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Abstract. Guided waves (GW)-based techniques have been extensively investigated and applied in material
characterization, damage detection, and structural health monitoring. A comprehensive understanding of
GW is the cornerstone for the development of such techniques. Based on the semi-analytical finite element
(SAFE) method, an open-source dispersion calculator of GW propagating in acoustoelastic and complex
waveguides with both isotropic and anisotropic material properties is developed. First, by assuming the
simple harmonic motion along the propagation direction and discretizing along the thickness direction, 1D-
GLL-SAFE (one-dimensional Gauss-Lobatto-Legendre SAFE) is adopted for the solution of GW in plate
waveguide, which is attributed to its superior performance in terms of computational accuracy and efficiency.
Different theories on acoustoelasticity are adopted to calculate GWs under loading. Then 2D-Gauss-SAFE
(two-dimensional Gauss SAFE) with triangular meshes filling the cross section is adopted for GW in general
waveguides considering the ease of convenience in meshing. Finally, based on the 1D-GLL-SAFE and 2D-
Gauss-SAFE algorithms, an open-source tool SAFEDC (SAFE-based dispersion calculator) is developed,
which not only provides the solution of GW in pre-stressed isotropic waveguide and general cross section,
but also extends to GW in laminates with arbitrary layer stacking configurations and hybrid stacking
including multiple materials. Most of the GW features, including phase velocity, group velocity, wave
number, wave structure in terms of displacement, stress, and strain, and animation of wave propagation are
all offered in SAFEDC, which helps the researchers and engineers to understand and utilize GW.

Keywords: guided wave; semi-analytical finite element; dispersion curve; acoustoelasticity
1. Introduction

Guided waves (GWs) have been intensively studied for research and applications in material
characterization, damage detection, and structural health monitoring (SHM)[1,2]. Significantly different
from the bulk waves which usually have a limited number of modes with constant velocities over a wide
frequency range, GWs are characterized by the frequency dispersion and multiple-modes, such that each
GW mode at different frequencies may have different phase velocity, group velocity, and mode shape,
providing rich information for various researches and applications. For example, the characterization of both

elastic and viscoelastic material parameters has been realized with numerous machine learning and
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parameter optimization algorithms [3,4], where GWs of multiple modes and frequencies along different
directions need to be obtained. For the rapid detection of corrosion and cracks in pipelines, GW-based
techniques have been commercialized by several companies: Guided Wave NDT by Applus+[5], SONYKS
guided wave testing by Eddyfi[6], and subsea solutions by GUL[7], to name a few. The torsional wave T(0,1)
at low frequency is generally the most preferred mode due to its non-dispersion and low demands on the
transduction system. In addition, enabled by the miniaturized transducers that can be integrated into the
monitored structure, GW-based SHM in an in situ and online way has seen a burgeoning development [8—
12], such as the monitoring of corrosion, disbonding, delamination, crack, bolt looseness, and residual stress.
In contrast, the bulk-wave based techniques, which are limited in coverage area, are generally combined
with scanning equipment [13,14], and are therefore more suitable for off-line defect detection.

Understanding how GWSs propagate along the waveguide of interest serves as the cornerstone for
various GW-based techniques. Starting from a century ago when the governing equation of Lamb wave in
the stress-free isotropic plate was derived [ 15], a number of analytical methods have been proposed to obtain
the dispersion characteristics of GW in various waveguides, such as partial wave technique, global matrix
method, transfer matrix method [16]. Afterwards, the influence of stress on GW in the plate waveguide is
intensively investigated based on the governing equations with the theory of acoustoelasticity (TAE)
included [17-19]. However, there are still some different approaches on the TAE to compute GWs. The
governing equation of wave motion in the stressed waveguide in the natural, or undeformed, coordinate
systems is adopted frequently [17,18,20,21], which, as claimed in Ref. [19], may result in the loss of both
the constitutive and the geometric nonlinearities in the initial, or deformed, state. In addition, although the
direct expression of effective elastic constant (EEC) enables the computation of GW under loading easily
via the input of an equivalent anisotropic material into some off-the-shelf tools such as Disperse [22], the
splitting of EECs make the solution not unique [23].

On the other hand, to deal with waveguides with general cross section, it is usually difficult to find the
analytical equations, so techniques involving numerical methods have been developed, such as the semi-

analytical finite element method (SAFE) [24,25] or semi-analytical isogeometric analysis (SAIGA) [26].
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By discretizing the waveguide cross section with elements and assuming a simple harmonic motion along
the propagation direction, SAFE and SAIGA are able to calculate the GW in waveguides from plate to
general section, e.g. rectangular bar subjected to hydrostatic pressure [21], rail track subjected to both
thermal and stress loading [20].

As concluded above, although the computation of GW propagation characteristics can be performed
by individual researchers via coding or commercial software such as the PDE module in COMSOL[21], it
is a daunting task to correctly obtain various characteristics of GW along the investigated waveguides,
especially when the waveguide cross section or laminate layer stacking configuration is complex. Therefore,
based on the above algorithms, several off-the-shelf tools have been developed that are capable of computing
GW dispersion characteristics. The well-known tool Disperse [22], developed at Imperial College, focuses
mainly on plate structure and tube structures with uniform inner and outer radii. The newly developed tool
Dispersion Calculator (DC) [27] at the German Aerospace Center also targets the plate structure, particularly
for laminates with hundreds of layers. The latest version of DC includes the ability to calculate the GW
along the plate immersed in the fluid. GUIGUW [28] has also been developed at the University of Bologna
as a tool capable of calculating GWs both in the plate and in the general waveguide. Another tool called
LAMSS-COMPOSITES [29], developed at the University of South Carolina, is able to display the
dispersion curves and steering angles of GW in several common composite laminates from a database, but
is not able to compute the GW with user-defined parameters or material properties.

