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Highlights 
· A novel theoretical model of interfacial stiffness for interface behavior of elastic-plastic

waves.
· Physical explanations for causes and affecting factors of non-monotonic VAM behavior.
· Technical recommendation to retain the monotonic variation of VAM index during bolt

loosening.

Abstract 
The non-monotonic relationship between nonlinear VAM features and the residual torque of 
bolted joints has been experimentally observed in previous studies. Such non-monotonicity 
leads to the misjudgment in the quantitative SHM of bolt loosening. However, the causes 
leading to the non-monotonic behavior are unclear and an effective theoretical explanation is 
still lacking. To circumvent this deficiency, the interface behaviors of elastic-plastic waves are 
investigated in this study via theoretical modelling, simulation and experiment. A new 
exponential theoretical stiffness model is proposed to quantitively consider the effect of both 
surface roughness and interfacial pressure on the plastic asperity softening, in which roughness-
related parameters are also incorporated in the exponent. The non-monotonic nonlinear VAM 
features are then predicted by both single-degree-of-freedom and multi-degree-of-freedom 
wave-surface interaction models. The effect of initial surface roughness and its variations 
caused by repeated loading on VAM features are validated by comparative experiment 
involving tightening tests of the aluminum-aluminum joint and the CFRP-CFRP joint, and 
retightening tests of the latter, respectively. The results show that the non-monotonicity of 
nonlinear VAM features is primarily influenced by the distribution of rough asperities on joint 
surfaces, and the different patterns of such non-monotonicity can be described by the proposed 
model. Higher model parameters indicate a rougher interface and result in more significant non-
monotonic nonlinear VAM features. Retightening of rough joints can smoothen the contact 
surface. Following this guidance, the monotonic monitoring range of the CFRP-CFRP joint 
(Sa=5.362) has been improved from 11 N·m to 20 N·m after 16th bolt retight. 
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1 Introduction 
Bolted joints are widely used to connect components in numerous engineering structures. 
Particularly, with the rapid advancement and the increasing application of composite structures, 
bolted connections have gained significant favor due to their convenience and ability to 
introduce fewer residual stresses [1]. However, bolts are frequently subjected to inevitable 
loosening due to time varying external loads during service, which will reduce structural 
reliability and even cause structural failure [2, 3]. Therefore, monitoring the residual preload of 
bolts is of great significance to ensure the mechanical performance of structures [4].  
 
VAM is a method that has been increasingly investigated for the SHM of bolt loosening in the 
past decade. The VAM technique adopts two excitation signals on the bolted structure, namely 
low frequency (LF) pumping wave and high frequency (HF) probing wave. Subsequently, 
nonlinear structural responses, i.e., sidebands (SBs) at frequencies equal to the difference and 
sum of the frequencies of the two excitations, generate due to structural nonlinearities. When 
the interface of the bolted joint follows an elastic behavior, the contact acoustic nonlinearity 
(CAN) dominates the amplitude variation of SBs, which has a more significant correlation with 
the bolt loosening compared with linear acoustic features [5, 6]. The ratio of the amplitude of 
the SBs to the fundamental waves (LF and HF), known as the nonlinear modulation index β, 
has been widely used to evaluate the residual preload of the bolted joints. Amerini and Meo [7] 
first conducted VAM test on the evaluation of bolt loosening, the nonlinear modulation index β 
showed a monotonic correlation with the residual torque on the metallic joint. Zhang et al. [8] 
established a theoretical model based on the rough-surface contact theory [9] to link the VAM 
responses of a loose bolt to its residual torque and experimentally evaluated the bolt loosening 
of metallic and composite joints. Meyer and Adams [10] proposed an impact modulation 
method, which replaced the LF excitation of VAM by an impact, to identify the presence of 
loose bolts in a muti-bolted satellite structure. Wang and Song [11, 12] proposed several 
modifications (e.g., transducer, excitation and signal processing) on the traditional VAM 
method to increase the accuracy of the torque evaluation in multi-bolt connections. Gong et al. 
[6] established an extended theoretical model to describe the generation of high-order SBs 
based on CAN theory [9], and the high-order SBs were experimentally proved to have great 
potentials in detecting bolt loosening as well as the other small contact-type damages, such as 
micro fatigue crack, debonding and bond-slip. 
 
Based on the classical CAN theory, the nonlinear modulation index β decreases monotonically 
with the increase of the preload for bolted joints tightened at an elastic stage. However, the non-
monotonic behaviors of β (and the other similar indices based on the energy of nonlinear 
components) during the bolt loosening have been successively reported by recent studies. Zhao 
et al. [13] conducted repeated VAM experiments for the bolted joints under different torques 
(far less than the yielding strength of the jointed material), and the nonlinear modulation index 
β showed an increase at the initial stage of bolt preloading before its monotonic decrease for 
the higher torque. In addition, Nikravesh et al. [14] reported a bounce behavior of nonlinear 
modulation index after the bolt preload became relatively high. More comprehensive 
experiments were implemented by Qin et al. [1] to investigate the nonlinear modulation 



intensity throughout the full-range loosening of the bolted structure. The nonlinear modulation 
index (an energy ratio of SBs to fundamental waves) also increased at a relatively low torque, 
and then decreased as expected by the existing theory, lastly followed by a similar bounce for 
the high-stress stage. Even though the above studies have been conducted through different 
conditions (e.g., material, size and excitation), a unanimous conclusion can be reached that the 
theoretical behavior for the nonlinear modulation index of monotonic decrease is confined to a 
middle-stress range. When the preload of the joint turns into an “edge case” (relatively high or 
low), the correlation between the nonlinear modulation index and bolt loosening may become 
more complex than that expected in the existing theory. Interestingly, such pattern can be found 
in not only the bolt loosening, but also the other damages, such as crack [15-17] and 
delamination [18, 19].  
The non-monotonic behaviors of the nonlinear VAM features can lead to a misjudgment on the 
identification of the remaining torque at the bolted joint, because the single value of measured 
feature can refer to multiple stress levels.  
 
