amplitude, i.e., a/Dm = 0.25. 301 

Hence, in the following sections, the wave amplitude is fixed at a/Dm = 0.25 and only wavy 302 

cylinders with various wave lengths are discussed.  303 

 304 
FIG.7. Experimental results of the variations with reduced velocity (Ur) in the transversal oscillation displacement 305 
(Ar) for the wavy cylinder with different wave lengths (λz = 1.8, 3.6 and 6.0Dm) and a fixed wave amplitude a = 306 
0.25Dm; Mass 0 (a), Mass 1 (b), and Mass 2 (c) are added in the coupled system, respectively.  307 

Fig. 7 shows variations with the reduced velocity (Ur) in the transversal displacement 308 

(Ar/Dm) of the wavy cylinder, considering three different wavelengths (λz/Dm = 1.8, 3.6 and  309 

6.0). When the wavy cylinder of the shortest λz/Dm = 1.8 is installed in the coupled system, the 310 

transversal displacement (Ar/Dm) of the wavy cylinder is reduced (Fig. 7 a & c) or almost 311 

unchanged (Fig. 7b) in the maximum magnitude, depending on the tip Mass added to the TMD, 312 

compared to the baseline case. However, once the wavelength of the wavy cylinder increased 313 



to λz/Dm ≥ 3.6, the transversal displacement Az/Dm increased, and the VIV range seems to shift 314 

towards higher value of Ur. These observations are consistent with those seen on the output 315 

voltage or power from the coupled system. Additionally, due to the resonance between elastic 316 

supported cylinders and TMD system, the system with Mass 1 is always exhibiting the smallest 317 

transverse displacement (Ar/Dm) among the different tip Mass conditions.  318 

In addition to the transverse oscillation displacement, the transverse oscillation frequency 319 

(fy/fN) also influences the system performance significantly. Hence, Fig. 8 displays the 320 

variations of the oscillation frequency of the wavy cylinder with three different wavelengths 321 

(λz/Dm = 1.8, 3.6 and 6) compared with the smooth cylinder at various reduced velocities. Just 322 

like in Fig. 5, all the cases’ frequencies are very close to 1 (fy/fN = 0.95-1.1) in the lock-in region. 323 

This means that although the wavy surface of cylinder can modify its relevant VIV zone range 324 

and even oscillation amplitudes, the dynamics of cylinders is still VIV. Specially, as Mass 0 325 

and Mass 2 are added in the coupling system, respectively, the lock-in frequency of the 326 

coupling system increases smoothly with reduced velocity (see Fig.8 a & c); however, with the 327 

Mass 1 applied, there are two dominant frequencies, i.e., fy/fN = 0.98 and 1.1 (see Fig. 8b).  328 

To further elaborate frequency distribution with various Mass added, Fig. 9 plots the 329 

frequency responses of the transversal oscillation displacement (Ar) for different cylinders. As 330 

shown in Fig. 9 (a1) to (d1), where the maximum oscillation amplitude occurs, the coupling 331 

system with Mass 1 also shows one dominant lock-in frequency fy/fN = 0.95 which is slightly 332 

less than that observed in the system of Mass 0 and Mass 2. With the incoming velocity 333 

increased, the second peak appears in the case with Mass 1, as indicated in Fig. 9 (a2) to (d2). 334 

As the flow velocity further increases, the second peak of frequency could even develop into 335 

the dominant one, as revealed in Fig. 9 (a3), (b3) and (d3). Actually, these frequency differences 336 

associate with the natural frequency distribution of TMD system in Fig. 2. At lower flow 337 

velocity, the frequency of the driven motion produced by various cylinders is closed to 0.95; 338 

so, the coupling system with Mass 1 traps to the first peak of natural frequency fy/fN = 0.95 in 339 

Fig. 2(b). With the reduced velocity increased, the frequency of the driven motion also 340 

increases, gradually approaching the second peak fy/fN = 1.1 and thus enforces TMD system to 341 

lock into a higher frequency fy/fN = 1.1. Since only one natural frequency exists in the coupling 342 

system with Mass 2 in Fig. 2 (b), it is not surprising to see only one dominant frequency over 343 

the entire range of excitation frequencies in Fig. 9 (a) and (c).  344 



 345 
FIG.8. Experimental results of the variations with reduced velocity (Ur) in the transversal oscillation frequency 346 
(fy/fN) for the wavy cylinder with different wave lengths (λz = 1.8, 3.6 and 6.0Dm) and a fixed wave amplitude a = 347 
0.25Dm; Mass 0 (a), Mass 1 (b), and Mass 2 (b) are added in the coupled system, respectively.  348 

 349 

The transverse oscillation amplitude of the base, Ab, obtained experimentally, serves as 350 

the input parameter for the theoretical model presented in this study. By applying Eq.(7), the 351 

model provides a direct prediction of the output voltage amplitudes in the given scenario. Fig. 352 

10 plots the variations of the experimental data and the theoretical predictions of the output 353 

voltage (𝑉𝑉𝑚𝑚 ≈ √2𝑉𝑉𝑟𝑟) in the oscillation displacement (Ab≈ √2𝐴𝐴𝑟𝑟) for various cases with wave 354 

amplitude a = 0.25Dm. It can be found that a good agreement is achieved between the 355 

experimental and theoretical predicted results, especially when large vibration occurs. A linear 356 

relationship can be observed between the output voltage and the oscillation displacement. 357 

