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Abstract 

The second-order sonic topological insulators (SSTIs) with topologically protected corner 

states offer promising opportunities for developing novel acoustic devices. However, most of 

the current SSTIs are designed via trial-and-error and are only able to host the second-order 

topological phases within a single bandgap, leaving the topic of second-order topological 

phases within multiple bandgaps rarely studied. Here, we exploit a topology optimization 

method to customize and optimize multiband SSTIs. To begin with, we create multiple dual-

band SSTIs with customizable dual bandgaps for hosting dual-band corner states. On that 

basis, a three-band SSTI with three bandgaps is constructed for hosting three-band corner 

states. Experimental validation is performed to prove the existence of the three-band corner 

states. This study ushers in a route for customizing high-performance multiband SSTIs, and 

the designed multiband SSTIs have potential for designing robust multiband acoustic devices. 
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1.  Introduction 

Sonic topological insulators (STIs), featuring topologically protected boundary states that are 

resilient against impurities, provide a route for manipulating acoustic waves robustly, 

offering opportunities for developing novel acoustic devices [1-8]. To date, by mimicking 

topological insulators (TIs) in electric and photonic systems [9], various versions of STIs 

have been realized, such as quantum Hall effects-based STIs [10], quantum spin Hall effect 

(QSHE)-based STIs [11], quantum valley Hall effect (QVHE)-based STIs [12, 13], Floquet 

STIs [14], and so on. These STIs all follow the conventional bulk-boundary correspondence 

and host topologically protected gapless edge states. Recently, a new version of STI, the 

higher-order STI (HSTI), has been realized, which goes beyond conventional bulk-boundary 

correspondence and supports hierarchical boundary states [15-20]. For example, in two-

dimensional systems, the HSTI, also called second-order STI (SSTI), supports gapped edge 

states within the bulk gap and corner states within the edge gap. For constructing SSTIs, 

crystalline symmetry plays a vital role. Hitherto, multiple kinds of dipolar SSTIs based on 

different lattices with various symmetries have been proposed, e.g., square lattices with glide 

and C4v symmetries [16, 21], hexagonal lattices with C6v and C3 symmetries [22, 23], kagome 

lattice with C3 symmetry [15], etc. Besides, diverse quadrupolar SSTIs [17, 24] and sonic 

higher-order Weyl semimetal [25] have also been created. However, most of the current 

SSTIs only support topological corner states within only one bandgap, restricting their 

applications in multiband communications, filters, waveguides, information processions and 

so forth. Moreover, in some applications, e.g. nonlinear frequency conversion, it is also 

desirable to design multiband topological modes [26]. Recently, Zhang et al. [24] created the 

sonic crystal (SC) with two bandgaps hosting dipolar and quadrupolar topological phases, 

respectively. However, only the quadrupolar corner states are demonstrated. Fan et al. 

designed a perforated metaplate hosting local-resonance-induced dual-band topological 
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corner states of elastic flexural waves [27]. However, it still needs to explore the SSTIs 

hosting multiband dipolar corner states, which are yet unsettled.  

 

On the other hand, current SSTIs are mainly created via trial-and-error, thus their capabilities 

may be severely restricted. For example, the size of bulk bandgaps is small, thereby resulting 

in that the topological edge and corner states are not tightly localized. As the performance of 

SSTIs rests with the configurations of trivial and nontrivial unit cells (UCs), it is preferable to 

use the inverse design approach to design trivial and nontrivial UCs for constructing SSTIs 

[28]. Fairly recently, the inverse design method has been exploited to create QSHE-based 

STIs and photonic TIs with wide edge states [29-34], QVHE-based phononic and photonic 

TIs with wide edge states [35-37], second-order phononic and photonic TIs with tightly 

localized corner states [38-44], and valley-selective SSTIs [45], indicating its great abilities in 

constructing TIs with high performance. However, designing SSTIs hosting multiband corner 

states via inverse design still remains unexplored.  