From the review of the literature and off-the-shelf GW computation tools, it is concluded that GWs in
various waveguides can be computed using SAFE. Nevertheless, the tedious and time-consuming solution
of eigenvalues and eigenvectors especially for thick laminates and complex waveguides with irregular
geometric shape may hinder the application of SAFE. Therefore, how to achieve a balance among
computational accuracy, efficiency, and wide applicability to various waveguides with SAFE is still an
urgent need. Previously, the authors have developed the GLL-SAFE algorithm, which features a non-
uniform node collation and Lobatto quadrature to obtain a diagonal mass matrix, to successfully realize the

computation of GWs in isotropic plates, anisotropic laminates, and general waveguides such as railway
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tracks, and demonstrated the improvement of both accuracy and efficiency over the conventional Gauss-
SAFE with uniform node collation and Gauss quadrature[30]. In the developed GLL-SAFE for waveguide
with complex geometry, Abaqus/CAE was used to mesh the general waveguide with quadratic quadrilateral
elements, which were then imported into the GLL-SAFE algorithm. However, the introduction of an
additional CAE software to mesh the general waveguide is not convenient in practice, and is therefore not
a preferred choice for the development of tools to compute GW in general waveguides.

To address the above bottlenecks, this study proposes to combine 1D-GLL-SAFE with 1D elements to
compute GWs in plate structures, and 2D-Gauss-SAFE with 2D quadratic triangular elements to compute
GWs in waveguides with acoustoelasticity and complex geometry shape. Two governing equations based
on the natural and initial coordinate systems, respectively, are intensively investigated to obtain velocities
of GWs for quantitative comparison. The combined algorithms enable the interrogation of GWs in general
waveguides of acoustoelasticity with a comprehensive consideration of computational accuracy, efficiency,
and applicability. In addition, in order to make the GW functions available to both researchers and engineers,
an open-source tool called SAFEDC (SAFE-based dispersion calculator) has been developed for GW
computation using the MATLAB App Designer due to its convenience combined with high efficiency of
matrix manipulation and numerical computation. SAFEDC provides comprehensive GW characteristics,
including phase velocity, group velocity, wave number, wave structure in terms of displacement, stress, and
strain, and wave propagation animation.

The rest of the paper is organized as follows. Section 2 briefs the derivation of SAFE with
acoustoelasticity based on two different governing equations. Section 3 introduces the development of
SAFEDC, followed by the computation of GWs in various waveguides and acoustoelasticity in Section 4

and concluding remarks drawn in Section 5.

2. Analytical Derivation of 1D-GLL-SAFE and 2D-Gauss-SAFE
2.1 1D-GLL-SAFE

1D-GLL-SAFE focuses on the solution of GW in isotropic and anisotropic plates and laminates, as

shown in Figure la and b, respectively. Considering the element in the 1D-GLL-SAFE with natural
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coordinate ¢ € [—1,1], the Lobatto polynomial Lo, (§) is expressed as the derivative of the Legendre
polynomial P,.4(§) as

. 1 dn+2
L =P . S — o 2 N
On (5) n+l (5) 2n+1 (}’l + 1)' df’”z [(5 ) ] (1)
With polynomial order p, Lo,(§) = 0 gives the zero points E(l; °P~* which, added to two end points -1 and

1, form the GLL-based nodes in the direction & expressed as:

g={-1.7 1} (2)

Thus, 1D-GLL-SAFE has a non-uniform distribution of nodes in the element, as shown in Figure 1a with
ps = 3. In the special case with pg; = 2 as shown in Figure 1b, the only internal node happens to be

uniformly distributed at & = 0.

(a) (b)

« End nodes
« |nternal nodes

« End nodes
# Internal nodes \

Figure 1 Illustration of ID-GLL-SAFE (a) in the lamina with p; = 3 and two elements, and (b) in
the five-layer laminate with pg; = 2 and one element per layer

In 1D-GLL-SAFE, the particle displacement vector u is typically expressed in terms of shape

functions and node displacements as:
u© = [uiw u® uie)}’ — N(&)QWe' o | (3)
where N(¢) is the interpolation shape function of element along the thickness direction, Q' is the nodal
displacement vector of the element, 4 isthe wave number along the wave vector direction x, @ denotes
the angular frequency, and ¢ is time.
A governing equation for the wave motion within each element can be obtained through the virtual work
principle as:
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where u(® and 6&(® are the virtual displacement and virtual strain, respectively, ¢~ and ¢ denotes
the external traction vector and stress vector, respectively, ¢! denotes a complex conjugate transpose, o'
is density, ¢ is a second derivative with respect to time, I is the element surface, and V" is the element
volume.
Note that at the unstressed status, C is the material stiffness matrix which governs the relation of stress
and strain vectors,

o) =g, (5)

the strain vectors at any point can be expressed as:

g = in+L i+LZ£ u'?, (6)
ox oy 0z
where
1 0 0] 0 0 O] [0 0 O]
00 0 01 0 00 0
0 00 00 0 0 0 1
L = L = L. = , (7)
100 oY |0 0 1 01 0
0 0 1 00 0 1 00
0 1 0] 1 0 0] 0 0 0]

where the second term in the right hand of Eq. (6) can be ignored for the 1D element, which is retained for
the following 2D element in Section 2.2.

Substituting Eq. (3) into Eq. (6), the expression of the strain vector is simplified as:

& =(B, +ikB,)Q e, (®)
where B, =L N +L.N_ and B,=LN.
Then substituting Eq. (5) and Eq. (8) into Eq.(4), assembling all the elements, and applying the traction-
free boundary conditions, the eigenvalue equation of the entire system can be obtained as:
(K, +ikK, + kK, —0’M)Q =0, 9)
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where the global stiffness matrix Ky, K,, K3, and the global mass matrix M are assembled from individual

clement stiffness matrix ng), ng), ng) and element mass matrix M(®), which are expressed as:

e 1
K\! = B/CBd¢

K¢ =[ (B/CB,-BICB,)d¢
& . (10)

e 1

K\ = | BICB,d¢

M = J’jl p(e)NTNdf
The size of the matrices Ky, K5, K3 and M is 3N X 3N, where N is the total number of nodes. Q is a
3N x 1 vector representing the node displacements. C, with size of 6 x 6, is the material stiffness
matrix which governs the relation of stress and strain vectors. In 1D-GLL-SAFE, the Lobatto quadrature is
used to calculate the mass matrix, which is derived to be diagonal. This not only greatly improves the
efficiency of the matrix inversion, but also reduces the induced computational error.