Moreover, a different slope can be seen at the system with various Masses attached (Mass 1: 358 

Vrms = 5.8*Ar/D and Mass 2: Vrms = 2.4*Ar/D). It means that the coupling system with Mass 1 359 

added can generate more energy than that with Mass 2 at a same oscillation amplitude. The 360 

reason is that, in this system, the excitation (FIV) frequencies are always closed to the natural 361 



frequency system, i.e., fy/fN≈1 when the significant vibration happens (see Fig.8). As Mass 1 362 

is applied in the TMD system, the resonance between base excitation generated by the 363 

oscillation of cylinders and TMD system can be achieved, i.e., �𝜔𝜔�
𝛺𝛺
�
2
− 1 ≈ 0  in Eq. (7). 364 

Consequently, more energy can be harvested by the system with Mass 1 in comparison with 365 

that of Mass 2.  366 
 367 

 368 
FIG.9. Experimental results of the frequency responses of the transversal oscillation displacement (Ar) for the 369 
different cylinders (a) smooth cylinder, (b) λz = 1.8, (c) 3.6 and (d) 6.0Dm with a fixed wave amplitude a = 0.25Dm. 370 



 371 
FIG.10. Variations of the output voltage (Vrms) in the transversal oscillation displacement (Ar/Dm) for the wavy 372 
cylinder with different wave lengths (λz = 1.8, 3.6 and 6.0Dm) and a fixed wave amplitude a = 0.25Dm; Mass 1 and 373 
Mass 2 are added in the coupled system, respectively. The symbols are measured by experiments and the black 374 
lines are calculated by theoretical model. 375 

3.3 Vortex formation and flow structures  376 

To uncover the reason why wavy cylinder with λz/Dm = 1.8 and 6.0 at wave amplitude 377 

a/Dm = 0.25 exhibit the worst and best, respectively. CFD simulations are conducted to reveal 378 

flow details around the cylinders. Since the oscillation displacement variation trend does not 379 

rely on the tip mass of TMD with the free stream velocity (Ur) in Fig.7, to simplify the analysis, 380 

we are only the focused on the cases with Mass 0 attached, suggesting no output voltage from 381 

the TMD system, in this section. In Fig. 7, the smooth cylinder and wavy cylinders with λz/Dm 382 

= 1.8, λz/Dm = 6.0 achieve their peak displacement around Ur = 5.3, 5.0 and 7.6, respectively. 383 

Thus, simulations are also conducted at these velocities.  384 

The Q criterion is used to identify the three dimensional vortices around the cylinders [43]. 385 

Fig.11 shows the iso-surface of Q = 1 superimposed by the contours of the non-dimensional 386 

axial vorticity 𝜔𝜔𝑧𝑧∗ = �𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
− 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
�𝐷𝐷𝑚𝑚 𝑈𝑈∞�  at two instants corresponding to the cylinder at positive 387 

maximum position, i.e., y/Dm = Amax and the equilibrium position i.e., y/Dm = 0, respectively. 388 

Moreover, contours of instantaneous axial vorticities 𝜔𝜔𝑧𝑧∗ and pressure in the node and saddle 389 

planes are presented in Fig. 12. For the near wake of smooth cylinder, the vortices are well 390 

organized, showing obvious 2D feature (see Fig. 11a). The Kármán vortex street is evident in 391 

Fig.12 (a). Specially, when the shear layer detaches from the smooth cylinder, it rolls up into a 392 

vortex and creates a low-pressure region near the lower surface of cylinder. As such, a net 393 

vertical hydrodynamic force is generated to drive the cylinder to move from the top extreme 394 



(Fig.12a1) towards the equilibrium position (Fig.12a2). When the cylinder further moves away 395 

from the equilibrium position, an opposite force is produced to force the cylinder slow down 396 

till to the bottom extreme.  397 

 398 
FIG.11. CFD results of the near wake structures, in terms of iso-surface of Q = 1 colored by 𝜔𝜔𝑧𝑧∗, for the (a) smooth 399 
cylinder at Ur = 5.3, (b) wavy cylinder with λz/Dm = 1.8 at Ur = 5.0, and (c) wavy cylinder with λz/Dm = 6.0 at Ur = 400 
7.6 where the wave amplitude is fixed at a = 0.25Dm. ‘1’ and ‘2’ in each column correspond to the location of the 401 

oscillating cylinder at y/Dm = Amax and y/Dm = 0. 402 
For the wavy cylinder with λz/Dm =1.8, its near wake is significantly three-dimensional 403 

after the shear layer separates from wavy cylinder, as shown in Fig. 11(b). Classical hairpin 404 

vortexes with legs attaching on sides of nodes appear in the near wake of elastic supported 405 

wavy cylinder, as indicated in Fig. 11(b). Due to the counter-rotating flow of hairpin vortex 406 

legs, a spanwise flow from the saddle to the node is created, producing a wider and narrower 407 

wake in the saddle plane (see Fig. 12b) and the node plane (see Fig. 12c), respectively. The 408 

strength of vorticity also seems slightly weaker than that in the smooth cylinder. Corresponding 409 

to these wake distributions, the pressure difference in both planes (especially in the node plane) 410 

is also less than that of the smooth cylinder. Since the lift force is an integration of surface area 411 

and pressure difference, i.e., 𝐹𝐹𝑦𝑦 = ∮𝑃𝑃𝑦𝑦 𝑑𝑑𝐴𝐴, where Py is the pressure perpendicular to the flow 412 

direction, it is not surprising to see a smaller oscillation amplitude in the λz/Dm = 1.8 case. 413 