 

Here, we utilize the topology optimization, an inverse design method, for customizing 

multiband SSTIs. We first create multiple dual-band SSTIs with customizable dual bandgaps 

for hosting corner states. On that basis, a three-band SSTI hosting corner states within three 

bandgaps is constructed. Thereafter, we fabricate the three-band SSTI via 3D printing and 

conduct an experiment to verify the three-band corner states. The remaining paper is arranged 

as: Section 2 describes the developed inverse design framework; Section 3 presents the 

optimized dual-band and three-band SSTIs, and the relevant experimental results; Section 4 

gives the summary.   
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2. Inverse design framework 

Here, we focus on the dipolar SSTIs in C4v-symmetric lattices. Our previous studies on 

second-order photonic topological insulators show that dipolar topological phases in C4v-

symmetric square lattices can be achieved within the odd-order bandgap, that is, the odd-

order bandgap can be used as precursors for constructing second-order dipolar topological 

phases [46, 47] in C4v-symmetric square lattices. As in two-dimensional systems, acoustic 

waves and electromagnetic waves are all scalar waves with one degree of freedom, many 

topology properties of photonic crystals can be also transplanted into SCs. We anticipate that 

second-order dipolar topological phases can be also achieved within the odd-order bandgap 

of SCs. Therefore, the inverse design framework is formulated to design multiple odd-order 

bandgaps to further realize multiband second-order dipolar topological phases.  In this section, 

we will introduce the inverse design framework, including the finite element analysis of SCs, 

the optimization objective function, the optimization constraint function, the inverse design 

formulation, and the numerical implementation of the optimization.  

2.1. Finite element analysis of SCs  

Without the internal sources, the acoustic waves propagating in SCs are governed by [48]   

( ) ( ) ( )
( )2

2

1 1- 0
p

p
B tρ

  ∂
∇ ⋅ ∇ + =   ∂ 

r,k
r,k

r r
                                         (1) 

in which ( )p r,k  denotes the acoustic pressure field; ( )x, yr  represents the position vector; 

ρ  and B  are the density and bulk modulus, respectively; ( ),x yk k=k  represents the Bloch 

wave vector. Because of the SCs’ periodicity, ( ) ( )ρ ρ= +r r R  and ( ) ( )B B= +r r R , where 

R  denotes the lattice translation vector. Based on the Floquet-Bloch theorem [49], we can 

formulate the pressure field as  

( ) ( ) ( )i tp p e ω + ⋅= k r
kr,k r                                                    (2) 
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Taking Eq. (2) into Eq. (1) and using the finite element method, Eq. (1) can be expressed by 

( )2 0ω =K - M p                                                         (3) 

where ω  is the eigenvalue of angular frequency; p  denotes the eigenvector of acoustic 

pressure field; K  is the global stiffness matrix; M  is the global mass matrix. Note that the 4-

node plane strain element is adopted and the shape function N is expressed by [N1, N2, N3, 

N4]. We can get the band diagram by sweeping the wave vector k along the boundary of the 

first Brillouin zone, as sketched in Fig. 1, and solving Eq. (3). 

 

Fig. 1. Schematic of the boundary of the first Brillouin zone. 

 

2.2. Optimization objective function 

Hence, we adopt the inverse design method to design the C4v-symmetric SCs with multiple 

odd-order bandgaps, which are further exploited to design multiband SSTIs. For designing 

SCs, the relative width of the specific n-order bandgap, ng , is selected as the optimization 

objective, expressed byg 

( ) ( )
( ) ( )

11,2, 1,2,

11,2, 1,2,

min max
2

min max
k k

k k

n i n ii n i n
n

n i n ii n i n
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ω ω

ω ω

+= =

+= =

−
=

+

k k

k k
 

 

                                        (4) 

where kn  denotes the total number of wave vectors considered. To avoid numerical 

instabilities, we used the strategy proposed in refs. [50, 51] to modify the objective function. 
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First, two bounds, ( )1 0.9max n iC ω= k  and ( )2 11.1min n iC ω += k  are introduced. Then, all 

points with ( ) ( )1,maxi n iCω ω∈  k k  are taken into account for calculating the lower 

boundary of the band gap. In the meantime, all points with ( ) ( )1 2mini n i Cω ω +∈  k k ,  are 

taken into account for calculating the upper boundary of the band gap. As such, we can 

modify the objective function as 

( ) ( )

