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Abstract

Prostate cancer (PCa) is a significant global health concern that affects the male pop-
ulation. In this study, we present a numerical approach to simulate the growth of PCa
tumors and their response to drug therapy. The approach is based on a previously devel-
oped model, which consists of a coupled system comprising one phase field equation and
two reaction-diffusion equations. To solve this system, we employ the fast second-order
exponential time differencing Runge–Kutta (ETDRK2) method with stabilizing terms.
This method is a decoupled linear numerical algorithm that preserves three crucial phys-
ical properties of the model: a maximum bound principle (MBP) on the order parameter
and non-negativity of the two concentration variables. Our simulations allow us to pre-
dict tumor growth patterns and outcomes of drug therapy over extended periods, offering
valuable insights for both basic research and clinical treatments.

Keywords: Prostate cancer tumor growth, Drug therapy, Phase field equation,
Exponential time differencing Runge–Kutta, Maximum bound principle, Non-negativity

1. Introduction

According to the Cancer Statistics 2023 [32], prostate cancer (PCa) is a prevalent
malignancy in males, with the highest incidence rate of new cases and ranking as the
second leading cause of cancer-related deaths among men in the United States. Therefore,
there is an urgent need for continuous research efforts focused on PCa to develop more
effective prevention and treatment strategies.

Currently, diagnostic techniques for PCa include digital rectal examination, ultrasound
examination, magnetic resonance imaging, and prostate-specific antigen (PSA) testing.
Among these methods, the PSA test is widely used in the screening and diagnosis of
PCa due to its simplicity, reliability, non-invasiveness, and cost-effectiveness. Lilja et al.
[19] have provided an extensive elucidation of the concept, measurement methodologies,
and clinical significance of serum PSA and PSA dynamics. PSA is primarily produced
by prostate cells as a protein present in semen and is also found in small quantities in
the bloodstream. In the presence of prostate cancer, damaged prostate ducts can lead
to elevated PSA levels in the blood. Therefore, the PSA test is commonly used as an
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early screening tool for prostate cancer. PSA dynamics, which evaluates the growth rate
and treatment efficacy of PCa based on the trend of serum PSA values, plays a crucial
role in PCa research. Despite the ongoing controversy within the medical community
regarding PSA testing, primarily due to limitations such as high false positive rates,
recent research [32] indicates that the annual increase rate of PCa incidence has gradually
decreased in recent years, partially attributed to a greater number of individuals utilizing
PSA testing tools for routine check-ups. In recent years, significant advancements in the
treatment of PCa, such as chemotherapy, targeted therapy, and immunotherapy, have
provided new avenues and renewed hope for patients. K.J. Pienta and D.C. Smith [27]
emphasized that chemotherapy is currently a primary approach for managing advanced
PCa. However, while conventional chemotherapy regimens can reduce tumor burden, they
are often insufficient to eradicate late-stage disease. Therefore, future efforts in cancer
treatment will focus on combining traditional chemotherapy with novel drugs that target
specific signaling pathways and investigating the intricate interplay between cancer cells
and the host environment.

Numerical simulation has gained prominence as a cost-effective, resource-efficient, and
reproducible method for studying tumor growth. It has become an invaluable tool for
physicians to gain a deeper understanding of tumor morphology, structure, and invasive
characteristics. Wise et al. [37] proposed a three-dimensional multiscale model utilizing
Cahn-Hilliard and reaction-diffusion equations to describe multispecies tumor growth and
tumor-induced angiogenesis. They employed adaptive nonlinear multigrid techniques for
spatial discretization and second-order Crank-Nicholson schemes for time discretization.
Mohammadi and Dehghan [24] presented a numerical approach based on the element-
free Galerkin method and second-order semi-implicit backward differentiation formula
for time discretization to solve Cahn-Hilliard equations and four-species tumor growth
equations. Lu et al. [22] investigated the impact of necrotic cores and vascular nutrient
supply on tumor morphology using a two-dimensional mathematical model with a sharp
interface. Their model utilized the spectral accuracy boundary integral method (BIM)
and a second-order semi-implicit time-stepping method for simulating tumor morphology.
Shen et al. [31] employed the scalar auxiliary variable (SAV) method for nonlinear term
handling, semi-implicit difference schemes for time discretization, and Fourier-spectral
methods for spatial discretization. They developed an efficient algorithm for energy dissi-
pation and mass conservation in a diffusion-interface tumor growth model. Thomas J.R.
Hughes, Hector Gomez and their collaborators have made notable contributions to PCa
simulations by incorporating clinical medical data into models that consider various sub-
types and individual patient differences in disease development and progression. Their
research provides valuable insights into treatment strategies and drug selection in the
field of PCa simulations. Lorenzo et al. [21] proposed a personalized tissue-level model
for PCa using the phase field method and diffusion-reaction equations. They utilized
isogeometric analysis (IGA) and the generalized-α method for temporal discretization,
providing new insights into the mechanisms behind tumor morphology changes. Build-
ing upon this model, Mohammadi et al. [25] employed a radial basis function-generated
finite difference (RBF-FD) scheme for spatial discretization and the semi-implicit back-
ward differentiation formula of first-order (SBDF1) for temporal discretization. Lorenzo
et al. [20] developed a patient-specific, tissue-level mathematical model to qualitatively
investigate the mechanical interaction between PCa and benign prostatic hyperplasia.
They employed a staggered numerical method with isogeometric spatial discretization
and generalized-α temporal integration. The Newton-Raphson algorithm was utilized for
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equation linearization, and within each iteration, the GMRES algorithm with a diagonal
preconditioner was employed to solve the linear system. In another study, Lorenzo et al.
[3] developed a phase field model to simulate PCa growth and investigate the response
to chemotherapy, antiangiogenic therapy, and combined therapy, using similar numeri-
cal methods as previous studies. This study provides strong support for the design of
personalized chemotherapeutic protocols for PCa patients. For this PCa growth model,
Narimani et al. [26] utilized a generalized form of the direct radial basis function partition
of unity (D-RBF-PU) method for spatial discretization and the SBDF1 algorithm for time
discretization. The resulting discretized algebraic equations were solved using the bicon-
jugate gradient stabilized (BiCGSTAB) method with a zero-fill incomplete lower-upper
(ILU) preconditioner. Despite the impressive contributions of these studies, numerical
simulations did not take into account the physical properties of boundedness of the order
parameter and the non-negative nature of the two concentration variables.

In numerical computations, it is customary to adhere to the maximum bound principle
(MBP) for both the mathematical model and its discrete form. The MBP ensures that the
numerical solution remains within the function’s domain, preventing computational errors
such as overflow and yielding physically plausible solutions. Du et al. [4, 5] established
an abstract framework for analyzing the MBPs of semilinear parabolic equations and pro-
posed unconditionally MBP-preserving first-order exponential time differencing (ETD1)
and second-order exponential time differencing Runge–Kutta (ETDRK2) methods. They
also employed fast fourier transform (FFT) technology to enhance computational effi-
ciency. Ju et al. [16] investigated high-order integrating factor Runge–Kutta (IFRK) al-
gorithms that preserve the MBP for semilinear parabolic equations. The efficiency of these
algorithms was validated through numerical simulations of long-term evolution in two and
three dimensions. For readers seeking a more comprehensive understanding of the maxi-
mum boundary principle preserving schemes, references [2, 7, 11, 12, 13, 14, 15, 18, 30, 33]
offer valuable resources for further exploration.