Conversely, as the wavelength increases to λz/Dm = 6.0, due to the hairpin vortex legs attaching 414 

on the two sides of the saddle (spanwise flow moving from the nodal location towards the 415 

saddle location), the wake in the node plane is obviously wider than it in the saddle plane, as 416 



shown in Fig.12 (d) and (e). Moreover, with the shear layer splitting from the cylinder surface, 417 

some vorticities break up from one vortex into two or more vortices in the downstream (see 418 

Fig. 12 d &e). The near wake of cylinder also become more three-dimensional and stronger 419 

(see Fig. 11c).  As such, a significantly larger pressure difference appears in the node plane, 420 

compared with that at the smooth cylinder.  This results in a larger lift force, promoting the 421 

oscillation of the cylinder. 422 

 423 
FIG.12. CFD results of contours of instantaneous vorticities 𝜔𝜔𝑧𝑧∗ and pressure P in different planes of the (a) smooth 424 
cylinder at Ur = 5.3, (b-c) wavy cylinder with λz/Dm = 1.8 at Ur = 5.0, and (d-e) wavy cylinder with λz/Dm = 6.0 at 425 
Ur = 7.6 where the wave amplitude is fixed at a = 0.25Dm. ‘1’ and ‘2’ in each row correspond to the location of 426 

the oscillating cylinder at y/Dm = Amax and y/Dm = 0, respectively.  427 
 428 
To offer a deeper understanding of the wake structures surrounding the cylinder surfaces, 429 

particularly for the front-shape of the wavy cylinder, Fig. 13  introduced to present the time-430 

averaged pressure distribution and spanwise velocity on the mid-plane of various cylinder 431 

geometries. As indicated in Fig. 13 (a), for a smooth cylinder, there is no significant pressure 432 

gradient along the spanwise direction, and therefore no apparent surface flow is observed in 433 



this direction. However, the spanwise pressure gradient and corresponding surface flows are 434 

more prominent in wavy cylinders than in smooth cylinders. Specifically, for the wavy cylinder 435 

with λz/Dm = 1.8 and a = 0.25Dm, the node exhibits higher pressure than the saddle, resulting 436 

in a surface flow from node to saddle on the front-shape of the wavy cylinder, see Fig.13(b). 437 

This phenomenon is also observed for the front-shape of the wavy cylinder with λz/Dm = 6.0 438 

and a = 0.25Dm (see Fig.13.(c)). Concerning the rear-shape of the wavy cylinder with λz/Dm = 439 

1.8 and a = 0.25Dm, a higher-pressure region is found at the saddle, labeled as ‘A’, relative to 440 

the node, inducing the fluid flow from saddle to node. However, for a larger cylinder 441 

wavelength of λz/Dm = 6.0, two higher pressure regions emerge at the node, causing a flow from 442 

node to saddle. These observations are consistent with the conclusions drawn from the hairpin 443 

vortex distribution. 444 

 445 
FIG.13. CFD results of contours of time-averaged pressure 𝑃𝑃� and spanwise velocity 𝑢𝑢�𝑧𝑧∗ on the mid-plane planes 446 
of the (a) smooth cylinder at Ur = 5.3, (b) wavy cylinder with λz/Dm = 1.8 at Ur = 5.0, and (c) wavy cylinder with 447 
λz/Dm = 6.0 at Ur = 7.6 where the wave amplitude is fixed at a = 0.25Dm. ‘1’ and ‘2’ in each row correspond to 448 
time-averaged pressure 𝑃𝑃� and spanwise velocity 𝑢𝑢�𝑧𝑧∗ , respectively. ‘3’ is to indicated schematics of flow direction 449 
on the surface of the flexible supported cylinder, where the blue arrow is to express the flow direction. 450 



 451 
FIG.14. Schematics of wake structures around the surface of the flexible supported (a) smooth cylinder, (b) wavy 452 
cylinder with λ/Dm = 1.8 and (c) wavy cylinder with λ/Dm = 6.0 where the wave amplitude is fixed at a = 0.25Dm. 453 

The red arrow and blue arrow are to express the flow direction of the hairpin vortex and on the surface of cylinder, 454 
respectively. The grey circular and white are to indicate the node and saddle plane, respectively. The dash line is 455 
to express the “mean diameter” dm (estimated by the hydrodynamic force) over one wavelength. ‘1’ and ‘2’ in 456 
each column correspond to the 3D view and 2D view (top view) of the oscillating cylinder. 457 
 458 

Based on the above CFD results and our previous studies on fixed wavy cylinder [25], 459 

Fig. 14 exhibits a sketch of wake distribution for the various elastic supported cylinders. For 460 

the smooth cylinder, 2D wake is observed (see Fig. 14a). For the wavy cylinder with λ/Dm = 461 