Two approaches are commonly used to solve Eq. (9). The first approach is that for a fixed wave number
k, the angular frequency w is computed by treating w? as an unknown eigenvalue. For a fixed k, multiple
values of w are obtained, each denoting the angular frequency of a mode. The solved eigenvector Q at
each w is the corresponding displacement mode shape. The second approach is that, given a fixed angular
frequency w, the wave number k can also be computed, but the size of the matrix for solving the
eigenvalues and eigenvectors is doubled to 6N X 6N, which will significantly increase the computation
time. Therefore, to improve the computational efficiency, the first approach is adopted in this study, and the
second approach must be adopted when considering the wave attenuation with the wave number with non-
zero imaginary part, which includes propagating GWs in the waveguide composed of viscoelastic material
or immersed in liquid/solid, and evanescent GWs in the waveguide with elastic material.

After solving Eq. (9), the computed eigenvalues with only real part denote the propagating GW modes.
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To facilitate the understanding of the dispersion characteristics of each mode, these eigenvalue points in the
specified wave number range are sorted into different wave modes using the orthogonality-based wave mode
sorting algorithm [31]. It is assumed that the orthogonality relation approximately holds for eigenvectors

solved at two neighboring wave numbers k and k + Ak:

Q. ()M, (k)Q,, (k + Ak) # 0 an
Q! ()M, (F)Q,,(k +Ak) = 0

After extracting eigenvalues and their corresponding eigenvectors from Eq. (9) for two neighboring
wave numbers, orthogonality relations are computed between one eigenvector from the solutions with k
and every eigenvector from the wave number solutions with k + Ak, yielding a vector of orthogonality
values. Thus, Eq. (11) guarantees that if the two eigenvectors used in the orthogonality computation belong
to the same wave mode, the maximum value of the vector will be obtained, indicating the mode match of
the two eigenvectors. Then, the wave number solution is used to derive both the phase and the group velocity,
which provides important information about the wave propagation. The derivation of group velocity is given
in Appendix B. The corresponding eigenvector shows the mode shape of displacement, which can be used

to derive the mode shape of stress and strain.

2.2  2D-Gauss-SAFE

2D-Gauss-SAFE is adopted to compute GWs in waveguides with complex geometry, such as the
railway track with the cross section shown in Figure 2. Considering that triangular elements have better
geometric adaptability to mesh complex geometry than quadrilateral elements, the GLL non-uniform node
distribution adopted in the plate structutre is not extended to the 2D-SAFE with quandrilateral elements,
and instead the quadratic 6-node triangular elements are used to discretize the cross section, and Gauss
quadrature is adopted to compute the mass and stiffness matrix.

In 2D-Gauss-SAFE, the particle displacement vector u' is expressed in terms of the shape functions

and the node displacements as:
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u© = |:u(e) u;e) uie):|7 = N(&,17)Q@elt=o | (12)

x

where ¢ and 7 are the natural coordinates of the triangular element, and N(&,7) is the interpolation shape

function matrix of element in the waveguide cross section, which is expressed based on

N, =£(2&-1) , N,=4&n
N,=n(2n-1) , N;=44n, (13)
N,=4(2¢-1) , No=450

where { =1—-¢& —n.
Substituting Eq. (12) into the governing equation of Eq. (4) obtained by the virtual work principle,
and after a series of derivations, the eigenvalue equation with the same form as Eq. (9) can be obtained for

the quadratic triangular elements.
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Figure 2 Illustrated mesh discretization of a railway track cross section
2.3 SAFE with Acoustoelasticity

Two governing equations of GW with acoustoelasticity based on the both the natural and initial
coordinate systems are briefed as follows.
2.3.1 Governing Equation in the Natural Coordinate System

The GW with an acoustoelastic effect in an isotropic waveguide under stress is governed by the
equation in the natural coordinate system with Eq. (85) in Ref. [23]:

: 0 2
i T;ﬁ%+raﬁy§ % = po d S 5 (14)
0| 7 0g, 9,

where 7', and T, aretwo coefficients combining the 2 and 3" order elastic constants and Lagrangian

and Cauchy strains, which are expressed as
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C;’ﬁaEEl +—- 2 Cj//)’a&snEzlmEl
; : (15)
ou, ou,, ;
Faf/)’y§ = Caﬁ’y§ + Caﬂl& a gﬂv + Cﬂ,ﬂ}/{? a é:ﬂ' Ca/i’yﬁgn e{ﬁ]

where the coordinates of a material point in the natural state is represented by the position vectors & . The
deformation from the natural to the initial states is static and the displacement of the particles is denoted by
u', where the superscript “i”” denotes the initial state under the static loading. E'; and ein denote the
Lagrangian strain tensor and infinitesimal (or Cauchy) strain tensors in the initial state under loading. C,,
is the quadratic elastic constant, which for isotropic materials is given by

Ciu = A9 +'u(5ik§./l +5fz5,/k)’ (16)

where 4 and p are Lame constants and & 1is the Kronecker delta function. The tensor C, for

ijklmn

isotropic materials can be expressed in terms of the Murnaghan constants /, m and n as

Ciom =2(1 m+ ja 5,5, +2(m—§j(5 i ¥ 0Ly 46,00

, (17
n
+E(é‘ikljlmn + 5 Jkmn + 5]k[zlmn + 5/l[zkmn )
where
0,0,+0,0,
Ii,-k,=( AL (18)
2
Substituting Eq. (15) into Eq. (14) gives
~  Ou 2
¢ Copo == |= 0" Oty D (19)
08, 0&; ot
where the effective elastic constant (EEC) C o 18 expressed as
éaﬂ;/é = Caﬁyé + Caﬂiée + Caﬁ;/r)gqegr] + Clﬂyéeid + Cﬁ&ne‘mé‘ay (20)
C‘aM depicts the relationship between perturbed stress and strain due to GW propagating in a stressed

isotropic waveguide. By replacing C in Eq. (10) with C in Eq. (20), the GW propagating in the

apys

stressed waveguide can be computed with SAFE. Note that in the special case that ' =0, C returns

aflyd
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s » Which is used to compute the GW in the unstressed condition.