In this study, we utilize the second-order exponential time differencing Runge-Kutta
(ETDRK2) method for time discretization and the second-order central difference method
for spatial discretization in order to solve the phase-field model of tumor growth. Our
algorithm is characterized by two significant features. Firstly, it employs a decoupled and
explicit scheme, which can be efficiently solved using fast discrete cosine transform (DCT)
and discrete sine transform (DST) solvers. This approach is more efficient compared to
the nonlinear solvers employed in the original study [3]. Secondly, our algorithm ensures
the preservation of three essential physical properties. These properties are manifested at
the PDE level of the model, but have not been considered at the numerical level in other
existing reference papers.

This paper is structured as follows. In Section 2, we review the mathematical models
proposed by Colli et al. [3] for tumor growth and drug treatment. In Section 3, we
present the ETD1 and ETDRK2 algorithms for the coupled model. These algorithms
ensure the preservation of the discrete MBP for the order parameter and the discrete
non-negativity property for the concentration variables. In Section 4, we conduct a series
of numerical simulations, including the simulation of tumor growth without treatment
and after treatment, in order to validate and analyze the model. Finally, in Section 5,
we summarize the main achievements of this study and discuss potential future research
directions.
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2. Model Review

In this section, we provide an overview of the mathematical model proposed by Colli
et al. [3] for describing the growth of PCa and its response to chemotherapy and an-
tiangiogenic therapy. The model incorporates a phase field equation to capture tumor
dynamics and considers the concentrations of critical nutrients σ and prostate-specific
antigen (PSA) p in the prostate tissue. The dynamics of these nutrient concentrations
and PSA levels are represented by reaction-diffusion equations.

2.1. Tumor Dynamics

In this model, an order parameter ϕ is introduced to describe the temporal evolution
of the tumor’s location and geometry. Within the healthy tissue, the value of ϕ is approx-
imately 0, indicating the absence of tumor cells. In the tumor region, on the other hand,
ϕ is approximately 1, representing the presence of tumor cells. The transition from 0 to
1 of the order parameter ϕ occurs smoothly across a diffusion interface.

The tumor dynamics is described by the following equation [38]:

ϕt = −M
(
−l2∆ϕ+

∂G

∂ϕ
(ϕ, σ, u)

)
,

where M and l are positive real constants representing the tumor mobility and interface
width, respectively, and

G(ϕ, σ, u) = F (ϕ)− h(ϕ) (m(σ)−mrefu) .

Here, F (ϕ) and h(ϕ) denote the double-well potential function and interpolation function,
respectively, which are often defined as follows:

F (ϕ) = ϕ2(1− ϕ)2, h(ϕ) = ϕ2(3− 2ϕ).

The net tumor proliferation rate is given by

m(σ) = mref

(
ρ+ A

2
+
ρ− A

π
arctan

(
σ − σl
σr

))
. (2.1)

In this equation, ρ and A represent the constant indices for proliferation and apoptosis,
respectively. The nutrient concentration is represented by the reference value σr and the
threshold value σl.

The function u represents the tumor-inhibiting effect of the cytotoxic drug docetaxel,
which is commonly used in the clinical management of advanced prostate cancer [29].
The impact of the drug on tumor dynamics is assumed to be linearly dependent on
its concentration [8, 10, 28]. Following drug administration, a decline in systemic drug
concentration is observed to exhibit an exponential pattern, as described in references
[1, 34]. Thus, the cytotoxic drug function can be described by the following equation:

u(t) =
nc∑
i=1

βcdce
−

t−Tc,i
τc H (t− Tc,i) , (2.2)

where the Heaviside function H is employed as a switch to activate the drug’s action. nc

denotes the number of chemotherapy cycles, βc signifies the impact of cytotoxic chemother-
apy on tumor dynamics per unit of drug dose administered, dc represents the dose of doc-
etaxel, {Tc,i}i=1,...,nc denotes the times at which the drug is administered, and τc stands for
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the mean lifetime of docetaxel, i.e., the reciprocal of the exponential decay constant. In
the modeling process of [3], the experimental and clinical data obtained for βc guarantee
the condition |m(σ)−mrefu| < 1

3
. This condition implies that the function G(ϕ, σ, u) is

a double-well potential with local minima at ϕ = 0 and ϕ = 1, which plays a pivotal role
in our analysis.

Then the time evolution of the phase field variable is given by:

ϕt = λ∆ϕ− 2Mϕ(1− ϕ) [1− 2ϕ− 3 (m(σ)−mrefu)] , in QT := (0, T )× Ω, (2.3)

where λ =Ml2 denotes the diffusion coefficient of tumor cells and T denotes a final time.
Ω is an open bounded subset of RN(N ≤ 3), with a sufficiently smooth boundary ∂Ω.

2.2. Critical Nutrient Dynamics

Assuming that tumor growth is primarily influenced by the concentration of key nutri-
ents σ (mainly composed of glucose), the following reaction-diffusion equation is employed
to model nutrient dynamics:

σt = η∆σ + Sh(1− ϕ) + (Sc − s)ϕ− (γh(1− ϕ) + γcϕ)σ, in QT (2.4)

where η represents the diffusion coefficient, Sh and Sc denote the nutrient supply rates in
healthy tissue and cancerous tissue, respectively. The variable s represents the reduction
in nutrient supply induced by antiangiogenic therapy. The parameters γh and γc represent
the nutrient uptake rates in healthy and cancerous tissues, respectively.

The function s(t) represents the antiangiogenic effect of the therapeutic agent beva-
cizumab, which is extensively studied for its potential in the treatment of prostate cancer
[6, 23]. Analogous to the function u(t), s(t) can be mathematically described using the
following formula:

s(t) =
na∑
i=1

βadae
−

t−Ta,i
τa H (t− Ta,i) .

In the above equations, the variable na denotes the number of antiangiogenic treatment
cycles, βa signifies the impact of antiangiogenic therapy on nutrient supply per unit of drug
dose administered, da represents the dose of bevacizumab, {Ta,i}i=1,...,na denotes the times
at which the drug is administered, and τa represents the mean lifetime of bevacizumab.
In the formulation of the original model [3], it is ensured that Sh, Sc are nonnegative, and
0 ≤ s ≤ Sc, which will be utilized in subsequent parts of our analysis.

2.3. Tissue PSA Dynamics

The Prostate-specific antigen (PSA) test is primarily used for screening PCa by mea-
suring PSA levels in the blood. Both host tissue and tumors produce PSA, but tumors
produce PSA at a much faster rate than host tissue. Similar to nutrient dynamics, a
reaction-diffusion equation is employed to describe PSA dynamics [21]:

pt = D∆p− γpp+ αh(1− ϕ) + αcϕ, in QT , (2.5)

where D and γp represent the diffusion coefficient and the natural decay rate, respectively.
αh and αc denote the tissue-specific PSA production rates in host tissue and cancerous
tissues, respectively.