( ) ( )
1 +1 1 1

1 +1 1 1

ˆ
2

ˆ

k k

k k

n n n

ij j i ij j i
i j n i j

n n n n

ij j i ij j i
i j n i j

w w
g

w w
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ω ω

∞

= = = =

∞

= = = =

−
=

+

∑ ∑ ∑∑

∑ ∑ ∑∑

k k

k k
                                     (5) 

where ijw  and ˆ ijw  denote weight factors, expressed by 

1 1

k

ij
ij n

ij
i n

A
w

A
∞

= +

=
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                                                          (6a) 
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ˆ
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A
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A
=

=
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                                                         (6b) 

in which ijA  and ˆ
ijA  are defined as  

( ) ( )2 2    when  
0                 otherwise 

j i j i
ij

C C
A

ω ω− <= 


k k
                               (7a) 

( ) ( )1 1    when  ˆ
0                 otherwise 

j i j i
ij

C C
A

ω ω− >= 


k k
                                (7b) 

As a result, 
1 +1

1
kn

ij
i j n

w
∞

= =

=∑ ∑  and 
1 1

ˆ 1
kn n

ij
i j

w
= =

=∑∑ . 

 

For optimizing the multiple bandgaps, we first use the { }1 2, ,
dNf f f  to record the relative 

size of multiple bandgaps { }1 2
, ,

Ndn n ng g g   , where Nd denotes the number of objective 
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bandgaps. Then, the optimization objective is formulated as [52] 

{ } ( ) ( )1 2
1

1 1min , , ln exp ln
d

N

N j
j

f f f f f Nγ
γ γ=

 
= ≈ − − + 

 
∑                             (8) 

where γ  is the aggregation parameter of the Kreisselmeire-Steinhauser function [52] and is 

selected to be 20.  

 

In the optimization, we restrict the unit cell with C4v symmetry and discretize it into 60×60 

elements. We assign each element a design variable ex , where 1ex =  means the element is 

air and 0ex =  denotes the element is resin epoxy. For the element with intermediate value, 

we adopt the inverse linear material interpolation to represent its density and bulk modulus 

[29, 53]: 

( )
1 2

1 1 11
( ) e e

e

x x
xρ ρ ρ

= − +                                                     (9)                                                                                                               

( )
1 2

1 1 11
( ) e e

e

x x
B x B B

= − +                                                  (10) 

where 3
1 1180kg / mρ =  and 3

2 1.2041kg / mρ =  denote the densities of resin epoxy and air, 

respectively; 1 7.58GPaB =  and 5
2 1.42 10 GPaB −= ×  mean the bulk modulus of resin epoxy 

and air, respectively.  

 

2.3. Optimization constraint function 

In SCs, the air domain should be connected into a block. However, if we solely maximize the 

bandgap without any connectivity constraints, the air may form some isolated domains, 

which can cause numerical errors during the optimization. To solve this problem, we impose 

a constraint function to ensure the air domains are fully connected in the optimized SCs. We 

assume a new periodic material made of the unit cell with each element having the same 

design variable as the original unit cell for optimizing the bandgap. However, in the new 
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material, 1ex =  represents the element is full of hard material with elastic modulus of 0E  

whereas 0ex =  means the element is full of soft material with elastic modulus of 3
010 E− ; the 

Poisson ratio of both the hard and soft materials is selected to be 0.3. For the element with an 

intermediate variable, we adopt the solid isotropic material penalization (SIMP) model [54] 

to represent its elastic modulus: 

( ) ( )3 3 3
0 010 1e e eE x E x E x−= − +                                                  (11) 

The effective bulk modulus Hκ  of the new assumed periodic material is selected as the 

constraint function, which is constrained to be larger than a specific value, *κ ,  during the 

optimization to ensure that all elements with 1ex =  are fully connected. According to the 

homogenization theory [54, 55], the effective elasticity matrix of the new material is  

{ } { }( ) [ ] { } { }( )0 0
1 TH l l m m

lmE E d
Y

ε ε ε ε
Ω

= − − Ω∫                                       (12) 

where H
lmE  denotes the homogenized elasticity matrix of the new material and, in two 

dimension systems, l,m = 1,2,3; [ ]E  represents the elasticity matrix of the constituent at a 

given position within the domain, denoted by Ω, of the unit cell; Y  is the unit cell’s area; 

{ },
0
l mε  means the three linear independent test strain fields, and { } { }1

0 1,0,0ε = , 

{ } { }2
0 0,1,0ε = , { } { }3

0 0,0,1ε =  in two dimension systems. The resulting strain fields { },l mε   

are the solutions to standard finite element problems subjected to the test strain. We can 

calculate the homogenized bulk modulus Hκ  according to the components of the effective 

elasticity matrix: 