As reported in Ref. [23], to make use of the off-the-shelf tool Disperse, the fourth tensor C"QM needs

to be converted to a matrix with size of 6 X 6 using Voight notation, which leads to the splitting of the

EEC for the stressed isotropic material. Thus, there will be two sets of calculated values corresponding to
the two sets of EECs, each of which can be directly input into Eq. (10) for the solution of GWs with
acoustoelasticity.

To avoid this splitting and to apply SAFE in the presence of stress, the following notation is used (11

—1;22—-52;33 -53;23 5 4;31 - 5;12—>6;32— 7;13 — 8;21 — 9), allowing the rewriting of C

apyd

as a9 X 9 matrix. Applying the same notation to the gradient of displacement leads to the change of Eq.

(7) into
(1 0 0] [0 0 0] [0 0 O]
0 0 O 010 0 0 O
0 0 O 0 0 O 0 0 1
0 0 O 0 0 1 010
L,=0 0 1 ,L,={0 0 OL,L,={0 0 0 (21)
0 0 O 0 0 O 0 0 O
0 0 O 0 0 O 0 0 O
0 00 0 0 O 1 00
0 1 0 11 0 0] 0 0 0

With the retained 9 X 9 matrix of C

s and the accordingly adjusted gradient of displacement in Eq.

(21), the GWs with acoustoelasticity can be calculated without the split EECs.

2.3.2 Governing Equation in the Initial Coordinate System

Another theoretical model in the initial coordinate system has been derived in Refs [19,32], in which

the governing equation is expressed as

2w 2w
o Ou. 0,

abkl aXbaXl _p atz 5

(22)

where u” denotes the displacement describing the wave motion, and the coordinate of a material point in

the initial state is represented by the position vectors X, and the ECC is expressed as
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ou’ ou’ ou’ ou’ ou’
(|:5iijlqr an‘ +erkl ox +Cirkl 8Xj ijkra7l + ijklmnaT . (23)

The 4™ tensor is kept throughout the entire derivation, and hence gradient of displacement is calculated

1
+C Ou;

3
eq _
G = C + Z i Sy +
.

q,r,m,n=1

based on Eq. (21), from which only one unique solution is obtained. All the details of the derivation can be

found in Ref. [19].
3. Development of SAFEDC

Based on the developed 1D-GLL-SAFE and 2D-Gauss-SAFE algorithms, a graphical user interface-
based open-source tool SAFEDC is developed, which requires no further coding to use. The SAFEDC
framework is shown in Figure 3. The MATLAB App Designer is used to create a professional application

that is easy to use and has high efficiency in matrix manipulation and numerical computation of MATLAB.

—>| Multi-core or single-core mode

Lamb or SH mode

Murnaghan constant Isotropic -
- [ . - ool | —>| Maximum mode number |
(optional) material Material Advanced parameters
- . Editor L __ (optional) —>| Acoustoelastic effect |
anisotropic
material —>| Interface color |
| Geometry parameter |<— ¢ .stl file import |
jEEEEsEsEsEEEEEEEEERERERER® e e |
| Mesh parameter |4-—: Isotropic plate Anisotropic plate : | General section Mesh parameter
| Solver parameter |<— ____________________________ Solver parameter
- ———— ) A v

2D-Gauss-SAFE
solver

1D-GLL-SAFE

1
1D-GLL-SAFE |
solver :

solver

|
. . Through- . .
: Dispersion curve thicknes:iroﬁle Mode shape Dispersion curve Mode shape
|
|
:| Phase velocity Displacement | 2-D Phase velocity 2-D contour

deformation

” Group velocity Stress |

| 2-D
:_| Wavenumber animation

11
12

13

14

15

16

In SAFEDC, five modules are designed and named as material editor, isotropic plate, anisotropic plate,

Figure 3 Framework of SAFEDC

general section, and advanced parameters, respectively. Each module is introduced as follows.

(1) Material editor. The default interface of the module “Material editor” is displayed in Figure A 1.
Users need to enter the desired material property in the module of material editor, or simply select one of

the common materials predefined in SAFEDC. Two categories of materials are included, namely isotropic
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materials and anisotropic materials. For the latter, several classes of materials can be selected or defined,
including orthotropic material, transversely isotropic material, and cubic symmetry material, and general
anisotropic material, which contain 9, 5, 3, and 21 independent parameters, respectively. Note that three
Murnaghan third order elastic constants are optional as the input of the isotropic material for the analysis of

GW with acoustoelastic effect.