Then the serum PSA PS is given as the integral of the tissue PSA p over Ω:

Ps =

∫
Ω

pdx. (2.6)
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The volumes of tumor Vc and host tissue Vh can also be obtained by the following
equations:

Vc =

∫
Ω

ϕdx, Vh =

∫
Ω

(1− ϕ)dx. (2.7)

Presented below is Table 1, which encompasses all the parameters pertaining to tumor
dynamics, nutrient dynamics, and tissue PSA dynamics.

Table 1: Parameter values involved in dynamics system [3].

Parameter Notation Value
Tumor Dynamics
Tumor phase field diffusivity λ 640 µm2/ day
Tumor mobility M 2.5 1/ day
Net proliferation scaling factor mref 7.55 · 10−2 1/ day
Proliferation index ρ 8/15, 1
Apoptosis index A −1/3, −137/210
Reference value of nutrient concentration σr 1/15
Threshold value of nutrient concentration σl 0.4
Mean lifetime of cytotoxic drug τc 5 day
Cytotoxic drug effect βc 1.59 · 10−2 1/ (mg/m2)
Cytotoxic drug dose dc 75 mg/m2

Critical Nutrient Dynamics
Nutrient diffusivity η 6.4 · 104 µm2/ day
Nutrient supply in healthy tissue Sh 2 g/L/ day
Nutrient supply in tumor tissue Sc 2.7, 3.125, 2.375 g/L/ day
Nutrient uptake by healthy tissue γh 2 g/L/ day
Nutrient uptake by tumor tissue γc 17, 18, 16 g/L/ day
Mean lifetime of antiangiogenic drug τa 30 day
Antiangiogenic drug effect βa 0.04 g/L/ day / (mg/kg)
Antiangiogenic drug dose da 15 mg/kg
Tissue PSA Dynamics
Tissue PSA diffusivity D 640 µm2/ day
Healthy tissue PSA production rate αh 1.712 · 10−2 ng/mL/cc/ day
Tumoral tissue PSA production rate αc αc = 15αh

Tissue PSA natural decay rate γp 0.274 1/ day

2.4. Coupled System

Finally, we obtained a coupled governing system in QT :

ϕt = λ∆ϕ− 2Mϕ(1− ϕ) [1− 2ϕ− 3 (m(σ)−mrefu)] ,

σt = η∆σ + Sh(1− ϕ) + (Sc − s)ϕ− (γh(1− ϕ) + γcϕ)σ,

pt = D∆p− γpp+ αh(1− ϕ) + αcϕ,

(2.8)

with the initial and boundary conditions

ϕ(0) = ϕ0, σ(0) = σ0, p(0) = p0, in Ω,

ϕ = 0,
∂σ

∂n
=
∂p

∂n
= 0, on ΣT := (0, T )× ∂Ω,

(2.9)

where n is the outer unit normal vector on the boundary.
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In [3], the authors have provided a rigorous proof for the well-posedness of this model,
i.e. its solution exists and is unique. Additionally, they have rigorously proven the
following three important physical properties that the three variables, ϕ, σ, and p, must
satisfy:

(i). The order parameter ϕ needs to be between 0 and 1, i.e., ϕ ∈ [0, 1].

(ii). The nutrient concentration needs to be non-negative and bounded, i.e., 0 ≤ σ <∞.

(iii). The tissue PSA concentration needs to be non-negative and bounded, i.e., 0 ≤ p <
∞.

To solve this model, they used an isogeometric discretization based on the Galerkin
method for space discretization. For time discretization, they used the generalized-α
method and linearized the resulting nonlinear system of equations by the Newton-Raphson
algorithm. However, the proposed algorithm is a coupled, implicit, and nonlinear scheme
that requires iterative solving and does not preserve the three physical properties (i)-(iii)
numerically.

Our main contribution of this paper is the design of a decoupled, linear, and explicit
scheme, which makes our approach more intelligible and straightforward to implement.
Additionally, by incorporating simple stabilizing constants, our scheme effortlessly pre-
serves three essential physical properties, numerically. This innovative method not only
enhances computational efficiency but also reinforces the physical realism of the numerical
results.

3. Numerical Method

In this section, we construct numerical schemes satisfying the physical properties of
(i) - (iii) which are based on the exponential time differencing method.

3.1. The Phase Field Equation of ϕ

3.1.1. Maximum Bound Principle of the Phase Field Equation

To ensure property (i), take the affine transform ζ(θ) : RN → RN(N ≤ 3) defined by

ζ(θ) =
1

2
θ +

1

2
, θ ∈ RN .

By letting ψ = ζ−1(ϕ), we can obtain a new equation about ψ:

ψt = λ∆ψ +M(1− ψ2)[ψ + 3(m(σ)−mrefu)], in QT , (3.1)

which satisfies the following relationships:

ϕ =
ψ + 1

2
, ψ = 2ϕ− 1, (3.2)

with the following initial values and boundary conditions:

ψ(0) = 2ϕ0 − 1, in Ω,

ψ = 2ϕ− 1 = −1, on ΣT := (0, T )× ∂Ω.
(3.3)

Then we transform the problem of preserving the order parameter ϕ ∈ [0, 1] into preserving
the order parameter ψ ∈ [−1, 1].
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Let us introduce a stabilizing constant κ1 > 0 and rewrite (3.1) into the following
equivalent form:

ψt(t,x) + Lκ1ψ(t,x) = N1[ψ](t,x), in QT , (3.4)

where
Lκ1 = −λ∆+ κ1I,
N1[ψ](t,x) = κ1ψ(t,x) + f0(ψ(t,x)), x ∈ Ω,

f0(ψ(t,x)) =M
(
1− ψ(t,x)2

)
(ψ(t,x) +B(t,x)) ,

B(t,x) = 3(m(σ(t,x))−mrefu(t)), −1 < B(t,x) < 1,

(3.5)

and I is identity operator. We require that the stability constant κ1 be selected as

κ1 ≥ max
|ξ|≤1

|f ′
0(ξ)| = max

|ξ|≤1
M | − 3ξ2 − 2ξB + 1| = 4M. (3.6)

And for the nonlinear term f0, there exists a β ≥ 1, such that

f0(β) =M
(
1− β2

)
(β +B) ≤ 0 ≤ f0(−β) =M

(
1− β2

)
(−β +B) . (3.7)

Then we have the following lemma.

Lemma 3.1. Under the requirement (3.6), for any ξ ∈ [−β, β], it holds that

|N1[ξ]| ≤ κ1β.

In this study, we set β = 1. We are now in a position to show that problem (3.4) has
a unique solution and preserves the maximum bound through the existing conclusions in
[5]. The main MBP theorem can be stated as follows.

Theorem 3.1. Given any constant T > 0, if |ψ0(x)| ≤ 1,∀x ∈ Ω, then (3.4) with the
initial condition and boundary condition (3.3) has a unique solution ψ ∈ C([0, T ];L2) and
it satisfies ∥ψ(t)∥ ≤ 1 for any t ∈ [0, T ].

The proof is almost identical to the proof of Theorem 2.3 in [5], with the main mod-
ification being the substitution of the Dirichlet boundary condition. We omit here and
leave it to the readers.