1.8, the saddle exhibits a wider wake than that observed at the node plane with the effects of 462 

the spanwise flow on the surface of cylinder, as shown in Fig. 14(b). Under this wake 463 

distribution, the pressure difference at the node cross section (diameter: Dnode >Dm) is obvious 464 

less than at smooth cylinder. It suggests that although the averaged geometry diameter Dm of 465 

the wavy cylinder over one wavelength is the same as the smooth cylinder, its mean diameter 466 

estimated by hydrodynamic force is less than its geometry diameter, i.e., dmean < Dm, leading to 467 

a less oscillation amplitude and output voltage. As indicated in Fig.7, with the increase in 468 

reduced velocity, this wake distribution seems more obvious and hence causes a better 469 

oscillation suppression at higher reduced velocity. For the wavy cylinder with λ/Dm = 6.0, a 470 

significant wider wake is observed at the node plane while a narrower wake is generated at the 471 

saddle plane (evidenced in Fig. 14c). As such, a larger pressure difference occurs at the node 472 



cross section than at smooth cylinder, and further generates a larger dmean. In turn, the lift force 473 

is improved, enhancing the oscillation of cylinder. Since the wavy cylinder’s lock-in range 474 

shifts into larger reduced velocity, it suggests that this wake distribution is also more notable 475 

at higher velocity. 476 

4. Conclusions 477 

This work investigated the energy-harvesting performance of the coupled system consisting 478 

of the wavy cylinder and the TMD for the first time. FIV of the wavy cylinder provides the 479 

kinetic source while the TMD, with different masses added, renders the utilization of the 480 

piezoelectric sheet; as such, output voltage or power can be generated by the coupled system.  481 

Experimental measurements, theoretical modeling and CFD simulations were conducted to 482 

provide abundant data for analysis and discussion. A wide range of the wavelength (λz/Dm = 483 

1.8 ~ 6.0) and wave amplitude (a/Dm = 0.152 ~ 0.25) of the wavy cylinder were considered 484 

under three different masses of TMD. The main conclusions drawn from this work are as 485 

follows:  486 

1. The performance of the coupled system highly depends on the wavelength and wave 487 

amplitude of the wavy cylinder. The maximum output voltage or power is reached by the 488 

coupled system when the wavy cylinder has the longest wavelength λz/Dm = 6.0 and the largest 489 

wave amplitude a/Dm = 0.25. The total output power from the coupled system of this wavy 490 

cylinder is 2.21 times that of the baseline smooth cylinder. The behavior of the transversal 491 

oscillation of the wavy cylinder echoes the observations made on the harvested energy by the 492 

coupled system. On the other hand, when the wavy cylinder has the shortest wavelength λz/Dm 493 

= 1.8, energy harnessed by the coupled system is reduced compared to that of the baseline 494 

regardless of any wave amplitudes. 495 

2. As for the frequency, the frequencies of all test cases are very closed to the natural frequency 496 

of the air bearing system. That is, although the wavy surface can affect the transverse oscillation 497 

behavior obviously, its dynamics response still belongs to vortex induced vibration (VIV). With 498 

Mass 0 and Mass 2 added in the TMD system, respectively, the lock-in frequency of the 499 

coupling system increases very smoothly with reduced velocity, however, when the Mass 1 is 500 

applied, there are two dominant frequencies, i.e., fy/fN = 0.98 and 1.1 due to the resonance 501 

between TMD system and base excitation generated by the oscillation of cylinders.  502 

3. A theoretical model is established, and further validated by experimental results. Results 503 

suggest that the output power of TMD has a strong positive correlation with the transverse 504 

oscillation and its slope highly depends on the ratio of the FIV frequency and natural frequency 505 



(Mass) of TMD. When the natural frequency of TMD is closed to the FIV frequency, the system 506 

can achieve the highest energy extraction performance. 507 

4. CFD simulation results indicate that the wavy surface influences the near wake of cylinder 508 

significantly. 3D wakes, such as hairpin vortexes are observed in the downstream of wavy 509 

cylinder while 2D wake is discovered along the axis direction of the smooth cylinder.  Under 510 

the effects of hairpin vortex, narrower and wider wakes occur respectively at the node plane 511 

and saddle plane of the worst energy extraction case, i.e., λz/Dm=1.8 and a/Dm=0.25, 512 

respectively. This wake pattern can lead to a less mean pressure difference of the wavy cylinder 513 

than that of the smooth cylinder, produce a less force (FIV oscillation) and further generate less 514 

power output. Conversely, for the best harvester case with λz/Dm=6.0 and a/Dm=0.25, a 515 

significant wider wake is observed at the node plane, with a narrower wake generated at the 516 

saddle plane, which can create a larger mean pressure difference and further increase the power 517 

output. 518 

Here, the current study did not explicitly address the energy harvesting performance of the 519 

fluid-structure interaction (FSI) system through a theoretical analysis. Instead, the primary 520 

focus was on the prediction of voltage output for a given base oscillation. While the power 521 

output of the system was not directly quantified through theoretical means, the findings of the 522 

theorical study offer valuable insights into the energy harvesting performance of the FSI system 523 

based on the experimental measurements obtained. Nevertheless, it is necessary to further 524 

improve the theoretical model to account for the nonlinearities inherent in the fluid-structure 525 

coupled system, which can provide a more comprehensive understanding of the energy 526 

harvesting performance of the FSI system. 527 
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Appendix A. Derivations of mechanical and electrical equations 537 