( )11 12 21 22
1
4

H H H H HE E E Eκ = + + +                                              (13) 

For a two-phase periodic material, we can estimate the maximum bulk modulus based on the 
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Hashin-Shtrikman (HS) bounds [56]. With a specific volume fraction of hard material, 2
fV , 

the maximum of the bulk modulus is 

( )
2

2
max 2

2 21
f

f

V G
V G

κ
κ

=
− +

                                                  (14) 

where 2κ  and 2G denote the hard materials’ static bulk modulus and shear modulus, 

respectively. Herein we define the constraint function as max
Hκ κ βκ∗≥ = .  

 

2.4. Inverse design formulation  

According to the objective and constraint functions, we can formulate the optimization 

problem as  

( )
max

2 *

max :

s . t. :

0 or 1; 1, 2, ,

e

H

f f

e e

f x

V V
x e n

κ κ βκ∗




≥ =


=
 = = 

                                         (15) 

in which en  denotes the number of elements, *
fV  is the objective volume fraction of air. We 

will use the bi-directional evolutionary structure optimization (BESO) method [57] to solve 

Eq. (15), thus the objective and constraint functions’ sensitivities should be derived. 

According to Eqs. (5) and (8), the objective function’s sensitivity, 
e

f
x
∂
∂

, can be derived upon 

getting ( )n i

ex
ω∂
∂

k
, which can be calculated by differentiating both sides of Eq. (3): 

( ) ( )21
2

n i T
n i

e n e ex x x
ω

ω
ω

∂  ∂ ∂
= − ∂ ∂ ∂ 

k K Mp k p                                    (16) 

Based on Eq. (13), the constraint function’s sensitivity is 

11 12 21 221
4

H H H HH

e e e e e

E E E E
x x x x x
κ  ∂ ∂ ∂ ∂∂

= + + + ∂ ∂ ∂ ∂ ∂ 
                                        (17) 
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We can calculate the derivative of the homogenized elasticity matrix, 
H
lm

e

E
x

∂
∂

, using the adjoint 

variable method [58]: 

{ } { }( ) { } { }( )0 0
1H Tl l m mlm lm

e e

E E d
x Y x

ε ε ε ε
Ω

∂ ∂
= − − Ω

∂ ∂∫                                (18) 

Plugging Eq. (11) into Eq. (18), the derivative of the homogenized elasticity matrix is 

{ } { }( ) ( ) { } { }( )
2

2 1
0 0

H Tl l m mlm e
lm lm

e

E px E E d
x Y

ε ε ε ε
Ω

∂
= − − − Ω

∂ ∫                        (19) 

where 1
lmE  and 2

lmE  represent the elasticity matrix of soft material and hard material, 

respectively.  

 

2.5. Numerical implementation 

As seen in Eq. (15), the optimization problem has two constraints, that is, a volume constraint 

and a bulk modulus constraint. Generally, in BESO [57], the volume constraint is 

automatically implemented, whereas the extra constraint is imposed by adding it to the 

objective function by introducing a Lagrangian multiplier, λ [53, 59, 60], expressed by  

 ( )Hf f λ κ κ∗ ∗= + −                                                    (20) 

Therefore, the above modified objective function’s sensitivity can be expressed by 

H

e e e

f f
x x x

κλ
∗∂ ∂ ∂
= +

∂ ∂ ∂
                                                    (21) 

If Hκ κ∗≥ , meaning the constraint is already satisfied, thus λ  is set as 0; when Hκ κ∗< , 

denoting the constraint is not satisfied, thus Hκ  needs to be maximized first. Therefore, 

before calculating the modified objective function’s sensitivity, λ  needs to be determined, 

which is calculated according to the following procedures. First, an intermediate parameter z 

is introduced for controlling λ  as 
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1 z
z

λ −
=                                                             (22) 

where z changes from a very small value 20
min 10z −=  to 1, thus λ  ranges from 0 to infinity. 