(2) Isotropic plate. A typical interface of the module “Isotropic plate” is displayed in Figure A 2. The
module “Isotropic plate” focuses on computation of GW in an isotropic plate. At the end of the computation,
dispersion curves in terms of phase velocity, group velocity, and wave number, through thickness profiles
of displacement, stress, and strain, and 2D mode shape presented with static deformation and animation,
can all be offered and saved. It is also worth noting that the computation of GW will take into account the
acoustoelastic effect when the Murnaghan third order elastic constants are defined and the “Acoustoelastic
effect” is enabled. Lamb wave and shear horizontal wave modes can be output separately by ticking the
appropriate box in the module “Advanced parameters”, and both modes are output by default. Note that two
commonly used sets of Murnaghan third-order elastic moduli, either in the form of [,m,andn or

A, B,and C, can be interconverted as follows[33]:

n=4
m=B+A4/2 (24)
I=A+B+C

(3) Anisotropic plate. The default interface of the module “Anisotropic plate” is displayed in Figure A
3 and is basically the same as the that of “Isotropic plate”. However, the geometric and material
configurations of the anisotropic plate, as illustrated in Figure A 4, are performed separately, where the
material name, angle, and thickness at each ply need to be specified, together with whether the stacking
sequency is symmetric or not. In addition, by ticking the “Hybrid” box, it is possible to define different
materials at each ply. After configuring the geometry and material, the following setups are basically the
same as in the module “Isotropic plate”, except that an additional parameter of propagation angle needs to
be defined, as GW propagates differently along different propagation angles in an anisotropic lamina or

laminate.

(4) General section. The module “General section” is very different from the module “Isotropic plate”
14 /15
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or “Anisotropic plate”. Common CAD software such as SOLIDWORKS and CATIA are used to create the
STL file of a 2D surface representing the cross section of the waveguide. Note that although the STL
describes the 3D geometry, the STL output of a single surface is available, and a constant coordinate in the
3" dimension makes it an equivalent 2D model. As mentioned in Section 2, only quadratic triangular
elements are used in 2D-Gauss-SAFE for both convenience and accuracy. After meshing with the desired
sizes, and setting the material and computational parameters, the dispersion characteristics of the GW can
be computed. Both isotropic and anisotropic materials are supported in SAFEDC, but for the latter, two
direction vectors must be input to specify the material principal directions of x and y, to allow the rotation
of anisotropic material. Note that the acoustoelastic effect along the propagation direction can also be
included in the computation of the GW in the isotropic general section. After computation, dispersion curves
and mode shapes of the GW are provided. As the waveguide has a 2D general section, the mode shape of
the displacement will be presented with three 2D contours. In addition, both 2D and 3D animations of
displacement for each mode are provided in SAFEDC to clearly demonstrate the propagation of the GW.
(5) Advanced parameters. The module “Advanced parameters” focuses on the setting of advanced
parameters that are required by default. E.g., one of the functions “Interface color” is added to enable users
to adjust the color theme. “Multicore computation” is enabled by default, but it is optional to disable the
multicore computation in case that SAFEDC is running on a poorly performing computer where multicore
computation may consume too much memory. For isotropic plates, the separation of Lamb modes and shear

horizontal modes can be selected. The acoustoelasticity can also be enabled in this module.

4. Validation of GWs in Various Waveguides

To illustrate the developed algorithms 1D-GLL-SAFE and 2D-Gauss-SAFE, and the functionality of
the software SAFEDC, GWs in three unstressed typical waveguides, i.e., aluminum plate, CFRP laminate,
and rail track, and in a stressed aluminum plate, are investigated.

4.1 Isotropic plate - aluminum plate

The unstressed 4 mm thick isotropic aluminum 6061 plate is adopted for the first illustration of the GW
computation in the isotropic plate, whose property is shown in Table 1. The computation was run via a
desktop with the CPU AMD Ryzen 9 3950X 16-Core Processor and 32 Gigabytes RAM. With the element

size set as 0.2 mm, 20 elements are generated for the computation, which takes 15.33 s and 3.70s
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respectively for computation with single core and multiple cores. The most time consuming part of SAFEDC
is the solution of eigenvalues and eigenvectors in Eq. (9), which takes more than half of the entire
computation time.

Table 1. Material parameter of three unstressed waveguides.

Name density Stiffness property Type
Al 6061 2700 kg/m3 E = 68 GPa isotropic
v =0.33
E; = 144.65 GPa
E, = 9.64 GPa . .
3 2
AS4M3502 1550 kg/m G., = 6.00 GPa transversely isotropic
623 = 375 GPa
1712 = 0.299
Steel 1020 7850 kg/m3 E =207 GPa isotropic
v=0.3

Table 2. Computational information of three waveguides without loading.

Name geometry Element size Element number Time (single Time (multiple
core) cores)
Al 6061 plate 4 mm thick 0.2 mm 20 1533 s 3.70 s
[0/90/-
ASAM3S02 4545125 0625 mm 32 109.05 s 2332 s
laminate

2 mm thick

Steel 1020 Imported 4 -6 mm 389 83.16's 27.69 s
rail track externally

The dispersion curves of phase velocity, group velocity, and wave number with the frequency are
computed with 1D-GLL-SAFE (see Figure 4a to c), and with the oft-the-shelf tool DC (see Figure 4d to f).

The relative errors between the two groups of results are calculated as

A

o= ; (25)

Yo
where v; is the velocity or wave number calculated with 1D-GLL-SAFE, v, is that calculated with DC.

The calculated errors of phase velocity (see Figure 4g) and wave number (see Figure 41) for the fundamental

A0 and SO modes all reach below 1 X 10™%, while that of the group velocity (see Figure 4h) can also reach
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1 below 1 x 1072, confirming the correctness of the developed algorithm.