The motion of the base for the cantilever, as shown in Fig.3, is represented by wb(t) relative 538 

to the inertial frame of reference OYZ and the w(z, t) denotes the effective transverse deflection 539 

relative to the base-fixed coordinate oyz. Accordingly, the total displacement of the piezo-beam 540 

can be written: 541 

𝑤𝑤𝑡𝑡(𝑧𝑧, 𝑡𝑡) = 𝑤𝑤(𝑧𝑧, 𝑡𝑡) + 𝑤𝑤𝑏𝑏(𝑡𝑡)                                           (A1) 542 

Based on the Generalized Hamilton principle, the governing equations can be derived as 543 

follows[10, 33, 44]: 544 

∫  𝑡𝑡0 (𝛿𝛿𝛿𝛿 − 𝛿𝛿𝛿𝛿 + 𝛿𝛿𝛿𝛿)𝑑𝑑𝑑𝑑=0                                           (A2) 545 

where T, V and W are total kinetic energy, potential energy and the electric energy, respectively. 546 

The total kinetic energy of the cantilever beam can be expressed as: 547 

𝑇𝑇 = 1
2 ∫  𝑙𝑙0 𝑚𝑚1[𝑤̇𝑤 + 𝑤𝑤𝑏̇𝑏]2𝑑𝑑𝑑𝑑 + 1

2 ∫  𝐿𝐿𝑙𝑙 𝑚𝑚2[𝑤̇𝑤 + 𝑤𝑤𝑏̇𝑏]2𝑑𝑑𝑑𝑑 + 1
2
𝑀𝑀[𝑤̇𝑤(𝐿𝐿, 𝑡𝑡) + 𝑤𝑤𝑏̇𝑏]2       (A3) 548 

where l and L are the length of sheet and beam, respectively; m1 is the mass per unit length of 549 

the piezo-beam and m2 is the counterparts of the pure-beam part, and the mass M represents 550 

mass block attached on the TMD, respectively. The rotational energy of beam and lump mass 551 

is not considered in this study. The potential energy of the piezoelectric cantilever is given by: 552 

 𝑉𝑉 = 1
2 ∫  𝑙𝑙0 𝐸𝐸𝐼𝐼1 �

∂2𝑤𝑤
∂𝑧𝑧2

�
2
𝑑𝑑𝑑𝑑 + 1

2 ∫  𝐿𝐿𝑙𝑙 𝐸𝐸𝐼𝐼2 �
∂2𝑤𝑤
∂𝑧𝑧2

�
2
𝑑𝑑𝑑𝑑 + 1

2 ∫  𝑉𝑉𝑝𝑝
𝑇𝑇1𝑆𝑆1𝑑𝑑𝑉𝑉𝑝𝑝                            (A4) 553 

where EI1 and EI2 are the flexural stiffness of pure beam and piezo-beam, respectively; 𝑇𝑇1 =554 

𝑐𝑐11𝐸𝐸 (𝑆𝑆1 − 𝑑𝑑31𝐸𝐸3) and 𝑆𝑆1 = −𝑧𝑧(∂2𝑤𝑤/ ∂𝑧𝑧2) are the stress and strain on the piezoelectric layers, 555 

where 𝑐𝑐11𝐸𝐸  is the Young's modulus at constant electric field, d31 is the piezoelectric coefficient 556 

and 𝐸𝐸3(𝑡𝑡) = −𝑉𝑉(𝑡𝑡)/2𝑡𝑡p is the electric field component (V and tp are the voltage and thickness 557 

of the piezoceramic layer, respectively), and Vp is the volume of piezoelectric layer. The electric 558 

energy in this system can be written as: 559 

𝑊𝑊 = 1
2 ∫  𝑉𝑉𝑝𝑝

𝐸𝐸3𝐷𝐷3𝑑𝑑𝑉𝑉𝑝𝑝 − 𝑅𝑅 𝑑𝑑𝑄𝑄3
𝑑𝑑𝑑𝑑
𝑄𝑄3                                   (A5) 560 

where 𝐷𝐷3 = 𝑑𝑑31𝑇𝑇1 + 𝜀𝜀33𝑇𝑇 𝐸𝐸3  is electrical displacement (𝜀𝜀33𝑇𝑇   is permittivity at constant stress). 561 

The second term on the RHS of the Eq. (A5) denotes the electrically extracted work, where R 562 

is the resistive electrical load of the connected piezoelectric layer, and Q3 is the electrical charge.  563 

Deriving the dynamic equilibrium equation from the Generalized Hamilton’s principle (Eq. 564 

(A2))[33, 45], the finial undamped mechanical and electrical equations can be described by: 565 

𝑚𝑚∂2𝑤𝑤
∂𝑡𝑡2

+ 𝐸𝐸𝐸𝐸 ∂
4𝑤𝑤
∂𝑧𝑧4

+ 𝜗𝜗𝑝𝑝𝑉𝑉(𝑡𝑡)(𝑑𝑑𝛿𝛿𝛿𝛿
𝑑𝑑𝑑𝑑

− 𝑑𝑑𝛿𝛿(𝑧𝑧−𝑙𝑙)
𝑑𝑑𝑑𝑑

) = −𝑚𝑚∂2𝑤𝑤𝑏𝑏
∂𝑡𝑡2

− 𝑀𝑀 ∂2𝑤𝑤𝑏𝑏
∂𝑡𝑡2

𝛿𝛿(𝑧𝑧 − 𝐿𝐿)      (A6)      566 



𝜗𝜗𝑝𝑝 ∫  ℓ0
∂3𝑤𝑤
∂t ∂𝑧𝑧2

− 𝐶𝐶𝑝𝑝
𝑑𝑑𝑑𝑑(𝑡𝑡)
𝑑𝑑𝑑𝑑

= 𝑉𝑉(𝑡𝑡)
𝑅𝑅

                                           (A7)          567 

where m and 𝐸𝐸𝐸𝐸  are the equivalent density and bending stiffness terms; ϑp is the 568 