To circumvent such uncertainties of the non-monotonic nonlinear modulation index in the 
structural health monitoring, some implements are used to obtain the monotonic indices for 
VAM testing. Li et al. [16] proposed to adjust the phase threshold range to improve the 
reliability of the relationship between the nonlinear modulation index and crack length. Zhao 
et al. [13] used the bi-spectrum energy as an alternative index of modulation to increase the 
accuracy of bolt loosening monitoring. Qin et al. [1] obtained a more monotonic early-loose 
warning by measuring the HF dissipation, compared to the nonlinear modulation index. 
However, the reported improvements, as replacements of the classical nonlinear modulation 
index, have only been restricted within the specific experimental conditions. The major factor 
contributed to the non-monotonic behavior in VAM responses is unclear and an effective 
theoretical explanation is still lacking, which limited the targeted improvements of the VAM 
method on the quantitative monitoring of bolt loosening. In addition, most of the bolted joints 
are supposed to be frequently retightened in their entire-life service, due to the inevitable 
loosening when confronting the cyclic loading [20]. Hence, the interfacial conditions of bolted 
joints are different from each other over the retightening process, leading to the more 
complicated fluctuations of the VAM features. 
 
To improve the feasibility of the VAM method in the quantitative monitoring of bolt loosening, 
this article proposed a new model considering the elastic-plastic stiffness softening to explain 
the non-monotonic behavior of VAM responses and revealed the causes contributed to the 
detectable range of the nonlinear modulation index. Fig. 1 briefly shows the article structure. 
In Section 2, the elastic-plastic softening of interfacial stiffness was revealed by an indentation 
test. Based on such observed pattern, an exponent-decreasing stiffness model was proposed in 
the theoretical modeling to qualitatively explain the non-monotonic VAM behavior. Next, the 
present stiffness model was quantitively investigated and validated via experiments and finite 
element method (FEM) in Section 3. In Section 4, the nonmonotonicity of β affected by 
interfacial roughness was revealed through a comparison between aluminum-aluminum joint 
and composite-composite joint, and connected to the model parameters through the 
retightening tests, resulting in suggestions to improve the SHM accuracy of bolt loosening. 



 
Fig. 1. Research flowchart.  

 

2 Theory 

2.1 Elastic-plastic behavior of rough contact surfaces 
At the contact surface of a bolted joint, the applied compression is suffered by interfacial rough 
asperities, hence the regional deformation of the rough asperities dominates the interfacial 
stiffness of bolted joint. The interfacial stiffness of a bolted joint varies with changes of 
preloaded contact force, leading to the changes of the structural VAM responses. Hence, the 
measured VAM features can be used to monitor the loosening state of the bolted joint. The 
bolted structure can be simplified to a spring model in Fig. 2. The two plots of stiffness patterns 
are the representative forms of the linear interfacial stiffness in the elastic and elastic-plastic 
cases respectively. The elastic pattern is plotted based on Biwa’s model [9] and the elastic-
plastic pattern (stiffness softening) is plotted based on the proposed model in Section 2.2. As 
the result of the theoretical assumption, the interfacial stiffness shows a more significant plastic 
pattern for the rougher surface and shows an ideal elastic pattern for the smoother surface. Such 
conclusion will be validated in Section 4. 



 
Fig. 2. Simplified model of a rough-contact joint subject to two harmonic forces. 

 
The relationship between the preloaded contact force P and applied torque T in a bolted joint 
can be described by 

( )/P T dτ= ,  (1) 

where τ is the coefficient of thread friction and d is the diameter of the bolt. Subjected to the 
preload of tightened bolt, the interfacial asperities suffer the contact pressure p, which obeys a 
functional relationship with the corresponding gap distance h, which has been defined as the 
opening distance between average planes of the upper and lower rough surfaces. The total 
distance h can be described as the sum of the initial distance h0 caused by the static pressure p0 
(defined as the average pressure of the bolted region) and the relative displacement pumped by 
the waves (namely Δh), i.e.,  

0= + ∆h h h .  (2) 
In the case of VAM test, the distance change caused by the excitations is relatively small 
compared to the static deformation of the compressed interface. Hence, the interfacial contact 
pressure p(h) can be expressed by its Taylor expansion, i.e. [9], 
( ) ( ) 1

2
0 0 2== + ∆ − ∆ + ∆p h p h h p K h K h .  (3) 

 It can be seen from Eq. (3), when the bolted joint suffered the external excitation, the 
corresponding linear and nonlinear dynamic deformation will depend on the interfacial stiffness 
K1 and K2. Biwa et al. [9] has proposed a classical elastic model where K1 follows a Hertzian 
power law (represented by 0

1K  in Fig. 2), and as a result, the nonlinear feature monotonically 
decreases with the increase of contact force. Despite numerous successful SHM applications of 
Biwa’s model, the non-monotonic nonlinear features due to bolt loosening at different degrees 
[9-11] cannot be accurately described by such elastic model. Recently, numerous advanced 
models [21] have been proposed to describe the elastic-plastic CAN behaviors, e.g., fractal 
model [22] and GW model [18], using statistic functions to describe the asperity characters. 
However, there is still no universal theory for the reported elastic-plastic VAM behaviors [1, 
13, 14] caused by bolt loosening, and most of the models [18, 22] based on complicated 
functions have also raised their application threshold. Hence, we seek to conceive a new model 
with a simple form as well as an effective function to describe the elastic-plastic VAM behavior 



in the bolt loosening monitoring. The new elastic-plastic linear and nonlinear interfacial 
stiffness are denoted as *