3.1.2. Fully Discrete Scheme

Next, we present the fully-discrete scheme. By discretizing the spatial component
of equation (3.4) using the second-order central difference operator ∆h to replace the
Laplacian ∆, we obtain an ordinary differential equation (ODE) system :

ψt(t) + Lκ1,hψ(t) = N1(ψ, σ, u), (3.8)

where
Lκ1,h = −λ∆h + κ1I,
N1(ψ, σ, u) = κ1ψ +M

(
1− ψ2

)
(ψ + 3(m(σ)−mrefu)) .

(3.9)

For time discretization, we utilize the exponential time differencing (ETD) method.
Given a time step size τ > 0, we divide the time interval by {tn = nτ}n≥0. Utilizing the
constant variation formula, the solution of (3.4) within the interval [tn, tn+1] satisfies:

ψ (tn+1) = e−Lκ1,h
τψ (tn) +

∫ τ

0

e−Lκ1,h
(τ−s)N1(ψ(tn + s), σ(tn + s), u(tn + s))ds. (3.10)
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The fully discrete first order ETD (ETD1) scheme comes from approximating
N1(ψ(tn + s), σ(tn + s), u(tn + s)) by N1(ψ(tn), σ(tn), u(tn)). It takes the following form:

ψn+1 = e−Lκ1,h
τψn +N1(ψ

n, σn, un)

∫ τ

0

e−Lκ1,h
(τ−s)ds. (3.11)

The fully discrete second order ETD Runge Kutta (ETDRK2) scheme comes
from approximating N1(ψ(tn + s), σ(tn + s), u(tn + s)) by a linear interpolation based on

N1(ψ(tn), σ(tn), u(tn)) and N1(ψ̃(tn+1), σ̃(tn+1), u(tn+1)). It takes the following form:
ψ̃n+1 = e−Lκ1,h

τψn +N1(ψ
n, σn, un)

∫ τ

0

e−Lκ1,h
(τ−s)ds,

ψn+1 = e−Lκ1,h
τψn +

∫ τ

0

e−Lκ1,h
(τ−s)

((
1− s

τ

)
N1(ψ

n, σn, un) +
s

τ
N1(ψ̃

n+1, σ̃n+1, un)
)
ds,

(3.12)

where ψ̃n+1 is an approximation of ψ (tn+1). σ
n and σ̃n+1 are described in Sec 3.2.1. Thus,

the fully discrete first and second order ETD solutions for (2.3) can be derived by the
relationships

ϕ̃n+1 =
ψ̃n+1 + 1

2
, ϕn =

ψn + 1

2
. (3.13)

3.1.3. Discrete MBPs

In order to prove the discrete MBP theorem, we need the following lemma.

Lemma 3.2 ([5]). The Laplace operator ∆, enforced by the periodic boundary condition,
Dirichlet boundary condition or homogeneous Neumann boundary condition, generates a
contraction semigroup

{
e∆t

}
t≥0

with respect to the supremum norm on the subspace of

C(Ω̄), and for any α ≥ 0, it holds that∥∥et(∆−α)u
∥∥ ≤ e−αt∥u∥, t ≥ 0,

for any u ∈ C(Ω̄) with Ω̄ = Ω ∪ ∂Ω .

It is evident from the literature [5] that the spatial discrete approximation ∆h of
∆ adheres to Lemma 3.2. Consequently, we can extend the discrete MBP-preserving
outcomes to encompass fully discrete schemes.

Theorem 3.2. (Discrete MBP of the ETD1/ETDRK2 schemes). If |ψ0| ≤ 1, κ1 satisfies
(3.6), then the ETD1 scheme (3.11) and ETDRK2 scheme (3.12) preserve the discrete
MBP unconditionally, i.e., for any time step size τ > 0, the ETD1 solution and ETDRK2
solution satisfie ∥ψn∥ ≤ 1 for any n ≥ 0.

Proof. Since |ψ0| ≤ 1, it suffices to prove the theorem in the case that ∥ψn∥ ≤ 1 and
ψn ̸≡ ±1 deduce ∥ψn+1∥ ≤ 1 for any n.

For the ETD1 scheme (3.11), according to Lemma 3.1, Lemma 3.2 and ∥ψn∥ ≤ 1, it
follows that∥∥ψn+1

∥∥ ≤
∥∥e−Lκ1,h

τ
∥∥ ∥ψn∥+

∫ τ

0

∥∥e−Lκ1,h
(τ−s)

∥∥ ∥N1(ψ
n, σn, un)∥ ds,

≤ e−κ1τ +

∫ τ

0

e−κ1(τ−s)κ1ds,

= e−κ1τ +
1− e−κ1τ

κ1
κ1 = 1.

(3.14)
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For the ETDRK2 scheme (3.12), according to Lemma 3.1, Lemma 3.2 , ∥ψn∥ ≤ 1, and∥∥∥ψ̃n+1
∥∥∥ ≤ 1 (according to (3.14)), it follows that∥∥ψn+1

∥∥ ≤
∥∥e−Lκ1,h

τ
∥∥ ∥ψn∥

+

∫ τ

0

∥∥e−Lκ1,h
(τ−s)

∥∥∥∥∥(1− s

τ

)
N1(ψ

n, σn, un) +
s

τ
N1(ψ̃

n+1, σ̃n+1, un)
∥∥∥ ds,

≤ e−κ1τ +

∫ τ

0

e−κ1(τ−s)
((

1− s

τ

)
κ1 +

s

τ
κ1

)
ds,

= e−κ1τ +
1− e−κ1τ

κ1
κ1 = 1.

This proof is completed.

Obviously, thanks to the relationships (3.13), it can easily be seen that if ϕ0 ∈ [0, 1]
(or |ψ0| ≤ 1), then ϕn ∈ [0, 1].

3.2. Critical nutrient σ

In this section, we will present non-negativity preserving schemes utilizing the ETD
method for modeling nutrient dynamics.

3.2.1. Fully Discrete Scheme

To construct stable numerical schemes that preserve non-negativity for the critical
nutrient concentration σ, we introduce a stabilizing constant κ2 > 0 and rewrite equation
(2.4) in an equivalent form:

σt(t,x) + Lκ2σ(t,x) = N2[σ](t,x), in QT , (3.15)

where
Lκ2 = −η∆+ γhI + κ2I,

N2[σ](t,x) = κ2σ(t,x)− (γc − γh)σ(t,x)ϕ(t,x) + Sh(1− ϕ(t,x)) + (Sc − s(t))ϕ(t,x).

Here, I is identity operator, and ϕ is the unique solution of (2.3) satisfying 0 ≤ ϕ ≤ 1.
With the initial and boundary conditions (2.9). We require that the stability constant κ2
be selected as

κ2 ≥ (γc − γh) . (3.16)

Let Lκ2,h = −η∆h + γhI + κ2I. Now we give the fully discrete ETD1 scheme

σn+1 = e−Lκ2,h
τσn +N2(ϕ

n, σn, sn)

∫ τ

0

e−Lκ2,h
(τ−s)ds, (3.17)

where
N2(ϕ

n, σn, sn) = κ2σ
n − (γc − γh)σ

nϕn + Sh(1− ϕn) + (Sc − sn)ϕn.