2
20 6 2500
(a) | SN C) R (c)
\ T 2000
@ E 1500
£ E
< 5
H £ 1000
g ° § 500 A0
e
0 0 =
0 200 400 600 800 1000 0 200 400 500 800 1000 0 200 Fr:zzency (kH:)OO 800 1000
Frequency (kHz) Frequency (kHz)
3 6 25
D
(e) ®
—~ 5t =
= g 2f
Z4 =)
g ERN
5 . £ 05 g
ol So  Skaq
200 400 600 800 1000 00 260 460 660 860 1000 0 200 400 600 800 1000
Frequency (kHz) Frequency (kHz) Frequency (kHz)
4 -1 -1 107
10 T T T T 10 T T T T b T T T T
(g) . A0 (h) . AO (1) . A0
. S0 . S0 . S0
102 1072 4 10 2
10° 10° i 107
g 10 g 10 g 104
5 107 5 10° S g0
g 00 g 10°¢ § 10°
2 2 &
107 107 L J 107
108 Le o L L O 108 . . . . 10 ® L L L L
0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000
Frequency (kHz) Frequency (kHz) Frequency (kHz)
5 Figure 4 Dispersion curves of GW along a 4 mm thick aluminum plate: (a) phase velocity from SAFEDC,
6 (b) group velocity from SAFEDC, (¢) wave number from SAFEC, (d) phase velocity from DC, (e) group
7 velocity from DC, (f) wave number from DC, (g) relative error of phase velocity, (h) relative error of
8 group velocity, and (i) relative error of wave number.
9
10 The mode shapes of A0 and SHO at ~1000 kHz are displayed in Figure 5. Note that for Mode A0, the

11 mode shape is plotted along the propagation and thickness direction, while for Mode SHO, the mode shape
12 is plotted along the in-plane transverse and thickness direction. Both mode shapes clearly display how

13 different GWs propagate.
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Figure 5 Mode shape of displacement superimposed with undistorted shape for GW along 4 mm
thick aluminum plate at ~1000 kHz: (a) Mode A0, (b) Mode SHO
Also, the normalized through thickness profiles of displacement, stress, and strain are calculated with

1D-GLL-SAFE for all the computed modes at the computed frequency range. The normalization is
performed based on the maximum value of all the components. The normalized displacements of Mode A0
and SHO are shown in Figure 6, where there are non-zero in-plane and out-of-plane displacements for mode
A0 and only non-zero in-plane transverse displacement for Mode SHO. The anti-symmetry of the Mode A0
and the shear horizontal Mode SHO can be easily discerned with the through thickness profile of the
displacement. For illustration, the normalized six stress and strain components of Mode A0 at ~1000 kHz
are shown in Figure 7, in which three strain components (€55, €;3, and €;5) are zero, which agrees well with
the assumption of plane strain for Lamb wave.

The displacement, stress, and strain profiles are of great significance to the selection of wave excitation
and sensing techniques. For example, most 1D laser vibrometers measure the out-of-plane velocity or
displacement, and bonded PZT wafers poled along the out-of-plane direction are most sensitive to in-plane
stress and strain with the piezoelectric coefficient ds;. Similarly, when investigating the second harmonic
wave with the S1-S2 mode pair, the in-plane loading must be transferred from the wedge to the specimen
with the coupling gel as there is no out-of-plane displacement for the S1 mode at the matched frequency

[34].
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6 Figure 7 Through-thickness profile of Mode A0 at ~1000 kHz: (a) stress and (b) strain
7 4.2 Stressed isotropic plate - aluminum plate
8 The developed 1D-GLL-SAFE is also able to include the acoustoelastic effect in the computation of
9 the GW. To quantitatively compare the calculated results based on Eq. (14) in the natural coordinate and
10  Eq. (22) in the initial coordinate, the Lamé parameters are set as A = 56.35 GPa and u = 27.5 GPa, the
11 density p = 2704 kg/m3, the thickness 6.35 mm, and Murnaghan constants [ = —281.5 GPa,m =
12 —339 GPa, and n = —416 GPa. The pre-stress is increased from 0 MPa to 60 MPa at an increment of 10
13 MPa, whose influence on the change of phase velocity is shown in Figure 8, with the legends explained in
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10

Table 3.

Table 3. Explanation of legends in Figure 8.

legend

meaning

Abderahmane ini (Thickness)

Gandhi ini (Thickness)

Abderahmane ini

Gandhi ini

Gandhi ini ABBA

Gandhi ini ABAB

Gandhi nat

Gandhi nat ABBA

Gandhi nat ABAB

Result at deformed initial coordinate based on Ref. [19] with stress-
induced thickness variation considered

Result at deformed initial coordinate based on Ref. [17], with stress-
induced thickness variation added

Result at deformed initial coordinate based on Ref. [19] with stress-
induced thickness variation not considered

Result at deformed initial coordinate based on Ref. [17], but with stress-
induced thickness variation not considered

Result at deformed initial coordinate based on split ECC in Row 2 and 4
in Eq. (111) in Ref. [23], but with stress-induced thickness variation not
considered

Result at deformed initial coordinate based on split ECC in Row 1 and 3
in Eq. (111) in Ref. [23], but with stress-induced thickness variation not
added

Result at un-deformed natural coordinate based on Ref. [17], but with
stress-induced thickness variation not considered

Result at un-deformed natural coordinate based on split ECC in Row 2
and 4 in Eq. (111) in Ref. [23], but with stress-induced thickness variation
not added

Result at un-deformed natural coordinate based on split ECC in Row 1
and 3 in Eq. (111) in Ref. [23], but with stress-induced thickness variation
not added

As shown in Figure 8, all the calculated results expressed with the legends “Abderahmane ini

(Thickness)” and “Gandhi ini (Thickness)” show highly matched values with a maximum difference of

phase velocity ~ 1 m/s at 40 MPa loading. This match also applies to the case with thickness variation not

considered or to the case in the natural coordinate. However, the splitting of ECCs leads to the increased

error to some degree, but still within an acceptable range of less than 2 m/s at 40 MPa loading.

The zoom-in of Figure 8 shows how the thickness variation under the loading influences the wave

velocity of three GWs at (250 kHz, S0), (400 kHz, A1), and (600 kHz, S1), in which only 0.1 m/s, 1.1 m/s,
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and 0.5 m/s velocity change is obtained at 40 MPa loading. Another aspect to notice is that although it is
claimed that the developed theory based on the initial coordinate in Ref. [19] achieves a higher accuracy
than that in the calculated result in Ref. [17], the results in Ref. [19] calculate the change of the phase
velocity after deformation, which is ignored for both the theoretical and experimental results in Ref. [17].