1K  and *
2K  respectively. For Eq. (3), they satisfy that 

0

*
1 1

d=
d == − h h
pK K
h

,  (4) 

0

2
*
2 2 2

1 d=
2 d == h h

pK K
h

.  (5) 

 
An indentation test on the material surface was conducted to reveal the elastic-plastic pattern 
of the interfacial stiffness ( *

1K and *
2K  ) affected by the stress concentration. A plate used for 

VAM evaluation on bolt loosening in the following sections was tested. The tested plate was 
made by press molding using CFRP, of which the material and geographic parameters were 
listed in Table 1. The setup of indentation test is shown in Fig. 3a. A compression machine 
(WANCE®) with a force sensor was used to control the contact force between the material 
surface and the spherical indenter. The displacement control mode was used to apply the 
indentation load. The maximum indentation depth was set as 0.02 mm, larger than the 
maximum deformation in the bolted composite joint tightened by 20 N·m, but smaller than the 
material yielding deformation (0.026mm). The interval of loading depth was 0.028 μm and the 
loading speed was 1 mm/min.  

 
 a) Setup for the indentation test b) Measured contact force over indentation depth 

 

 c) Measured *
1K over contact force d) Measured *

2K over contact force 
Fig. 3. Interfacial stiffness measurement of rough composite samples. 

The result of contact force was plotted in Fig. 3b. A theoretical curve based on elastic Hertzian 



law ( ∝ mh P  ) was fitted using the experimental data over a depth from 0 to 0.01 mm for 
reference. The measured contact force shows an expanding drop compared with that in elastic 
contact, which indicates a stiffness softening due to elastic-plastic contact. Next, according to 
Eqs. (4) and (5), the interfacial stiffness *

1K  and *
2K  in the loading test was obtained as the 

derivatives of the curve of contact force versus indentation depth. The elastic-plastic stiffness 
*
1K  and *

2K   measured in the experiment (Fig. 3c and Fig. 3d) were also fitted based on the 
elastic Hertzian law to obtain a reference. In Fig.3c, *

1K  does not follow the elastic Hertzian 
law after the contact force become larger than 8 N. *

1K  rises to a peak at 12 N and followed by 
a softening behavior. When *

1K   reaches its highest value (contact force=12 N), *
2K  , as a 

derivative of *
1K , is equal to 0 in Fig. 3d. Then *

2K  shows an opposite sign to restrain the 
softening of *

1K  and lastly *
2K  converges to 0. 

Table 1. Material and geographic parameters of the CFRP plate.  

Layup 
Elasticity 
modulus 
E(GPa) 

Poisson’s 
ratio ν 

Density 
(kg/m3) 

ρ 

Frictional 
coefficient 

τ 

[90,0,90,0]2s 
E1/E2/E3 ν11/ν13/ν23 1700 0.2 
130/7/7 0.32/0.32/0.45 

 

2.2 A new elastic-plastic model of wave interaction with rough 

contact interfaces  
Since the contact surface of the plate shows a significant elastic-plastic behavior with the 
variation of contact force, the corresponding VAM responses will be different from the past 
interfacial stiffness models. Hence, a new model of the interfacial stiffness is proposed in this 
paper, in which the form of *

1K  in Eq. (4) is designed as 
0 0*

1 0
−= m npK Cp ,  (6) 

where C is a scale factor which has little influence on the monotonicity of the VAM behavior, 
m0 represents the initial power exponent for interface without compression and n represents the 
nonnegative softening factor respectively. Given Eq. (6), the nonlinear interfacial stiffness *

2K , 
as the derivative of *

1K , can be obtained as 
0 02( ) 1* 2

2 0 0 0 00.5( (1 ln( ))) − −= − + m npK m np p C p .  (7) 
The influence of the wide-range variation of preload on the elastic-plastic deformation of the 
contact asperities is simulated by introducing the term of “ 0−np ”. When softening factor n=0, 
Eq. (6) is degenerated into Biwa’s model [9] (i.e., 0

1 0
mK Cp=  ). Following the reported 

conclusions [9, 23], the physical meaning of m0 can be described as the initial roughness 
condition of the interface when the bolt preload is not applied. The height of the contact asperity 
will decrease faster under compression for a larger value of n. The combined contribution of 
the proposed parameters dominates the pattern of interfacial stiffness from low-stress contact 
to high-stress contact (i.e., the full range of bolt loosening).  
 
Then, based on the present model, we have the modification of the equation [9] of nonlinear 
motion of the joint subject to the two excitation forces:  

* * 2
1 2 1 1 2 2cos cosϕ ω ω+ − = +Mx K x K x A t A t ,  (8) 

where ω1 and ω2 are the frequencies of the pumping vibration and probing wave respectively. 



φ is a small quantity to scale the perturbation to be minute. Considering the form of first-order 
nonlinearity for Eq. (8), the displacement solution can be solved using the perturbation method 

[8, 9]. As a result, the solution x for Eq. (8) includes the linear fundamental waves ( HFx and LFx ) 

and the modulated sidebands ( LSx  and RSx ), as  

*1 2
2 1 2 1 2* 2

1 1 2

cos( ) = cos( )
( )

ω ω ω ω
ω ω

= − −
− −LS LS

A Ax K t A t
K M

,  (9) 

*1 2
2 1 2 1 2* 2

1 1 2

cos( ) = cos( )
( )

ω ω ω ω
ω ω

= + +
− +RS RS

A Ax K t A t
K M

,  (10) 

1
1 1* 2

1 1

cos cosω ω
ω

= =
−HF HF
Ax t A t

K M
,  (11) 

2
2 2* 2

1 2

cos cosω ω
ω

= =
−LF LF
Ax t A t

K M
,  (12) 

To reduce the influence of excitation amplitudes (i.e., A1 and A2) on damage evaluation, the 
nonlinear modulation index β is always described by the ratio of nonlinear amplitudes to linear 
amplitudes, i.e., 

* *
2 2

* 2 * 2
1 1 2 1 1 2

( ) 0.5 0.5 .
2 ( ) ( )

β
ω ω ω ω

+
= = +

− − − +
LS RS

HF LF

A A K K
A A K M K M

 (13) 

Based on Eqs. (6), (7) and (13), the VAM response mainly depends on the interfacial stiffness, 
i.e., the interfacial contact pressure or the applied torque in the bolted joint.  
 