And the fully-discrete ETDRK2 scheme is given by
σ̃n+1 = e−Lκ2,h

τσn +N2(ϕ
n, σn, sn)

∫ τ

0

e−Lκ2,h
(τ−s)ds,

σn+1 = e−Lκ2,h
τσn +

∫ τ

0

e−Lκ2,h
(τ−s)

((
1− s

τ

)
N2(ϕ

n, σn, sn) +
s

τ
N2(ϕ̃

n+1, σ̃n+1, sn)
)
ds.

(3.18)

Both ϕn and ϕ̃n+1 have been mentioned in Sec 3.1.2.
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3.2.2. Discrete Non-negativity

Next, we provide the following theorem to illustrate the non-negative preserving of
the ETD schemes described above.

Theorem 3.3. (Discrete non-negativity preserving of the ETD1/ETDRK2 schemes) If
0 ≤ σ0 <∞, κ2 satisfies (3.16), then the ETD1 scheme (3.17) and the ETDRK2 scheme
(3.18) preserve the non-negativity unconditionally, i.e., for any time step size τ > 0, the
ETD1 solution and the ETDRK2 solution satisfie 0 ≤ σn <∞.

Proof. Our aim is to show that if 0 ≤ σn < ∞, then it implies 0 ≤ σn+1 < ∞. Based on
the fact that 0 ≤ σn <∞ and the properties of natural exponential functions, we observe
that the first term and the integral in the second term on the right-hand side of equation
(3.17) are both non-negative and bounded. Consequently, the theorem can be proven by
establishing that N2(ϕ

n, σn, sn) is non-negative and bounded.
For the ETD1 scheme (3.17), by considering the condition (3.16), s ≤ Sc, ϕ

n ∈ [0, 1]
(as described in Section 3.1.3), and 0 ≤ σn <∞, we can conclude that:

N2(ϕ
n, σn, sn) = κ2σ

n − (γc − γh)σ
nϕn + Sh(1− ϕn) + (Sc − sn)ϕn

≥ (γc − γh)σ
n(1− ϕn) + Sh(1− ϕn) + (Sc − sn)ϕn

≥ 0,

(3.19)

that is, σn+1 is non-negative and bounded.
For the ETDRK2 scheme (3.18), based on (3.19), we already know that N2(ϕ

n, σn, sn),

σ̃n+1, and N2(ϕ̃
n+1, σ̃n+1, sn) are non-negative and bounded. Similarly, by taking into

account the conditions 0 ≤ σn <∞, the properties of natural exponential functions, and
s ∈ [0, τ ], we can easily demonstrate that each term on the right-hand side of (3.18) is
non-negative and bounded. Consequently, we can conclude that σn+1 is both non-negative
and bounded.

This is the complete proof.

3.3. Tissue PSA p

In this section, we will present non-negativity preserving schemes based on the ETD
method for modeling tissue PSA dynamics.

3.3.1. Fully Discrete Scheme

By following the same procedure as in Section 3.2.1, we can rewrite equation (2.5) in
an equivalent form:

pt(t,x) + L3p(t,x) = N3[ϕ](t,x), in QT , (3.20)

where
L3 = −D∆+ γpI,

N3[ϕ](t,x) = αh(1− ϕ(t,x)) + αcϕ(t,x).

Here, I is identity operator, and ϕ is the unique solution of (2.3) satisfying 0 ≤ ϕ ≤ 1.
With the initial and boundary conditions (2.9).

Let L3,h = −D∆h + γpI. Now we give the fully discrete ETD1 scheme as follows

pn+1 = e−L3,hτpn +N3(ϕ
n)

∫ τ

0

e−L3,h(τ−s)ds, (3.21)
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where

N3(ϕ
n) = αh(1− ϕn) + αcϕ

n.

And the fully-discrete ETDRK2 scheme is given by
p̃n+1 = e−L3,hτpn +N3(ϕ

n)

∫ τ

0

e−L3,h(τ−s)ds,

pn+1 = e−L3,hτpn +

∫ τ

0

e−L3,h(τ−s)
((

1− s

τ

)
N3(ϕ

n) +
s

τ
N3(ϕ̃

n+1)
)
ds,

(3.22)

Both ϕn and ϕ̃n+1 have been mentioned in Sec 3.1.2.

3.3.2. Discrete Non-negativity

We have derived fully-discrete ETD schemes for the computation of tissue PSA con-
centration, and now we will demonstrate the unconditional preservation of non-negativity
in these schemes through the following theorem.

Theorem 3.4. (Discrete non-negativity preserving of the ETD1/ETDRK2 scheme) If
0 ≤ p0 <∞, then the ETD1 scheme (3.21) and the ETDRK2 scheme (3.22) preserve the
non-negativity unconditionally, i.e., for any time step size τ > 0, the ETD1 solution and
the ETDRK2 solution satisfie 0 ≤ pn <∞.

Proof. The proof can be carried out similarly to the previous section by demonstrating
that 0 ≤ pn <∞ implies 0 ≤ pn+1 <∞.

For the ETD 1 scheme (3.21), from the conditions 0 ≤ pn < ∞ and the properties
of natural exponential functions, it can be observed that the first term and the integral
in the second term on the right-hand side of equation (3.21) are both non-negative and
bounded. Furthermore, since ϕn ∈ [0, 1] (as described in Section 3.1.3) and αh, αc are
positive constants, it can be concluded that:

N3(ϕ
n) = αh(1− ϕn) + αcϕ

n ≥ 0, (3.23)

that is, pn+1 is non-negative and bounded.
For the ETDRK2 scheme (3.22), we can refer to (3.23) to ascertain the non-negativity

and boundedness of N3(ϕ
n), p̃n+1, and N3(ϕ̃

n+1). Given the condition 0 ≤ pn < ∞,
the properties of natural exponential functions, and the range s ∈ [0, τ ], it becomes
evident that each term on the right-hand side of (3.22) is non-negative and bounded.
Consequently, we can conclude that pn+1 is both non-negative and bounded.

This is the complete proof.

3.4. Fast implementation of the ETD schemes

In order to ensure efficient computation when employing ETD schemes, it becomes
essential to utilize fast algorithms that can effectively calculate the product between the
matrices and the functions {Φn}n=0,1,2 (Lτ). In this section, we utilize the FFT-based fast
implementation of the ETD schemes [4, 17] to solve the system with a Dirichlet boundary
condition for ψ, as well as Neumann boundary conditions for σ and p.

Define the {Φi}i=0,1,2 functions

Φ0(L) := e−L, Φ1(L) :=
1− e−L

L
, Φ2(L) :=

e−L − 1 + L

L2
, L ̸= 0. (3.24)
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We can write the coupled systems as the following equivalent schemes:
(ETD1 scheme)

ψn+1 = Φ0 (Lκ1,hτ)ψ
n + τΦ1 (Lκ1,hτ)N1(ψ

n, σn, un),

ϕn+1 = (ψn+1 + 1)/2,

σn+1 = Φ0 (Lκ2,hτ)σ
n + τΦ1 (Lκ2,hτ)N2(ϕ

n, σn, sn),

pn+1 = Φ0 (L3,hτ) p
n + τΦ1 (L3,hτ)N3(ϕ

n).