To determine the value of z in each iteration, we set two bound values of z as minlowerz z=  and 

1upperz = . The programme begins with z=1 and 
e

f
x

∗∂
∂

 is calculated via Eq. (21). According to 

the ranking of the sensitivities for all elements, the design variables are updated to meet the 

objective volume fraction in the next iteration. Then we can estimate the bulk modulus  Hκ  

in the next iteration, 1
H
iterκ +  , based on the variation of the design variables as 

1

H
H H iter
iter iter e

e

d x
dx
κκ κ+ = + ∆∑                                                 (23) 

If 1
H
iterκ κ∗

+ < , meaning the constraint is not satisfied, λ  is then enlarged by moving the upper 

bound upperz  to z and meanwhile updating z with a smaller value  

2
lowerz zz +

=                                                              (24) 

If 1
H
iterκ κ∗

+ > , meaning the constraint is already satisfied, the lower bound upperz  is moved to z 

and meanwhile z is updated with a larger value as 

2
upperz z

z
+

=                                                             (25) 

We repeat the above procedures multiple times until 1510upper lowerz z −− ≤  and a suitable λ  is 

got.  

 

Upon determining the value of λ , the modified objective function’s sensitivity, 
e

f
x

∗∂
∂

, can be 

calculated according to Eq. (21), based on which we update the design variables using BESO. 
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BESO begins with an initial design almost full of air and gradually decreases the air’s volume 

fraction to the objective volume fraction *
fV  by  

( )2 2 *
, 1 ,max (1 ),f iter f iter fV V ER V+ = −                                              (26) 

in which ER denotes the evolutionary ratio and is set as 0.01 herein.  According to the 

relative ranking of all elements’ sensitivities, the sensitivities’ threshold, iter
thα , is calculated 

via the bi-section method to satisfy the volume fraction of air in the next iteration, 2
, 1f iterV + . 

BESO will increase design variable values for elements with higher sensitivity and 

meanwhile decrease design variable values for elements with lower sensitivity, according to 

( )
( )

1
min ,1

max ,0

iter iter iter
e e thiter

e iter iter iter
e e th

x x if
x

x x if

α α

α α
+

 + ∆ >= 
−∆ <

                             (27)  

where iter
eα  denotes the sensitivity of element e in each iteration and 0.1x∆ =  herein.  

 

The whole optimization procedure is outlined as follows [50, 51, 61]:  

Step 1: Chose the initial design and determine the BESO parameters. 

Step 2: Perform finite element analysis and compute the objective and constraint functions 

based on Eqs. (8) and (13). 

Step 3: Determine the target volume fraction of the air in the next iteration based on Eq. (26). 

Step 4: Determine the Lagrangian multiplier based on Eqs. (22)-(25). 

Step 5: Calculate modified objective function’s sensitivity based on Eq. (21). 

Step 6: Update design variables according to Eq. (27). 

Step 7: Repeat Steps 2–6 until the objective function is maximized. 

 

3. Results and discussions 

In this section, first, we will create multiple dual-band SSTIs with customizable dual 
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bandgaps for hosting dual-band corner states. On that basis, a three-band SSTI with three 

bandgaps will be constructed for hosting three-band corner states. Thereafter, we will conduct 

the experiment to prove the existence of the three-band corner states.  

3.1. Customized dual-band SSTIs  

To create dual-band SSTIs, we first design SCs with dual-odd-order bandgaps by maximizing 

two specific odd-order bandgaps via inverse design. 0.6β =  and * 0.6fV =  are set in the 

program. The evolution history of the unit cell and the objective function is given in 

Appendix A. Figures 2-4(a) show three optimized SCs (named SC1, SC2 and SC3, 

respectively) with dual-odd-order bandgaps and their band diagrams. The air and resin epoxy 

are denoted by black and yellow, respectively. The SC1 has the 1st- and 5th-order bandgaps 

with the two relative bandgap sizes being 39.0% and 36.7%, respectively; the SC2 has the 1st- 

and 7th-order bandgaps with the two relative bandgap sizes being 30.0% and 21.2%, 

respectively; the SC3 has the 3rd- and 7th-order bandgaps with the two relative bandgap sizes 

being 55.6% and 29.8%, respectively. Then, we select two kinds of UCs, that is, the primitive 