piezoelectric coupling coefficient and 𝐶𝐶𝑝𝑝 = 𝜀𝜀33𝑆𝑆 𝑏𝑏𝑏𝑏/𝑡𝑡𝑝𝑝 is the internal capacitance of the 569 

piezo-layer, where 𝜀𝜀33𝑆𝑆  is permittivity component at constant strain and b is the width of 570 

the piezo-beam. 𝑉𝑉(𝑡𝑡) = 𝑅𝑅𝑅𝑅𝑄𝑄3/𝑑𝑑𝑑𝑑 is the voltage across the piezoelectric layer. 571 

The relevant boundary conditions for the relative motion of the cantilever beam are listed 572 

as follows: 573 

⎩
⎪⎪
⎨

⎪⎪
⎧

𝑤𝑤(0, 𝑡𝑡) = 0
𝜕𝜕𝜕𝜕(𝑧𝑧,𝑡𝑡)
𝜕𝜕𝜕𝜕

�
𝑧𝑧=0

= 0

�𝐸𝐸𝐸𝐸 𝜕𝜕
2𝑤𝑤(𝑧𝑧,𝑡𝑡)
𝜕𝜕𝑧𝑧2

��
𝑧𝑧=𝐿𝐿

= 0

�𝐸𝐸𝐸𝐸 𝜕𝜕
3𝑤𝑤(𝑧𝑧,𝑡𝑡)
𝜕𝜕𝑧𝑧3

− 𝑀𝑀 𝜕𝜕2𝑤𝑤(𝐿𝐿,𝑡𝑡)
𝜕𝜕𝑡𝑡2

��
𝑧𝑧=𝐿𝐿

= 0

                              (A9)  574 

By introducing the viscous air damping and the strain rate damping into the mechanical 575 

equation (A6), the damped equation of the beam motion can be written as: 576 

𝑚𝑚∂2𝑤𝑤
∂𝑡𝑡2

+ 𝐸𝐸𝐸𝐸 ∂
4𝑤𝑤
∂𝑧𝑧4

+ 𝑐𝑐𝑎𝑎
∂𝑤𝑤
∂𝑡𝑡

+ 𝑐𝑐𝑠𝑠𝐼𝐼
∂5𝑤𝑤
∂𝑡𝑡 ∂𝑧𝑧4

+ 𝜗𝜗𝑝𝑝𝑉𝑉(𝑡𝑡)(𝑑𝑑𝛿𝛿𝛿𝛿
𝑑𝑑𝑑𝑑

− 𝑑𝑑𝛿𝛿(𝑧𝑧−𝑙𝑙)
𝑑𝑑𝑑𝑑

) = −𝑚𝑚∂2𝑤𝑤𝑏𝑏
∂𝑡𝑡2

− 𝑐𝑐𝑎𝑎
∂𝑤𝑤𝑏𝑏
∂𝑡𝑡

−577 

𝑀𝑀∂2𝑤𝑤𝑏𝑏
∂𝑡𝑡2

𝛿𝛿(𝑧𝑧 − 𝐿𝐿)                                                                (A10)       578 

where csI and ca are the strain rate damping term and viscous air damping coefficient of the 579 

beam structure. Typically, for the harvesters operating in air, the external damping excitation is 580 

negligible in comparison with the inertial excitation of the base [35]. Therefore, the damping 581 

excitation term is omitted, and the mechanical equation (A10) becomes: 582 

𝑚𝑚
∂2𝑤𝑤
∂𝑡𝑡2

+ 𝐸𝐸𝐸𝐸
∂4𝑤𝑤
∂𝑧𝑧4

+ 𝑐𝑐𝑎𝑎
∂𝑤𝑤
∂𝑡𝑡

+ 𝑐𝑐𝑠𝑠𝐼𝐼
∂5𝑤𝑤
∂𝑡𝑡 ∂𝑧𝑧4

+ 𝜗𝜗𝑝𝑝𝑉𝑉(𝑡𝑡)�
𝑑𝑑𝛿𝛿𝛿𝛿
𝑑𝑑𝑑𝑑

−
𝑑𝑑𝛿𝛿(𝑧𝑧 − 𝑙𝑙)

𝑑𝑑𝑑𝑑
� = −𝑚𝑚

∂2𝑤𝑤𝑏𝑏

∂𝑡𝑡2
 583 

−𝑀𝑀 ∂2𝑤𝑤𝑏𝑏
∂𝑡𝑡2

𝛿𝛿(𝑧𝑧 − 𝐿𝐿)                                                                                                         (A11)       584 

To get the deformation of the beam, i.e., 𝑤𝑤(𝑧𝑧, 𝑡𝑡), an analytical formulation is derived for the 585 

natural frequencies and associated mode shapes of cantilevered beam with tip mass, i.e., 𝜙𝜙𝑛𝑛(𝑧𝑧).  586 