(3.25)

(ETDRK2 scheme)

ψ̃n+1 = Φ0 (Lκ1,hτ)ψ
n + τΦ1 (Lκ1,hτ)N1(ψ

n, σn, un),

ϕ̃n+1 = (ψ̃n+1 + 1)/2,

σ̃n+1 = Φ0 (Lκ2,hτ)σ
n + τΦ1 (Lκ2,hτ)N2(ϕ

n, σn, sn),

p̃n+1 = Φ0 (L3,hτ) p
n + τΦ1 (L3,hτ)N3(ϕ

n),

ψn+1 = ψ̃n+1 + τΦ2 (Lκ1,hτ)
(
N1(ψ̃

n+1, σ̃n+1, un)−N1(ψ
n, σn, un)

)
,

ϕn+1 = (ψn+1 + 1)/2,

σn+1 = σ̃n+1 + τΦ2 (Lκ2,hτ)
(
N2(ϕ̃

n+1, σ̃n+1, sn)−N2(ϕ
n, σn, sn)

)
,

pn+1 = p̃n+1 + τΦ2 (L3,hτ)
(
N3(ϕ̃

n+1)−N3(ϕ
n)
)
.

(3.26)

To discretize the spatial domain, we employ the second-order central difference method.
Consider a rectangular domain Ω defined by 0 ≤ x ≤ Ld and 0 ≤ y ≤ Ld. We utilize
a uniform mesh in both directions, such that (xi, yj) = (ihx, jhy) for 0 ≤ i ≤ Nx and
0 ≤ j ≤ Ny, where hx = Ld/Nx and hy = Ld/Ny. The numerical solutions are denoted
as ψi,j(t) ≈ ψ (t, xi, yj), σi,j(t) ≈ σ (t, xi, yj), and pi,j(t) ≈ p (t, xi, yj) for 0 ≤ i ≤ Nx and
0 ≤ j ≤ Ny. We set the equidistant time step in the discrete-time system as τ = T/Nt,
with tn = nτ for n = 0, . . . , Nt.

Let us assume Nx = Ny = N , resulting in hx = hy = h. The discretized Laplacian can
be expressed as follows:

(−∆hψ)i,j =
1

h2
[4ψi,j − ψi+1,j − ψi−1,j − ψi,j+1 − ψi,j−1] ,

and the same expression holds for (−∆hσ)i,j and (−∆hp)i,j. The operator Lκ1,h arises
from ∆h with the Dirichlet condition, while Lκ2,h and L3,h arise from ∆h with Neumann
boundary conditions. Denote by S and C the 2D DST (discrete sine transform, type
I) and DCT (discrete cosine transform, type I) operators, respectively. Then, for any
V = (Vk,l) ∈ CN×N , the action of the operators

Λ1 := SLκ1,hS−1, Λ2 := CLκ2,hC−1, Λ3 := CL3,hC−1,

can be implemented using the following expressions:

(Λ1V )k,l = λ1,k,lVk,l, (Λ2V )k,l = λ2,k,lVk,l, (Λ3V )k,l = λ3,k,lVk,l, 1 ≤ k, l ≤ N,

where λ1,k,l, λ2,k,l and λ3,k,l denote the eigenvalues of the operators Lκ1,h, Lκ2,h and L3,h
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respectively. These eigenvalues can be computed as follows:

λ1,k,l = κ1 −
4λ

h2
sin2

(
kπ

2N

)
− 4λ

h2
sin2

(
lπ

2N

)
, k, l = 1, 2, . . . , N − 1,

λ2,k,l = κ2 + γh −
4η

h2
sin2

(
(k − 1)π

2N

)
− 4η

h2
sin2

(
(l − 1)π

2N

)
, k, l = 1, 2, . . . , N + 1,

λ3,k,l = γp −
4D

h2
sin2

(
(k − 1)π

2N

)
− 4D

h2
sin2

(
(l − 1)π

2N

)
, k, l = 1, 2, . . . , N + 1.

According to Lemma 2.2 (4) of [4], for γ = 0, 1, 2, we have

Φγ (Lκ1,hτ) = S−1Φγ (Λ1τ)S, (Φγ (Λ1τ)V )k,l = Φγ (λ1,k,lτ)Vk,l, k, l = 1, 2, . . . , N − 1,

Φγ (Lκ2,hτ) = C−1Φγ (Λ2τ) C, (Φγ (Λ2τ)V )k,l = Φγ (λ2,k,lτ)Vk,l, k, l = 1, 2, . . . , N + 1,

Φγ (L3,hτ) = C−1Φγ (Λ3τ) C, (Φγ (Λ3τ)V )k,l = Φγ (λ3,k,lτ)Vk,l, k, l = 1, 2, . . . , N + 1.

Remark 3.1. Our methodology involves utilizing the fast Fourier transform (FFT) to
compute the discrete cosine transform (DCT) and discrete sine transform (DST) through
the following steps.

As an illustration, let us focus on the x-direction, similar to the y-direction. For DST,
we begin by considering any vector of length Nx − 1, denoted by ψ = [ψ1, ψ2, . . . , ψNx−1]

T .
We then define its reflection vector of length Nx−1 as ψ̂ = [ψNx−1, ψNx−2, . . . , ψ1]

T . Next,

we apply the 2Nx FFT to the vector v1 =
[
0, ψ, 0,−ψ̂

]T
, and subsequently extract the

second to Nx-th components of v1 and divide them by −2i.
Similarly, for DCT, we start by considering any vector of length Nx + 1, denoted

by σ = [σ1, σ2, . . . , σNx+1]
T . We then define its reflection vector of length Nx − 1 as

σ̂ = [σNx−1, σNx−2, . . . , σ2]
T . Next, we apply the 2Nx FFT to the vector v2 = [σ, σ̂]T , and

subsequently extract the first Nx + 1 components of v2 and divide them by 2. For further
details, please refer to section 4.4 of [35].

Remark 3.2. Note that for ψn with non-homogeneous Dirichlet boundary condition, we
need to define a w = ψx1 + ψy1 and add the boundary conditions to nonlinear term N1,
where

ψx1 =
λ

h2x


−1 −1 · · · −1
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0
−1 −1 · · · −1


(Nx−1)×(Ny−1)

(3.27)

ψy1 =
λ

h2y


−1 0 · · · 0 −1
−1 0 · · · 0 −1
...

...
...

. . .
...

−1 0 · · · 0 −1


(Nx−1)×(Ny−1)

(3.28)

Furthermore, it is important to emphasize that the resulting dimensions of ψn are
(Nx−1)×(Ny−1), while the dimensions of σn and pn with Neumann boundary conditions
are (Nx + 1) × (Ny + 1). Consequently, once ψn

(Nx−1)×(Ny−1) has been computed, we can

obtain updated values of ϕn
(Nx+1)×(Ny+1) using equation (3.13) and incorporate the Dirichlet

boundary conditions. This, in turn, enables us to calculate updated values of σn
(Nx+1)×(Ny+1)

and pn(Nx+1)×(Ny+1).
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4. Simulations

This section presents simulations utilizing the model and algorithm outlined earlier,
employing the parameter values specified in Table 1 as described in [3]. The simulations
are divided into two parts: tumor growth simulations without treatment, and tumor
growth simulations with treatment. In the first part, we examine two scenarios: mild
tumors and aggressive tumors. In the second part, three distinct drug treatment plans
are explored.