To discuss the roles of different parameters in the present model, the theoretical results of 
interfacial stiffness (Eqs. (6) and (7)) and corresponding nonlinear modulation index (Eq. (13)) 
are calculated in the case of single-degree-of-freedom (SDOF) contact of bolted joint. The input 
parameters (e.g., mass and frequencies) are the same as those used in the experiment in Section 
3.1. The calculated theoretical results are shown in Figs. 4 and 5. 
 
2.2.1 Influence of m0 on interfacial stiffness and nonlinear modulation index β 
m0 mainly dominates the behaviors of the interface at the beginning of loading. When the power 
exponent of *

2K  in Eq. (7) 0 02( ) 1 0− − >m np  (for example, m0=0.55 in Fig. 4), *
2K  and β 

show an increasing trend from 0 to 5 N·m and then decline with the increase of the torque due 
to the softening effect. Such non-monotonic increase of *

2K  and β at the initial stage of contact 
loading has also been reported by some theoretical researches [22, 24], and could be explained 
as the increase of the interfacial contact area [25]. In contrast, when m0 is small enough (for 
example m0=0.35 in Fig. 4), which physically means the surfaces with more uniform asperity 
heights, the corresponding *

2K  and β follow an elastic behavior of monotonic decrease even 
at the low-stress stage, as is expected in Biwa’s model. In addition, a larger m0 can lead to a 
higher bounce at the high-stress stage. 



     

 a) Linear interfacial stiffness *
1K  b) Nonlinear interfacial stiffness *

2K  

 

 

c) Modulation index β 
Fig. 4. Theoretical interfacial stiffness and modulation index of SDOF bolted 

composite joints over a torque range from 0 to 20 N·m and a range of m0 from 0.35 to 
0.55, with n set to 0.002.  

 
2.2.2 Influence of n on interfacial stiffness and nonlinear modulation index β 
The influence of the softening parameter n rises with the increase of the preload. When n=0, 

*
1K , *

2K  and β follows the elastic power law as predicted by Biwa’s model. When n≠0, for 
example, n=0.002 for Figs. 5a~c, the contact-dependent stiffness softening becomes significant. 

*
1K  increases from the low-stress level before reaching a peak at 5 N·m, and then slowly 

decreases for the increasing torque, as the same as the measured behavior in the indentation test 
(Fig. 3c). Similarly, *

2K  goes to 0 when *
1K  reaches its peak, and finally convergent to 0 (Fig. 

3 d). As a typical VAM result caused by the stiffness softening, β in Figs. 5c show a bounce 
when n is nonzero. The larger parameter n leads to an earlier bounce. If n is relatively small, 
take n=0.0004 (in brown) for example, β rises at about 14 N·m and keeps rising in the rest of 
the load range (15 ~20 N·m). In contrast, although β for n=0.002 (in blue) will also show a 
bounce at 5 N·m, β will gradually drop after it reaches the highest peak near 10 N·m. This 
difference can be used to explain why the nonlinear modulation index in high-stress tightened 
joint for [14] show a gradual increase but that for [1] show a fall after its highest peak.  



 

 a) Linear interfacial stiffness *
1K  b) Nonlinear interfacial stiffness *

2K  

 

c) Modulation index β 
Fig. 5. Theoretical interfacial stiffness and modulation index of SDOF bolted 

composite joints over a torque range from 0 to 20 N·m and a range of n from 0 to 
0.002, with m0 set to 0.35. 

 
Over all, the softening effect on the contact asperities is of duality. A remarkable n represents 
the higher-speed collapse of contact asperity, which can drive β into the ideal decrease from the 
initial increase due to the increase of contact pairs [25]. However, a large n represents an over-
speed plastic deformation of the asperities for high-stress level, leading to the earlier emergence 
of following bounce of β. In a word, higher n leads to an earlier high-stress bounce and 
diminishes the low-stress increase, while higher m0 delays the high-stress bounce and enhance 
the initial increase of β. 
 
The theoretical results indicate that the elastic behavior of monotonic decreasing β is now 
limited within a range from minp  to maxp , by satisfying the following necessary conditions. 
For the low-stress stage (e.g., m0=0.55 for Fig. 4), the increase of β is due to the increase of 

*
2K , that is to say, the exponent of Eq. (7) >0 (i.e., 0 02( ) 1 0− − >m np ). Meanwhile, the reason 

of high-stress bounce (e.g., n=0 and n=0.002 for Fig. 5) can be ascribe to the stiffness softening 
of *

1K . When *
1K  begins to decline, *

2K , as the derivative of *
1K , equal to 0. That is to say, 

the primary term 0 0 0(1 ln( )) 0− + >m np p . Therefore, the boundary condition for monotonic 
detection can be obtained as, 



0 min

0 max max

2( ) 1 0
(1 ln( )) 0

− − <
 − + >

m np
m np p

.  (14) 

Then we have the length of the monotonic detection range for the decreasing β as 
0

max min
2 ( 1)

2
η η

η
− −

− <
mp p

n
,  (15) 

where η represents max(1 ln( ))+ p  and η>1. According to Eq. (15), the detectable range for a 
reliable SHM is wider for a specimen with low m0 (roughness) and low n (asperity plasticity). 
In addition, via solving Eq. (14), the conditions for the monotonic SHM can be obtained as 

0

0

max max max

10
2

0
ln( )

 < ≤

 < <

+

，

m

mn
p p p

  (16) 

or 
max max max

0
max min max max

0 0

min max max max

ln( )1
2 2( ln( ))

.
2 1
2 ln( )

p p pm
p p p p

m mn
p p p p

+ < ≤ − +
 − < <
 +

   (17) 

Based on Eqs. (16) and (17), the monotonic range of VAM detection can be predicted 
theoretically after the model parameters of the used specimen have been measured, which 
provides a reference for the usage of VAM features in the SHM of bolt loosening. 
 