Considering linear undamped clamped-free beam obtained by dropping the damping, forcing 587 

and nonlinear terms, Eq. (A11) is simplified into: 588 

𝑚𝑚𝜕𝜕2𝑤𝑤
𝜕𝜕𝑡𝑡2

+ 𝐸𝐸𝐸𝐸 𝜕𝜕
4𝑤𝑤
𝜕𝜕𝑧𝑧4

= 0                                          (A12) 589 

where m and EI are assumed to be the counterparts of the beam considering the piezoelectric 590 

layer is much thinner and softer than the beam. 591 

The lateral displacement of the beam is assumed to be expressible in the form of a finite series 592 



of the regular modal shape 593 

𝑤𝑤(𝑧𝑧, 𝑡𝑡) = ∑  ∞
𝑛𝑛=1 𝜙𝜙𝑛𝑛(𝑧𝑧)𝜂𝜂𝑛𝑛(𝑡𝑡)                                  (A13) 594 

where 𝜂𝜂𝑛𝑛(𝑡𝑡)  is the modal coordinate of the beam for the nth mode. The vortex induced 595 

vibration frequency is around 1.0 Hz in this study. Under various mass added in TMD system, 596 

the frequency of system is also about 0.5-1.5Hz. From previous studies[44], it is known that 597 

the second or third natural frequency is far larger than the first natural frequency in this system. 598 

So, the first natural frequency is in the dominant status. Consequently, only the fundamental 599 

mode shape, i.e., 𝜙𝜙(𝑧𝑧), is chosen to establish the electro-mechanical coupling equations in the 600 

following sections. The resulting differential equation of eigenfunction problem is given by：601 

𝜙𝜙(4)(𝑧𝑧) − 𝜆𝜆4𝜙𝜙(𝑧𝑧) = 0 where 𝜆𝜆4 = 𝑚𝑚𝐿𝐿4𝜔𝜔2

𝐸𝐸𝐸𝐸
, where 𝜔𝜔 is the undamped natural modal frequency. 602 

The general solution of Eq. (A12) can be described by:  603 

𝜙𝜙(𝑧𝑧) = 𝐴𝐴1sin 𝜆𝜆 𝑧𝑧
𝐿𝐿

+ 𝐴𝐴2cos 𝜆𝜆 𝑧𝑧
𝐿𝐿

+ 𝐴𝐴3sinh 𝜆𝜆 𝑧𝑧
𝐿𝐿

+ 𝐴𝐴4cosh 𝜆𝜆 𝑧𝑧
𝐿𝐿
                  (A14)   604 

 605 

 606 

Then, as the associated boundary conditions in Eq. (A9) are induced, it can be obtained as 607 

follows: 608 

𝜙𝜙(0) = 0;  𝜙𝜙′(0) = 0;   𝜙𝜙′′(𝐿𝐿) = 0;  𝐸𝐸𝐸𝐸𝜙𝜙′′′(𝐿𝐿) = −𝑀𝑀𝜔𝜔2𝜙𝜙(𝐿𝐿)        (A15)                                  609 

in which 𝜔𝜔 represents the resonance frequency of the first mode.  610 

By introducing into the boundary conditions Eq. (A15), the eigenvalue of the system 𝜆𝜆 can be 611 

obtained. Replacing A2, A3 and A4 by A1, the Eq. (A14) is simplified as: 612 

𝜙𝜙(𝑧𝑧) = 𝐴𝐴1[cos 𝜆𝜆 𝑧𝑧
𝐿𝐿
− cosh 𝜆𝜆 𝑧𝑧

𝐿𝐿
+ 𝜏𝜏(sin𝜆𝜆 𝑧𝑧

𝐿𝐿
− sinh 𝜆𝜆 𝑧𝑧

𝐿𝐿
)]                (A16)   613 

where 𝜏𝜏 is 614 

𝜏𝜏 =
sin 𝜆𝜆−sinh 𝜆𝜆+𝜆𝜆 𝑀𝑀

𝑚𝑚𝑚𝑚
(cos 𝜆𝜆−cosh 𝜆𝜆)

cos 𝜆𝜆+cosh 𝜆𝜆−𝜆𝜆 𝑀𝑀
𝑚𝑚𝑚𝑚

(sin 𝜆𝜆−sinh 𝜆𝜆)
                               (A17)   615 

The modal amplitude constant A1 can be evaluated by satisfying orthogonality relations of the 616 

mode, and thus the eigenfunction 𝜙𝜙(𝑧𝑧) is obtained. 617 

Substituting Eq.(A13) into Eqs.(A11) and (A7), and applying the orthogonality conditions for 618 

the eigenfunction, the mechanical and electrical equations of the cantilever beam in modal 619 

coordinate can be obtained with only considering the fundamental mode 620 

𝜂̈𝜂(𝑡𝑡) + 2𝜁𝜁𝜁𝜁𝜂̇𝜂(𝑡𝑡) + 𝜔𝜔2𝜂𝜂(𝑡𝑡) + 𝜃𝜃𝑝𝑝𝑉𝑉(𝑡𝑡) = 𝑓𝑓(𝑡𝑡)                       (A18) 621 
𝑉𝑉(𝑡𝑡)
𝑅𝑅
− 𝜃𝜃𝑝𝑝𝜂̇𝜂(𝑡𝑡)+𝐶𝐶𝑝𝑝