We consider the 2D square domain with a side length of Ld = 3, 000µm and let
Nx = Ny = N = 2048 and time step is chosen by ∆t = 0.03, and the final time T=365
days. According to [3], the initial condition for the tumor phase field ϕ is approximated
as follows:

ϕ0(x, y) = 0.5− 0.5 tanh

10

√
(x− Ld/2)

2

a2
+

(y − Ld/2)
2

b2
− 1

 ,

where a = 150µm and b = 200µm. The initial conditions for the nutrient and the tissue
PSA are approximations as

σ0 = c0σ + c1σϕ0, p0 = c0p + c1pϕ0,

where c0σ = 1 g/L, c1σ = −0.8 g/L, c0p = 0.0625ng/mL/cc, and c1p = 0.7975ng/mL/cc.

4.1. Simulation of PCa growth without treatment

In the subsequent simulations, we investigate the growth of untreated tumors by set-
ting the functions u(t) and s(t), which represent the effects of drugs, to zero. We consider
two scenarios of PCa: a mild tumor and an aggressive tumor. To achieve this, we adjust
the proliferation index ρ and apoptosis index A in the function m(σ) as presented in
equation (2.1). Specifically, mild tumors are characterized by lower values of |ρ| − |A|
(with ρ = 8/15 and A = −1/3), while more aggressive tumors require higher values of
|ρ| − |A| (with ρ = 1 and A = −137/210).

To investigate the impact of varying nutrient supply and consumption by tumor tissue
on tumor growth, we simulate the following five cases by selecting different values for the
nutrient supply parameter Sc and the nutrient uptake parameter γc by tumor tissue: (a)
baseline, with Sc = 2.75 and γc = 17; (b) higher nutrient supply, with Sc = 3.125 and
γc = 17; (c) lower nutrient supply, with Sc = 2.375 and γc = 17; (d) higher tumor
metabolism, with Sc = 2.75 and γc = 18; (e) lower tumor metabolism, with Sc = 2.75
and γc = 16.

Figures 1-5 depict simulations of mild tumor growth, along with the diffusion of nu-
trients and tissue PSA under cases (a)-(e). Figure 6 presents the serum PSA levels and
tumor volume of mild tumors, demonstrating a similar trend in changes between tumor
volume and serum PSA levels. The simulation results indicate that mild tumors main-
tain a spherical shape throughout their growth, consistent with previous studies in [3, 9].
Moreover, mild tumors tend to exhibit faster growth and reach larger sizes under condi-
tions of (b) higher nutrient supply and (e) lower tumor metabolism. While their growth
rates gradually decelerate over time, mild tumors eventually disappear under conditions
of (c) lower nutrient supply and (d) higher tumor metabolism.
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Figure 1: Tumor growth (the first row), Nutrient distribution (the second row) and PSA distribution
(the third row) of mild tumors without treatment under (a) baseline, with Sc = 2.75 and γc = 17.

Figure 2: Tumor growth (the first row), Nutrient distribution (the second row) and PSA distribution
(the third row) of mild tumors without treatment under (b) higher nutrient supply, with Sc = 3.125 and
γc = 17.
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Figure 3: Tumor growth (the first row), Nutrient distribution (the second row) and PSA distribution
(the third row) of mild tumors without treatment under (c) lower nutrient supply, with Sc = 2.375 and
γc = 17.

Figure 4: Tumor growth (the first row), Nutrient distribution (the second row) and PSA distribution
(the third row) of mild tumors without treatment under (d) higher tumor metabolism, with Sc = 2.75
and γc = 18.

17



Figure 5: Tumor growth (the first row), Nutrient distribution (the second row) and PSA distribution
(the third row) of mild tumors without treatment under (e) lower tumor metabolism, with Sc = 2.75 and
γc = 16.

(a) baseline (b) higher nutrient (c) lower nutrient

(d) higher metabolism (e) lower metabolism

Figure 6: Tumor volume and serum PSA of mild tumors without treatment
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Figure 7: Tumor growth (the first row), Nutrient distribution (the second row) and PSA distribution
(the third row) of aggressive tumors without treatment under (a) baseline, with Sc = 2.75 and γc = 17.

Figure 8: Tumor growth (the first row), Nutrient distribution (the second row) and PSA distribution
(the third row) of aggressive tumors without treatment under (b) higher nutrient supply, with Sc = 3.125
and γc = 17.
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Figure 9: Tumor growth (the first row), Nutrient distribution (the second row) and PSA distribution
(the third row) of aggressive tumors without treatment under (c) lower nutrient supply, with Sc = 2.375
and γc = 17.

Figure 10: Tumor growth (the first row), Nutrient distribution (the second row) and PSA distribution (the
third row) of aggressive tumors without treatment under (d) higher tumor metabolism, with Sc = 2.75
and γc = 18.
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Figure 11: Tumor growth (the first row), Nutrient distribution (the second row) and PSA distribution
(the third row) of aggressive tumors without treatment under (e) lower tumor metabolism, with Sc = 2.75
and γc = 16.

(a) baseline (b) higher nutrient (c) lower nutrient

(d) higher metabolism (e) lower metabolism

Figure 12: Tumor volume and serum PSA of aggressive tumors without treatment
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(a) baseline (b) higher nutrient (c) lower nutrient

(d) higher metabolism (e) lower metabolism

Figure 13: MBP test of mild tumors without treatment

(a) baseline (b) higher nutrient (c) lower nutrient

(d) higher metabolism (e) lower metabolism

Figure 14: MBP test of aggressive tumors without treatment
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(a) baseline (b) higher nutrient (c) lower nutrient

(d) higher metabolism (e) lower metabolism

Figure 15: Non-negative and bounded test of mild tumors without treatment

(a) baseline (b) higher nutrient (c) lower nutrient

(d) higher metabolism (e) lower metabolism

Figure 16: Non-negative and bounded test of aggressive tumors without treatment

Figures 7-11 depict simulations of aggressive tumor growth, along with nutrient and
PSA diffusion patterns, under five distinct scenarios (a)-(e). Additionally, in Figure 12,
the serum PSA levels and tumor volume are presented, revealing a consistent trend in
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their changes, which aligns with the previous research [3, 36]. While aggressive tumors
initially exhibit spherical growth patterns similar to mild tumors, they undergo a shape
transformation in later stages, developing finger-like structures. This phenomenon aligns
with observations made in previous studies [9]. Specifically, under conditions of (b) higher
nutrient supply and (e) lower tumor metabolism, aggressive tumors demonstrate rapid
shape transformation, with their branching structures becoming progressively thinner
over time. Conversely, under conditions of (c) lower nutrient supply and (d) higher tumor
metabolism, the shape transformation of aggressive tumors decelerates, resulting in thicker
branching structures observed only in the later stages of growth.