The main innovative work of the proposed theoretical frame can be summarized as two points: 
1) Past classical models [9, 22] focus on the accurate description of the initial interfacial 

condition, in which the exponents of the expression are constant. The present model has 
first used a continuity function of the variable p0 as the power exponent of Eq. (6), which 
enables the pressure-caused elastic-plastic behavior of the interfacial stiffness and the non-
monotonical VAM response can be uniformly described.   

2) Based on the expressions of the proposed model (Eqs. (6) and (7)), the theoretical 
monotonic range of VAM detection for the determined roughness condition (represented 
by model parameters) and the required roughness condition for a certain detection range 
have been obtained, which provides a promising reference for the SHM based on the VAM 
technique. 

 

3 Experiment and simulation 
The non-monotonic VAM behavior in the bolted joint during loosening has been investigated 
in the experiment and used to validate the present model with FEM.  
 

3.1 Experimental setup and finite element model 
Two same CFRP plates were connected using an M6 bolt, the estimated parameters for the 
plates were detailed in Table 1. The grade of the used bolt was selected as 12.9, with an ultimate 
tensile strength of 1200 MPa and a yield ratio of 0.9, on the purpose of avoiding the potential 
acoustic nonlinearity contributed by the plastic deformation of the bolt. The setup of experiment 



is shown in Fig. 6 a. Firstly, the specimen was clamped by a holder and the preload of the bolt 
was applied by a torque wrench. Next, the LF pumping wave and HF probing wave were excited 
by a two-channel signal generator (Tektronix®, AFG 31000). The LF pumping wave was 
introduced on the specimen by a shaker (Donghua®, SH40020), amplified by an amplifier 
(Donghua®, DH5871). Simultaneously, the HF probing wave was introduced on the specimen 
by an actuator (PI®, P-885.11). Lastly, the response signals of the bolted joints under the mixed 
excitations were captured using an accelerometer (Donghua®, 1A115E) and outputted by an 
oscilloscope (Tektronix®, MDO 4034C). A sweeping frequency test was conducted to 
determine the excitation frequencies which can generate remarkable sidebands without causing 
structural resonance. As a result, the frequency of LF excitation was 215 Hz and the frequency 
of HF excitation was 29.8 kHz. The sampling frequency of the oscilloscope was 250 kHz. The 
non-monotonic VAM behaviors for experiment in this section was observed from the plates 
with smooth surfaces after being retightened for the 15th time. The influence of the interfacial 
roughness and the retightening progress will be discussed in Section 4. 
 

 
a) Experimental setup 

 
 

b) FE model 
Fig. 6. Experimental setup and FE model for the bolted joint. 

 
In the aim of validating the theoretical model, the result measured by experiment was compared 
with that by simulation using the present elastic-plastic stiffness model. The analytical results 
in Subsection 2.2 are based on a SDOF contact, hence a simulation is needed to consider the 
multi-degree-of-freedom (MDOF) interaction, boundary and propagation of VAM waves in a 
bolted joint during its loosening. A finite element (FE) model based on MATLAB was chosen 
to simulate the bolted structure. The refinement of the MDOF model over the SDOF model 
included: a) For the whole structure (Fig. 6 b), each node of the FE model had 2 degrees of 



freedom (i.e., translation and rotation), that was to say, the simulated signals were caused by a 
MDOF structure. b) For the contact region, we used a single spring to connect the two beams, 
of which the translational stiffness was defined as the SDOF model in Section 2 and the 
rotational stiffness was defined in proportion to the translational stiffness. For the boundary, the 
clamped elements were simulated by making the nodes connected to them rigid, of which the 
translation and rotation were not allowed. 
 
The parameters of the FE model including material, sizes, boundaries, loads and excitations 
were defined to match the experimental conditions. The model (Fig. 6 b) of the bolted joint was 
comprised by two Euler-Bernoulli beams. Each beam was meshed by 6 elements (E1~E6) with 
the same size and 7 nodes (N1~N7) with two degrees of freedom (transverse deflection and 
rotation). The area from N12 to N14 was clamped to make the whole structure a cantilever. To 
simulate the bolted connection, E6 and E7 were given the additional mass and connected by a 
translational spring and a rotational spring between N7 and N8. The stiffness of the translational 
spring (Kt) was defined according to the present model (Eqs. (6) and (7)), as 
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and the stiffness of the rotational spring Kr was defined in proportion to Kt [26], i.e., 
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where α is a constant determined by experimental result. The stiffness of the two springs was 
then related to the interfacial pressure p0, which realized the VAM simulation under different 
bolt preload.  
 
A mixing excitation was introduced on the structure, consisting of the LF pumping wave (215 
Hz) at N3 and HF probing wave (29.8 kHz) at N5. The VAM responses of the bolted joint under 
different residual torques, were iteratively solved based on Newmark’s algorithm [26]. The 
structural dynamic responses were collected from N10. To achieve a balance between 
calculation time and accuracy, the running time for the simulation was 5 seconds and the 
sampling frequency was 100 kHz. The FE model did not take into account the combined 
contribution of the intrinsic nonlinearities [19], such as the local resonances, mode conversions, 
nonlinear dissipations, etc. Hence, this allowed for a clearer indication of the VAM responses 
in a bolted joint that was only dominated by the elastic-plastic contact. 
 