UC (as denoted by the blue dashed boxes) and the translated UC (as denoted by the red 

dashed boxes) obtained by translating the primitive UC by (a/2, a/2), from the same SC to 

construct the SSTI. We term the primitive UCs in Figs. 2-4(a) as UC1A, UC2A and UC3A, 

and the corresponding translated UCs as UC1B, UC2B and UC3B, respectively. Next, we use 

the 2D polarization [21, 27, 62-66], ( ),x yP P=P , to characterize these UCs’ topology 

properties, expressed by 

1 modulo 2
2

n
l d

n
P q =  

 
∑ ,        ( ) ( )

( )
X

1
n
dq n d

n

η
η

− =
Γ

                               (28) 

where ,d x y=  denotes the direction; ( )Xn xη , ( )Xn yη  and ( )nη Γ  represent the parity of 

the nth band at high symmetric points X, Y and Γ, respectively; n
d

n
q∑  denotes the sum of the 
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dq  for all bands below the target bandgap. The parity nη  can be determined according to the 

eigenmode profile of the nth band at the corresponding high symmetric point, where s and d 

modes have even parity (+) while the q mode has odd parity(-). As the UCs are C4v-

symmetric, ( )Xn xη = ( )Xn yη , resulting in x yP P= . Table 1 summarizes all parities at high 

symmetry points for UC1A, UC2A, UC3A, UC1B, UC2B and UC3B below the second 

bandgaps. Taking them into Eq. (28), it can be derived that the first bandgap is nontrivial for 

UC1A, UC2A and UC3A, whereas it is trivial for UC1B, UC2B and UC3B; the second 

bandgap is trivial for UC1A, UC2A and UC3A, whereas it is nontrivial for UC1B, UC2B and 

UC3B. Therefore, the topology properties between UC1A and UC1B, UC2A and UC2B, and 

UC3A and UC3B for both the first and second bandgaps are all distinct, ensuring the 

emergence of topological edge states at the boundary between these primitive and translated 

UCs. Meanwhile, the simultaneous nonzero xP  and yP  can lead to nonzero corner charge cQ , 

expressed by 

4c x yQ P P=                                                                (29) 

Accordingly, for the first bandgap, 1cQ =  for UC1A, UC2A and UC3A while 0cQ =  for 

UC1B, UC2B and UC3B; for the second bandgap, 0cQ =  for UC1A, UC2A and UC3A 

while 1cQ =  for UC1B, UC2B and UC3B. Therefore, for both the first and second bandgaps, 

the different topological corner charges between UC1A and UC1B, UC2A and UC2B, and  

UC3A and UC3B ensure the existence of topological corner states at the 90° corner formed 

between them.  
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Fig. 2. The configuration of SC1 and its band diagram. (a) The optimized 3×3 unit cells. (b) 

The band diagram.  

 

Fig. 3. The configuration of SC2 and its band diagram. (a) The optimized 3×3 unit cells. (b) 

The band diagram. 

 

Fig. 4. The configuration of SC3 and its band diagram. (a) The optimized 3×3 unit cells. (b) 

The band diagram. 

Table 1. Parities at high symmetry points for UC1A, UC2A, UC3A, UC1B, UC2B and UC3B 

 
Band order 

 1 2 3 4 5 6 7 
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UC1A 
Γ + + - - +   

X - + + + -   

UC1B 
Γ + + - - +   

X + - - - +   

UC2A 
Γ + - - + + + + 

X - + + - - + - 

UC2B 
Γ + - - + + + + 

X + - - + + - + 

UC3A 
Γ + + + - - - - 

X + - + + - - - 

UC3B 
Γ + + + - - - - 

X - + - - + + + 

 

To confirm topological edge states, we construct the supercell made of 8 UCiAs (i=1, 2, 3) 

and 8 UCiBs (i=1, 2, 3) with a boundary between them. The supercells made of UC1A and 

UC1B, UC2A and UC2B, UC3A and UC3B are termed ES1, ES2 and ES3, respectively. 

Figures 5(a-c) show the projected band diagrams of ES1, ES2 and ES3, respectively. It can be 

found that edge states appear within both the two designed bandgaps. Figures 5(d-f) 

demonstrate the eigenmodes of edge states in Figs. 5(a-c), showing that the energies are 

localized at the interfaces. To verify the corner states, we design the metastructure made of 

8×8 UCiBs surrounded by 4 layers of UCiAs with a corner between them. The metastructures 

made of UC1A and UC1B, UC2A and UC2B, UC3A and UC3B are termed MS1, MS2 and 

MS3, respectively. Figures 6-8(a) give the eigenvalue spectrums for MS1, MS2, and MS3, 

respectively, and we can observe that corner states appear within both the two bandgaps. 