In Figures 13-14, we assess the evolution of the maximum norms of ϕ for mild and
aggressive tumors, respectively. Furthermore, Figures 15-16 examine the evolution of the
maximum and minimum values of nutrient concentration σ and tissue PSA concentration
p for mild and aggressive tumors, respectively. It is noteworthy that, in all cases, the
discrete MBP and discrete non-negative properties are perfectly preserved.

As depicted in Figure 1-12, our study not only successfully replicated the findings
presented in the article [3] that described the original model but also performed MBP
tests of the phase field equation and assessed the non-negativity of concentration, as
depicted in Figures 13-16. In contrast, the simulation results in [3] did not maintain
MBP and positivity at the numerical level. These three properties are of significant
importance in the research, and ensure the smooth progression of our computational
analyses. Consequently, our work contributes both theoretically and practically, providing
novel perspectives and tools for further exploration in this field.

4.2. Simulation of PCa growth with treatment

In the subsequent simulations, we initially introduce the dosing regimen. The stan-
dard cytotoxic chemotherapy based on docetaxel typically involves up to 10 doses of the
drug, administered every three weeks, which is mentioned in [3]. Our dosing times are
denoted as Tc,i = Ta,i = 60, 81, 102, 123, 144, 165, 186, 207, 228, 249, i=1,...10, and
we observe the outcomes up to T=365 days. Based on these dosing times, we classify
the treatment regimens into three distinct groups for the purpose of simulation: (I) pure
cytotoxic drugs, (II) pure anti-angiogenic drugs, and (III) a combination therapy regimen
involving the administration of both drugs.

Figures 17-19 present simulations of aggressive tumor growth, nutrient diffusion, and
PSA diffusion under three distinct drug-treatment strategies: (I) pure cytotoxic drugs,
(II) pure anti-angiogenic drugs, and (III) combined therapy with both drugs. Addition-
ally, Figure 20 illustrates the corresponding simulations of serum PSA levels and tumor
volume for these three drug-treatment plans. The baseline case (a) of an aggressive tumor
serves as a reference point for comparison. Our observations indicate that in the early
stages, plans (I) and (III) were more effective in inhibiting tumor growth, resulting in a
slower rate of tumor progression. As the number of drug injection cycles increased, plans
(I) and (II) exhibited a tendency towards finger-like growth in the mid-term, while plan
(III) maintained its spherical growth pattern. After 249 days, when drug injections were
discontinued, the tumor had completely disappeared under plan (III), whereas tumors
under plans (I) and (II) continued to grow, with plan (II) displaying slender finger-like
growth. Comparing these results, we conclude that the combined therapy regimen un-
der plan (III), consisting of both drugs, was the most effective. Under plan (I) of pure
cytotoxic drug therapy, the tumor did not completely disappear in the later stages but
was able to maintain its roughly spherical growth. Meanwhile, under plan (II) of pure
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Figure 17: Tumor growth (the first row), Nutrient distribution (the second row) and PSA distribution
(the third row) of an aggressive tumor with (I) pure cytotoxic drug therapy under baseline, with Sc = 2.75
and γc = 17.

anti-angiogenic drug therapy, the tumor still exhibited finger-like growth, indicating a
potential for the tumor to become more aggressive.

For the case of PCa growth with treatment, our simulation results are not only con-
sistent with the results presented in [3], but we also performed the MBP test of the
phase-field equation and the non-negativity test for the two concentration parameters, as
illustrated in Figure 21-22. These tests demonstrate that our algorithm can effectively
maintain these three properties. This further validates the effectiveness of our approach
in handling such problems. In summary, these simulations yield valuable insights into the
behavior of both mild and aggressive tumors under various conditions. By examining the
patterns of tumor growth, nutrient diffusion, and tissue PSA diffusion, we can enhance our
understanding of how these factors influence tumor progression and potentially uncover
novel treatment strategies.

5. Conclusion

In conclusion, our study presents a numerical approach for simulating the growth
of PCa tumors and their response to drug therapy. This approach is based on a cou-
pled system involving a phase field equation and two reaction-diffusion equations. We
implemented fast second-order exponential time differencing Runge–Kutta schemes with
stabilizing terms to ensure maximum bound principle on the order parameter and non-
negativity of the concentration variables. These methods are decoupled, linear, explicit,
and computationally efficient. Additionally, we employed fast algorithms based on the
discrete cosine transform (DCT) and discrete sine transform (DST) using FFT-based
techniques to solve the coupled phase field and reaction-diffusion equations with Dirich-
let and Neumann boundary conditions in our numerical simulations. This enabled us to
efficiently solve the coupled system over long periods of simulation time.
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Figure 18: Tumor growth (the first row), Nutrient distribution (the second row) and PSA distribution
(the third row) of an aggressive tumor with (II) pure anti-angiogenic drug therapy under baseline, with
Sc = 2.75 and γc = 17.

Figure 19: Tumor growth (the first row), Nutrient distribution (the second row) and PSA distribution
(the third row) of an aggressive tumor with (III) combined therapy under baseline, with Sc = 2.75 and
γc = 17.

The proposed methodologies enable us to make predictions regarding long-term tu-
mor growth patterns and the outcomes of drug therapy, with simulations extending up
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(a) baseline (b) higher nutrient (c) lower nutrient

Figure 20: Tumor volume and serum PSA of an aggressive tumor with treatment plans (I-III) underunder
baseline parameters, with Sc = 2.75 and γc = 17.

(a) baseline (b) higher nutrient (c) lower nutrient

Figure 21: MBP test of an aggressive tumor with treatment plans (I-III) under under baseline parameters,
with Sc = 2.75 and γc = 17.

(a) baseline (b) higher nutrient (c) lower nutrient

Figure 22: Non-negative and bounded test of an aggressive tumor with treatment plans (I-III) under
baseline parameters, with Sc = 2.75 and γc = 17.

to 365 days. By simulating both mild and aggressive tumors in different nutrient envi-
ronments, we have successfully demonstrated the efficacy of our approach in forecasting
tumor morphology and the temporal distribution of nutrient and PSA concentrations.
Furthermore, we have conducted simulations to assess the impacts of three distinct drug
treatments: pure cytotoxic drugs, pure anti-angiogenic drugs, and a combination ther-
apy involving both cytotoxic and anti-angiogenic agents. Our findings indicate that the
combined therapy yields the most favorable treatment outcomes.

This study presents a practical numerical framework for simulating tumor growth
and predicting the results of drug therapy, thereby contributing to the field of cancer
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research. The implications of our work extend to the design of more effective therapeutic
interventions and a deeper comprehension of tumor growth patterns.

Future investigations could explore the application of our approach to other types of
cancers, incorporating three-dimensional modeling and simulations, as well as investigat-
ing the potential of immunotherapy. These endeavors will serve to expand our under-
standing of cancer dynamics. Additionally, the exploration of multi-scale models will be
crucial in obtaining a more comprehensive understanding of how various factors influence
tumor growth. In conclusion, our research holds promise for informing the development
of clinical treatment strategies for PCa and advancing our knowledge of tumor growth
dynamics.
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