When this difference is compensated, both theories in Refs. [17,19] give similar results.

250 kHz SU 400 kHz A1 600 kHz S1

@ e () - . @

ACp (m/s)l
AGp (m/s)

ACp (m(s)

25 L

20 |

40 |

o 0 20 60 0 0 m 60 0 20 40 60
o (MPa) o (MPa) o (MPa)

Figure 8 Comparison of various calculations including Abderahmane et al. Ref. [19], Gandhi et al., Refs.
[17,23].

Calculated based on the governing equation in Eq. (22), the differences of phase and group velocity
of modes A0, SO, and A1 after deformation at the unidirectional loading from 25 MPa to 100 MPa at an
increment of 25 MPa from those without loading are displayed in Figure 9. Both the length and thickness
variations are included. This situation corresponds to the measurement with a fixed distance between the
excitation and acquisition. The different sensitivities of the three GW modes at different frequencies to stress
provide an insight into the selection of appropriate GW to characterize stress values. E.g., as shown in Figure
9a, the phase velocity of Mode A0 shows the least sensitivity to those of the other two modes, and Mode SO
at the lower frequency shows a greater sensitivity to that at the higher frequency (see Figure 9b and e).

Likewise, when the deformation under loading is ignored and only the thickness variation is considered,
the values of phase and group velocity of GW in the plate under loading can be converted back to obtain the
velocity differences as shown in Figure 10, whose correctness is validated via comparison of the result in
Ref. [35]. This situation applies to the measurement with the excitation and acquisition bonded or integrated

with the plate, in which the relative distance between excitation and acquisition may change under loading.
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Figure 10 Phase (c,) and group (c4) velocity difference of GW along a 4 mm thick aluminum plate at
different pre-stresses ignoring the deformation: (a) Ac, — A0, (b) Ac, —S0, (c) Ac, —Al, (d) Acy —
A0, (e) Acy - S0, and (f) Acy — AL

4.3 Anisotropic Plate - CFRP Laminate

Without loss of generality, the GW propagating along 30° in a CFRP laminate made of AS4M3502

with the stacking sequence [0/90/-45/45]»s and a total thickness of 2 mm is investigated. The material

properties of AS4M3502 are listed in Table 1, and the consumed computation time for single core and

multiple cores is 109.05 s and 23.32 s, respectively, as listed in Table 2. The computed dispersion curves

from 1D-GLL-SAFE in Figure 11a to ¢ show a correct sorting of each mode and a good agreement with the
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results computed from DC in Figure 11d to e. The calculated errors of phase velocity (see Figure 11g) and
wave number (see Figure 11i) for the Modes A0, SHO, and SO all reach below 1 x 107%, and that of the
group velocity (see Figure 11h) can also reach below 3 X 1072, confirming the correctness of the developed
algorithm. Note that although the GW modes can still be approximately classified as symmetric, anti-
symmetric, and shear horizontal modes in the investigated laminate with symmetric and quasi-isotropic
stacking sequence, this classification rule does not hold for laminate with arbitrary stacking sequence. Hence,
only numeral numbering is adopted to name all the GW modes. Figure 12 shows the typical mode shapes
of displacement for Mode 1 and Mode 3 in the plane consisting of the propagation and out-of-plane
directions, together with the through-thickness profiles of the displacement components as shown in Figure
13. The displacement profiles show a complex pattern due to the different stacking sequences in each ply,
and show an approximate anti-symmetric and symmetric pattern for Mode 1 and Mode 3 respectively due
to the quasi-isotropic and symmetric stacking sequences for the investigated laminate. Furthermore, the
stress and strain profiles along the thickness for Mode 1 at ~1000 kHz are shown in Figure 14, where the
stress shows a much more significant discontinuity than the strain due to the change in material parameter

from different stacking angles.
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Figure 11 Dispersion curves of GW along 30° of AS4M3502 laminate [0/90/-45/45]2s: (a) phase velocity
from SAFEDC, (b) group velocity from SAFEDC, (c) wave number from SAFEDC, (d) phase velocity
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AS4M3502 laminate [0/90/-45/45]2s at ~1000 kHz: (a) Mode 1, (b) Mode 3
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Figure 13 Profile of displacement of GW along 30° of AS4M3502 laminate [0/90/-45/45]as at ~1000

Figure 14 Mode 3 profile for GW along 30° of AS4M3502 laminate [0/90/-45/45]2s at ~1000 kHz: (a)
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SAFE computation of the GW propagating along the general section. With the maximum and minimum size
of the triangular element entered as 5 mm and 4 mm, respectively, the discretized rail track with triangular
elements is displayed in Figure 2. The element size can be freely varied in the developed tool SAFEDC, but
it should be noted that extremely dense meshing should be avoided for two reasons: (1) rapidly increasing
time and memory consumption and (2) usually lower order GW modes are concerned, whose computation
with high accuracy can be easily achieved with relatively coarse meshing. With the wave number step set
to 2 rad/m, the obtained group velocity dispersion curves (see Figure 15b) show a stronger discontinuity
than the phase velocity (see Figure 15a) and wave number curves (see Figure 15¢), as the group velocity is
related to the derivative of the angular frequency to the wave number. In addition, incorrect mode sorting
occurs, as a result of a large gap in the wave number. To correct these errors, the wave number step is reduced
to 0.5 rad/m, and the resulting group velocity dispersion curve (see Figure 15¢) is greatly improved in terms
of mode sorting and curve smoothness. For the phase velocity and wave number dispersion curves (see
Figure 15d and f), only a slight improvement can be carefully observed by increasing the number of
computation points. With Ak = 0.5 rad/m, The consumed computation time for single core and multiple
cores is 83.16 s and 27.69 s, respectively, as listed in Table 2. Although the computation time at each wave
number increases largely attributed to the increased element number for the general section compared with
the plate structures, the setup of a lower maximum frequency (e.g. 30 kHz for the rail track) results in the
total computation time for the general section usually on the same order or only one order larger than that
for the plate structures. Overall speaking, the entire computation time is jointly decided by material, mesh,