Figures 6-8(b) present the eigenmodes of corner states, demonstrating that the energies of 

these corner states are indeed localized at corners. Thus, dual-band second-order topological 

phases are engineered within different customized dual bandgaps. Note that we observe 

multiple corner states within the first bandgap of MS1 and the second bandgap of MS2 and 

MS3. The reason is that these structures are made of optimized unit cells with complex 
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configuration, which may lead to strong long-range couplings, thus resulting in multiple 

corner states emerging inside or outside the gapped edge states [18, 67].   

 

Fig. 5. (a)-(c) Projected band diagrams for ES1, ES2 and ES3, respectively. (d-f) Eigenmodes 

of edge states in (a-c).  

 

Fig. 6. (a) The eigenvalue spectrum for MS1. (b) Eigenmodes of corner states in (a).  



 

18 
 

 

Fig. 7. (a) The eigenvalue spectrum for MS2. (b) Eigenmodes of corner states in (a). 

 

Fig. 8. (a) The eigenvalue spectrum for MS3. (b) Eigenmodes of corner states in (a).    

  

3.2. Three-band SSTI  

In this section, we maximize three odd-order bandgaps simultaneously for creating a three-

band SSTI; the 1st-, 5th-, and 9th-order bandgaps are selected to be maximized. 0.75β =  and 

* 0.6fV =  are set in this case. Figure 9 shows the optimized SC (named SC4) and its band 

diagram. The relative size of 1st-, 5th-, and 9th-order bandgaps is 16.7%, 14.6% and 8.8%, 

respectively. Then, the primitive UC (named UC4A) and translated UC (named UC4B) are 

selected to construct the SSTI. Table 2 gives all high symmetry points’ parities for UC4A and 

UC4B below the third bandgap. Taking those parities into Eq. (28), it can be derived that, for 

UC4A, the 1st-order band gap is nontrivial and the 5th- and 9th-order bandgaps are trivial, 

while for UC4B, the 1st-order bandgap is trivial and the 5th- and 9th-order bandgaps are 
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nontrivial. Therefore, all three bandgaps between UC4A and UC4B have distinct topology 

properties, offering the possibility for engineering topological phases within these bandgaps.  

 

Fig. 9. The configuration of SC4 and its band diagram. (a) The optimized 3×3 unit cells. (b) 

The band diagram. 

Table 2. Parities at high symmetry points for UC4A and UC4B 

 
Band order 

 1 2 3 4 5 6 7 8 9 

UC7A 
Γ + + - - + - - + + 

X - + + + - - + - + 

UC7B 
Γ + + - - + - - + + 

X + - - - + + - + - 

 

To confirm topological edge states, the supercell (termed ES4) made of 8 UC4As and 8 

UC4Bs with a boundary between them is built. Figure 10(a) shows the projected band 

diagram of ES4, and it can be observed that edge states emerge within all three bandgaps. 

Figure 10(b) demonstrates the eigenfields of edge states in Fig. 10(a), showing that the 

energies are highly localized at the interface. To confirm the three-band corner states, we 

create the metastructure (termed as MS4) made of 6×6 UC4Bs surrounded by 5 layers of 

UC4As with a corner between them. Figure 11(a) gives the eigenvalue spectrum for MS4, 

showing that corner states emerge within all three bandgaps. Figure 11(b) gives the 

eigenmodes of corner states, demonstrating that the energies of these corner states are indeed 

localized at corners.  
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Fig. 10. (a) The projected band diagram for ES4. (b) Eigenmodes of edge states in (a). 

 

Fig. 11. (a) The eigenvalue spectrum for MS4. (b) Eigenmodes of corner states in (a).   

 

Fig. 12. The fabricated sample. 
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Fig. 13. Experimentally measured bulk (black), edge (blue), and corner (red) spectra around 

(a) the first bandgap, (b) the second bandgap and (c) the third bandgap. The frequency ranges 

of the bandgaps are denoted by dashed lines. The peaks of corner spectra are denoted by C1a, 

C1b, C2 and C3, respectively, and those of edge spectra are denoted by E1, E2a, E2b, and E3, 

respectively. 