3.2 Results 
The signal features for the FEM and the experiment show a good agreement. In Fig. 7, the 
frequency spectra show that the excited HF wave is modulated by the LF wave, causing the 
generation of nonlinear sidebands, i.e., left sideband (LS) at 29.585 kHz and right sideband (RS) 
at 30.015kHz. The amplitudes for FEM and experiment consistently show the non-monotonic 
variation with the increase of the applied torque. By establishing a baseline at the peak of LS 
at 12 N·m, it is evident that the LS amplitude for 6 N·m and 16 N·m is higher than that of 12 



N·m. 

 
 a) 6 N·m (Exp.) b) 6 N·m (FEM) 

 
 c) 12 N·m (Exp.) d) 12 N·m (FEM) 

 
 e) 16 N·m (Exp.) f) 16 N·m (FEM) 

Fig. 7. Spectra of the modulated waves for experiment and FEM. a) ~c) experimental signals, 
d) ~f) simulated signals (C=4.9×106, α=1×103, m0=0.78 and n=0.0035). 

 
The detailed non-monotonic trends of SB peaks over the whole stage of bolt loosening are 
shown in Figs. 8a and b. The variation (in Fig. 8a) of the LS and RS amplitudes in the 
experiment differs from each other in contrast to that in FEM (Fig. 8b). Such difference results 
from the complex contribution of phase-dependent nonlinearity has not been involved in the 



FE model, as mentioned in Subsection 3.1. Hence, a universal improvement for the SHM based 
on VAM is to use the mean value of LS and RS amplitudes to establish the nonlinear modulation 
index [8, 27]. Considering that the measured unit of signals in the FEM (m/s2) is different from 
that in the experiment (V), the obtained β for Fig. 8 c and d are divided by their minimum 
respectively. The ratio of the sideband amplitude to the HF and LF amplitude for experiment is 
always higher than that for simulation, because there are some intrinsic nonlinearities caused 
in the experimental environment, such as the transducers and material, which can also generate 
sidebands but have not been considered in the FE model. However, the intrinsic nonlinearities 
will hardly change with the change of the preload, leading to little effect to the variation of 
VAM features over the investigated torque range. 
 

 
 a) SB amplitude (Exp.) b) SB amplitude (FEM) 

 
 c) β (Exp.) d) β (FEM) 

Fig. 8. Experimental and FEM results of VAM responses for the bolt loosening. 
 
The nonlinear modulation index in the experiment shows a similar behavior with that in FEM 
based on the exponent-decreasing model (Figs. 8c and 8d), which validates the present model. 
At the beginning of preload, the nonlinear modulation indices for experiment and FEM increase 
temporarily. Then, they drop to the lowest by following the power law, as expected by the elastic 
Hertzian models [9]. The highest peak for Fig.8c is at 4 N·m but the highest peak for Fig.8d is 
at 6 N·m. This is because the rough asperities in the experimental setup are not completely in 
contact during the initial tightening, which differs from the assumption in the FEM. As the 



preload increases, this difference can be reduced. After being tightened by a relatively high-
stress torque (about 12 N·m), the nonlinear modulation indices begin to show a bounce to 
double folds of the lowest value and followed by a slow decline, as similar as the proposed 
model. Such double-sides non-monotonic behavior of the nonlinear modulation index has also 
been reported by [1], in which the applied torque on an M20 bolt varied from 5 to 140 N·m. 
Comparatively, the single-side non-monotonic nonlinear modulation indices reported by [13, 
14] were generally based on a smaller range of the preload variation. Therefore, a reasonable 
conclusion can be obtained that the monotonic nonlinear modulation index only exists within a 
limited range of applied preload, as predicted by Eq. (15). The consistent results between the 
experiment and FEM also indicate that the interfacial stiffness softening subsequently leads to 
the non-monotonic VAM behavior (SB amplitude and modulation index). 
 

4 Factor analysis 
To avoid the misjudgment on the residual torque during SHM of the bolted structures, a 
monotonic nonlinear modulation index (or SB amplitude) relative to the torque is always 
required. Since the stiffness softening causes the VAM nonmonotonicity, the remaining task in 
this study is to find the factors resulted in the stiffness softening, and provide a physical solution 
for the quantitative SHM using VAM method. 
 

4.1 Influence of material 
To reveal the major factor affecting the VAM monotonicity, VAM evaluation of the residual 
torque for CFRP-CFRP (referred to as C-C) joints and aluminum-aluminum (referred to as Al-
Al) joints were conducted respectively. Meanwhile, the surfaces for each material consisted of 
two kinds of roughness, i.e., rough surface and smooth surface. For the C-C joint, the difference 
of roughness was realized via changing the roughness of the mold during the formation of 
specimens. For the Al-Al joint, the rough surface was made by the shot blasting. Except the 
roughness, the plates for each material have the same material and size. The VAM signals on 
the four specimens during the bolt tightening were detected based on the same experimental 
measurement (e.g., frequency, boundary condition, equipment, etc.) introduced in Section 3.1 
and Figure 6a. Fig. 9 shows the measured modulation index of the four specimens. Additionally, 
the surface morphology with the area of 1 mm2 of each specimen before loading was measured 
with a 3D profile tester (Filmetrics®, Profilm 3D) and inserted in Fig. 9, respectively. 
 



 
  a) Smooth Al-Al joints b) Smooth C-C joints 

 
 c) Rough Al-Al joints d) Rough C-C joints 

Fig. 9. Measured β over torques for joints with different surface. 
 