frequency, and wave number.
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Figure 15 Dispersion curves of GW along a typical railway track: (a) phase velocity — frequency at Ak =
2 rad/m, (b) group velocity — frequency Ak = 2 rad/m, (c) wave number — frequency Ak = 2 rad/m,
(d) phase velocity — frequency at Ak = 0.5 rad/m, (e) group velocity — frequency Ak = 0.5 rad/m, and
(f) wave number — frequency Ak = 0.5 rad/m
In addition to the dispersion curves, users can also output the 2D contours of three normalized

displacement components, as shown for Mode 1 at ~30 kHz in Figure 16a and Mode 3 at ~30 kHz in Figure
16b. It can be seen that for Mode 1, the displacement along the z-direction is much larger than those along
the x- and y-directions. In addition, the displacement at the foot of the rail track has a larger amplitude
than that at other positions. Therefore, Mode 1 at 30 kHz is suitable for detecting defects at the foot of the
rail track, while being insensitive to defects at the head and web. Mode 3 at ~30 kHz, on the other hand, has
a much larger amplitude at the web than that at the other positions, and is therefore suitable for web defect
detection. SAFEDC also offers the 3D animation of the displacement for the single cross section or the 3D

solid, as shown in Figure 16¢ to Figure 16e, which vividly illustrates the wave propagation.
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Figure 16 (a) 2D contour of displacement for Mode 1 at ~30 kHz, (b) 2D contour of displacement for
Mode 3 at ~30 kHz, (c) mode shape of displacement for mode 1 at ~30 kHz, (d) mode shape of
displacement for Mode 3 at ~30 kHz, and (e) snapshot of 3D displacement animation in a cycle with a
time increment of 1/10 time period for Mode 1 at ~30 kHz.

5. Concluding Remarks

This study combines the 1D-GLL-SAFE algorithm for computing GWs in plate structures and the 2D-
Gauss-SAFE algorithm for computing GWs in waveguides with complex geometry, and further develops
the open-source tool SAFEDC, which is able to compute GWs in various waveguides with acoustoelasticity

and material anisotropy.

The influence of acoustoelasticity on GW based on two different sets of governing equations is
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compared in this study, which shows highly consistent results in terms of the phase velocity. In addition, to
ease the complexity of the induced 4" order tensor of EECs in the governing equation, the conversion from
the 4™ order tensor to the Voight notation with split EECs is also validated, which shows the split EECs may
lead to a slightly larger error under unidirectional loading. To avoid the ambiguity induced by the splitting
of EECs, only the full 4" order EEC tensor derived with the governing equation described by the initial
coordinate system is adopted in SAFEDC to compute GW with acoustoelasticity.

The output of rich GW characteristics in SAFEDC will help the researchers and engineers to understand
how GWs propagate in various waveguides and to select the appropriate GW for their specific research and
application. For example, selecting the appropriate GW in the pipeline is essential for effective corrosion
detection. For the stress characterization in isotropic plate structures, the analysis of GWs under different
loading conditions is essential to select the GW mode and frequency that is most sensitive to stress.

In the near future, both the 1D-GLL-SAFE and 2D-Gauss-SAFE algorithms will be further developed
and the results will be integrated into the open-source SAFEDC to provide more functionality, including

(1) Computation of GW in viscoelastic material. Viscoelastic material is easily added into SAFE with
a search for eigenvalues of the wave number at a fixed frequency.

(2) Computation of GW in a waveguide immersed in a solid/fluid. Using the perfectly matched layer,
SAFE is able to compute the GW in a general waveguide immersed in a solid/fluid.

(3) Interaction of GW with disbond/delamination. By combining all the calculated GW modes and the
normal mode expansion method[8], the interaction of GW with disbond/delamination will also be

investigated in the near future.
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Data availability

The freeware SAFEDC, together with the installation and usage guide, is available at

https://sourceforge.net/projects/safedc/.
Appendix A.

Some typical interfaces of the freeware SAFEDC are shown below. The typical interface of the tab
“Material editor” for the adopted isotropic aluminum alloy 6061 in Section 4.1 and AS4M3502 in Section
4.3 is shown in Figure A 1. The typical interface of the tab “Isotropic plate” for the adopted 4 mm thick
isotropic aluminum alloy 6061 is shown in Figure A 2. The default interface of the tab “Anisotropic plate”
is shown in Figure A 3, together with the setup of material AS4M3502 with the stacking sequence [0/90/-
45/45]>s shown in Figure A 4. The default interface of the tab “General section” is shown in Figure A 5. The

default interface of the tab “Advanced parameters” is displayed in Figure A 6.
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Figure A 1. Typical interface of the tab “Material editor”
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al interface of the tab “Isotropic plate”
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Figure A 4. Typical interface of material and geometry setup for anisotropic laminate
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Appendix B.

For isotropic material, the group velocity can be simply computed as:

. _ 00 _Q,(K, +2kK,)Q,
¢« ok 20Q,MQ,

: (BI)

where Q, and Q, are the left and right eigenvectors, respectively.

For anisotropic plates, the group velocity ¢, has a radial component in the direction of k and an
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angular component perpendicular to k. Thus the two group velocity components in a Cartesian coordinate

with the wave vector along the angle @ can be obtained as:

oo
Co| _|COSO —sinb || ok (B2)
Cy | sin@ cosd el ’
koo

where the derivative term ow/06 can be approximated by the finite central difference:

aa)| N a)(k)|91+A6’/2 B a)(k)|917A9/2

~ B3
06|, A6 (B3
Therefore, the group velocity and direction in the anisotropic plate are:
¢, =\Jch e,
(B4)

C,,
0, = arctan(—*~

gx
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