 

To experimentally validate the three-band corner states, we fabricate the MS4 via 3D printing, 

as shown in Fig. 12. The boundary between UC4A and UC4B is denoted by the black dashed 

line. The sample is made of photosensitive resin, which can be regarded as hard boundaries 

for sound. The lattice constant of the unit cell is 70 mm. An acrylic plate is added on the top 

of the sample (the height is 20 mm) to form a two-dimensional waveguide for measurement. 

The transparent plate is perforated with multiple holes, sealed when not in use, for inserting 

the acoustic source or detector. We label three pairs of holes for measuring bulk, edge, and 

corner spectra as black, blue, and red circles, respectively. For one pair of holes, one is used 

for inserting the acoustic source and the other for detector. Figures 13(a-c) show the 

measured bulk (black), edge (blue), and corner (red) response spectra around the three 

bandgaps; the numerically calculated frequency ranges of the bulk bandgaps are denoted by 

dashed lines. We can find that, within the three bulk bandgaps, the response spectra of bulk 

states have obvious dips. Meanwhile, we can observe multiple peaks of edge and corner 

response spectra within bulk bandgaps, indicating the existence of corner and edge states, 
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corresponding to the calculated spectrum in Fig. 11(a). The measured frequencies of corner 

states C1a, C1b, C2, and C3 are 1845 Hz, 2054 Hz, 4222Hz and 6298 Hz, respectively, while 

the numerically calculated frequencies of these corner states are 1828 Hz, 2016 Hz, 4253 Hz 

and 6331 Hz, respectively. The relative errors of frequencies of corner states C1a, C1b, C2, 

and C3 between experiment and numerical calculation are 0.93%, 1.9%, 0.73% and 0.52%, 

respectively. These tiny errors mainly come from fabrication errors and can be acceptable. 

Therefore, the three-band corner states are experimentally validated.  

 

4.  Conclusions 

In summary, we create multiband SSTIs hosting corner states within customizable multiple 

bandgaps via inverse design. The inverse design is formulated to maximize customizable 

multiple odd-order bandgaps of SCs. Trivial and nontrivial UCs are selected from the 

optimized SC in distinct ways. By arranging them to form a metastructure with a corner, 

multiband SSTIs are constructed. We first design three dual-band SSTIs hosting corner states 

within customizable double bandgaps. On that basis, we create one three-band SSTI hosting 

corner states within three bandgaps. Thereafter, the designed three-band SSTI is fabricated 

and the three-band corner states are validated experimentally. The multiband SSTIs we 

proposed may have promising applications for robust multiband applications of sound waves.  

 

Appendix A: Evolution history of the unit cell 

Our numerical experiences show that it is difficult to maximize the multiple bandgaps 

simultaneously from a simple initial structure. To overcome this problem, we adopt a two-

stage method in the optimization. At the first stage, we maximize the relative size of one 

bandgap. Then the optimized unit cell from the first stage is used as the initial structure at the 

second stage for maximizing the multiple bandgaps simultaneously. Here, we demonstrate 
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the two-stage evolution histories of the unit cell and bandgap-midgap ratio for designing the 

SC1 with the first-order and fifth-order bandgaps. Figure A1(a) presents the evolution history 

of the unit cell and the bandgap-midgap ratio at the first stage, wherein the fifth-order 

bandgap is maximized. It can be seen that the size of the fifth-order bandgap is gradually 

enlarged from the negative value, which means no bandgap, to the maximum value. In the 

meantime, the unit cell evolves into the optimal configuration with clear boundaries. 

Importantly, due to the imposed constraint, the air domains are connected into one block. 

Figure A1(b) shows the evolution history of the unit cell and the bandgap-midgap ratio at the 

second stage, wherein the optimized unit cell from the first stage is used as the initial 

structure and the first-order and fifth-order bandgaps are maximized simultaneously. We can 

find that, at initial iterations, the size of the first-order bandgap gradually increases while that 

of the fifth-order bandgap gradually decreases; then the sizes of first-order and fifth-order 

bandgaps gradually increase to the same value.  

 

Fig. A1. The two-stage evolution histories of the unit cell and bandgap-midgap ratio for 

designing the SC1: (a) the first stage; (b) the second stage. 
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