𝑑𝑑𝑑𝑑(𝑡𝑡)
𝑑𝑑𝑑𝑑

= 0                                        (A19) 622 



where 𝜁𝜁 is the mechanical damping ratio, including the effect of both viscous air damping 623 

and strain rate damping. 𝜃𝜃𝑝𝑝 = 𝜗𝜗𝑝𝑝𝑑𝑑𝜙𝜙(𝑙𝑙)/𝑑𝑑𝑑𝑑 is the modal electromechanical coupling term. 624 

f(t) represents the modal forcing function for a translating base excitation, which is given 625 

as follows: 626 

𝑓𝑓(𝑡𝑡) = −𝑚𝑚∂2𝑤𝑤𝑏𝑏
∂𝑡𝑡2 ∫  𝐿𝐿0 𝜙𝜙(𝑧𝑧)𝑑𝑑𝑑𝑑 −𝑀𝑀 ∂2𝑤𝑤𝑏𝑏(𝐿𝐿,𝑡𝑡)

∂𝑡𝑡2
𝜙𝜙(𝐿𝐿, 𝑡𝑡)                   (A20) 627 

More details about the derivation of the electromechanical equations can also be found in the 628 

relevant works [10, 33, 35, 36, 44, 46]. 629 

Appendix B. Computational-fluid-dynamics simulations (CFD) Validations 630 

The grid- and time- independence tests are conducted for the smooth cylinder with Ur fixed at 631 

5.0, as shown in Table B1. To conduct a mesh independence study, we calculated three different 632 

mesh sizes at Δt = 5 × 10-5 s, labelled as Mesh 1, Mesh 2, and Mesh 3 in Table B1. We found 633 

that the results obtained from the medium mesh (Mesh 2) were similar to those obtained from 634 

the fine mesh (Mesh 3). Therefore, to reduce computational costs, we selected Mesh 2. 635 

Additionally, we performed a time-step convergence study at three different time steps, Δt = 1 636 

× 10-4 s, 5 × 10-5 s, and 1 × 10-5 s, using Mesh 2. In general, when using the middle spatial 637 

resolution (i.e., Mesh2: 9.8 × 105) and temporal resolution (i.e., Δt = 5 × 10-5), the results in 638 

terms of transverse displacement are reasonably consistent with each other. To further validate 639 

our simulation method, Table B2 shows the numerical and experimental results of the 640 

transversal oscillation displacement (Ar/Dm) of various cylinders. Generally, a good agreement 641 

is achieved for any cylinders, especially for the smooth cylinder at Ur = 5.3. However, it can 642 

be found that compared with the experimental results, the wavy cylinders perform better VIV 643 

suppression or promotion in numerical results. It may be related with boundaries differences 644 

between simulation and experiments. In simulation, periodic boundaries are imposed at both 645 

ends of cylinder in which the wavy cylinder is regarded as having repeatable wavy structures 646 

with infinite length. However, in practice, the wavy cylinder only has limited number (changing 647 

from 3 to 10) of node and saddle due to the limitation of water tunnel in depth. Furthermore, 648 

to eliminate the 3D effects, end plates are adopted at each end of the cylinder in experiments. 649 

As such, boundary layers are created near the surface of end plates, which also influence the 650 

dynamic response of the cylinder. To simulate the real experiments conditions, the calculation 651 

cost is very high while it is luckily seen that the general trend is agree with each other well. For 652 

example, the wavy cylinder with λz = 1.8Dm and a = 0.25Dm could suppress the vibration; 653 

conversely, the case with λz = 6.0Dm and a = 0.25Dm promotes the oscillation obviously. That 654 

is, the CFD results still can help us understand the dynamic response and the wake of various 655 



cylinders.  656 

Table B1 Grid- and time-independent tests for the smooth cylinder with a reduced velocity Ur = 5.3  (Conditions 657 
for the optimal selection are marked in bold) 658 

Mesh Mesh1 Mesh2 Mehs3 
Grid numbers 6.3×105 9.8×105 14.2×105 

Ar/Dm  0.385 0.407 0.408 
Difference in Ar/Dm 2.95% - 0.25% 
Time-step (s) (Δt) 

 
1×10-4 5×10-5 1×10-5 

Ar/Dm  0.396 0.407 0.408 
Difference in Ar/Dm 2.7% - 0.25% 

 659 
Table B2 The transversal oscillation displacement (Ar/Dm) for the wavy cylinder of different wavelengths and 660 
Mass 0 in the coupled system 661 

Cylinder Normal cylinder 
 

Ur = 5.3 

Wavy cylinder 
λz=1.8 and a = 0.25Dm 

Ur = 5.0 

Wavy cylinder 
λz=6 and a = 0.25Dm 

Ur = 7.6 
Ar/Dm (CFD) 0.407 0.292 0.497 
Ar/Dm (Exp.) 0.397 0.310 0.447 

 662 

To further verify the predictions of our numerical model on the wake flow, we performed 663 

additional simulations and compared the results to those observed in a previously published 664 

Particle Image Velocimetry (PIV) experiment conducted by [47]. Specifically, we selected the 665 

2S mode and 2P mode for validation, as shown in Fig. S1. Overall, our numerical results and 666 

the PIV experiment exhibit consistent vortex patterns, with minor discrepancies attributable to 667 

temporal differences between the experiment and simulation. 668 

 669 

Figure S1. Comparisons of wake patterns for smooth cylinders between the present study and N. Jauvtis and 670 

C.H.K. Williamson (a) 2S Mode and (b) 2P Mode 671 
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