The results for the two kinds of materials consistently indicate that the non-monotonic 
variations of β for the rough surface are more remarkable compared with that for the smooth 
surface. Furthermore, take CFRP for example, the material yielding strength for Figs. 9b and d 
are the same, but Fig. 9d shows the non-monotonic β in contrast to the monotonic β in Fig. 9b. 
Hence, the rough-surface contact nonlinearity is a significant factor leading to the non-
monotonic VAM responses.  

4.2 Influence of retightening 
Since the rough-surface condition is a key factor affecting the monotonicity of nonlinear 
modulation index, the correlation between the rough-surface condition and the progress of bolt 
tightening is worth to investigate. Actually, the SHM of bolt loosening are always confronting 
the problems, such as repeated preloading and fretting wear, during their entire-life service. 
Hence, the change of the interfacial condition of a specimen in practice becomes rather 
complicated and repetitive.  
 
20 retightening tests for CFRP plates with smooth and rough surfaces were conducted, 
respectively. For each material, two same specimens were used to conduct repeated tests. For 
each specimen, the joint was serially retightened by 20 times. In each cycle, the VAM signals 
were measured at the interval of the tightening step of the bolted joint, and then the bolt was 
fully loosed for the next-cycle retightening. The measurement setup was the same as that in 



Section 3.1 (Fig. 6a). The interval for each retightening was larger than 10 minutes and the 
whole test for each specimen cost 3 days, so the residual plasticity due to unloading was not 
considered in this work. Another assumption is that the 20-times retightening for CFRP plates 
was not significant enough to cause any macrocracks or fatigue damages.  
 
(1) Rough specimen 
 
Figs. 10a and b show the measured nonlinear modulation index β during the retightening in the 
two repeated tests for the C-C joint with rough surfaces. There are three forms of the measured 
results in Figs. 10a and 11a, i.e., elastic stage (printed in green), elastic-plastic stage (printed in 
black) and their transitional stage (printed in yellow). In the elastic stage, β monotonically 
decreases with the increase of torque. In contrast, β in the elastic-plastic stage shows the 
remarkable non-monotonic patterns at the two sides of loading (i.e., low stress and high stress). 
As a transitional behavior, one-side non-monotonic pattern of β emerges at the curves between 
the other two sections. The typical figures of the three stages (1st, 10th and 20th cycle in Fig.10a) 
are shown in Figs. 10c~e. Every curve for β can be described and fitted by the proposed 
theoretical model to investigate the variation of model parameters (i.e., m0 and n), as shown in 
Figs. 10f~g. Based on the obtained model parameters, the theoretical maximum range for 
monotonic VAM detection can be calculated by the proposed model (Eq. (15)), which is shown 
in Fig. 10h. 

 

a) Measured β in the retightening (repeated test 1) b) Measured β in the retightening (repeated 
test 2) 

 
c) 1st cycle in Fig.10a (elastic-plastic) d) 10th cycle in Fig.10a (elastic-plastic) e) 20th cycle 

in Fig.10a (elastic) 



 
 f) Variation of m0 in Fig.10a    g) Variation of n in Fig.10a 

 
h) Theoretical maximum monotonical detection range for each cycle 

Fig. 10. Results of retightening test for the rough specimen. 
 
The two repeated tests for the rough surface (Figs. 10a and b) consistently show the gradual 
variation of β. At the beginning of the retightening, β shows a peak at the low-stress stage and 
a bounce at the high-stress stage, following the remarkable elastic-plastic behavior predicted 
by the proposed model. Then, with the increase of the retightening cycles, β indicates the 
transitional behavior of which the monotonic detection range keeps expanding. After the 17th 
retightening, β starts to show a monotonic decrease over the preload range from 0 to 20 N·m. 
The fitted model parameters in Figs. 10 f and g show the decreasing trend of n and m0 for the 
rough specimen, which theoretically means, the roughness and plasticity of asperities have been 
gradually eliminated, resulting in the elastic behavior of β. The rough specimen initially has a 
shortest monotonic range lower than 12 N·m at the beginning of the retightening. However, 
after multiple retightening cycles, its theoretical ultimate monotonic range can reach up to 40 
N·m (Fig. 10 h). Gong et al.[6] have also found that the polished surface shows a better result 
of VAM evaluation than the rough surface. 
 
During the retightening test, the interfacial profile of the contact region with the area of 1 mm2 
was measured by the profile tester (Filmetrics®, Profilm 3D). Figs. 11 a~c show the interfacial 
profile of the specimen for Figs.10a before its 1st tightening, after its 15th tightening and after 
its 20th tightening respectively. Meanwhile, the regional statistical rough parameters (kurtosis 
Sku and arithmetic mean height Sa) for Figs. 11 a~c were obtained, where Sa represents the 
sectional mean height and Sku represents the sharpness of asperities. 

 



 

a) Before loading b) 15th cycle c) 20th cycle 
Fig. 11. 3D profiles of the bolted region on the rough specimen during retightening test 1. 

 
As shown in Fig.11, the outstanding rough asperities on the bolted region and the corresponding 
Sa and Sku gradually decrease with the increase of retightening cycles. That is because the 
accumulation of plastic deformation of the asperities under the repeated compression. The 
variation of the surface from rough state to smooth state and the loss of interfacial plasticity is 
consistent with the decrease of the model parameters (in Figs. 10 f and g), which has validated 
the theoretical frame. Meanwhile, in the repeated progress of tightness and looseness, it is 
inevitable that even the flat region will be worn to cause the small asperities. Such variation of 
interface is random and complicated in the cyclic loading [28], and is a significant factor of the 
oscillation of the model parameters and the monotonicity of β. In the case of rough specimen, 
the wear-caused asperities are much smaller than the manufactured asperities (at the corners of 
Fig.11), so their contribution to the VAM test is relatively slight. 
 
(2) Smooth specimen 
 
Figs. 12a and b show the measured nonlinear modulation index β during the retightening in the 
two repeated tests for the C-C joint with smooth surfaces. The experimental setup and the 
approach of factor analysis are the same as those for rough specimen.  

 

 

a) Measured β in the retightening (repeated test 1) b) Measured β I n the retightening 
(repeated test 2) 



 
c) 1st cycle in Fig.12a (elastic) d) 15th cycle in Fig.12a (elastic-plastic) e) 10th cycle in 

Fig.12a (elastic-plastic) 

 
 f) Variation of m0 in Fig.12a           g) Variation of n in Fig.12a 

 
h) Theoretical maximum monotonical detection range for each cycle 

Fig. 12. Results of retightening test for the smooth specimen. 
  

For the smooth specimen, β in Fig. 12a and b monotonically decreases at the beginning of 
retightening. Then the following elastic-plastic curves before the 12th retightening still have 
wide decreasing ranges, in which only the single-side non-monotonic curves have emerged. 
The explanation for the results in Fig.12 can be obtained from the variation of interfacial 
profiles in Fig.13. The heights of the asperities at the unloaded surface are uniform, then, similar 
with Fig.11b, many peaks (higher than 10 μm) are caused due to wear during retightening (Fig. 
12h). Unlike the wear-caused asperities on the rough surface, the asperities in Fig.13b are 
outstanding compared with the pristine regions. That is why the value of plate sharpness 
(represented by kurtosis Sku) for Fig.13b becomes higher than that for Figs. 13a and c, although 
the average height of asperities (Sa) keeps decreasing. Based on the present theoretical frame, 



the rougher surface can lead to the more remarkable non-monotonicity of β, as is shown in 
Fig.12a and b. Zhao et al. [28] and Berthe et al. [29] have also reported the local rough asperity 
generated at the flat surface after loading, and explained as the accumulation of residual 
deformation.  
 

 
 a) Before loading b) 15th cycle c) 20th cycle 

Fig. 13. 3D profiles of the bolted region on the smooth specimen during retightening test 1. 
 
We should note that after the emergence of double-sides elastic-plastic patterns (at about the 
15th retightening), the repeated result in Fig.12b slightly differs from that in Fig.12a. In Fig.12a, 
the most significant elastic-plastic behavior (i.e., double-sides non-monotonic) has not shown 
for the rest of the retightening steps, and β has a wider monotonic range larger than 18 N·m 
(Fig. 12h). In contrast, although β at the 18th and 20th cycles in Fig. 12b shows single-side 
elastic-plastic behavior, the double-sides non-monotonic curve emerges again at the 19th cycle. 
Such a difference indicates the randomness of the roughness evolution of the interface [28]. As 
also reported by [29], the concurrent interfacial evolution is that the highest asperities on the 
rough surface will be shaved down, while the smooth and flat region will also be worn to 
generate new peaks.  
 
However, the general tendency of β for Fig.12a and b is becoming more elastic and monotonic, 
and they are expected [30] to finally reach a steady and elastic state because the accumulation 
of the plastic deformation will cause the stiffness hardening of interfacial asperities. That is 
why the theoretical monotonic detection range for the smooth plate increases after reaching the 
lowest level (Fig. 12h). Therefore, for the practical application of VAM method, the rough-
caused non-monotonicity is not persistent. Also, the decrease of monotonic detection range can 
be measured in the retightening test and predicted based on the proposed model, which helps 
adjust the arrangement of VAM-based SHM. 
 

5 Conclusion 
The full-range evaluation of bolt loosening based on VAM method was investigated. A new 
elastic-plastic model was proposed to explain the non-monotonic behaviors of the nonlinear 
features for the wide-range variation of the preload. 
 
Based on the patterns of the elastic-plastic stiffness softening measured by the indentation test, 
a pressure-dependent exponent was used to modify the existing elastic power-law model. In the 
present model, the VAM responses at a joint depend on the combination of the initial rough 



condition (represented by parameter m0) and the softening property (represented by parameter 
n) of the contact asperities during tightening. The results predicted by the present model were 
validated through experiments and simulations, which indicated that the nonlinear modulation 
index shows an increase at the beginning of the preloading for a rougher interface (larger m0), 
then followed by a power-law decrease as expected by the elastic model, and finally exhibits a 
bounce for the high-stress stage when the interfacial softening is significant (larger n). 
 
The comparative experiment of plates made from CFRP and aluminum with different roughness 
indicated that the interfacial asperity characteristics of the bolted joint were the major factors 
leading to the non-monotonic VAM behaviors rather than the material yielding. The gradually 
varied trends for nonlinear modulation index in the torque monitoring were revealed through 
the retightening tests. The nonlinear modulation index for the smooth plate showed a better 
monotonicity than that for the rough plate at the beginning of retightening, but manifested a 
temporary non-monotonicity due to the fretting wear during the retightening process. 
Nevertheless, the nonlinear features for the two roughness conditions consistently showed 
monotonic behavior as their surfaces were finally smoothened down. During the retightening 
test, the rougher the interfacial condition becomes, the higher the parameters of present model 
rise to and the easier the nonlinear modulation index will turn to non-monotonic. In the lifetime 
service of the bolted joint, retightening of the loose bolt or interfacial fretting wear always 
happens. However, the monotonic detection range of the VAM method is expected to expand 
with the decrease of roughness, which manifests the unique potential of VAM method in the 
long-term SHM. 
 
We should also note, in the aim of solving the application problem of VAM evaluation in bolt 
loosening, the present model simply describes the elastic-plastic VAM behavior by introducing 
a parameter to consider the thorough softening of interfacial asperities. Actually, the specific 
contributions of the roughness-caused plasticities (e.g., loading-unloading hysteresis, 
dislocation or hardening) is still worth to be further studied to improve the modelling accuracy. 
Additionally, the non-monotonicity of nonlinear features caused by material fatigue in the long-
term SHM will be covered in the future work.  
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